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TRANSFER AND THE SPECTRAL SEQUENCE OF A FIBRATION
BY
CARLOS PRIETO

ABSTRACT. The purpose of this paper is to show that transfers for fibrations behave
well with respect to spectral sequences which are induced by filtrations of the base
space. In particular, for the spectral sequence of a fibration (induced by the skeletal
filtration of the base space), one obtains the expected effect on the E,-terms: We
prove that the transfer in the E)-terms is determined by the transfer of the fiber
(considered trivially as a fibration over a point). As an application, results of Atiyah
on the K-theory of classifying spaces are transcribed to generalized cohomology
theories.

This paper is a condensed version of Chapters I-III of my doctoral thesis [10],
albeit without the assumption that the fibrations involved have to be orientable. I am
indebted to Professor Albrecht Dold under whose direction I wrote my thesis.

Introduction. Let & be a class of commutative triangles of topological spaces and
continuous maps

f
EDV 5> E
(0.1)

7N g

B
where V is open in E. This class is to be closed under pullbacks, namely, if (0.1) lies
in 9 and g: B’ - B is continuous, then the induced triangle

2

E'DV - E’

(0.2) N S

B’
obtained by taking pullbacks over g must lie in . We call such a class 9 a 7-class.

Let & be a cohomology (homology) theory and 9 a 7-class; a transfer on 5 for h

will associate to each triangle (0.1) in ¥ a homomorphism

w(f):h(E, E;) > h(B, A)

(or on the opposite direction if 4 is a homology theory), called the transfer of (0.1),
where A C Band E, = 77'(A).
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134 CARLOS PRIETO

Such a transfer is to have the following properties: (we shall formulate only the
cohomology case; for homology one has corresponding properties)

0.3. Naturality. If g: B’ —» B is continuous and A’ C B’ is such that g(A4’) C 4,
then the diagram

g*
—_

h(E, E,) h(E', E})
(0.4) () Lr(f)

*

h(B,4) 5 w(B,4)

is commutative, where 7( f’) is the transfer of (0.2) and g: E’ - E is the canonical
map.

0.5. Stability. Let (A”, A7) be the elementary p-simplex and its boundary. Pulling
back (0.1) over the projection A” X B — B we get the triangle

APXEDA X Ve—e——— A’ X E

" \m/

which admits a transfer such that the square

W(E,E) 5 hrta((a?, A7) X (E, E,))
(0.7) ' (f)4 Lr(id X f)
hi(B, A) it hP*9((A7, AP) X (B, 4))

commutes, where o denotes the p-iterated suspension isomorphism.

0.8. Equivalent to 0.5 is the compatibility with the boundary homomorphisms of the
cohomology theory, i.e. 7( f )6 = 87( f).

Besides these general properties of the transfer, one has another which will be of
special interest in what follows.

0.9. If the triangle

Ty N ' m

*

lies in a 7-class admitting a transfer for a theory 4 and for singular cohomology H,
then

1(fo)7d = A(f) - : h(x) = h(x)
where A(f)) =7(f)(1) € H’(*) =Z, 1 € H’(F) for the transfer in singular
cohomology. This number is called the Lefschetz-Hopf index of f,.
0.10. N.B. In many cases A( f,) agrees with the Lefschetz-number of f; (when it is
defined), see [3, §§2, 3] and /or [6, VIL.6.6].
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0.11. As a corollary of 0.9 it follows that if Fis O-connected, then 7( fy) = A( f,)n*:
h(F) — h(*), where n: * — F is any map.

Up to here we have talked quite abstractly about the transfer. I shall now mention
some concrete examples.

0.12. If I is the class of all finite coverings 7: E — B (considered as triangles with
V' = E and f = id) one has the Atiyah-transfer [2] (direct image) for K-theory

7(id) = =,: K(E) - K(B)
and the transfer first defined by Eckmann [8] in singular theories, say
7(id): H*(E) - H*(B).
This was extended to all generalized cohomology theories, since it is induced by a
suitable map of spectra as shown by Roush. See [1] for a detailed discussion.

0.13. For the class & of triangles (0.1) such that #: E - B is an ENR, with B
metric and f compactly fixed (and all their pullbacks) Dold constructed a transfer in
[7] for all cohomology theories (over B), and

0.14. For the class 9 of triangles (0.1) such that 7: E — B is a Hurewicz-fibration
with fiber F (homotopy-equivalent to) a finite CW-complex, basis B (homotopy-
equivalent to) a finite dimensional CW-complex and V = E (and the pullbacks of
such triangles), Becker and Gottlieb [3] defined also a transfer, further generalized
by M. Clapp de Prieto [4, 5] to a basis B without any restriction on the dimension.

In all cases one may show that the constructed transfers have all mentioned
properties (and others).

1. The transfer and the spectral sequence of a filtration. From now on we shall say
briefly that a given triangle (0.1) admits a transfer for a theory h if it belongs to a
-class 9 for which a transfer for 4 can be defined.

1.1. Let (0.1) admit a transfer and take a filtration of the pair (B, A)

B:4=B'CcB°Cc ---CB"CB""'C..-CB*=B
and the induced filtration of the pair (E, E,)
&:E,=E'CE°C ---CE"CE""'C ---CE®=E

thatis, E" = 77(B"),n = -1,0, 1,..., 00. Take k < ! < m < n and consider

b

Ek PN El PN E™ N E"

) \ \ \

Bk PN BI s B™ . B"
where all squares are pullback diagrams. From the naturality of the transfer, 0.3, we
know that the square

h(E",E') - h(E" E*)
(1.2) Tl Ir

h(B",B') - h(B",B*)
commutes, where the horizontal arrows are induced by the corresponding inclusions
and 7 denotes the transfers of the corresponding restrictions of f.
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The compatibility of 7 with boundary homomorphisms 0.8 gives us the commuta-
tive square

h(E',E*) 5 n(E™, EY)
(13) Tl Ir
n(B',B*) > n(B™ B

where 8 denotes the boundary homomorphisms of the triples EX C E/ C E™ and
B* C B' C B™ respectively.

Since all groups mentioned and all horizontal arrows are the ones taken into
account for defining the spectral sequences of the filtrations B and & respectively, it
is straightforward to prove using (1.2) and (1.3) the following

1.4. THEOREM. 7( ) induces a transformation of spectral sequences
v (B, d) > (E,, )

where {E,, d,} is the spectral sequence induced by the filtration & and {E,, d,} the one
induced by .

(Cf. [11, 15.56] for the definition of a transformation of spectral sequences.) [

2. The transfer and the spectral sequence of a fibration.

2.1. To begin, let us recall the theorem of Leray-Serre for general theories.

Suppose m: E —» B is a (Hurewicz-) fibration and A C B is so that (B, 4) is a
0-connected relative CW-complex., Take as % in §1 the skeletal filtration of (B, A4)
and as & the induced filtration of (E, E,). Let & be a strongly additive cohomology
theory (or just an arbitrary one if (B, A) has only finitely many cells in each
dimension). One has

2.2. THEOREM (LERAY-SERRE). The spectral sequence associated to &, {E,, d,),
converges to h(E, E ) and there is an isomorphism
Ep9=HFP(B, A; hi(F))

where H* means singular (or cellular) cohomology with coefficients taken in the local
system of coefficients given by h%(w~'(b)), b € B, as usual (and correspondingly for a
homology theory).

I shall not prove the theorem and just refer the reader to [12, XI1.4.9 and 4.9%]. 1
will only show what the isomorphism looks like.
2.3. First of all I describe the local system A(% ). This is a contravariant functor

h(%):11,(B) > Ab
from the fundamental groupoid of B to abelian groups, such that
h(F)(b) = h(F,), F,=n"'(b)
and if w: I — B is a path from b, to b, then h(¥F )(w) = &*, where w: F, - F, is

given by w(y) = A(y, w)(1) and A(y, w) is a path over w beginning at y and lying
over w (say, given by a lifting function A ).
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2.4. The cellular cocomplex with coefficients in #9(% ) associated to the skeletal
filtration % of (B, A) has as pth group

r7(B, 4;h%(F)) = I h(Fy.,)
$ED,

where @, is the set of all characteristic maps of the p-cells of (B, 4) considered as
maps ¢: (A?, AP) - (B?, B> ") and ¢, = (1,0,0,...,0) € A? C R?* (cf. [12]).
2.5. Take a characteristic map ¢ as before and pull back E? — B? over ¢:

T, % Er
\ \
AP z B?

Since A? is contractible (to e;), there is a (well-defined, up to vertical homotopy)
trivialization

ay A7 X Fy, > T,
(i.e. fiber homotopy equivalence such that a,(e,,—) = id). The isomorphism «:
EpP7=hPT9EP, EP™') > T'P(B, A;h9(%F)) is given by the composite

hP*a(EP, EP—l)ﬂhl’J”?(T(ﬁ, T¢) gh"”((AP, Ar) x F¢(e0)) (‘ghq(FNeo))

in each factor,. where T¢ is the restriction of T to the boundary of A?, A7, and o7 is
the p-iterated suspension isomorphism.

2.6. In case that E = B and the projection is the identity, then the local coefficient
system h9( %) becomes the global coefficient group h9(x) and « turns out to be very
simple; that is, k: I::{’q = h?*9(B?, BP~ ') - T'?(B, A; h%(»)) is defined by

hP*e(B?, BP7) ¢_>hp+q(Ap, AP) f_phq(*). '
This i gives the isomorphism of the Atiyah-Hirzebruch-Whitehead spectral sequence.

2.7. Let now #: E — B X I be a Hurewicz-fibration with lifting map A. Let i
B ~ B X {»} = B X I be the inclusion (v = 0, 1). Call E* C E the restriction (pull-
back) of E over i,. We shall construct a homotopy equivalence over B, @: E® —» E'!
as follows. Given e € E let #e = (e, se) € B X I, whence e € E” if and only if
se = v. For e € E° define the path w,: I - B X I by w,(t) = (7e, t). Now let

w(e) =A(e,w,)(1) € E!

which is well defined since e = (me, 0) = w,(0). One may easily show that this is a
fiber homotopy equivalence.
The following lemma will be of interest in what follows.

2.8. LEMMA. Suppose that the triangle
T

e

EDV
7N\ /7
BXI
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admits a transfer for h, where 1 is as above, and let A C B. If f*: V" — E” denotes the
restriction of f to B X {v}, then the diagram

n(E% E)) < h(E', E})
(/)N vr(f")
(B, A)

is commutative.

PROOF. Let j,: E” — E be the inclusion. By naturality we obtain

n(E®,EQ) < w(E, En) > h(E'E)
Lr(£°) Ln(f) Lr(f')
h(B,A) < h((B,A)XI) = h(B,A).
Whence (£ °)ji = 7(f")j¥ since i*(i%)"' = 1. We now construct a map k: E — E!

such that (i) kj, ~ id g and (ii) kj, = w, thus proving the lemma: For e € E let
®,(t) = (me, (1 — se)t + se). One may easily check that
k(e) =, &,)(1)
is well defined and satisfies (i) and (i)). O
We apply this lemma to obtain the following

2.9. PROPOSITION. Let (0.1) admit a transfer and be such that = is a fibration. Then
the transfer defines a transformation of coefficient systems
7 h(F) > h(x)
such that for each b € B, 7, = 7( f,): h(F,) — h(*) for the pullback diagram
I

F, F,

TN v m,

over * —> {b} = B.

PROOF. Let w: I - B be a path from b, to b,. If #: E — I is the pullback of E over
w we fall in the case described above and the w: F, — F, defined in 2.3 agrees with
the @: E® - E' defined in 2.7. Hence the lemma states that the diagram
' (foo)
h(F, bo) - k(%)
@ I

7(fs,)
h(Fb.) - h(*)

commutes, thus proving the naturality of r. O
We need also the following corollary of 2.8.
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2.10. PROPOSITION. In the situation (0.1) let m: E — B be a fibration with B
contractible and take a trivialization a: B X F — E. Then the triangle

n(E,E)) >  h((B,A4)XF)
(/)N ¢ 7(id X fo)
h(B, A)
commutes, where f is the restriction of f to the point by € B to which B contracts.

PrOOF. Let H: B X I — B be a contraction such that H(b,0) = b,, H(b,1) = b.
Take the induced triangle

.. f .

EDV - E

AN 7
BXxXI

by pulling back (0.1) over H. From Lemma 2.8 we know that

(1) 7(f0)e* = (/")

holds. We have that E° is the pullback of E over the map B — {b,} => B, whence
E°=BX F(F=a"(by))and f% B X (FN V) - B X F is such that f°(b, e) =
(b, f(e)), i.e. f* =1id X f,. (fy = f| F.) On the other hand E' is the pullback of E

over the identity, thus E' = E and f' = f. Under these identifications & becomes a
trivialization which is vertically homotopic to a, whence (1) becomes

(id X fy)a* = 7(f)
as desired. O

2.11. THEOREM. The diagram
nrta(EP,E?Y) 5 TP(B, 4; h(F))
()L IT?(B, 4;7)
npra(Br, BP~Y) 5 TP(B, 4; hi(x))
is commutative.

PROOF. It is enough to check the commutativity of the diagram

pra(pr gr-1y U prta P\ ot AP, AP) X F, ) . ni(E
hPHa(EP, EPTY) = h (T¢»T¢) ~h (( = sen)) T ( ¢(eo))
N d
() I () S~ I (10X o) T L 1(foeny)
\y »(/
np*e(B?, BP7") ¢ hP+Y (AP, A7) i h9(%)

which can be performed by doing it separately for the subdiagrams I, II and III. I
commutes by the naturality, 0.3, of 7(f), III commutes by the stability, 0.5, of
7( fp(ey))- The commutativity of II follows from 2.10. a
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We obtain our main theorem now immediately as a corollary of 2.11:

2.12. THEOREM. Consider the triangle (0.1) such that m: E — B is a fibration over a
relative CW-complex (B, A), and a strongly additive cohomology theory h for which it
admits a transfer. Then this transfer induces a transformation from the spectral
sequence of the fibration to the Atiyah-Hirzebruch-Whitehead spectral sequence of B

7(f): {E,.d,} - {E, . d,}
converging to 7(f): h(E, E;) - h(B, A) in such a way that for the E,-terms, the
diagram

Ef9=HP(B, 4; h(F))

(! VHP(B, A; 1)

EP9 = H?(B, 4; hi(+))
commutes, where 7, = 1( f,): h9(F,) — hi(*) is the transfer of the restriction to each

fiber. O

N.B. For a cohomology theory which sends weak homotopy equivalences to
isomorphisms, there is, of course, no need to restrict ourselves to relative CW-
complexes: the theorem holds for any pair (B, 4) by giving a CW-approximation of
it as usual.

2.13. There is a homology version of all this, which can be obtained in the same
way. I omit the details.

3. Applications. We apply 2.12 to vary some results in [2].
3.1. Suppose that B is a CW-complex and recall that
F"=Ker(h(E) > h(E"™")),
F" = Ker(h(B) > h(B" ")),
by definition. Define the associated graded groups of the filtered groups A(E) and
h(B) by
Sh(E)= @ F"/F""'= ®© E!

and
Sh(B)= @ F"/F""' = @ E".

3.2. THEOREM (CF. [2, 2.11]). Take a fibration m: E - B and a map f: V - E (V
open in E) over B such that it has a transfer. Then A = A(f)) (/L =f|FNV,
F = 77\(b,)) annihilates the kernel of

7*:Gh(B) - Sh(E).
If p is a prime number not dividing A, H"(B) is finitely generated for all n (e.g. if the
n-skeleton B" is finite for all n) and h(x) is a finitely generated group, then the
p-primary component of Sh(B) is a direct summand of Sh(E). Moreover, if the
filtration of h(B) is finite (e.g. if B is finite), then the p-primary component of h(B) is
a direct summand of h(E).
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PROOF. The composite
7(f)m*: Sh(B) - Sh(B)
is multiplication by A, since this is the case in the E,-terms and whence also in the
E_-terms. Thus the first part of the theorem. _
Let now T”(n) be the p-primary component of E7, which is a direct summand by
the theorem of primary decomposition, since EJ is finitely generated as one may

prove by using the spectral sequence E_," and the assumptions on H*(B) and h(x).
The diagram

— * 7(f) —
e oY B
1 }
A-
T7(n) N T7(n)

commutes; the lower arrow is mono, since p does not divide A, in consequence it is
also epi (T?(n) is finite). This proves the second part. The third is now an easy
consequence of the second part. [

3.3. COROLLARY (CF. [2, 4.8]). Let G be a finite group and BG its classifying space.
Then the order of G, o(G), annihilates Sh(BG). (Sh(BG) is constructed from the
filtration F" = Ker(h(BG) — h(B"™')), with B"~" the (n — 1)-skeleton of BG; F°® =
h(BG).)

PRrROOF. Take the triangle

id
EG - EG
AN Zm
BG

where 7: EG — BG is the classifying bundle of G. It does admit a transfer, and since
h(EG) = h(») it follows that Ker(Sh(BG) - Sh(EG)) = Sh(BG). Apply the first
part of 3.2. O

3.4. COROLLARY (CF. [2, 4.9]). Suppose that h(x) is a finitely generated group. If G is
a finite group, then the p-primary component of Sh(BG) is a direct summand of
Sh(BH) for each p-Sylow subgroup H of G.

PrOOF. The triangle
id
BH - BH
N v

BG

has F = G/H as fiber, and under our hypotheses x » = [G: H] is not divisible by p;
whence the result follows from the second part of 3.5. O

3.5. N.B. Under the same hypotheses of 3.4, it follows from the third part of 3.2 that
the p-primary component of h(B"G) is a direct summand of h( B"H), where B"G and
B"H are the corresponding n-skeleta. [
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