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A classification of cohomology transfers
for ramified covering maps

by

Marcelo A. Aguilar and Carlos Prieto (México, D.F.)

Abstract. We construct a cohomology transfer for n-fold ramified covering maps.
Then we define a very general concept of transfer for ramified covering maps and prove a
classification theorem for such transfers. This generalizes Roush’s classification of transfers
for n-fold ordinary covering maps. We characterize those representable cofunctors which
admit a family of transfers for ramified covering maps that have two naturality proper-
ties, as well as normalization and stability. This is analogous to Roush’s characterization
theorem for the case of ordinary covering maps. Finally, we classify those families of trans-
fers and construct some examples. In particular, we extend the determinant function in
GL(k,C) to a transfer.

0. Introduction. In [3], we defined a transfer for ramified covering
maps in ordinary cohomology. We start this paper by giving a transfer ho-
momorphism ¥ : h(E) = [E,H] — h(X) = [X,H] for any topological
abelian monoid H and any ramified covering map p : £ — X. In particu-
lar, if 3 is an Eilenberg—Mac Lane space (modelled by a topological abelian
group), then we have the cohomology transfer. This transfer is an example
of what we shall call (h, k)-transfers, where h and k are representable co-
functors from the homotopy category of spaces to the category of sets, rep-
resented by spaces H and X (not necessarily topological abelian groups or
H-spaces). We use the properties of the transfer in ordinary cohomology to
define the concept of a general (h, k)-transfer for ramified covering maps. We
give a classification of these transfers that extends the classification of trans-
fers for ordinary covering maps given by Roush [6]. In particular, the set of
(h, k)-transfers has a canonical group structure when k is group-valued. Our
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results are applied to the study of transfer families and their classification
and to conclude that there are (h,h)-transfers if and only if H is a weak
product of Eilenberg—Mac Lane spaces.

The structure of the paper is as follows. In Section 1 we recall the defi-
nition of a ramified covering map given by Smith [7] and define our (h, h)-
transfer for h(—) = [—, H]. In Section 2 we give the definition of a general
(h, k)-transfer and study its properties. We prove that there is a one-to-one
correspondence between (h, k)-transfers for n-fold ramified covering maps
and elements in k(SP"J). We prove further that there are nontrivial trans-
fers for n-fold ramified covering maps in singular cohomology (for large n)
only when the dimensions of the cohomology groups are the same, and that
those transfers are classified by the integers. In Section 3 we compare our
transfers with transfers for ordinary covering maps and prove that our clas-
sification extends Roush’s classification.

In Section 4 we consider families of (h, k)-transfers for n-fold ramified
covering maps for all n and give their classification. Namely, we prove that
there is a one-to-one correspondence between families of (h, k)-transfers
for ramified covering maps and elements in lim,, £(SP"H). Analogously to
Roush’s characterization theorem for the case of ordinary covering maps,
we give a characterization of those representable functors which admit a
family of transfers. We also show that for singular cohomology, all transfers
are determined by the transfers for 2-fold ramified covering maps. We fin-
ish the section by giving examples of transfers for functors that are not
cohomology theories. In particular, we extend the determinant function
det : GL(k,C) — C*, which yields an element in H?(BGL(k,C)), to a
transfer for ramified covering maps 7 : Vectt (—) — VectT(—).

Finally, in Section 5, we study transfers for h(—) = k(—) = H'(—;Z) and
prove that the transfers for ordinary covering maps are the same as those
for ramified covering maps, i.e., in this case, one can extend in a unique way
the transfers for ordinary covering maps to transfers for ramified covering
maps. We conclude that for each n, the group of transfers for n-fold ramified
covering maps in 1-cohomology is isomorphic to the group of transfers for
ordinary covering maps, and both are isomorphic to Z.

1. Transfers for n-fold ramified covering maps. We start by re-
calling L. Smith’s definition of a ramified covering map (see [7]). We shall
need the concept of nth symmetric power of Y defined by

SP"Y =Y x---xY /X,
—_——
n
where X, represents the nth symmetric group acting on the product
Y x .-+ x Y by permuting coordinates. We denote the elements of SP™Y

by (Y1, -, Yn)-
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DEFINITION 1.1. An n-fold ramified covering map is a continuous map
p: E — X together with a multiplicity function p : E — N such that the
following hold:

(i) The fibers p~!(z) are finite (discrete), x € X.

(ii) For each w € X, 3" c 11,y pu(e) = n.
(iii) The map ¢, : X — SP™E given by

op(x) = (e1,...,€1,...,€6r,...,€),
S—— ——
p(er) p(er)
where p~!(z) = {e1,..., e}, is continuous.

REMARK 1.2. Given an n-fold ramified covering map p : £ — X with
multiplicity function p, one can construct an (n + 1)-fold ramified covering
map as follows. Let E = EU X and p: E — X be such that p|g = p and
P|lx = idx. Then p is a ramified covering map with the obvious multiplicity
function. To see that p is indeed a ramified covering map, notice that ¢ is
given by the following diagram:

id id
x 2 gprpx x <P gy x

~ |
\,\ | 4
PNy . l
SP""HEUX)~<— (EuX)*t!

where o((e1,...,en),z) = (€1,...,€n, ). Observe that ¢ x id is an identifi-
cation, since ¢ is an open map. Therefore, 5 is continuous.

On the other hand, given a map f : Y — X, one can construct the
induced n-fold ramified covering map f*(p) : f*(E) — Y by taking the
pullback f*(E) = {(y,e) € Y x E | f(y) = p(e)} and f*(p) = projy. The
induced multiplicity function f*(p) : f*(E) — N is given by f*(u)(y,e)
= p(e). Denote by f: f*(E) — E the projection projy.

ExaMpPLES 1.3. Typical examples of ramified covering maps are orbit
maps E — E/G of actions of a finite group G on a space E. They can be
considered as |G|-fold ramified covering maps by taking p(e) = |G|, where
G denotes the isotropy subgroup of e € E and |H| denotes the order of a
group H.

It will be of particular interest to consider the following example. Let B
be a space and m, = ﬂf : B" x5, n — SP"B be given by m,(b1,...,bp;1)
= (b1,...,by), where m = {1,...,n} and Xy, represents the twisted prod-
uct. Then 7, is an n-fold ramified covering map with multiplicity function
pin = iy : B x5, — Ngiven by i, (b1, ..., bn;) = #{j | bj = b} (see [7]).
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DEFINITION 1.4. Let p : E — X be an n-fold ramified covering map
with multiplicity function p. If H is a topological abelian group, define
B~ (X5 by e (@) = o),
where a(x) = Zp(e)::c pu(e)a(e), x € X. To see that the map « is continu-
ous and that its homotopy class depends only on the homotopy class of a,
observe that « is given by the composite
a: X 2 sprE 2228 gprg — o,
where the last map is given by the group structure on K.

Let X be a pointed space and L be an abelian (topological) group.
Denote by F(X, L) the McCord topological group of functions u : X — L
such that u(x) = 0 and u(xz) = 0 for all but finitely many elements in X.
This has the structure of a topological group (see [5] or [3]). If H is an
Eilenberg-Mac Lane space of type K(L,q), for instance given by F(S%, L),
then tP is the cohomology transfer

t*: HI(E; L) — HY(X; L).
Here HY stands for ordinary cohomology when the spaces involved have
the homotopy type of CW-complexes, or for Cech cohomology if they are

paracompact Hausdorff, provided that either L is countable or the spaces
are compactly generated (see [4]).

ExAMPLE 1.5. For the ramified covering map =, : B" x5, n — SP"B
of 1.3, the cohomology transfer is as follows. Let H be a topological abelian
group. Then

t™ . [B" x5, n,H] — [SP" B, H]
is given by t™ ([a]) = [a], where
n
aldr, ... b)) =Y by, ..., s ).
i=1

The following propositions establish the fundamental properties of the

transfer.

ProrosiTION 1.6. If p: E — X is an n-fold ramified covering map,
then the composite

X, 9% E,9 5 (X, 9]
1s multiplication by n.
Proof. 1f [a] € [X,J], then tPp*(a) = tP(aop) : X — H, and
Plaop)@) = Y. ule)ap(e) = (Y ule))a(@) =n-alx).
pe)=z p(e)==
Thus Pp*([a]) =n - [a]. =
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We also obtain the following.

ProrosITION 1.7. Let Z, act on X™ by cyclic permutation of coordi-
nates, and take the quotient map p : X" — X"/ Zy,. If the prime q does not
divide n, then p* : H(X"/Zn; Zy) — HY (X" Z,) is a split monomorphism.

Proof. The map p : X" — X"/Z, is an n-fold ramified covering map.
Take its transfer given by the additive structure of K(Zg,1). Then t¥ o p*

is multiplication by n, thus an isomorphism. Hence p* is a split monomor-
phism. =

The invariance under pullbacks is given by the following.

ProrosiTION 1.8. If p : E — X is an n-fold ramified covering map,
F is a topological abelian group, and f :' Y — X is continuous, then the
following diagram commutes:

[E, F] (X, F]
g G
(B, 5] L% v, 7]

Proof. Let a: E — J represent an element in [E, F]. Then the map
y— Y. [fwealy.e) = > ple)alye),
f«(p)(y,e)=y p(e)=f(y)
which represents tf *(p)f*([&]), clearly also represents f*tP([a]) € [Y,F]. m
One further useful property of the cohomology transfer is the following.

ProproSITION 1.9. Let f: B — C be continuous and consider the com-
mutative diagram

_ f"xs,1a

B" xx 7 cr Xy, N
(1.10) ﬂgl lﬂg
Spnf
Sp"B —— > Sp"C
Then the following diagram commutes:
[C" x5, T, 3"] [SP"C, F]
(anEnl)*l l(SP"f)*
B

[B" x5, m,F] -~ [SP"B,F]

Proof. The result follows easily from the description of the transfer given
in Example 1.5. »
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In 1.6 we computed the composite tP o p*. The opposite composite p* o t?
is also interesting. An immediate calculation yields the following.

PROPOSITION 1.11 (cf. [3, 5.6]). Let p : E — X be an n-fold ramified
covering map with multiplicity function u. Then the composite

B9 % x,9 2 [B,9]

is given as follows. If [a] € [E,JF], then p*tP|a] is represented by the map
o E— F given by

p(e’)=p(e)
In the case of an action of a finite group G on E and X = E//G, we have
the following consequence.

COROLLARY 1.12 (cf. [3,5.7]). If [a] € [E,F], then p*tP|a] = [/] € [E, F],

where
d(e) = Z a(ge).
geG
Proof. Just observe that the element «(ge) is repeated in the sum
p(e) = |Ge| times. m

REMARK 1.13. Considering an action of H on F and a subgroup K C H,
one has different ramified covering maps as depicted in

E
2K
a5
E/K E/H

One may easily compute several combinations of the functions induced by
these covering maps in homotopy sets and their transfers (see Proposi-
tions 1.15 and 2.11 below).

Another interesting property of the transfer is the relationship given by
computing the transfer of the composition of two ramified covering maps.
Before giving it we need the following.

DEFINITION 1.14. Let p : Y — X be an n-fold ramified covering map
with multiplicity function ¢ : ¥ — N, and let ¢ : Z — Y be an m-
fold ramified covering map with multiplicity function v : Z — N. Then
the composite poq : Z — X is an mn-fold ramified covering map with
multiplicity function £ : Z — N given by &£(z) = v(z)u(g(2)). In order
to verify that this composite is indeed an mn-fold ramified covering map,
consider the wreath product X, ! X,,, defined as the semidirect product of
Y and (X),)", where X, acts on (X,,)" by permuting the n factors. We
have an action (Z™ x --- x Z™) x Y0 X, — Z™ X -+ x Z™ given by
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(Cla SRR Cn) ’ (07 Ty 77_71) = (Ca(l) TTLy e Ca(n) : Tn)> where ¢; € Z™. Then
we have the following diagram, where all maps are open:

M ... x Jm xa Zm/ZmXXZm/Zm

wl lﬂ,

(2™ ) Zp 0 oy = = = = = = = = ~ SP™(SP™Z)

One may easily show that 7 is compatible with 7’ o (¢ x - - - x ¢). Therefore,
there is a homeomorphism X™" /X, 1 X, ~ SP"(SP"Z) and hence one
has a canonical quotient map o : SP"(SP™Z) — SP™"Z. Then one can
easily verify that ppoq = 00 SP"(pg) 0 @y : X — SP™Z. Thus ¢poq is
continuous.

The cohomology transfer behaves well with respect to composite ramified
covering maps.

PRrOPOSITION 1.15. The following holds:

o1 = o9 HF(Z,0) 5 HY(v; L) & HF (X L).

Proof. We prove that tP°7 = P o t? : [Z,F] — [X,TF] for any topo-
logical abelian group F. Take w = [h] € [Z,F], v = [¢] € [V.TF], u =
[f] € [Z,F]. Then v = t9(w) if g(y) = > v(z)h(z), and u = tP(v) if
f(@) =32 )= M(y)g(y). Hence,

fla)y=Y " uly) Y v&h(z)= Y ula@)w(=)hz) = Y &(=)h(2).

p(y)=z a(z)=y pq(z)=z pq(z)=x
Therefore, t7tP(u) = tP°%(u). m

q(z)=y

COROLLARY 1.16. Given an n-fold ramified covering map p : E — X
with multiplicity function u and an integer 1, there is an In-fold ramified
covering map p; : E — X such that p; = p and (e) = lu(e), e € E. Then
th =[tP . H*(E; L) — H*(X;L).

Proof. Consider the [-fold ramified covering map ¢ : F — E such that
q = idg and v(e) = [ for all e € E. Then p; = p o q. Then apply Proposi-
tion 1.15. =

REMARK 1.17. The In-fold covering map p; obtained from [ is a sort
of spurious ramified covering map, since the multiplicity of p is artificially
multiplied by [. It is interesting to remark that the previous result shows
that the transfer of this new ramified covering map p; remains essentially
unchanged.
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2. General transfers for n-fold ramified covering maps in repre-
sentable cofunctors. In this section we consider representable contravari-
ant functors h and k, that is, h(—) = [—, H] and k(—) = [—, K], where H
and X are spaces, in order to study general transfers.

DEFINITION 2.1. An (h, k)-transfer for n-fold ramified covering maps T
associates, to every n-fold ramified covering map p : F — X with multiplic-
ity function p : E — N, a function 77 : h(E) — k(X) with the following two
properties:

(i) Given a pullback diagram

FE—L-p

(2.2) p,l f lp

Y—X
of n-fold ramified covering maps, the diagram

WE) ———= k(X)

b

P

hf*E) ——k(Y)
commutes.

(ii) Given f: B — C, then for the diagram (1.10) the following diagram
commutes:

=€
h(C™ x5, 7)) —"> k(SP"C)
(f”xEnlr—L)*l l(SP"f)*
7l,B
h(B™ x5, n) = k(SP"B)

REMARK 2.3. Observe that the transfers just defined need not be ho-
momorphisms (even when H and X are H-spaces).

NoOTE 2.4. Considering the category Ramcov,, whose objects are n-fold
ramified covering maps and whose morphisms are pullback diagrams, one
has two functors, namely &, X : Ramcov,, — Jop such that given a covering
map p : E — X, &(p) = E and X(p) = X. Then a transfer is a natural
transformation ho & — ko X (between functors Ramcov,, — Set), that also
is a natural transformation h o (—)" Xy, 7 — ko SP™ (between functors
Top — Set).

If h=Fk= H%—;L), then by 1.8 and 1.9, we have the following.

PROPOSITION 2.5. The transfer tP : h(E) — h(X) defined in 1.4 is an
(h, h)-transfer. =
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We have the following classification result.
THEOREM 2.6.

(i) Each class w € k(SP"H) determines an (h, k)-transfer 7, for n-fold
ramified covering maps, and conversely
(ii) each (h,k)-transfer T for n-fold ramified covering maps determines
a class wy € k(SP"H); moreover,
(iii) the class associated to T, is w, and conversely
(iv) the transfer associated to w; is T.

Proof. (i) Take a class w € k(SP"H) and let p : E — X be an n-fold
ramified covering map with multiplicity function g : £ — N. We define
Th + h(E) — k(X) as follows. Given [3] € h(E), let 71[3] be the homotopy
class of the composite

x 22 gprp 28 gpn ¥ i

In order to show that 7, has property 2.1(i), consider the pullback dia-
gram (2.2). The element k(f) o 74[3] is given by the homotopy class of the
composite

v L x 22 sprp 28 gprgc &
On the other hand, the element 7'5/ ) h(f) [0] is given by the homotopy class
of the composite

SP™(Bof)

Yy X SsPr (1 E) SPrI —Y s K
% A
SPnE

By the functoriality of the construction SP™, the triangle commutes; there-
fore, we only have to show the commutativity of the diagram

Y X

‘Pp’l l@p
Spnf
SP™(f*E) L£>3P"E

To that end, take y € Y and consider the fiber p~1(f(y)) = {e1,...,er}.
Then

opfy) =(e1,...,€1,...,€r, ... ).
—— —_——
pler) pler)

Since p' " '(y) = {(y,€1),...,(y,e,)} and the multiplicity function of p/ is
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J7Re ]7, we have

op(y) = ((yre1),. ... (m,e1),- .., (y,er), .., (Y, €r)).

p(er) uler)
Therefore,
SP" fop(y) = (e1,-.-,€1,. . €r, ... €p),
—— N——
wm(er) m(er)

and so the diagram commutes.

It is immediate to see that 7, has property 2.1(ii), by the functoriality
of SP™ and since SP™(f" x 5, id5) o ¢rc = @rp oSP" f, as one easily verifies.

(ii) Let 7 be an (h, k)-transfer for n-fold ramified covering maps and
consider the map 7 : H" xx, m — SP"J. As remarked in 1.3, 7 is an n-fold
ramified covering map. Therefore, we have 7™ : h(H" x5 1) — k(SP"H).
Let o : H" xx, m — H be given by «alay,...,an;i) = a;. Then [o] €
h(H™ x 5, 7). We associate to 7 the element w, = 77[a] € k(SP"H).

(iii) Let w € k(SP"H), and consider the associated transfer 7,. The class
in k(SP"H) determined by 7, is given by 77[a], where o : H" x5, 7 — H
is given by a(ay,...,an;i) = a;. Therefore, 77 [a] is the homotopy class of
the composite

SPMH 23 SP™M(H" x5 ) % SPPH L K.

Let a = (ai,...,ay) be an element in SP"H. Then

or(a) = ({a1,...,an;1),... (a1, ...,an;n)).
Therefore,
SP"ao pr(a) = (a1,...,an) = a,

so that SP"a 0 ¢, = 1. Hence 77 [a] = w.

(iv) Finally, given an (h, k)-transfer 7, we have w; = 77[a]. In order to
show that 7, = 7, consider an n-fold ramified covering map p : £ — X
with multiplicity function 4 : E — N and some element [5] € h(E) = [E, H].
We shall prove that 74, [3] = 7P[8]. For that, consider the following two
diagrams:

E&Enx%ﬁ E'"xs n Pz H" x5, I

| A |
Sp™

X" gprp SP"E 7 gpnyg

The left one is a pullback diagram while the one on the right is like (1.10).
Hence, by the two properties of the transfer, we have two commutative
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diagrams
TI'E ™
h(E"™ x5, ) — > k(SP"E) h(H™ x5, ) —— k(SP"H)
(%)*l l(@p)* (B" X 5, 17—1)*l l(SP"ﬁ)*
P WE
h(E) z k(X) h(E™ x5, ) — > k(SP"E)

and putting the right one on top of the left one, we obtain
hH" x5, 1) ——= k(SP"H)
(Gp)*O(ﬁ"inln)*l l(sop)*O(SP”ﬁ)*
W(E) ——= k(X)

If we now chase our element [a] € h(H"™ X5, 7) defined in the proof of (ii)
along the top and right side of the diagram, we obtain [w, o SP"( 0 ¢,] =
mh.[8], while if we chase it along the left and bottom side of the diagram we
obtain 7P[3]. Thus 75, [3] = 7P[3], as desired. m

As a consequence of Theorem 2.6, we obtain the following.

COROLLARY 2.7. There is a one-to-one correspondence between (h,k)-
transfers T and elements w in k(SP"JH). m

In the following result we compute w; for the cohomology transfers ¢,
p: E — X, defined in 1.4.

PROPOSITION 2.8. Let H = F(S9,L). Then the element w; € [SP"H, H]
that corresponds to the transfer tP is given by

wilar, ..., ap) = a1+ -+ ap.

Proof. Let m : H" x5, n — SP"H be the n-fold ramified covering
map given above. The transfer ¢" : h(H" xx, n) — h(SP"H) is such
that t"[a](z) = > 1=, #le)a(e). Thus, if © = (a1,...,an), then a7 (z) =
{{a1,...,an;3) | i=1,...,n}. Hence

n n
w(z) = t"a](x) = Za(al, CeyQpi) = Zai. .
i=1 i=1

DEFINITION 2.9. By Theorem 2.6, given representable functors h and k,
we can define the set of transfers from h(E) to k(X) for each n-fold ramified
covering map p : E — X. We denote this set by T.7(h, k). If we assume that
the functor k takes values in the category Ab of abelian groups, then we
can give T.E(h, k) a group structure as follows. Given o,7 € TE(h, k) and
an n-fold ramified covering map p : £ — X, we define the transfer o 4+ 7 by
(0 +7)P(a) = oP(a) + 7P(a), for every a € h(E).
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COROLLARY 2.10. Assume that k takes values in Ab. Then the bijection
of Corollary 2.7 gives an isomorphism of abelian groups

TE(h, k) = k(SP™(H)).
Proof. By 2.7, there is a bijection v : T.E(h, k) — k(SP™(3)) given by
Y(T) = wr = 7"[a], as in the proof of 2.6(ii). Then

(o +7)=(047)"[e] =0"[a] +77[a] = P(0) + (7).
Therefore, v is an isomorphism. =
The following is a nice consequence of this corollary.

PROPOSITION 2.11. Let 7 be an (h, k)-transfer and assume that there is

a commutative diagram
: E
X

of n-fold ramified covering maps such that q : E' — E is surjective and
p(e) =X peq1(e) w'(e"). Then the following triangle commutes:

El

*

(2.12) h(E) d h(E')

’
x Y

k(X)

Proof. By the classification result 2.7, there is an element w = w,; €
k(SP"H) such that for any p : E — X and any element [f] € h(E) = [E, H],
TP[f] is given by the class of the composite

x 22 gprp 2L gpngr 4k
Similarly for 7#'[f'], f’ = f o q. Consider the following diagram:
SP"E’

Pyt qu)

X 8Py SPH —> K
k‘ A
SP"E
The triangle on the right clearly commutes. We shall show that so does the
left one. If p~1(z) = {e1,...,e,} and p'~1(x) = {e],..., €.}, then

©p(T) = (€1, €1, ryen,Er), o (x) = (€], ..., e, ... e ... e

wler) wler) w(eh) W (es)
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Observe that p' ' (z) = ¢ *(e1) U--- LU g (e,). Rewrite

!/ / / / !/ !/ / /
O (%) = (€115 s €105y €1y s €lgyr e v s Crlyee vy €rlsenesCrg senesCrg )
~~ — ~—
1 (eny) 1 (ers,) ACSY W (ers,.)
-1 — [ / -1 — [ / : _
where ¢ (e1) = {e]y,. .-, €15, },--5q (er) ={epy, .., €5 }. Since p(er) =

wle) + -+ p'(els), - puler) = p'(erq) + -+ p'(erg, ), we have
SP”qu'(x)

) LR T O c N Y AN A N AP CAND
w(e) #'(9/151) ' (eny) w(ers,.)
= (€1, €l €l €1,y €y €y €y ) = Pp(T).
w(er) n(er)
Hence,

)= = (fod =7"¢(f]. =
The following theorem yields the existence of transfers in some cases.

THEOREM 2.13. Let H* denote singular cohomology with coefficients
in Z. Then
0 ifn>s<r(s>0),

TREH" H) = 7Z ifn>s=r,
0 ifn>s=r+1.
Proof. By 2.6 and 2.7, we have an isomorphism
TR(H", H®) = H*(SP"(K(Z,7)).
By [2, 6.3.24], for any (r — 1)-connected CW-complex X, the inclusion X —
SP*°X is an (r+1)-equivalence. Therefore, SP*° K (Z, r) is (r —1)-connected,

7 (SP*K(Z,r)) = Z, and my41(SP*K(Z,r)) = 0. By the Hurewicz theo-
rem,

H;(SP*K(Z,r)) =0 fori<r,
H.(SP*K(Z,r)) 2 7Z, Hy41(SP*K(Z,r))=0.
By the universal coefficients theorem,
H*(SP*K(Z,r)) =0 fors<r,
H"(SP*K(Z,r)) = Hom(H,(SP*K(Z,r));Z) = Hom(Z,Z) = Z.
Since H,(SP*K(Z,r)) = Z, it follows that Ext(H,(SP*K(Z,r));Z) = 0,
and we have H" ' (SP*K(Z,r)) = Hom(H,(SP*K(Z,7));Z) = 0. By [8],

for any CW-complex X, H*(SP>*X) = H*(SP"X) for n > s, so the result
follows. m
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3. Comparison between transfers for ordinary covering maps
and for ramified covering maps. In this section we shall compare our
classification of transfers for n-fold ramified covering maps given in the pre-
vious section with the classification of transfers for n-fold ordinary cov-
ering maps obtained by Roush [6]. For a description of his result we fol-
low [1].

DEFINITION 3.1. Take again h(—) = [—, H] and k(—) = [—, K] as above.
An (h, k)-transfer for n-fold covering maps associates to every n-fold
covering map p : E — X over a paracompact space X a function P :
h(E) — k(X), which is natural with respect to pullbacks in the sense of
property (2.1)(i) in the definition of (h, k)-transfers for n-fold ramified cov-
ering maps.

Denote by T, (h, k) the set of transfers for n-fold ordinary covering maps,
and let £, — BX), be the universal principal X,-bundle. Then we have
the following.

THEOREM 3.2 (Roush). There is a bijection
[EZ, x5, 5", K] — To(h, k). u

Since the transfers for n-fold ramified covering maps are also natural with
respect to pullbacks, as just mentioned above, we have a restriction function
r: TE(h,k) — T,(h, k). The following theorem relates both classifications,
namely Theorems 3.2 and 2.7.

THEOREM 3.3. Leto: EX), x5 H"™ — SP"H be given by o{e;ar,. .., an)
= (a1,...,an). Then the following diagram commutes:

[

[SP"H, K] TE(h, k)

g*l l

[EX, x5, H", K] ——T,(h, k)

Proof. Let w : SP"H — X be a map and 7, the transfer for n-fold
ramified covering maps associated to it according to Corollary 2.7. Con-
sider o*[w] = [wo g] and let p : E — X be an n-fold covering map
and g : E — 3. The value at [g] of the transfer 7P associated to the
class o*[w] is defined as follows. Let ¢ : £ — X be the principal X,-
bundle associated to p, i.e., E = {(e1,...,e,) € E" | e; # e; if i # j,
and p(e;) = --- = p(en)}, and q(e1,...,e,) = p(er). There is a free X, -
action on E defined by permuting coordinates, and a homeomorphism
v : E/¥, — X given by v{e1,...e,) = p(e1). Therefore there is a pull-
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back square

F—2 -Ex,

L

ATGELTE/Zh'__e’EZ%/Z%____ BZ%

Then 7'P[g] € k(X) = [X,X] is the class of the composite
X~ E/S, % ES, %o, B" 229 By s g 02 5

where ¥{e, ... e,) = (B(e1,...,en);€1,...,6n). Now we consider the fol-
lowing diagram:

id Xgngn

E/5, —“> ES, x5, E" ES, x5, H* 2% g

le Q,l Ql /
SP™
X—2 . gprp g SP"H

where o' (a;eq,...,e,) = (e1,...,e,). Since p : E — X is an n-fold covering
map, p(e) =1 for all e € E, and {ey,..., ey} is the fiber over p(e;). There-
fore, pp(v{e1,...,en)) = (e1,...,€n). Since g'Pler,...,en) = (e1,...,€n),
the left square of the diagram commutes, and the middle square as well
as the triangle are clearly also commutative. But the class of the compos-
ite w o SP"g o ¢, is r(1y)Plg] = Thlg]. Hence 7(7,)Plg] = 7P[g] and thus
r(Ty)=7". =

4. Transfers for ramified covering maps in representable cofunc-
tors. In this section we shall consider families of (h, k)-transfers for n-fold
ramified covering maps for all n, and in order to do this, we assume that H
has a base point .

Before stating the relevant definition, consider an n-fold ramified cov-
ering map p : £ — X with multiplicity function p : £ — N. Recall the
(n+ 1)-fold ramified covering mapp : E = ELUX — X given in Remark 1.2.

DEFINITION 4.1. An (h, k)-transfer T for ramified covering maps con-
sists of an (h, k)-transfer 7,, for n-fold ramified covering maps, for each n € N,
together with the following stability condition. Given an n-fold ramified cov-
ering map p : F — X, the following diagram commutes:

(4.2) hE) —>h(EUX)
" Tk

where v[f] = [(f, k)], k constant on X with value the base point in .
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PROPOSITION 4.3. Define ¢ : T (h,k) — TE(h,k) by Tos1 — Tn,
where for an n-fold ramified covering map p: E — X, Th = 7’5+1 o. Then
the diagram

TR (hy k) —=> k(SP™15)

] B

TR (h, k) —=—> k(SP"3()
commutes for all n, where i : SP"H — SP" K is the canonical inclusion
given by (ay,...,an) — (a1, ..., an,*).

Proof. Let p : E — SP"H be the (n + 1)-fold ramified covering map
obtained by taking the pullback of 7, over i : SP"H «— SP""1H. Con-
sider the maps 8 : H" xyx, n U SP"H — H"™! x5 . n+1 given by
Blat,...,an;J) = (a1, ...,an,*;7) and B(ai,...,an) = (a1, ..., an,*x;n+ 1),
and m, : H" xx, m — SP"JH, the canonical surjection. Hence we have a
commutative square

H" x5, 7L SPMH

.']'fn—H X2n+ln+1

SP"{ ———>§P iy
and since E is a pullback, there is a (unique) map ¢ : (H"x 5, 7)USP"H — E
such that pog = 7, and joq = (5. We shall write an element (a) € SP"H as

(a) = (a1, ey Q1 ey Qe Q).
11 ir
Then 7,'(a) = {(a;i1),{a;i1 + i2),...,{a;n),{a)}. On the other hand,
p~Ha) = {{a)} x {{a,*;i1), {a, ;i1 +ia),...,{a,*;n), (a,x;n + 1)}. We dis-
tinguish two cases, namely, when a; # * for all ¢, and when a; = * for some 1.
In the first case, ¢ induces a bijection between both fibers and one easily

sees that p, o ¢ = p=,. In the second case, arrange the components of a so
that

(@) = (A1, eeyQly ey kg, ).
~ ~~
71 Tr
In this case, ¢ is as in the first case, except that g{a;n) = q{a) = (a, *;n) =
(a,*;n + 1), so that ¢ induces a surjection between the fibers. Since 7, is
also surjective, q is surjective.
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Now
ppqa;in) = i1 = pm,(a;41), -,
ppglasin + - +ir1) = dp_1 = fim, (@501 + - F i),
pp((@), (a, %50+ 1) = ir + 1 = pz, (a;n) + pi, (@)
Hence, pip(€) = > 0cq-1(c) W (€) for any e € E. Thus, by Proposition 2.11,

(4.4) Tzil oq" = TTZZJFI.

Let a1 : ZH”HXZHHTL + 1 — 3 be given by apy1(ai, ..., ant157) = aj,
as before, and take 7,41 € T2 (h,k). Then 8*(an+1) = v(an). By the
pullback property, the commutativity of the diagram, and (4.4) we have

Y (Tny1) = i*Tsitl[an+1] = 711?+1j*[0‘n+1] = filq*j*[anﬂ]
= 3116*[an+1] = gifﬂan] = ?77{” [an] =Y(T) = Yu(Tps1). =

We have an inverse system
T 'rﬁ-l(h? k) = TTIL%(hW k) — TlR(h7 k) = Nat(h7 k)a

where Nat(h, k) denotes the natural transformations from h to k. Thus, by
the previous proposition, a transfer for ramified covering maps is an element
in lim, Tf'(h, k) = TL(h,k). On the other hand, we have another inverse
System

- = K(SP™90) 5 (SP"H) — - - — k().

By the commutative diagram of Proposition 4.3 and Corollary 2.10, we have
the following.

THEOREM 4.5. There is an isomorphism TE(h, k) — lim, k(SP"H). =

EXAMPLE 4.6. The (h, h)-transfers 75, = P given in Definition 1.4 for
each n determine an (h, h)-transfer for ramified covering maps, since for any
[@] € h(E) we have y[a] = [@/], where &'|g = &, and &’|x =0 € H. Hence

7 7[6] = ] = o], where o () = ¥ pie), O (@) = X0y, wle)ai(e).
since for e = x, &(e) = 0. Thus 7, oy = 77, and hence diagram (4.2)
commutes in this case.

Assume in what follows that 7 is an (h, h)-transfer for ramified covering
maps given by an element [w] € lim,[SP"H, H], h = [—,H]. Let H be a
CW-complex. Then by [9], SP" !9 is a subcomplex of SP"(, so that the
inclusion i, : SP" 'K < SP"™H is a cofibration and we may thus assume
that [w] is given by a family of maps w, : SP"H — H such that w,_; =
Wp, © iy If we further assume that 7x = 1;(x), then wy >~ idg, and we may
suppose from the start that w; = idgc. Thus the maps w,, determine a map
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w : SP®H — H such that w|sprg¢ = wy,. In particular, w|gc = idgc. We have
the following.

LEMMA 4.7. Let H have the homotopy type of a connected CW-complez.
If there is a map w : SP®H — H such that w|gc = idgq, then H has the
homotopy type of a weak product ]:[n>1K(7rn(fJ-C),n) of Filenberg—Mac Lane
spaces.

Proof. The homomorphism w; : 7, (SP®H) — 7, (H) splits i, : 7, (H) —
T (SPPH) for all n. By the Dold-Thom theorem (see [2]), 7, (SP*H) =
f[n(ﬂ'(; Z) and under this isomorphism, i, corresponds to the Hurewicz ho-

momorphism. Thus, the Hurewicz homomorphism is a split mono and hence
by a theorem of Moore (see [10, p. 420]) we have the result. m

Hence, by the previous lemma and Theorem 4.5, we have the following
consequence.

THEOREM 4.8. Let H have the homotopy type of a connected CW-com-

plex. There is an (h,h)-transfer T for ramified covering maps such that
idx

T = 1px) of and only if H has the homotopy type of a weak product

[] & (ra(30).m)

n>1
of Eilenberg—Mac Lane spaces. m
In what follows, we shall show that the transfers for ramified cover-
ing maps in singular cohomology, i.e., the elements of lim, T.¥(h, k), where
h(X) = HYX;L) and k(X) = H1(X; L'), are determined by the transfers
for 2-fold ramified covering maps.

THEOREM 4.9. The function
VTR (H(—; 1), HY(—; L)) — TR(HY (= L), HY(—; L))
is an isomorphism for n > 2 (¢ > 0).
Proof. Since h = HY(—; L), we have H = K(L,q), which is a CW-

complex. By [9], SP"H is also a CW-complex and a subcomplex of SP*HK.
Therefore, we have a (H-coexact) cofibration sequence

SPrg( <& SPrtlge 2 gprtla /Spriy.
Denote by SP™1% the reduced symmetric power of H, i.e., the quotient
of the action of X, 41 on the smash product H A --- A H (n + 1 factors).
Clearly, SP" 19 /SP"J( ~ SP"*!9{(. Using the exact cohomology sequence

of the cofibration sequence above for the theory k(X) = H%(X; L) gives us
an exact sequence
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HY(SP™19¢; L) 25 HI(SP19¢; 1) & HYSP ;L) % H9H (SPrH1g¢; L),

and Proposition 4.3 gives us the commutative diagram

5k

HI(SP™13(; L") - HY(SP"3(; L)

% ig

T (HY(— L), HY (= L)) —— TF(HY(—; L), H(— L")

Since H = K(L,q) is (¢ — 1)-connected, by [9], SP" 19 is (2n — 2 + q)-
connected. Therefore, by the Hurewicz isomorphism theorem and the univer-
sal coefficient theorem, we see that H?(SP™*1%(; L) and H4t1(SP"+13(; L)
are both zero, provided that n > 2. Hence, ¢ is an isomorphism for n > 2. =

In the case of theories other than the ordinary ones (given by Eilenberg—
Mac Lane spaces), there are nontrivial transfers. The following is an inter-
esting case.

EXAMPLE 4.10. We analyze transfers for vector bundles. Let H be BU(1)
and X be BU(k). We denote by Vect®(X) the set of isomorphism classes
of numerable complex k-dimensional vector bundles over X. By 2.7, given
an n-fold ramified covering map p : F — X, there is a bijection between
transfers ¢, : Vecth:(E) — Vectf(X) and elements in [SP"BU(1), BU(k)] =
Vectk (SP"BU(1)).

Notice that BU(1) is a topological abelian group whose model can be
defined by BU(1) = F(S',U(1)) (see [5]). This group structure is given in
terms of line bundles by the tensor product. Since BU(1) is an Eilenberg—
Mac Lane space of type K(Z,2), this group structure also corresponds to
the group structure in H2(X;Z), where one maps each line bundle to its
first Chern class.

Consider the map v : BU(1)" — BU(1) defined by the product above,
and which corresponds to the bundle y' X --K~!, where 4! is the universal
line bundle. Since BU(1) is abelian, this map defines a map 7 : SP"BU(1) —
BU(1). Now let o : BU(1) — BU(k) be the classifying map of the Whitney
sum Y @--- @~ of k copies of y!. Then the homotopy class of po7 defines a
transfer as mentioned above. To see that this transfer is not trivial, consider
the diagonal map d : BU(1) — BU(1)". Denote by A the tensor product
' ® - @~" of n copies of y!. Then the map poZogod = povod,
where ¢ : BU(1)” — SP"BU(1) is the projection, classifies the bundle
MA@ ---® X\ (k copies). By the comments above, y! +— c1(y') yields an
isomorphism, and H2(BU(1); Z) = Z, therefore ¢1(\) = nci(y!) # 0. Hence
ctAD - ®N) =c1(N) + -+ (N = knei(yh) # 0, and so the transfer
defined is not trivial.
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A modified version of the previous example is the following.

ExXaAMPLE 4.11. Let p : E — X be an n-fold ramified covering map
with multiplicity function u, let 7 : £ — E be a (numerable) k-dimensional
complex vector bundle, and let A\* = det ¢ — E denote its determinant line
bundle. Consider the bundle 7 (¢) — X whose fiber over x € X is given by

TR =2, @ - @X, @ @)X @ @A,
— |
uier) p(er)
where p~'(z) = {e1,..., ¢} and )\ﬁj denotes the fiber of \¢ over e; € E.

The classifying map for this bundle is given by

nfk

SP z
X 2 sprp — 25, Sp"BGL(1, C) % BGL(L,C),

where fy¢ is the classifying map of A\¢. Thus we have a transfer
7P Vect: (E) = [E,BGL(k,C)] — [X,BGL(1,C)] = Vectt (X).

To compute the group of transfers of the previous example, we need the
following.

LEMMA 4.12. Let dety : U(k) — U(1) be the determinant function. Then
Bdety, : BU(k) — BU(1) is such that [Bdet] = c1(¥*), the first Chern class
of the universal bundle, thus it is a generator of H?(BU(k)) = Z.

Proof. Take BU(k) = F(S',U(k)). Then Bdet; : F(S',U(k)) —
F(S',U(1)) is given by Bdety(u) = dety, o u. Since BU(1) = F(S!,U(1))
isa K(Z,2), we take it to represent the second cohomology groups. If £ = 1,
then det; : U(1) — U(1) is the identity, hence

[Bdet] = [id] € H*(BU(1)) = [BU(1), BU(1)],
which is the generator, since we are dealing with Eilenberg—MacLane spaces,
and we have
[BU(1), BU(1)] = Hom(m2(BU(1)), m2(BU(1))) = Hom(Z,Z) = 7Z.
By induction, we assume that the homotopy class of Bdet; : BU(k) —

BU(1) is c1(7*), and consider H2(BU(k +1)) 25 H2(BU(k)), where i is the
inclusion map. By naturality and stability of the Chern classes, Bi*cy (y**1)
= ¢1(7*). Since these classes are the generators, Bi* is an isomorphism.
Recalling that i : U(k) — U(k + 1) maps a matrix A to (‘3 (1)), one has
Bi*[Bdet41] = [Bdetg], since

0

Bdety 1 0 Bi: z +— detgiqiu(z) = detgyq (u(ox) )

) = detuuta).

Therefore, [Bdety 1] = c¢1(7**1) and thus it is a generator. m
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We have the following result.

THEOREM 4.13. TR (Vectt (—), VectT(—)) = Z and the family of trans-
fers TE constructed in Example 4.11 constitute a generator.

Proof. First we analyze the situation for the transfers for n-fold ramified
covering maps. By Corollary 2.10,
TE(Vect: (-), Vectt () = H*(SP"BGL(k, C); Z).

Without losing generality, we may write U(k) instead of GL(k,C). Mak-
ing use of the fibration U(k — 1) < U(k) — S*~1 one easily shows that
m1(U(k)) = Z for k > 1. With this and the same arguments used in the
proof of 2.13, one has

H*(SP"BGL(k,C);Z) = Z.

Now, consider the inverse system
(4.14) .-+ — H*(SP?BU(k)) — H*(SP*BU(k)) — H*(BU(k)).
To show that all arrows are isomorphisms, take the cofiber sequence SP" X —
SP™H1X —» SPT' X = SP"*1X/SP"X. By [9] we know that if X is (I — 1)-
connected, then SP X s (2n + | — 2)-connected. Therefore, since BU(k)
is 1-connected, in the exact sequence

H2(SP""'BU(k)) — H2(SP™'BU(k)) — H2(SP"BU(k)) — H*GP"'BU(k))

0 0

the middle arrow is an isomorphism if n > 2. In order to see that the last
arrow on the right in the inverse system (4.14) is also an isomorphism, we
do the following. Take BU(k) = F(S!, U(k)), and take as base point * the
function given by *(s) = 1, the identity matrix, for all s € S'. In particular,
BU(1) is a topological abelian group. On the other hand, the inclusions
SP"BU(k) — SP""'BU(k) are given by (uj...,un) — (ui...,un,*). By
Lemma 4.12, the generator of H?(BU(k)) = [BU(k),BU(1)] as an infinite

cyclic group is given by [Bdet]; on the other hand, the homotopy classes of
the maps 3, given by the diagrams

(Bdet)™
n
_—

BU(k) BU(1)" — BU(1)
l /

SP"BU(k)

seen as elements in H2(SP"BU(k)), where the top arrow on the right-hand
side is given by the abelian multiplication in BU(1), obviously map to each
other in the inverse system (4.14). In particular, [32] — [51] = [Bdet]. So,
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the last arrow on the right of the inverse system is surjective, and thus it is
an isomorphism. Hence, all arrows are isomorphisms and the elements [3,]
are generators of the infinite cyclic groups, and since each 7, corresponds
to [Bp], the family 7 = {7, } is a transfer for ramified covering maps. Conse-
quently, TR (Vectt (—), VectT(—)) = lim,, H2(SP"BU(k)) = Z, and 7 is the
generator. m

5. Transfers in 1-dimensional integral cohomology. We consider
(HY(—;Z), H'(—;Z))-transfers for n-fold ramified covering maps as well as
for n-fold covering maps. We denote by X, ¢ Z the wreath product of X,
and Z, i.e., the semidirect product of X,, with Z", where X, acts on Z"
by permuting the summands. Therefore, the product in X, ! Z is given by
(o,a1,.. . an) (1,01, .., b)) = (0T, ar(1) + 01,50y Ar(n) + bn).

LEMMA 5.1. The following hold:

(a) B(Zn1Z) = ES, x5, (R/Z)".
(b) Let f : X0Z — Z be the homomorphism defined by f(o,a1,...,a,) =
ay + -+ an. Then Bf : B(X, 1 Z) — BZ is given by

p: EX, x5 (R/Z)" — R/Z, where ©(y,F1,...,Tn) =71+ +Tp.

Proof. (a) Consider the space EX,, x R™. This space is contractible and
has a free action of X, ! Z given by

(Y715 smn) - (0,01, an) = (Y- 0,T6(1) + A1, - - To(n) + an)-

Therefore, B(X,1Z) = (EX, x R")/(X, 1 Z). Now consider the following

diagram: T an
EX, x R el EX, x (R/Z)"

| |

(EZ, x R /(5,0Z) - — — — - = EX, x5, (R/Z)"

Since the quotient map ¢ : R — R/Z is a covering map, so also is id x¢";
in particular, it is a quotient map as are the two vertical maps. Thus they
clearly define a homeomorphism (EX,, x R")/(X,1Z) — EX, x5, (R/Z)"
given by (y,r1,...,rn) — (Y, T1,...,Tp).

(b) Consider the action X, 1 Z x Z — 7Z given by

(o,a1,...,a,) k= f(o,a1,...,an) +k=a1+ - +ay, + k.

By part (a), we have a principal X, { Z-bundle p : EX,, x R" — EX, X5
(R/Z)", where p(y,71,...,m0) = (y,71,...,7n). Then Bf classifies the asso-
ciated principal Z-bundle p : (EX, x R") X5,z Z — EX, x5, (R/Z)".
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Now consider the following diagram:

(EEn X Rn) X2 7 Z R

EX, x5, (R/Z)"—X> R/Z

where ¥ ((y,71,...,7mn), k) =r1+ -+ +1r, + k. Clearly this is a morphism of
principal Z-bundles; therefore, Bf >~ . u

LEMMA 5.2. HY(EX, x5, K(Z,1)",Z) ~ 7.

Proof. Since K(Z,1) = BZ and EX,, x5, BZ" = B(X,,1Z) by 5.1, we
have

HYEX, xs, K(Z,1)";Z) = H (B(X,1Z2);Z) = Hom(X, 1 Z, 7).

Let ¢ : Z™ — X, Z be the inclusion given by t(a1,...,a,) = (1,a1,...,ay),
and consider ¢* : Hom(X, 1 Z,Z) — Hom(Z",Z). Let F : ¥, Z — Z be
a homomorphism and assume that *(F) = 0. Then F(1,a1,...,a,) = 0
for all (a1,...,a,) € Z™. Since any element (o,a1,...,a,) € X, 1 Z can
be written as (o,a1,...,a,) = (0,0,...,0) - (1,a1,...,a,), we see that
F(o,a1,...,ay) = F(0,0,...,0) + F(1,a1,...,a,) = F(0,0,...,0). But o
is an element of X, which is a finite subgroup of X, { Z, and the codomain
is free, hence F'(0,0,...,0) = 0. Therefore, F' = 0, so that ¢* is a monomor-
phism.

Let e; be the element in Z" whose coordinates are all zero, except the
ith one that is equal to 1. Let 7 € X, be the permutation given by 7(i) = j
and 7(k) = k for k # 4, j. Then (1,¢;)-(7,0) = (,¢;) = (7,0) - (1, e;). Hence
F((1,e;) - (1,0)) = F((7,0) - (1,e;)). But F((1,e;) - (7,0)) = F(1,e;) and
F((1,0)-(1,e5)) = F(1,¢e;). Therefore, F'(1,e;) = F'(1, e;). Since we have an
isomorphism v : Hom(Z",Z) = zn given by ¥ (f) = (f(e1),..., f(en)), it
follows that im(toc*) is the diagonal subgroup in Z", isomorphic to Z. More-
over, the canonical element (2 in Hom(X,,1Z, Z) given by 2(0,a1,...,a,) =
ay + -+ + ay, is a generator because ¥*(£2) = (*(2)(e1), ..., (2)(en)) =
(1,...,1). =

As a consequence of Lemma 5.2, the (H'(—;Z), H'(—; Z))-transfers for
n-fold ramified covering maps coincide with the (H'(—;Z), H'(—; Z))-trans-
fers for n-fold ordinary covering maps. Moreover, there is exactly one transfer
for each integer. In other words, we have the following.

THEOREM 5.3. The restriction
r: T H (= 2), H' (= 2)) - To(H' (= 2), H' (= Z))

is an isomorphism, and both groups are isomorphic to Z.
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Proof. By 3.3, we have a commutative diagram

o

TR(HY(—2Z),H (= Z)) H(SP™(R/Z); Z)

| 5
To(H\(=2), H (= 2) — H'(ESy x5, (R/Z)":Z)
By [2, 5.2.23], the canonical inclusion j : R/Z — SP"(R/Z) is a homotopy
equivalence. Let w : SP"(R/Z) — R/Z be the map defined by w(7y,...,7y)
=71+ -+ 7y Then j*[w] = [wo j] = [id], which is a generator of
HY(R/Z;Z). Therefore, H*(SP"(R/Z); Z) = Z, with generator given by [w].
By Lemma 5.1(a),

HYEZX, x5, (R/Z)";7) = HY(B(X,1Z);Z) = [B(X, Z),BZ].
By [2, 6.4.6],

[B(X5Z),BZ] = Hom(m (B(X, 1 Z)), 71 (BZ)) = Hom(X, Z,Z),

and by Lemma 5.2, Hom (X, Z,Z) = Z, with a generator f : X, 1 Z — Z
defined by f(o,a1,...,a,) = a1 + - -+ + ay,. Therefore, by the naturality of
the homotopy equivalence 2BG ~ G for any discrete group G, a generator
of HY(B(X,1Z); Z) is given by Bf. By Lemma 5.1(b), Bf ~ ¢. Since ¢*[w] =
[wopl, and wo(y, 71, ..., n) = W(T1,...,Tn) = T1+- - -+Ty, we have wop = .
Therefore, p* is an isomorphism and hence so is 7. =

As an immediate consequence we have the following.

COROLLARY 5.4. There is an isomorphism TE(HY(—; Z), HY(—; Z)) — Z.
The canonical transfert, as given in 1.4, corresponds to 1 € Z. For any other
integer k the corresponding transfer is yt given by (xt)h(n) = k-th(n) for any
n-fold ramified covering map p: E — X and any element n € H'(E;Z). =
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