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Abstract Let M be a Mackey functor for a finite group G and let X be
a pointed G-space. We define a topological group F

G
(X,M), whose ho-

motopy groups are isomorphic to the Bredon-Illman equivariant homology
of X with coefficients in a coefficient system M∗ associated to M . When
M is a homological Mackey functor, we define another topological group
FG(X,M), whose homotopy groups are isomorphic to the Bredon-Illman
equivariant homology of X with coefficients in the covariant part of M .
These topological groups are defined using simplicial groups F

G
(S(X),M)

and FG(S(X),M), which have the same underlying groups, namely the
groups of G-fixed points F (Sn(X),M)G , where S(X) is the singular sim-
plicial set of X .

Furthermore, we study the transfer for finite covering G-maps and give its
pullback property. We also analyze the composite of the transfer with the
homomorphism induced by the projection map, in particular, in the case of
(G,Γ)-bundles.
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1 Introduction

Let M be a Mackey functor for a finite group G and X a pointed G-space. In
[2] we defined an abelian group FG(X,M) with a topology that made it into a
topological group. This group is given as the geometric realization of a simplicial
group FG(S(X),M), where S(X) denotes the singular simplicial set of X . This
simplicial group is a quotient of another simplicial group F (S(X),M), which
has a simplicial action of G via isomorphisms. The nth group FG(S(X),M)n is
the fixed-point subgroup F (S(X),M)Gn . We can also define another simplicial
group, which is a simplicial subgroup of F (S(X),M), denoted by FG(S(X),M),
whose nth group is also F (S(X),M)Gn .

Therefore, with the same groups of fixed points F (S(X),M)Gn we have defined
two different simplicial groups. Their geometric realizations, in turn, define two
different topological groups FG(X,M) (as above) and F

G(X,M). In [2] we
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showed that the homotopy groups of FG(X,M) are isomorphic to the Bredon-
Illman G-equivariant homology of X with coefficients in the covariant part
of M . In this paper we show that the homotopy groups of FG(X,M) are
isomorphic to the Bredon-Illman G-equivariant homology of X with coefficients
in a covariant coefficient system M∗ associated to M .

In [2] we also introduced a continuous transfer tGp : FG(X,M) −→ FG(E,M)
for an n-fold covering G-map p : E −→ X . In this paper we prove that this
transfer has the pullback property.

The elements of FG(X,M) are defined in terms of the singular simplexes of
X . However, when M is a homological Mackey functor, we can define an-
other topological abelian group FG(X,M), whose elements are given directly
in terms of the points of X . We prove that if X has the homotopy type of
a G-CW-complex, then this group is homotopy equivalent to FG(X,M), and
thus its homotopy groups also yield the same G-equivariant homology theory
with coefficients in M . The homological Mackey functors are precisely those for
which the composite of the transfer and the projection is given by the expected
formula.

We also study the transfer for a class of covering G-maps, called (Γ, G)-bundles.

The paper is organized as follows. In Section 2, for any pointed G-set C , we
recall the definition of the abelian group F (C,M), which is indeed a functor on
C . We show that G acts on this group by isomorphisms, and use it to define
the subgroup F (C,M)G of G-fixed elements and the two different functorial
structures on it. In Section 3, for any G-function p : A −→ C with finite fibers,
we define a transfer homomorphism tGp : F (X,M)G −→ F (E,M)G and study
its properties, especially the pullback property. In Section 4, if X is a pointed
G-space, we define topological groups FG(X,M) and F

G(X,M) and we show
that the functors F (−,M) and FG(−,M) are characterized by certain universal
properties. In Section 5, we construct a topological abelian group FG(X,M),
which has the abelian group FG(Xδ,M) as underlying group, where Xδ denotes
the underlying pointed G-set of X . We prove also a universal property that
characterizes FG(X,M) as a topological group. In Section 6, when p : E −→ X
is a covering G-map, we study the continuity of the transfers tGp for the groups
FG(X,M) and FG(X,M).

The main part of the paper is Section 7, where we prove that the homotopy
groups of the (functorial) topological group F

G(X,M) are isomorphic to the
(reduced) Bredon-Illman equivariant homology groups of X with coefficients
in the coefficient system M∗ , given on orbits G/H by M∗(G/H) = M(G/H)
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and on quotient functions q : G/H −→ G/K by M∗(q) = [K :H]M∗(q). We
also prove that, if M is homological, the homotopy groups of FG(X,M) realize
the Bredon-Illman homology with coefficients in the covariant part M∗ of M .

Finally, in Section 8 we study the transfers for some special examples of cov-
ering G-maps p : E −→ X , namely for (G,Γ)-bundles. We show that for a
homological Mackey functor, the transfers have particularly nice properties.

The topological setting of this paper is the category of k-spaces (see e.g. [9, 11]).

2 The equivariant function-group functors

Throughout the paper G will denote a finite group and we shall write H ⊂ G
for a subgroup H of G. Let G-Setfin denote the category of finite G-sets and G-
equivariant functions (G-functions). Recall that a Mackey functor (see [4], for
instance) consists of two functors, one covariant and one contravariant, both
with the same object function M : G-Setfin −→ Ab. If α : S −→ T is a
G-function between G-sets, we denote the covariant part in morphisms by
M∗(α) : M(S) −→ M(T ) and the contravariant part by M∗(α) : M(T ) −→
M(S). The functor has to be additive in the sense that the two embeddings
S ↪→ S t T ←↩ T into the disjoint union of G-sets define an isomorphism
M(S t T ) ∼= M(S)⊕M(T ) and if one has a pullback diagram of G-sets

(2.1) U
eβ //

eα ��

S
α��

T
β

// V ,

then

(2.2) M∗(β̃) ◦M∗(α̃) = M∗(α) ◦M∗(β)

(see [4] for details).

By the additivity property, the Mackey functor M is determined by its restric-
tion M : O(G) −→ Ab, where O(G) is the full subcategory of G-orbits G/H ,
H ⊂ G. A particular role will be played by the G-function Rg−1 : G/H −→
G/gHg−1 , given by right translation by g−1 ∈ G, namely

Rg−1(g′H) = g′Hg−1 = g′g−1(gHg−1) .

We shall often denote the coset gH by [g]H or simply by [g], if there is no
danger of confusion. Observe that if C is a G-set and x ∈ C , then the canonical
bijection G/Gx −→ G/Ggx is precisely Rg−1 , where as usual Gx denotes the
isotropy subgroup of x, namely the maximal subgroup of G that leaves x fixed.
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Definition 2.3 Let M be a Mackey functor. Define the set M̂ as the union

M̂ =
⋃
H⊂G

M(G/H) .

If C is any pointed G-set (where the base point x0 is fixed under the action of
G), then we define the set

F (C,M) = {u : C −→ M̂ | u(x) ∈M(G/Gx), u(x0) = 0, and u(x) = 0

for almost all x ∈ C} .

One may write the elements u ∈ F (C,M) as u =
∑

x∈C lxx, where lx = u(x) ∈
M(G/Gx) (the sum is obviously finite). F (C,M) is again a G-set with the left
action of G on F (C,M) given by

(g · u)(x) = M∗(Rg−1)(u(g−1x)) .

For simplicity, if l ∈ M̂ and g ∈ G, we shall denote by gl the element
M∗(Rg−1)(l). Thus the action of G on F (C,M) can be written as

g

(∑
x

lxx

)
=
∑
x

(glx)(gx) =
∑
x

(glg−1x)x .

The G-set F (C,M) is indeed an abelian group with the sum u + v for u, v ∈
F (C,M) given by (u + v)(x) = u(x) + v(x) ∈ M(G/Gx). We shall denote by
F (C,M)G the subgroup of fixed points of F (C,M) under the action of G.

In what follows, we shall define two functors from the category of arbitrary
pointed G-sets G-Set∗ to the category of abelian groups Ab

G-Set∗
FG(−,M) // Ab G-Set∗

F
G

(−,M) // Ab .

These two functors have the same value on objects, namely

FG(C,M) = F
G(C,M) = F (C,M)G ,

as defined above, but on morphisms, they are different. In order to define these
functors on morphisms, we shall extend F (C,M) to a functor G-Set∗ −→ Ab
as follows.

Let γx : M(G/Gx) −→ F (C,M) be given by γx(l) = lx. Then we clearly have
the following.
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Proposition 2.4 Let A be an abelian group and for each x ∈ C let ϕx :
M(G/Gx) −→ A be a homomorphism, such that ϕx0 = 0, where x0 ∈ X is
the base point. Then there exists a unique homomorphism ϕ : F (X,M) −→ A
such that ϕ ◦ γx = ϕx . In a diagram

M(G/Gx)
γx //

ϕx ''NNNNNNNNNNN
F (C,M)

ϕ

��
A .

ut

The previous proposition allows us to define a covariant functor structure on
F (−,M) and the functor F (−,M)G .

Definition 2.5 For any G-function f : C −→ D , we shall denote by f̂x :
G/Gx −→ G/Gf(x) the canonical quotient G-function. Let f be a pointed
G-function. Define the family

fx : M(G/Gx) −→ F (D,M) by fx(l) = M∗(f̂x)(l)f(x) .

By Proposition (2.4) this family determines a homomorphism

f∗ : F (C,M) −→ F (D,M)

given by

f∗

(∑
x

lxx

)
=
∑
x

M∗(f̂x)(lx)f(x) .

This turns F (−,M) into a covariant functor. Moreover, since

gM∗(f̂x)(l) = M∗(f̂gx)(gl) ,

f∗ is G-equivariant, and so, by restriction, it defines a homomorphism

f
G
∗ : F (C,M)G −→ F (D,M)G .

This defines the functor FG(−,M).

Remark 2.6 We denote by the category whose objects are abelian groups
with a G-action by group isomorphisms, and whose morphisms are G-equivariant
homomorphisms. Notice that the functor F (−,M) is indeed a functor G-Set∗ −→.
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To define the second covariant functor FG(−,M), take a pointed G-set C and
consider the abelian group F (C,M)G once more. Let x0 be the base point of
the G-set C which remains fixed under the action of G and for each x ∈ C ,
let γGx : M(G/Gx) −→ F (C,M)G be given by γGx (l) =

∑n
i=1(gil)(gix), where

{[g1], . . . [gn]} = G/Gx . Then γGx0
= 0 and γGx = γGgx ◦M∗(Rg−1).

In order to define the functor FG(−M), we showed that the abelian group
F (X,M)G , together with the family {γGx }, is characterized by the following
property (see [2, 1.6]).

Proposition 2.7 Let A be an abelian group and for each x ∈ C let ϕ′x :
M(G/Gx) −→ A be a homomorphism, such that ϕ′x0

= 0, where x0 ∈ C is the
base point, and such that ϕ′x = ϕ′gx ◦M∗(Rg−1). Then there exists a unique

homomorphism ϕ′ : F (C,M)G −→ A such that ϕ′ ◦ γGx = ϕ′x . In a diagram

M(G/Gx)
γGx //

ϕ′x ''OOOOOOOOOOOO F (C,M)G

ϕ′

��
A .

ut

Notice that this proposition is a “coordinate-free” description of the fact that
algebraically

F (C,M)G ∼=
⊕

[x]∈C/G−{[x0]}

M(G/Gx) .

The previous proposition allows us to define the second covariant functor FG(−,M).

Definition 2.8 Let f : C −→ D be a pointed G-function. Define the family

f ′x : M(G/Gx) −→ F (D,M)G by f ′x(l) = γGf(x)M∗(f̂x)(l) .

By Proposition (2.7) this family determines a homomorphism

fG∗ : F (C,M)G −→ F (D,M)G .

Then, for any u =
∑k

i=1 γ
G
xi(li) ∈ F (C,M)G , one has

fG∗ (u) =
k∑
i=1

γGf(xi)
M∗(f̂xi)(li) .

We denote this functor by FG(−,M).
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The following result puts the definition of the functor structures fG∗ and fG∗ in
a diagram.

Proposition 2.9 Let C be a pointed G-set and let βC : F (C,M) −→ F (C,M)G

be the surjective homomorphism given on generators by βC(lx) = γGx (l). If
f : C −→ D is a pointed G-function, then one has the following commutative
diagram.

(2.9) F
G(C,M)

� � iC //

f
G
∗

��

F (C,M)
βC // //

f∗

��

FG(C,M)

fG∗
��

F
G(D,M)

� �

iD
// F (D,M)

βD
// // FG(D,M) .

This means, in particular, that β : F (−,M) −→ FG(−,M) is a natural trans-
formation. ut

Notice that the horizontal composites in (2.9) are not the identity.

The following result measures the difference between fG∗ and f
G
∗ in the canon-

ical generators γGx (l) ∈ F (C,M)G .

Proposition 2.10 Let f : C −→ D be a pointed G-function. Then

f
G
∗ (γGx (l)) = [Gf(x) :Gx]fG∗ (γGx (l)) ∈ F (C,M)G .

Proof Let G/Gf(x) = {[g1], . . . , [gm]} and Gf(x)/Gx = {[h1], . . . , [hk]}. Then
G/Gx = {[g1h1], [g1h2], . . . , [gmhk−1], [gmhk]}. First observe that by definition,

7



fG∗ (γGx (l)) = γGf(x)(M∗(f̂x)(l)). Therefore,

f
G
∗ (γGx (l)) = f

G
∗

 (m,k)∑
(i,j)=(1,1)

M∗(R(gihj)−1)(l)gihjx


=

(m,k)∑
(i,j)=(1,1)

M∗(f̂gihjx)M∗(R(gihj)−1)(l)gihjf(x)

=
(m,k)∑

(i,j)=(1,1)

M∗(f̂gix)M∗(Rg−1
i

)(l)gif(x)

=
k∑
j=1

m∑
i=1

M∗(Rg−1
i

)M∗(f̂x)(l)gif(x)

= [Gf(x) :Gx]γGf(x)(M∗(f̂x)(l))

= [Gf(x) :Gx]fG∗ (γGx (l)) .

Remark 2.11 From the previous result it follows that both homomorphisms
f
G
∗ and fG∗ coincide if the G-map f is isovariant (i.e. if Gf(x) = Gx for all
x ∈ C ), for instance if D is G-free or if C and D are G-trivial.

Definition 2.12 Let M be a Mackey functor for the finite group G. We
define the coefficient system M∗ : O(G) −→ Ab as follows. Put M∗(G/H) =
M(G/H). Moreover, let f : G/H −→ G/K be a G-function. If f = Rg :
G/H −→ G/g−1Hg , then M∗(f) = M∗(f), and if f = q : G/H −→ G/K ,
where H ⊂ K , is the quotient function, then M∗(f) = [K :H]M∗(f).

Theorem 2.13 The functors F
G(−,M), FG(−,M) : G-Set∗ −→ Ab are char-

acterized by properties (a) and (b1 ), and (a) and (b2 ), respectively, where:

(a) Let A be an abelian group and for each x ∈ C let ϕ′x : M(G/Gx) −→ A
be a homomorphism, such that ϕ′x0

= 0, where x0 ∈ C is the base
point, and such that ϕ′x = ϕ′gx ◦ M∗(Rg−1). Then there exists unique

homomorphism ϕ′ : F (C,M)G −→ A such that ϕ′ ◦ γGx = ϕ′x . In a
diagram

M(G/Gx)
γGx //

ϕ′x ''OOOOOOOOOOOO F (C,M)G

ϕ′

��
A .
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Note here that F
G(C,M) = F (C,M)G = FG(C,M).

(b) Given a pointed G-function f : C −→ D , the following diagrams com-
mute:

(b1) M(G/Gx)
γGx //

M∗( bfx)

��

F
G(C,M)

f
G
∗

��
M(G/Gf(x))

γG
f(x)

// F
G(D,M) ,

(b2) M(G/Gx)
γGx //

M∗( bfx)
��

FG(C,M)

fG∗
��

M(G/Gf(x))
γG
f(x)

// FG(D,M) .

Proof Part (a) is Proposition (2.7). Part (b) follows from the definition and
from Proposition (2.10).

To see that (a) and (b1 ) characterize the functor FG(−,M), assume that we
have two functors F (−) and F ′(−) that satisfy (a) and (b1 ). Property (a)
allows us to construct αC : F (C) −→ F ′(C) and α′C : F ′(C) −→ F (C) that
are inverse to each other. Moreover, property (b1 ) allows us to show that α
and α′ are natural transformations. Similarly, one proves that (a) and (b2 )
characterize the functor FG(−,M).

Remark 2.14 Notice that in the proof of the previous theorem one only needs
the covariant part of M . Thus the result is equally valid for any covariant
coefficient system.

3 The transfer for the functor FG(−; M)

We use the property (2.4) to give the transfer. We start with the following
definition, that was given in [2, 1.10]; we put it now in terms of the property
(2.4).

Definition 3.1 Let M be a Mackey functor and p : A −→ C a G-function
with finite fibers, that is, a G-function such that for each x ∈ C , the fiber
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p−1(x) ⊂ A is finite. For any x ∈ C , let tx : M(G/Gx) −→ F (A+,M) be given
by

tx(l) =
∑

a∈p−1(x)

M∗(p̂a)(l)a .

By (2.4) for F (C+,M), there is a unique homomorphism

tp : F (C+,M) −→ F (A+,M) ,

such that tp ◦ γx = tx . Explicitly, on generators,

tp (lx) =
∑

a∈p−1(x)

M∗(p̂a)(l)a .

Since p is a G-function, tp is also a G-function, as we show in the lemma below,
and thus it determines, by restriction, the transfer

tGp : F (C+,M)G −→ F (A+,M)G .

Remark 3.2 The homomorphism tp : F (C+,M) −→ F (A+,M) can also be
described as follows:

tp(u)(a) = M∗(p̂a)(u(p(a)))

(and tp(u)(∗) = 0).

Lemma 3.3 tp : F (C+,M) −→ F (A+,M) is a G-homomorphism.

Proof We have on the one hand

tp(g · u)(a) = M∗(p̂a)(g · u(p(a))) = M∗(p̂a)M∗(Rg−1)(u(g−1p(a))) ,

while on the other hand we have

(g · tp(u))(a) = M∗(Rg−1)(tp(u)(g−1a)) = M∗(Rg−1)M∗(p̂g−1a)(u(g−1p(a))) .

Both terms are equal, since M∗(p̂a) ◦M∗(Rg−1) = M∗(Rg−1) ◦M∗(p̂g−1a), and
this follows from the fact that the following square is clearly a pullback diagram
of G-sets:

G/Gg−1a

Rg−1

∼=
//

bpg−1a

��

G/Ga

bpa
��

G/Gg−1p(a)
Rg−1

∼= // G/Gp(a) .

10



Remark 3.4 Assume that p : A −→ C and q : C −→ D are G-functions
with finite fibers. Then one has that (̂q ◦ p)a = q̂p(a) ◦ p̂a . Using this, one easily
verifies that the transfer is functorial in the sense that tGq◦p = tGp ◦ tGq .

Lemma 3.5 Let p : A −→ C be a G-function with finite fibers. Then

(3.5) tGp (γGx (l)) =
∑

[a]∈p−1(x)/Gx

γGa (M∗(p̂a)(l)) ,

Proof The isotropy group Gx acts on p−1(x) and the inclusion j : p−1(x) ↪→
p−1(Gx) clearly induces a bijection j : p−1(x)/Gx −→ p−1(Gx)/G. Let γGx (l)
be a generator of FG(C+,M). Since the value of the function γGx (l) on points
which do not belong to Gx is zero, and γGx (l)(x) = l , we have that

tGp (γGx (l)) =
∑

[a]∈p−1(x)/Gx

γGa (M∗(p̂a)(l)) .

We shall now prove that the transfer tGp has the pullback property. We start
with some preliminary results on groups. One can easily prove the following.

Lemma 3.6 Let H,H ′ ⊂ K ⊂ G be subgroups of G and consider the fibered
product

G/H ×G/K G/H ′ = {([g]H , [g′]H′) | g, g′ ∈ G and g−1g′ ∈ K} .

Consider the set of double cosets H\K/H ′ = {H [gr]H′ | r = 1, . . . , k}, where
g1, . . . , gk ∈ K are fixed representatives. If H ′′r = H ∩ grH ′g−1

r , then there is an
isomorphism of G-sets

ϕ : tkr=1G/H
′′
r

∼=−→ G/H ×G/K G/H ′ ,

given by ϕ[g]H′′r = ([g]H , [ggr]H′). ut

Lemma 3.7 Let H,H ′ ⊂ K ⊂ G be subgroups of G and let M be a Mackey
functor. Consider the isomorphism

k⊕
r=1

M(G/H ′′r ) −→M(tkr=1G/H
′′
r )

given by the family M∗(κr), where κr : G/H ′′r ↪→ tkr=1G/H
′′
r is the inclusion.

Then its inverse is given by the homomorphism induced by the family M∗(κr).
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Proof The following are pullback digrams:

G/H ′′r
= //

=

��

G/H ′′r

κr
��

G/H ′′r κr
// tG/H ′′r

and ∅ //

��

G/H ′′s

κs
��

G/H ′′r κr
// tG/H ′′r

where r 6= s. Therefore

M∗(κr) ◦M∗(κr) = 1M(G/H′′r ) and M∗(κs) ◦M∗(κr) = 0 .

Thus the result follows.

Lemma 3.8 Let H,H ′ ⊂ K ⊂ G be subgroups of G and let M be a Mackey
functor. Take w ∈M(G/H ×G/K G/H ′); then

w =
k∑
r=1

M∗(ϕr)M∗(ϕr)(w) ,

where ϕr = ϕ ◦ κr .

Proof By the previous lemma, for any z ∈M(tG/H ′′r ) we have

(3.4) z =
k∑
r=1

M∗(κr)M∗(κr)(z) .

By Lemma (3.6), we have an isomorphism

M∗(ϕ) : M(tkr=1G/H
′′
r ) −→M(G/H ×G/K G/H ′) .

Then for some z ∈ M(tkr=1G/H
′′
r ), w = M∗(ϕ)(z). By (3.4), M∗(ϕ)(z) =

M∗(ϕ)(
∑k

r=1M∗(κr)M
∗(κr)(z)) =

∑k
r=1M∗(ϕr)M

∗(ϕr)(w). The last equality
follows from the fact that M∗(ϕ)−1 = M∗(ϕ), as one easily sees.

Let p : A −→ C be a G-function with finite fibers and let f : D −→ C be any
G-function. Consider the pullback diagram

(3.5) A′
f ′ //

p′

��

A

p

��
D

f
// C ,

where A′ = D×CA = {(y, a) | f(y) = p(a)}. Consider the restriction of f ′ from
the fiber (p′)−1(y) to the fiber p−1(f(y)). This function induces a surjective
function

q : (p′)−1(y)/Gy −→ p−1(f(y))/Gf(y) .

In what follows we analyze the fibers of q .
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Lemma 3.6 There is a bijection

δ : Gy\Gf(y)/Ga0 −→ q−1(Gf(y)a0) ,

where a0 ∈ p−1(f(y)), given by δ(Gy [g]Ga0
) = Gy(y, ga0).

Proof The function δ is induced by the surjection δ : Gf(y) −→ q−1(Gf(y)a0)
given by δ(g) = Gy(y, ga0). One easily checks that δ factors through the set of
double cosets and that δ is injective.

Theorem 3.7 Let p : A −→ C be a G-function with finite fibers, and let
f : D −→ C be a G-function. Then

tGp ◦ fG∗ = (f ′)G∗ ◦ tGp′ : FG(D+,M) −→ FG(A+,M) ,

where f ′ and p′ are as in the pullback diagram (3.5).

Proof Take a generator γGy (l), y ∈ D and l ∈ M(G/Gy), and consider q :
(p′)−1(y)/Gy −→ p−1(f(y))/Gf(y) as in Lemma (3.6). Then, by Definition (2.8)
and the formula (3.5), we have

(3.8) tGp f
G
∗ (γGy (l)) =

∑
[aι]∈p−1(f(y))/Gf(y)

γGaιM
∗(p̂aι)M∗(f̂y)(l) .

On the other hand, we have

(3.9) (f ′)G∗ t
G
p′(γ

G
y (l)) =

∑
[y,a]∈(p′)−1(y)/Gy

γGa M∗(f̂ ′(y,a))M
∗(p̂′(y,a))(l) .

We can write (p′)−1(y)/Gy = tq−1(Gf(y)aι), where Gf(y)aι = [aι]. By Lemma
(3.6), p−1(f(y))/Gf(y) = {[y, graι]}, where the group-elements gr are such that
{Gy [gr]Gaι}

k
r=1 = Gy\Gf(y)/Gaι (notice that the set {gr}kr=1 depends on each

ι). Clearly we have
(3.10)
γGgraιM∗(f̂

′
(y,graι))M

∗(p̂′(y,graι))(l) = γGaιM∗(Rgr ◦ f̂ ′(y,graι))M
∗(p̂′(y,graι))(l) .

Consider the following pullback diagram

G/Gy ∩Ggraι
Rgr◦ bf ′(y,graι)

++

ϕr

))RRRRRRR

bp′(y,graι)
%%

Gy ×G/Gf(y)
G/Gaι

τ //

π

��

G/Gaι

bpaι
��

G/Gy bfy // G/Gf(y) .
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Hence, M∗(p̂aι) ◦M∗(f̂y) = M∗(τ) ◦M∗(π). Using Lemma (3.8), we can write

M∗(π)(l) =
k∑
r=1

M∗(ϕr)M∗(ϕr)M∗(π)(l) =
k∑
r=1

M∗(ϕr)M∗(p̂′(y,graι))(l) .

Composing with M∗(τ) on the left, we obtain

M∗(τ)M∗(π)(l) =
k∑
r=1

M∗(τ)M∗(ϕr)M∗(p̂′(y,graι))(l)

=
k∑
r=1

M∗(Rgr ◦ f̂ ′(y,graι))M
∗(p̂′(y,graι))(l) .

Hence

M∗(p̂aι)M∗(f̂y)(l) =
k∑
r=1

M∗(Rgr ◦ f̂ ′(y,graι))M
∗(p̂′(y,graι))(l) ,

and the result follows.

4 The topological function groups

We start this section extending the definitions given in the previous sections in
the case of G-sets to the case of simplicial G-sets. We denote by ∆ the category
whose objects are the ordered sets n = {0, 1, . . . , n} and whose morphisms are
order-preserving functions between them. A simplicial pointed G-set is thus a
contravariant functor K : ∆ −→ G-Set∗ . We denote by Kn the value of K in
n, and given a morphism µ : m −→ n, we denote by µK : Kn −→ Km the
corresponding pointed G-function.

Definition 4.1 Let K be a simplicial pointed G-set and M a Mackey funtor
for G. We define the simplicial abelian groups FG(K,M) and F

G(K,M) as
the following composites:

∆
K // G-Set∗

FG(−,M) // Ab , ∆
K // G-Set∗

F
G

(−,M) // Ab .

Therefore, for each n, the value of the functors FG(K,M) and F
G(K,M) at

n are given by FG(Kn,M) and F
G(Kn,M), respectively.

Notice that by Remark (2.6), there is also a simplicial abelian G-group defined
by the composite

∆
K // G-Set∗

F (−,M) // .

14



Proposition 4.2 Let K be a simplicial pointed G-set. Then

(a) F
G(K,M) is a simplicial subgroup of F (K,M), and

(b) FG(K,M) is a simplicial quotient group of F (K,M).

Proof This follows by applying Proposition (2.9) to µK : Kn −→ Km , where
µ : m −→ n is a morphism in ∆. The inclusion of (a) is given by the natural
transformation i : FG(−,M) ↪→ F (−,M), and the surjection of (b) is given by
the natural transformation β : F (−,M) � FG(−,M).

In what follows, we shall use the previous definitions to associate topological
abelian groups FG(X,M) and F

G(X,M) to a pointed G-space X . We shall
work in the category of k-spaces. We understand by a k-space a topological space
X with the property that a set W ⊂ X is closed if and only if f−1W ⊂ Z is
closed for any continuous map f : Z −→ X , where Z is any compact Hausdorff
space (see [9, 11]).

If S is a simplicial set (G-set, group, etc.), we denote by |S| its geometric
realization. This is a quotient space of

tnSn ×∆n

(see [8] for details).

Lemma 4.3 Let S be a simplicial pointed G-set. Then there is a canonical
homeomorphism |SG| −→ |S|G .

Proof Let i : SG ↪→ S be the inclusion. This morphism induces an embedding
|i| : |SG| −→ |S|. One easily sees that the image of |i| is a subset of |S|G . In
order to see that |S|G is indeed the image of |i|, let [σ, t] ∈ |S|G be represented
by a nondegenerate element (σ, t). Then g[σ, t] = [gσ, t] coincides with [σ, t].
Since σ is nondegenerate, so is also gσ . Therefore, gσ = σ and so [σ, t] is in
the image of |i|.

Definition 4.4 Let X be a pointed G-space and let S(X) be the associated
singular simplicial pointed G-set, where the base point in each Sn(X) is the
constant n-simplex with value x0 . We define the following topological spaces:

FG(X,M) = |FG(S(X),M)| , F
G(X,M) = |FG(S(X),M)| .

Notice that these two spaces have the structure of regular CW-complexes.

15



Remark 4.5 One may also define F (X,M) = |F (S(X),M)| and by Lemma
(4.3), FG(X,M) = |F (S(X),M)|G = F (X,M)G .

If X is a G-space, then the underlying groups of FG(X,M) and F
G(X,M)

differ from the (discrete) group F (Xδ,M)G , as defined in section 2, where Xδ

denotes the underlying G-set of X . However, we have the following.

Proposition 4.6 If X is a discrete pointed G-space, then the topological

abelian groups FG(X,M) and F
G(X,M) are discrete and both are isomorphic

to the abelian group F (Xδ,M)G .

Proof Notice that if K is a simplicial set such that Kn = C for all n, and
fK = idC for all f in ∆, then |K| is a discrete space homeomorphic to C ,
because |K| is a CW-complex with one n-cell for each nondegenerate n-simplex
of K . We call such a simplicial set trivial.

Now, if X is discrete, then Sn(X) = Xδ for all n and fS(X) = idX for all f , thus
it is trivial. Therefore, the simplicial groups FG(S(X),M) and F

G(S(X),M)
are trivial too. Hence

|FG(S(X),M)| ∼= F (Xδ,M)G ∼= |FG(S(X),M)| .

Remark 4.7 The functors FG(−,M) and F
G(−,M), restricted to the cate-

gory of discrete pointed G-spaces, are indeed naturally isomorphic to the func-
tors FG((−)δ,M) and F

G((−)δ,M), respectively.

Proposition 4.8 Let X be a pointed G-space. Then the spaces FG(X,M)
and F

G(X,M) are topological abelian groups (in the category of k-spaces).

Proof Since FG(S(X),M) and F
G(S(X),M) are simplicial abelian groups,

their geometric realizations |FG(S(X),M)| and |FG(S(X),M)| are topological
groups (in the category of k-spaces, see [9, 11]).

Remark 4.9 In a similar way to the previous proposition, we have that F (X,M)
is a topological abelian G-group. By Proposition (4.2) and [5], we have that

(a) F
G(X,M) is a topological subgroup of F (X,M), and

(b) FG(X,M) is a topological quotient group of F (X,M).
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We have the following.

Definition 4.10 Let K be a simplicial pointed G-set and M a Mackey functor
for G. Let Λ be any simplicial abelian group. We shall say that a family of
homomorphisms {ϕσ : M(G/Gσ) −→ Λn | σ ∈ Kn, n ≥ 0} is simplicial if the
following conditions are satisfied:

(a) If σ0 ∈ Kn is the base point, then ϕσ0 = 0, and
(b) for each morphism µ : m −→ n in ∆, the following diagram commutes:

M(G/Gσ)
ϕσ //

M∗( cµKσ)
��

Λn

µΛ

��
M(G/GµK(σ))ϕ

µK (σ)

// Λm .

We say that the simplicial family is G-invariant if for all σ ∈ K and all g ∈ G,

ϕgσ = ϕσ ◦M∗(Rg) ,

Corresponding to the property (2.4), we have the following.

Proposition 4.11 Let K be a simplicial pointed G-set and M a Mackey
functor for G. Then

(i) the family {γσ : M(G/Gσ) −→ F (Kn,M) | σ ∈ Kn, n ≥ 0} is simplicial.
Moreover

(ii) if Λ is any simplicial abelian group and {ϕσ M(G/Gσ) −→ Λn | σ ∈
Kn, n ≥ 0} is a simplicial family of homomorphisms, then there is a
unique simplicial homomorphism ϕ : F (K,M) −→ Λ , such that ϕn◦γσ =
ϕσ , where σ ∈ Kn , n ≥ 0.

Proof Let µ : m −→ n be a morphism in ∆. To see (i), take l ∈ M(G/Gσ).
Then

µK∗ γσ(l) = µK∗ (lσ) = M∗(µ̂Kσ)(l)µK(σ) = γµK(σ)M∗(µ̂Kσ)(l) .

We now prove (ii). By Proposition (2.4), for each n there is a unique homomor-
phism ϕn : F (Kn,M) −→ Λn such that ϕn ◦γσ = ϕσ . To check that the family
{ϕn} is a morphism of simplicial groups, take a generator lσ ∈ F (Kn,M).
Then

ϕmµ
K
∗ (lσ) = ϕm(M∗(µ̂Kσ)(l)µK(σ)) = ϕµK(σ)(M∗(µ̂Kσ)(l)) =

= µΛϕσ(l) = µΛϕn(lσ) .
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We now have the following result, which is similar to the previous proposition.

Proposition 4.12 Let K be a simplicial pointed G-set and M a Mackey
functor for G. Then

(i) the family {γGσ : M(G/Gσ) −→ FG(Kn,M) | σ ∈ Kn, n ≥ 0} is simplicial
and G-invariant. Moreover

(ii) if Λ is any simplicial abelian group and {ϕσ M(G/Gσ) −→ Λn | σ ∈
Kn, n ≥ 0} is a simplicial G-invariant family of homomorphisms, then
there is a unique simplicial homomorphism ϕG : FG(K,M) −→ Λ , such
that ϕGn ◦ γGσ = ϕσ , where σ ∈ Kn , n ≥ 0. ut

Before passing to the definition of the functorial structures of F (X;M), FG(X;M),
and F

G(X;M), recall that a morphism of simplicial pointed G-sets α : K −→
Q consists of a family of pointed G-functions αn : Kn −→ Qn such that, if
µ : m −→ n is a morphism in ∆, then one has a commutative diagram

Kn
αn //

µK

��

Qn

µQ

��
Km αm

// Qm .

Since we have functors F (−,M), FG(−,M), FG(−,M) : G-Set∗ −→ Ab, they
yield commutative diagrams

F (Kn,M)
αn∗ //

µK∗
��

F (Qn,M)

µQ∗
��

F (Km,M) αm∗
// F (Qm,M) ,

FG(Kn,M)
αnG∗ //

µK
G
∗

��

FG(Qn,M)

µQ
G
∗

��
FG(Km,M)

αmG∗

// FG(Qm,M) ,

F
G(Kn,M)

αnG∗ //

µK
G

∗
��

F
G(Qn,M)

µQ
G

∗
��

F
G(Km,M)

αmG∗

// F
G(Qm,M) .

Hence the functors F (−,M), FG(−,M), and F
G(−,M) extend to functors of

simplicial pointed G-sets.
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Definition 4.13 Let f : X −→ Y be a continuous pointed G-map. The map
f induces a morphism of simplicial pointed G-sets S(f) : S(X) −→ S(Y ), which
defines homomorphisms of simplicial groups

S(f)∗ : F (S(X),M) −→ F (S(Y ),M) ,

S(f)G∗ : FG(S(X),M) −→ FG(S(Y ),M) ,

S(f)
G

∗ : FG(S(X),M) −→ F
G(S(Y ),M) .

Define the homomorphisms

f∗ : F (X,M) −→ F (Y,M) ,

fG∗ : FG(X,M) −→ FG(Y,M) ,

f
G
∗ : FG(X,M) −→ F

G(Y,M) ,

by f∗ = |S(f)∗|, fG∗ = |S(f)G∗ |, and f
G
∗ = |S(f)

G

∗ |, respectively.

Remark 4.14 One may obtain the simplicial homomorphisms

S(f)∗ : F (S(X),M) −→ F (S(Y ),M) ,

S(f)G∗ : FG(S(X),M) −→ FG(S(Y ),M) ,

using the properties (4.11) and (4.12) for the families {ϕσ} and {ϕGσ } given by

ϕσ(l) = γS(f)(σ)(M∗(Ŝn(f)σ)(l)) ∈ F (Sn(X),M) ,

ϕGσ (l) = γGS(f)(σ)(M∗(Ŝn(f)σ)(l)) ∈ FG(Sn(X),M) .

They provide the following explicit expressions for them on generators:

S(f)∗(γσ(l)) = γS(f)(σ)(M∗(Ŝn(f)σ)(l)) ,

S(f)G∗ (γGσ (l)) = γGS(f)(σ)(M∗(Ŝn(f)σ)(l)) .

Since S(f)
G

∗ is the restriction of S(f)∗ , the first gives also an explicit expression
in this case.

Clearly, we have the following result.

Proposition 4.15 If f : X −→ Y is a continuous pointed G-map, then f∗ :
F (X,M) −→ F (Y,M), fG∗ : FG(X,M) −→ FG(Y,M), and f

G
∗ : FG(X,M) −→

F
G(Y,M) are continuous homomorphisms. Thus F (−,M), FG(−,M), and

F
G(−,M) are covariant functors from the category of pointed G-spaces to the

category of topological abelian groups. In particular, F (X,M) is a topological
abelian G-group. ut
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Remark 4.16 Let f : X −→ Y be a pointed G-map. By (2.9), it follows
that one has an epimorphism of simplicial groups βS(X) : F (S(X),M) −→
FG(S(X),M). Thus, by [5], its geometric realization

βX : F (X,M) −→ FG(X,M)

is an identification for any pointed G-space X . One can visualize both functor
structures in an analogous way to the commutative diagram (2.9), namely,

(4.16) F
G(X,M)

� � //

f
G
∗

��

F (X,M)
βX // //

f∗

��

FG(X,M)

fG∗
��

F
G(Y,M)

� � // F (Y,M)
βY

// // FG(Y,M) ,

where the groups are now topological and all the homomorphisms are continu-
ous.

To finish this section, we prove that the functors F (X,M), FG(X,M), and
F
G(X,M) are homotopy invariant. For that, we need the following.

Lemma 4.17 Let K and Q be simplicial pointed G-sets and be α0, α1 :
K −→ Q be morphisms. If α0 and α1 are G-homotopic, then

(a) α0∗, α1∗ : F (K,M) −→ F (Q,M) are G-homotopic homomorphisms;

(b) αG0∗, α
G
1∗ : FG(K,M) −→ FG(Q,M) are homotopic homomorphisms;

(c) αG0∗, α
G
1∗ : FG(K,M) −→ F

G(Q,M) are homotopic homomorphisms.

Proof Let H : K×∆[1] −→ Q be a G-homotopy between α0 and α1 , since H

is G-equivariant (where ∆[1] has the trival action), it induces homomorphisms

H∗ : F (K ×∆[1],M) −→ F (Q,M) ,

HG
∗ : FG(K ×∆[1],M) −→ FG(Q,M) ,

H
G
∗ : FG(K ×∆[1],M) −→ F

G(Q,M) .

Let ι : F (K,M)×∆[1] −→ F (K ×∆[1],M) be given by

ιn(u, a)(σ, b) =

{
u(σ) if b = a ,

0 if b 6= a ,

where (u, a) ∈ F (Kn,M) × ∆[1]n and (σ, b) ∈ Kn × ∆[1]n . We have that
ιn(u+ u′, a) = ιn(u, a) + ιn(u′, a). Therefore

ιn(
∑
σ

lσσ, a) =
∑
σ

lσ(σ, a) .
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One can easily check that ι is a morphism of simplicial pointed sets, (where
the base point in ∆[1]n is the constant function with value 0). Then H∗ ◦ ι is
a homotopy between α0∗ and α1∗ .

Since ι and H∗ are G-equivariant, the restriction of H∗ ◦ ι to FG(K,M)×∆[1]
is a homotopy between αG0∗ and αG1∗ .

Now let ιG : FG(K,M)×∆[1] −→ FG(K ×∆[1],M) be given by

ιGn (u, a)(σ, b) =

{
u(σ) if b = a ,

0 if b 6= a ,

where (u, a) ∈ FG(Kn,M) × ∆[1]n and (σ, b) ∈ Kn × ∆[1]n . Since u is a G-
invariant element, it follows that ιGn (u, a) is also G-invariant. We also have that
ιGn (u+u′, a) = ιGn (u, a) + ιGn (u′, a). Therefore ιGn (

∑
σ γ

G
σ (lσ), a) =

∑
σ γ

G
(σ,a)(lσ).

One can easily see that ιG is a morphism of simplicial pointed sets. The com-
posite HG

∗ ◦ ιG is a homotopy between αG0∗ and αG1∗ .

Proposition 4.18 If f0, f1 : X −→ Y are G-homotopic pointed maps, then

(a) f0∗, f1∗ : F (X,M) −→ F (Y,M) are G-homotopic homomorphisms,

(b) f
G
0∗, f

G
1∗ : FG(X,M) −→ F

G(Y,M) are homotopic homomorphisms, and

(c) fG0∗, f
G
1∗ : FG(X,M) −→ FG(Y,M) are homotopic homomorphisms.

Proof For convenience, we shall take the standard 1-simplex ∆1 instead of
the unit interval I . Thus let H : X×∆1 −→ Y be a pointed G-homotopy from
f0 to f1 . Consider the morphism of simplicial G-sets R : S(X)×∆[1] −→ S(Y )
given as follows. If s ∈ ∆n , define Rn : Sn(X)×∆[1]n −→ Sn(Y ) by

Rn(σ, a)(s) = H(σ(s), a#(s)) ,

where a# : ∆n −→ ∆1 is the affine map determined by a. Then R is a G-
equivariant homotopy between S(f0) and S(f1). Thus, by the previous lemma,
there is a homotopy T between the morphisms S(f0)∗ and S(f1)∗ . Then

H ′ : |F (S(X),M)| × |∆[1]| ≈←− |F (S(X),M)×∆[1]| |T |−→ |F (S(Y ),M)| ,

where the homeomorphism is canonical, is a homotopy between f0∗ = |S(f0)∗|
and f1∗ = |S(f1)∗|, and thus we have (a). Similarly, also using the previous
lemma, we obtain (b) and (c).
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5 The topological function group FG(X, M)

In this section we shall define a new topological abelian group FG(X,M), whose
description is simpler than that of FG(X,M). Here our pointed G-spaces will
be pointed k-spaces.

Let X be a pointed G-space and let S(X) be the associated singular simplicial
pointed G-set, where the base point in each Sn(X) is the constant n-simplex
with value x0 . Denote by Xδ the underlying pointed G-set of X . We shall define
a topology on the abelian group F (Xδ,M)G as follows. Take the surjective
homomorphism

πGX : |FG(S(X),M)|� F (Xδ,M)G

defined by

πGX

([∑
σ

γGσ (lσ), t

])
=
∑
σ

γGσ(t)M∗(pσ,t)(lσ) .

We give F (Xδ,M)G the identification topology, where pσ,t : G/Gσ −→ G/Gσ(t)

is the quotient map. We denote the resulting space by FG(X,M).

Proposition 5.1 Let X be a pointed G-space. Then FG(X,M) is a topolog-
ical group (in the category of k-spaces).

Proof Consider the following commutative diagram:

|FG(S(X),M)| × |FG(S(X),M)| //

πGX×π
G
X

��

|FG(S(X),M)|

πGX
��

FG(X,M)× FG(X,M) // FG(X,M) ,

since the product πGX × πGX in the category of k-spaces is an identification, the
result follows.

Let f : X −→ Y be a continuous pointed G-map. It induces a pointed G-
function f : Xδ −→ Y δ which defines a homomorphism fG∗ : F (Xδ,M)G −→
F (Y δ,M)G . We have the following result.

Proposition 5.2 If f : X −→ Y is a continuous pointed G-map, then

fG∗ : FG(X,M) −→ FG(Y,M)

is a continuous homomorphism. Thus FG(−,M) is a covariant functor from the
category of pointed G-spaces to the category of topological abelian groups.
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Proof The G-map f induces a morphism of simplicial G-sets S(f) : S(X) −→
S(Y ) which in turn defines a homomorphism of simplicial groups

S(f)G∗ : FG(S(X),M) −→ FG(S(Y ),M) .

Consider the following diagram, where the top map is continuous:

|FG(S(X),M)|
|S(f)G∗ |//

πGX
��

|FG(S(Y ),M)|

πGY
��

FG(X,M)
fG∗

// FG(Y,M) .

It is a straightforward verification that it is commutative. Therefore, fG∗ is
continuous.

Remark 5.3 Notice that in (4.13) we defined a continuous homomorphism

fG∗ : FG(X,M) −→ FG(Y,M) ,

which should not be confused with

fG∗ : FG(X,M) −→ FG(Y,M) .

They are related by the commutativity of the diagram

FG(X,M)
fG∗ //

πGX
��

FG(Y,M)

πGY
��

FG(X,M)
fG∗

// FG(Y,M) ,

which is just the diagram in the proof of (5.2).

We shall now give a topological characterization of the group FG(X,M), similar
to Proposition (2.4). In order to do this, we need the following.

Definition 5.4 Let X be a pointed G-space. Let A be a topological abelian
group in the category of k-spaces, and for each x ∈ X let ϕx : M(G/Gx) −→ A
be a homomorphism, such that ϕx0 = 0, where x0 ∈ X is the base point. We
say that {ϕx} is a continuous family if the homomorphism

ϕ̃ : |F (S(X),M)| −→ A

given by

ϕ̃

 ∑
σ∈Sn(X)

lσσ, t

 =
∑

σ∈Sn(X)

ϕσ(t)M∗(pσ,t)(lσ) ,
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is continuous, where pσ,t : G/Gσ = G/G(σ,t) � G/Gσ(t) is the quotient map.
We say that the family is G-invariant, if ϕx = ϕgx ◦M∗(Rg−1) for all g ∈ G.

The universal property that characterizes the topological abelian group
FG(X,M), together with the family {γGx }, is the following.

Proposition 5.5 (i) {γGx } is an equivariant continuous family.

(ii) Let A be a topological abelian group and let {ϕx} be an equivariant
continuous family. Then there exists a unique continuous homomorphism
ϕ : FG(X,M) −→ A such that ϕ ◦ γGx = ϕx .

Proof By definition, the family {ϕx} induces a continuous homomorphism
ϕ̃ : |F (S(X),M)| −→ A and since the family is G-invariant, then by (2.7) there
exists a unique homomorphism ϕ : FG(X,M) −→ A such that ϕ ◦ γGx = ϕx
which satisfies ϕ ◦ πGX ◦ |βS(X)| = ϕ̃. The simplicial homomorphism βS(X) is
surjective, hence by [5], |βS(X)| is an identification, and since πGX is also an
identification, ϕ is continuous.

Observe that the continuity of fG∗ shown above follows also from this universal
property in a similar manner as that of (4.15).

We now show that the functor FG(−,M) is homotopy invariant.

Proposition 5.6 If f0, f1 : X −→ Y are G-homotopic pointed maps, then

fG0∗, f
G
1∗ : FG(X,M) −→ FG(Y,M)

are homotopic homomorphisms.

Proof By (4.18), we have a homotopy H ′ : FG(X,M) × ∆1 −→ FG(Y,M).
It is straightforward to verify that the map πGY ◦ H ′ is compatible with the
identification πGX × 1, so that the following diagram commutes:

FG(X,M)×∆1

πGX×1
����

H′ // FG(Y,M)

πGY����
FG(X,M)×∆1

H′′
// FG(Y,M) .

Then H ′′ is the desired homotopy.
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To finish this section we shall show that the group-functor FG(−,M) has the
same properties of FG(−,M), when M is a homological Mackey functor. Recall
the following.

Definition 5.7 A Mackey functor M for G is said to be homological if when-
ever K ⊂ H ⊂ G and q : G/H −→ G/K is the quotient function, one has
M∗(q)M∗(q) = [H :K], that is, multiplication by the index of K in H .

Example 5.8 Given a G-module L, one defines a homological Mackey functor
ML as follows. Put ML(G/H) = LH and define

ML∗(Rg−1) : LH −→ LgHg
−1
, l 7−→ gl ,

M∗L(Rg−1) : LgHg
−1 −→ LH , l 7−→ g−1l ,

and if H ⊂ K , K/H = {[ki]H}, and q : G/H −→ G/K is the quotient function,
then

ML∗(q) : LH −→ LK , l 7−→
∑

kil ,

M∗L(q) : LK −→ LH is the inclusion.

Definition 5.9 Given a G-module L, we define the functors F (−, L) and
FG(−, L) form the category of pointed G-sets to the category of abelian groups
as follows:

F (C,L) = {u : C −→ L | u(∗) = 0 and u(x) = 0 for almost all x ∈ C} ,
FG(C,L) = {u ∈ F (C,L) | u(gx) = gu(x) for all x ∈ X, g ∈ G} ,

(see [1, Def. 1.1]). Moreover, if X is a topological pointed G-space, then we can
define a topology on F (X,L) and on FG(X,L) as follows. Take the surjection

µ : tq(L×X)q � F (X,L) ,

where µ(l1, x1, . . . , lq, xq) = l1x1 + · · · + lqxq , and give F (X,L) the identifi-
cation topology, then give FG(X,L) the relative topology. We now have that
F (−, L) and FG(−, L) are functors from the category of pointed G-spaces to
the category of abelian topological groups.

Lemma 5.10 The functors FG(−, L) and FG(−,ML) form the category of
pointed G-sets to the category of abelian groups are equal.
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Proof Notice first that M̂L = L and if u ∈ FG(C,L), then u(x) ∈ LGx =
ML(G/Gx). Let f : C −→ D be a pointed G-function. Consider the projection
G/Gx � G/Gf(x) with fiber Gf(x)/Gx . One can describe the cosets in G/Gx
as products of the cosets in G/Gf(x) and those in Gf(x)/Gx , in a similar way
as in the proof of Lemma (5.16), below. Then we can write a generator γGx (l) as∑

(gihjl)(gihjx). Now we can easily check that the value of the homomorphisms
induced by the functors FG(−, L) and FG(−,ML) are equal on this generator.

Remark 5.11 Observe that when X is a topological pointed G-space and L
is a G-module, we have two different abelian groups, namely, FG(X,L) as de-
fined above, and FG(X,ML) = |FG(S(X),ML)| as defined in (4.4). However,
FG(X,L) and FG(X,ML) are equal as abelian groups. Furthermore, the iden-
tity FG(X,ML) −→ FG(X,L) is always continuous, as proved in [3]. We prove
below (5.17) that it is a homeomorphism if X = |K|.

The following result of Thevenaz and Webb [10, Thm. (16.5)(i)] will be used in
what follows.

Theorem 5.12 Given a homological Mackey functor M , there exists a G-
module L and an epimorphism of Mackey functors ξ : ML � M .

Definition 5.13 We shall denote by ξ♦ : FG(−,ML) −→ FG(−,M) the
natural transformation determined by ξ : ML � M , namely, if u ∈ FG(C,ML),
then ξ♦(u)(x) = ξG/Gx(u(x)), where x ∈ C .

Notice that for each C , ξ♦ is surjective, because if γGx (l′) is a generator of
FG(C,M) and ξG/Gx(l) = l′ , then ξ♦(γGx (l)) = γGx (l′).

Definition 5.14 For a simplicial pointed G-set K and a G-module L, we
gave in [1, Prop. 2.3] a G-isomorphism of topological groups ψ : |F (K,L)| −→
F (|K|, L) given on generators by ψ([lσ, t]) = l[σ, t]. We shall denote its restric-
tion to the fixed-point subgroup by

ψGL : |FG(K,L)| −→ FG(|K|, L) .

On the other hand, for any Mackey functor M for G we defined in [2, Prop.
2.6] an isomorphism

ψGM : |FG(K,M)| −→ FG(|K|,M)

as discrete groups, given by

ψGM ([γGσ (l), t]) = γG[σ,t]M∗(qσ,t)(l) ,

where qσ,t : G/Gσ −→ G/G[σ,t] is the quotient function.
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Remark 5.15 Notice that the identification

πGX : |FG(S(X),M)|� FG(X,M)

factors as the composite

ρGX∗ ◦ ψGM : |FG(S(X),M)| −→ FG(|S(X)|,M) −→ FG(X,M) .

Lemma 5.16 The following is a commutative diagram

|FG(K,L)|

ψGL
��

id // |FG(K,ML)|

ψGML
��

FG(|K|, L)
id

// FG(|K|,ML) .

Proof If we assume that G/G[σ,t] = {[gi] |, i = 1, . . . , r} and G[σ,t]/Gσ =
{[hj ] | j = 1, . . . , s}, then G/Gσ = {[gihj ] | (i, j) = (1, 1), . . . , (r, s)}. Thus we
can write

γGσ (l) =
(r,s)∑

(i,j)=(1,1)

(gihjl)(gihjσ) ∈ FG(K,L) .

Therefore, ψGL ([γGσ (l), t]) =
∑(r,s)

(i,j)=(1,1)(gihjl)[gihjσ, t].

On the other hand, ML∗(qσ,t)(l) =
∑s

j=1 hjl , hence

ψGML
([γGσ (l), t]) = γG[σ,t]

 s∑
j=1

hjl


=

r∑
i=1

gi

 s∑
j=1

(hjl)gi[σ, t]


=

r∑
i=1

gi

 s∑
j=1

(hjl)gihj [σ, t]


= ψGL ([γGσ (l), t]) , since hj ∈ G[σ,t] .

Proposition 5.17 If K is a simplicial pointed G-set, then

id : FG(|K|,ML) −→ FG(|K|, L)

is a homeomorphism.
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Proof To simplify the notation we put Y = |K|. Consider the following dia-
gram.

FG(|S(Y )|,ML)

ρGY ∗
)) ))SSSSSSSSSSS

oo
ψGML |FG(S(Y ),ML)|

πGY����

|FG(S(Y ), L)|
ψGL
∼=

//

eπGY��

FG(|S(Y )|, L)

eρGY ∗uuuullllllllll

FG(Y,ML)
id

// FG(Y, L) .

The triangles commute by Remark (5.15) and the commutativity of the square
follows from Lemma (5.10) and Lemma (5.16). On the other hand, by [2, 3.5],
ρY : |S(Y )| −→ Y is a G-retraction and, therefore, ρ̃GY ∗ is a retraction too,
moreover ψGL is a homeomorphism (see [1, Prop. 2.3]) and hence π̃GY is an
identification. Since by definition πGY is an identification, it follows that the
identity on the bottom is a homeomorphism.

As a consequence, we have the following.

Corollary 5.18 For any pointed G-space X ,

id : FG(|S(X)|,ML) −→ FG(|S(X)|, L)

is a homeomorphism. ut

We have the next.

Proposition 5.19 Let M be a homological Mackey functor. Then

ψGM : |FG(S(X),M)| −→ FG(|S(X)|,M)

is an isomorphism of topological groups.

Proof Consider the following diagram

|FG(S(|S(X)|),ML)
|ξ♦| // //

πG|S(X)| ����

|FG(S(|S(X)|),M)

πG|S(X)|����
FG(|S(X)|, L) FG(|S(X)|,ML)id

∼=
oo ξ♦ // FG(|S(X)|,M)

|FG(S(X), L)|

ψGL
∼=

OO

|FG(S(X),ML)|

ψGML

OO

//
id

∼=oo
|ξ♦|

// // |FG(S(X),M)| .

ψGM

OO�
�
�

The subdiagram on the left commutes by Lemma (5.16), and the identity on
the top of it is a homeomorphism by Corollary (5.18). One easily verifies that
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the other two subdiagrams commute too. Since ξ♦ is surjective, |ξ♦| on the top
is an identification (see [5]), hence ξ♦ in the middle is also an identification.
Since |ξ♦| on the bottom is an identification too and ψGL is a homeomorphism,
as mentioned in (5.14), ψGM is a homeomorphism as well.

Proposition 5.20 Let X be a pointed G-space of the homotopy type of
a G-CW-complex, and let M be a homological Mackey functor. Then πGX :
FG(X;M) −→ FG(X,M) is a natural homotopy equivalence of topological
groups.

Proof By [1, Prop. 2.12], ρX : |S(X)| −→ X is a G-homotopy equivalence.
On the other hand, by Proposition (5.19), ψGM is an isomorphism of topological
groups, and by (5.6) the functor FG(−,M) is homotopy invariant. Therefore,
by Remark (5.15),

πGX : FG(X,M) = |FG(S(X),M)|
ψGM−→ FG(|S(X)|,M)

ρGX∗−→ FG(X,M)

is a homotopy equivalence of topological groups.

It is easy to see that the homormorphisms πGX are natural, namely that if
f : X −→ Y is a pointed G-map, then the following diagram commutes:

|FG(S(X),M)|
|S(f)G∗ |//

πGX ����

|FG(S(Y ),M)|

πGY����
FG(X,M)

fG∗

// FG(Y,M) .

6 Continuity of the transfers

In this section we study the continuity of the transfer for the topological-group
functors FG(−,M) and FG(−,M). The following is the topological counter-
part of Definition (3.1). Let p : E −→ X be an n-fold covering G-map, i.e.,
an ordinary n-fold covering map, such that E and X are G-spaces and p is
equivariant. Hence S(p) : S(E) −→ S(X) has finite fibers. We have the follow-
ing.

Proposition 6.1 The transfers

tGSq(p) : FG(Sq(X)+,M) −→ FG(Sq(E)+,M)
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determine a homomorphism of simplicial abelian groups

tGS(p) : FG(S(X)+,M) −→ FG(S(E)+,M) .

Proof Let f : r −→ q be a morphism in ∆ and consider the diagram

Sq(E)
fS(E)

//

Sq(p)

��

Sr(E)

Sr(p)

��
Sq(X)

fS(X)
// Sr(X) .

Take σ ∈ Sq(X). If Sq(p)−1(σ) = {σ̃i | i = 1, . . . , n}, then Sr(p)−1(fS(X)(σ)) =
{σ̃i◦f# | i = 1, . . . , n}. Therefore this is a pullback diagram. By Theorem (3.7),
the following is a commutative diagram:

FG(Sq(E)+,M)
(fS(E)+ )G∗ //

OO
tG
Sq(p)

FG(Sr(E)+,M)
OO
tG
Sr(p)

FG(Sq(X)+,M)
(fS(X)+ )G∗

// FG(Sr(X)+,M)

and thus tGS(p) : FG(S(X)+,M) −→ FG(S(E)+,M) is a homomorphism of
simplicial groups.

Hence we have the following.

Definition 6.2 Let p : E −→ X be an n-fold covering G-map. Define the
transfer tGp : FG(X+,M) −→ FG(E+,M) by

tGp = |tGS(p)| .

(Notice that for any space X , one has Sn(X+) = Sn(X)+ .)

Thus we have the next result.

Theorem 6.3 The transfer tGp : FG(X+,M) −→ FG(E+,M) is a continuous
homomorphism. ut

Let now M be a homological Mackey functor. We shall now give a description
of the transfer for the functor FG(−,M).

Let p : E −→ X be an n-fold covering G-map. By (3.1), we have a trans-
fer tGp : FG((Xδ)+,M) −→ FG((Eδ)+,M), which is a homomorphism tGp :
FG(X+,M) −→ FG(E+,M).
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Theorem 6.4 The transfer tGp : FG(X+,M) −→ FG(E+,M) is continuous.

Proof The continuity of tGp follows from the commutativity of the next dia-
gram:

|FG(S(X+),M)|

ψGM
��

|tG
S(p)
|
//

πGX

%% %%

|FG(S(E+),M)|

ψGM
��

πGE

yyyy

FG(|S(X+)|,M)

ρG
X+∗

��

tG|S(p|) // FG(|S(E+)|,M)

ρG
E+∗

��
FG(X+,M)

tGp

// FG(E+,M) .

The square at the bottom commutes by the pullback property (3.7) applied to
the pullback diagram

|S(E)| ρE //

S(p)

��

E

p

��
|S(X)| ρX

// X .

To see that this is indeed a pullback square, we shall show that for each
[τ, t] ∈ |S(X)|, the fiber |S(p)|−1([τ, t]) is mapped bijectively by ρE onto the
fiber p−1(τ(t)). So, assume first that (σ, t) is a nondegenerate representative of
[σ, t]. Since p is an n-fold covering map, the fiber S(p)−1(τ) has n elements,
namely {τ̃1, . . . , τ̃n}. We have a bijection S(p)−1(τ) ≈ |S(p)|−1([τ, t]) given by
τ̃j ↔ [τ̃j , t]. On the other hand, since p is a covering map, there is a bijection
S(p)−1(τ) ≈ p−1(τ(t)) given by τ̃j ↔ τ̃j(t).

To prove that the diagram at the top commutes, we consider the inverse iso-
morphisms ϕGM of ψGM , given by ϕGM (γG[σ,t](l)) = [γGσ (l), t] provided that (σ, t)
is a nondegenerate representative. We shall show that

|tGS(p)| ◦ ϕ
G
M = ϕGM ◦ tG|S(p)| .

Take γG[σ,t](l) ∈ F
G(|S(X+)|,M). Then

|tGS(p)|ϕ
G
M (γG[σ,t](l)) =

[
tGS(p)(γ

G
σ (l)), t

]
=

[
k∑
i=1

γGeσiM∗(Ŝ(p)eσi)(l), t
]
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and

ϕGM t
G
|S(p)|(γ

G
[σ,t](l)) = ϕGM

(
k∑
i=1

γG[eσi,t]M∗(|̂S(p)|[eσi,t])(l)
)

=

[
k∑
i=1

γGeσiM∗(|̂S(p)|[eσi,t])(l), t
]
,

where {σ̃i | i = 1, . . . , k} is a set of representatives of S(p)−1(σ)/Gσ . To prove
that the sums are equal, observe that, as we already mentioned above, there is a
bijection between S(p)−1(σ) and |S(p)|−1([σ, t]). Since (σ, t) is nondegenerate,
by [2, Prop. 2.4], the isotropy groups Gσ and G[σ,t] are equal. Hence, {[σ̃i, t] |
i = 1, . . . , k} is a set of representatives of |S(p)|−1([σ, t])/G[σ,t] . Moreover, since

(σ̃i, t) is also nondegenerate, then G[eσi,t] = Geσi , and therefore |̂S(p)|[eσi,t] =

Ŝ(p)eσi .

7 Homotopical homology theories

In the definition of the functors F (−,M), FG(−,M), and F
G(−,M), given in

Section 2, the contravariant structure of the Mackey functor M was not used.
Therefore the same definitions are valid if instead of M , we take a covariant
coefficient system N∗ for the finite group G. Hence we have functors F (−, N∗),
FG(−, N∗), and F

G(−, N∗). We shall prove the following.

Theorem 7.1 Let N∗ be a covariant coefficient system for G and let X be
a pointed G-space. Then the homotopy groups πq

(
FG(X,N∗)

)
are naturally

isomorphic to the (reduced) Bredon-Illman G-equivariant homology groups
H̃G
q (X;N∗).

For the proof of this theorem we need the following result.

Theorem 7.2 ([2, Thm. 4.5]) There is an isomorphism between Illman’s chain
complex SG(X, ∗;N∗) (cf. [6, p. 15]) and the chain complex FG(S(X), N∗).

ut

Proof of Theorem (7.1). We shall give an isomorphism

H̃G
q (X;N∗) ∼= Hq

(
FG(S(X), N∗)

)
−→ πq

(
FG(X,N∗)

)
.
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Here the left-hand side is the Bredon-Illman (reduced) homology of X with
coefficients in N∗ , which by definition is the homology of the chain complex
SG(X, ∗;N∗), and the first isomorphism follows from the natural isomorphism
of Theorem (7.2).

To construct the arrow, we shall give several isomorphisms as depicted in the
following diagram.

Hq

(
FG(S(X), N∗)

)
oo i∗
∼=

**

πq
(
FG(S(X), N∗)

) Ψ
∼=

// πq
(
S(|FG(S(X), N∗)|)

)
Φ∼=

��
πq
(
FG(X,N∗)

)
πq
(
|FG(S(X), N∗)|

)
By [2, Prop. 4.2], i∗ is an isomorphism. In particular, this shows that every
cycle in H̃G(X;N∗) is represented by a chain u, all of whose faces are zero. We
call this a special chain.

The homomorphism Ψ, which is given by Ψ(u)[t] = [u, t], where u is a special
q -chain and t ∈ ∆q , is an isomorphism, as follows from [8, 16.6].

In order to define Φ, we must express Ψ(u) as a map γ : (∆[q], ∆̇[q]) −→(
S
(
|FG(S(X), N∗)|

)
, ∗
)
. By the Yoneda lemma, γ is the unique map such that

γ(δq) = Ψ(u), where δq = id : q −→ q. The homomorphism Φ, defined by
Φ[γ][f, s] = γ(f)(s), for f ∈ ∆[q]n and s ∈ ∆n , is given by the adjunction
between the realization functor and the singular complex functor (see [8, 16.1]).

ut

Proposition 7.3 The functors F
G(−,M) and FG(−,M∗) from G-Set∗ to

Ab are the same.

Proof Since the covariant functors M∗ and M∗ are equal in objects, then the
groups FG(C,M) and FG(C,M∗) are equal. We shall see that on morphisms,
these functors are also equal. For this, let f : C −→ D be a pointed G-function
and take x ∈ C . Consider the canonical projection G/Gx −→ G/Gf(x) with
fiber Gf(x)/Gx . Let us write G/Gf(x) = {[gi] | i = 1, . . . , r} and Gf(x)/Gx =
{[hj ] | j = 1, . . . , k}. Therefore, G/Gx = {[gihj ] | i = 1, . . . , r, j = 1, . . . , k}.
Take a generator γGx (l) ∈ FG(C,M) = FG(C,M∗). Then on the one hand,

fG∗ (γGx (l)) = γGf(x)(M∗(f̂x)(l))

=
∑
i

giM∗(f̂x)(l)(gif(x))

=
∑
i

[Gf(x) :Gx]giM∗(f̂x)(l)(gif(x)) .
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On the other hand,

f
G
∗ (γGx (l)) = f∗(γGx (l))

= f∗

∑
i,j

(gihjl)(gihjx)


=
∑
i,j

M∗(f̂gihjx)(gihjl)f(gihjx) .

Since hj ∈ Gf(x) and by the formula gM∗(f̂x)(l) = M∗(f̂gx)(gl) given in Defi-
nition (2.5), we have

f
G
∗ (γGx (l)) =

∑
i,j

giM∗(f̂x)(l)gif(x) =
∑
i

[Gf(x) :Gx]giM∗(f̂x)(l)(gif(x)) .

Corollary 7.4 F
G(X,M) = FG(X,M∗) when X is a pointed G-space.

Proof By the previous proposition, the simplicial groups FG(S(X),M) and
FG(S(X),M∗) are equal. Therefore their geometric realizations are equal as
topological groups, and thus the result follows.

By Theorem (7.1) and the previous proposition, we have the following result.

Theorem 7.5 Let M be a Mackey functor and X a pointed G-space. Then

the homotopy groups πq
(
F
G(X,M)

)
are naturally isomorphic to the (reduced)

Bredon-Illman G-equivariant homology groups H̃G
q (X;M∗) with coefficients in

the coefficient system M∗ . ut

As a consequence of Proposition (5.20), the homotopy invariance (5.6), and
Theorem (7.1), we have the following.

Theorem 7.6 Let M be a homological Mackey functor and X a pointed G-
space of the homotopy type of a G-CW-complex. Then the homotopy groups
πq
(
FG(X,M)

)
are naturally isomorphic to the (reduced) Bredon-Illman G-

equivariant homology groups H̃G
q (X;M∗) with coefficients in the coefficient

system M∗ . ut
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8 Some applications

We shall consider in this section a special family of finite covering G-maps and
study the transfer homomorphism for this family.

Definition 8.1 Let G and Γ be two finite groups. A (G,Γ)-bundle is a princi-
pal Γ-bundle p : E −→ X , such that E and X are G-spaces, p is equivariant,
and the actions satisfy

(8.2) g(aγ) = (ga)γ for all g ∈ G , a ∈ E , γ ∈ Γ .

Two (G,Γ)-bundles over X are (G,Γ)-equivalent if they are Γ-equivalent via
a G-equivariant bundle map.

Example 8.3 Let G and Γ be two finite groups, let ξ : G −→ Γ be a homo-
morphism, and let X be a G-space. Then we may consider the first projection
X × Γ −→ X . Define a G-action on X × Γ by g(x, γ) = (gx, ξ(g)γ). Then we
obtain a (G,Γ)-bundle, which we denote by pξ .

Observe that in this case the isotropy group G(x,γ) = Gx ∩ ker ξ for all γ ∈
Γ. Note that for any finite covering G-map p : E −→ X , the inclusion j :
p−1(x) ↪→ p−1(Gx) clearly induces a bijection j : p−1(x)/Gx −→ p−1(Gx)/G.

Lemma 8.4 Let Nx be the cardinality of p−1
ξ (Gx)/G ≈ p−1(x)/Gx . Then the

index [Gx :Gx ∩ ker ξ] = |Γ|/Nx .

Proof There is a G-bijection between p−1
ξ (Gx) and G/Gx × Γ given by the

correspondence (gx, γ) ↔ ([g], γ), where G acts on p−1
ξ (Gx) by g′(gx, γ) =

(g′gx, ξ(g′)γ) and on G/Gx×Γ by g′([g], γ) = ([g′g], ξ(g′)γ). Thus the orbit of
([g], γ) has [G :Gx ∩ ker ξ] elements. Hence, the cardinality of G/Gx × Γ is

[G :Gx]|Γ| = Nx[G :Gx ∩ ker ξ] .

Therefore,

[Gx :Gx ∩ ker ξ] = [G :Gx ∩ ker ξ]/[G :Gx] = |Γ|/Nx .

Definition 8.5 Let G and Γ be two finite groups. A (G,Γ)-bundle p : E −→
X is said to be a (G,Γ)-locally trivial bundle if for each x0 ∈ X there is a Gx0 -
invariant neighborhood Ux0 , such that the restricted bundle p−1Ux0 −→ Ux0

is (Gx0 ,Γ)-equivalent to pξx0
: Ux0 × Γ −→ Ux0 , for some homomorphism

ξx0 : Gx0 −→ Γ, as in Example (8.3).
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Remark 8.6 Lashof [7] gave a different condition for (G,Γ)-local triviality.
However, he showed that his condition implies the definition above. He also
constructed a universal (G,Γ)-bundle to classify numerable (G,Γ)-locally triv-
ial bundles.

On the other hand, any principal (G,Γ)-bundle over a completely regular base
space is a (G,Γ)-locally trivial bundle (see [7]).

Example 8.7 Let G be a finite group and let X be a bi-G-space, namely a
space with a left and a right G-action such that for any x ∈ X and g, g′ ∈ G,
(gx)g′ = g(xg′). Let K ⊂ H ⊂ G be subgroups such that K is normal in H ,
and assume that the right action of H on X is free. Put Γ = H/K . Then we
can define a principal (G,Γ)-bundle as follows. Let p : X/K −→ X/H be the
canonical projection. One can easily verify that G acts on the left on both X/K
and X/H in the obvious way, and that there is a free right Γ-action on X/K
using the right action of G.

The bi-G-action on X implies that condition (8.2) is satisfied. Assume now
that X is completely regular (and Hausdorff). One can show that X/H is also
completely regular. Therefore we have that p : X/K −→ X/H is a (G,Γ)-
locally trivial bundle.

Lemma 8.8 Let p : E −→ X be a (G,Γ)-locally trivial bundle and take
x0 ∈ X . Then the index [Gx0 : Gx0 ∩ ker ξx0 ] = |Γ|/Nx0 , where Nx0 is the
cardinality of p−1(x0)/Gx0 , as in Lemma (8.4).

Proof Let Ux0 be a neighborhood of x0 as in Definition (8.5). Then the re-
stricted bundle p−1Ux0 −→ Ux0 is (Gx0 ,Γ)-equivalent to pξx0

: Ux0×Γ −→ Ux0 .
Thus the desired formula follows from Lemma (8.4).

Theorem 8.9 For any finite covering G-map p : E −→ X and a homological
Mackey functor M one has the following formula

(8.10) pG∗ t
G
p (γGx (l)) =

∑
κ∈K

[Gx :Gaκ ]γGx (l) ∈ FG(X,M) ,

where p−1(x)/Gx = {[aκ] | κ ∈ K}.

Proof By equation (3.5), we can write

pG∗ t
G
p (γGx (l)) =

∑
κ∈K

pG∗ γ
G
aκM

∗(p̂aκ)(l) =
∑
κ∈K

γGxM∗(p̂aκ)M∗(p̂aκ)(l) .

Since the composite M∗(p̂aκ) ◦ M∗(p̂aκ) is multiplication by [Gx : Gaκ ], the
result follows.
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We now have the following consequence of Theorem (8.9) and Lemma (8.8).

Theorem 8.11 Let p : E −→ X be a (G,Γ)-locally trivial bundle and let M
be a homological Mackey functor. Then one has that each of the composites

pG∗ ◦ tGp : FG(X+,M) −→ FG(X+,M) and

pG∗ ◦ tGp : HG
∗ (X,M) ∼= πq

(
FG(X+,M)

)
−→ πq

(
FG(X+,M)

) ∼= HG
∗ (X,M) ,

is multiplication by |Γ|.

Proof We only have to prove the result for the composite on the top. By
(8.10), if v = γGx0

(l) ∈ FG(X+,M), then

pG∗ t
G
p (γGx0

(l)) =
∑
κ∈K

[Gx0 :Gx0 ∩ ker ξx0 ]γGx (l) ,

where {[aκ] | κ ∈ K} = p−1(x0)/Gx0 . By Lemma (8.8), [Gx0 :Gx0 ∩ ker ξx0 ] =
|Γ|/Nx0 , and since Nx0 is the cardinality of K , pG∗ t

G
p (γGx0

(l)) = |Γ|γGx0
(l). Since

any element v ∈ FG(X+,M) is a sum of terms of the form γGx0
(l), the result

follows.
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