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Abstract Let M be a Mackey functor for a finite group G and let X be
a pointed G-space. We define a topological group fG(X , M), whose ho-
motopy groups are isomorphic to the Bredon-Illman equivariant homology
of X with coefficients in a coefficient system M, associated to M. When
M is a homological Mackey functor, we define another topological group
IE‘G(X , M), whose homotopy groups are isomorphic to the Bredon-Illman
equivariant homology of X with coefficients in the covariant part of M.
These topological groups are defined using simplicial groups FG(S(X ), M)
and F&(8(X), M), which have the same underlying groups, namely the
groups of G-fixed points F(8,(X), M)¢, where §(X) is the singular sim-
plicial set of X.

Furthermore, we study the transfer for finite covering G-maps and give its
pullback property. We also analyze the composite of the transfer with the
homomorphism induced by the projection map, in particular, in the case of
(G,T')-bundles.
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1 Introduction

Let M be a Mackey functor for a finite group G and X a pointed G-space. In
[2] we defined an abelian group FY (X, M) with a topology that made it into a
topological group. This group is given as the geometric realization of a simplicial
group F&(8(X), M), where §(X) denotes the singular simplicial set of X . This
simplicial group is a quotient of another simplicial group F(8(X), M), which
has a simplicial action of G' via isomorphisms. The nth group F&(8(X), M), is
the fixed-point subgroup F(8(X), M)S. We can also define another simplicial
group, which is a simplicial subgroup of F(8(X), M), denoted by FG(S(X ), M),
whose nth group is also F(8(X), M)S.

n

Therefore, with the same groups of fixed points F($(X), M)¢ we have defined

n
two different simplicial groups. Their geometric realizations, in turn, define two

different topological groups F&(X, M) (as above) and FG(X7 M). In [2] we



showed that the homotopy groups of F'“(X, M) are isomorphic to the Bredon-
Illman G-equivariant homology of X with coefficients in the covariant part
of M. In this paper we show that the homotopy groups of FG(X , M) are
isomorphic to the Bredon-Illman G-equivariant homology of X with coefficients
in a covariant coefficient system M, associated to M.

In [2] we also introduced a continuous transfer tff : F9(X,M) — FG(E,M)
for an n-fold covering G-map p : E — X. In this paper we prove that this
transfer has the pullback property.

The elements of F&(X, M) are defined in terms of the singular simplexes of
X . However, when M is a homological Mackey functor, we can define an-
other topological abelian group F&(X, M), whose elements are given directly
in terms of the points of X. We prove that if X has the homotopy type of
a G-CW-complex, then this group is homotopy equivalent to FG(X , M), and
thus its homotopy groups also yield the same (G-equivariant homology theory
with coefficients in M . The homological Mackey functors are precisely those for
which the composite of the transfer and the projection is given by the expected
formula.

We also study the transfer for a class of covering G-maps, called (I', G)-bundles.

The paper is organized as follows. In Section 2, for any pointed G-set C', we
recall the definition of the abelian group F(C, M), which is indeed a functor on
C'. We show that G acts on this group by isomorphisms, and use it to define
the subgroup F(C,M)Y of G-fixed elements and the two different functorial
structures on it. In Section 3, for any G-function p : A — C with finite fibers,
we define a transfer homomorphism t]? : F(X,M)¢ — F(E,M)% and study
its properties, especially the pullback property. In Section 4, if X is a pointed
G-space, we define topological groups F&(X, M) and FG(X , M) and we show
that the functors F/(—, M) and F&(—, M) are characterized by certain universal
properties. In Section 5, we construct a topological abelian group F&(X, M),
which has the abelian group F&(X oM ) as underlying group, where X 9 denotes
the underlying pointed G-set of X. We prove also a universal property that
characterizes IFG(X , M) as a topological group. In Section 6, when p: £ — X
is a covering G-map, we study the continuity of the transfers tg for the groups

FG(X, M) and F&(X, M).

The main part of the paper is Section 7, where we prove that the homotopy
groups of the (functorial) topological group FG(X , M) are isomorphic to the
(reduced) Bredon-Illman equivariant homology groups of X with coefficients
in the coefficient system M., given on orbits G/H by M.(G/H) = M(G/H)



and on quotient functions ¢ : G/H — G/K by M.(q) = [K : H{M.(q). We
also prove that, if M is homological, the homotopy groups of F&(X, M) realize
the Bredon-Illman homology with coefficients in the covariant part M, of M.

Finally, in Section 8 we study the transfers for some special examples of cov-
ering G-maps p : E — X, namely for (G,I')-bundles. We show that for a
homological Mackey functor, the transfers have particularly nice properties.

The topological setting of this paper is the category of k-spaces (see e.g. [9, 11]).

2 The equivariant function-group functors

Throughout the paper G will denote a finite group and we shall write H C G
for a subgroup H of G. Let G-Setgq, denote the category of finite G-sets and G-
equivariant functions (G -functions). Recall that a Mackey functor (see [4], for
instance) consists of two functors, one covariant and one contravariant, both
with the same object function M : G-Setg, — Ab. If a : § — T is a
G-function between G-sets, we denote the covariant part in morphisms by
M, («) : M(S) — M(T) and the contravariant part by M*(«) : M(T) —
M (S). The functor has to be additive in the sense that the two embeddings
S — SUT «— T into the disjoint union of G-sets define an isomorphism
M(SUT)= M(S)® M(T) and if one has a pullback diagram of G-sets

(2.1) v-Lsg
a| e
T?» Vv,
then
(22) M.(B) o M*(@) = M*(a) o M.(83)

(see [4] for details).

By the additivity property, the Mackey functor M is determined by its restric-
tion M : O(G) — Ab, where O(G) is the full subcategory of G-orbits G/H,
H C G. A particular role will be played by the G-function R : G/H —
G/gHg™ !, given by right translation by g~' € G, namely

Ry1(gH)=g'Hg™' = g9 (gHg™").
We shall often denote the coset gH by [g]g or simply by [g], if there is no
danger of confusion. Observe that if C' is a G-set and = € C, then the canonical

bijection G /G, — G/Ggy, is precisely R,-1, where as usual G, denotes the
isotropy subgroup of x, namely the maximal subgroup of G that leaves x fixed.



Definition 2.3 Let M be a Mackey functor. Define the set M as the union

M=) MG/H).
HCG

If C is any pointed G-set (where the base point xq is fixed under the action of
@), then we define the set

F(C,M) ={u:C — M |u(z) € M(G/G,), u(zo) =0, and u(z) =0
for almost all x € C'}.

One may write the elements v € F(C,M) as u =} .~ lx, where I, = u(z) €
M(G/G) (the sum is obviously finite). F/(C, M) is again a G-set with the left
action of G on F(C, M) given by

(9-u)(x) = My(Ry-1)(u(g™"2)) .

For simplicity, if [ € M and g € G, we shall denote by ¢l the element
M, (Ry-1)(1). Thus the action of G on F(C, M) can be written as

g (Z lﬁ) = (gl (97) =D (9ly-1a)x

x x

The G-set F(C, M) is indeed an abelian group with the sum u + v for u,v €
F(C,M) given by (u+ v)(z) = u(zr) +v(x) € M(G/G). We shall denote by
F(C, M)% the subgroup of fixed points of F(C, M) under the action of G

In what follows, we shall define two functors from the category of arbitrary
pointed G-sets G-8et, to the category of abelian groups Ab

FC(-,M) FO(-,M)
G-Set, —— "> AhL G-Set, ———> Ab.

These two functors have the same value on objects, namely
Fe(c, M) =F°(C, M) = F(C, M)“

as defined above, but on morphisms, they are different. In order to define these
functors on morphisms, we shall extend F(C, M) to a functor G-Set, — Ab
as follows.

Let v, : M(G/G,) — F(C, M) be given by 7,(l) = lx. Then we clearly have
the following.



Proposition 2.4 Let A be an abelian group and for each x € C let @, :
M(G/Gz) — A be a homomorphism, such that ¢, = 0, where xop € X is
the base point. Then there exists a unique homomorphism ¢ : F(X, M) — A
such that ¢ oy, = .. In a diagram

M(G/Gy) =~ F(C, M)

\ P
P v
A.

(]

The previous proposition allows us to define a covariant functor structure on
F(—, M) and the functor F(—, M)%.

Definition 2.5 For any G-function f : C' — D, we shall denote by J/‘; :
G/Gy — G/Gy(y) the canonical quotient G-function. Let f be a pointed
G-function. Define the family

fo: M(G/Gy) — F(D,M) by fu(l) = Mu(fo) (D ().
By Proposition (2.4) this family determines a homomorphism
f« : F(C,M) — F(D,M)

given by
fs (Z lﬂ?) = Mu(fo)(la) f().

This turns F(—, M) into a covariant functor. Moreover, since

gM,(f2) (1) = Mi(fyo)(gl) ,

f« 18 G-equivariant, and so, by restriction, it defines a homomorphism
79 F(C, M)S — F(D, M)C.
This defines the functor FG(—, M).
REMARK 2.6 We denote by the category whose objects are abelian groups

with a G-action by group isomorphisms, and whose morphisms are G-equivariant
homomorphisms. Notice that the functor F'(—, M) is indeed a functor G-8et, —.



To define the second covariant functor F(—, M), take a pointed G-set C' and
consider the abelian group F(C,M)% once more. Let xy be the base point of
the G-set C which remains fixed under the action of G and for each x € C,
let 7& 1 M(G/G,) — F(C,M)% be given by 75(1) = Y- ,(gil)(gix), where
{lg1]s---lgn]} = G/G5. Then %CGO =0 and fyf = 'Yng o M*(qu).

In order to define the functor F&(—M), we showed that the abelian group
F(X,M)%, together with the family {7$}, is characterized by the following
property (see [2, 1.6]).

Proposition 2.7 Let A be an abelian group and for each z € C let ¢!, :
M(G/Gy) — A be a homomorphism, such that o), =0, where x9 € C' is the
base point, and such that ¢}, = ¢y, o M.(Ry-1). Then there exists a unique
homomorphism ¢’ : F(C,M)% — A such that ¢' o7$ = .. In a diagram

G
M(G/G) == F(C, M)®
\ QDI
@ v
A.
O
Notice that this proposition is a “coordinate-free” description of the fact that
algebraically

F(C,M)¢ = b MG/G.
[z]€eC/G—{[z0]}

The previous proposition allows us to define the second covariant functor F&(—, M).

Definition 2.8 Let f:C — D be a pointed G-function. Define the family
fi: M(GGy) — F(D, M by fo(1) = 1§ Ma(F)0)
By Proposition (2.7) this family determines a homomorphism
¢ FC, MY — F(D,M)%.
Then, for any u = Zle fyg(li) € F(C,M)%, one has

k
FEu) =3 G Ma(fr,) (1) -
=1

We denote this functor by F&(—, M).



The following result puts the definition of the functor structures 75 and f& in
a diagram.

Proposition 2.9 Let C be a pointed G -set and let 3¢ : F(C,M) — F(C, M)¢
be the surjective homomorphism given on generators by Bc(lx) = Y& (1). If
f:C — D is a pointed G-function, then one has the following commutative
diagram.

(2.9) FE (0, M) F(C, M)~ FG(C, M)

ffi f*l lf?

F(D, M)—— F(D,M) —> FC(D,M).
) ip Bp

This means, in particular, that §: F(—, M) — F%(—, M) is a natural trans-
formation. O

Notice that the horizontal composites in (2.9) are not the identity.

The following result measures the difference between & and ?f in the canon-
ical generators 75 (1) € F(C, M)C.

Proposition 2.10 Let f: C — D be a pointed G-function. Then

FLOC W) = [Gywy: Gl (G (1) € F(C,M)C

Proof Let G/Gf(x) = {[91]7 ey [gm]} and Gf(x)/Gz = {[hl], ey [hk]} Then
G/Gy =A{lg1h1], [g1h2], - - -, [gmhk—1], [gmhi] } - First observe that by definition,



FEOE WD) =5 (M f2)(1)). Therefore,

fC Z «(Rgny)-1)(D)gihjx
(4,9)=(
(m,k)
= Z fglh T *(R(gihj)*l)(l)gihjf('%)
(%J)=(171
m.k)

_ Z M, (fy2) Ma(R o) (Dgif(2)
(i.5)=(1,1)

kK m

=N MR- M.(F) (Dgif ()

7j=11i=1
= [Gma | ﬁ@(M*(f;)(l))

O

REMARK 2.11 From the previous result it follows that both homomorphisms
f*G and f¢ coincide if the G-map f is isovariant (i.e. if G@) = Gy for all
x € C), for instance if D is G-free or if C and D are G-trivial.

Definition 2.12 Let M be a Mackey functor for the finite group G. We
define the coefficient system M, : O(G) — Ab as follows. Put M,(G/H) =
M(G/H). Moreover, let f : G/H — G/K be a G-function. If f = Ry
G/H — G/g~'Hg, then M.(f) = M.(f), and if f = ¢: G/H — G/K,
where H C K, is the quotient function, then M,(f) = [K:H|M.(f).

Theorem 2.13 The functors FG(—, M), F%(—, M) : G-8et, — Ab are char-
acterized by properties (a) and (b1), and (a) and (bsg), respectively, where:
(a) Let A be an abelian group and for each x € C let ¢! : M(G/G,) — A
be a homomorphism, such that go'xo = 0, where x¢g € C is the base
point, and such that ¢}, = ¢, o Mi(Ry-1). Then there exists unique
homomorphism ' : F(C,M)¢ — A such that ¢' 07 = .. In a
diagram

M(G)Gy) 22w F (O, M)C



Note here that F° (C, M) = F(C,M)C = FG(C, M).
(b) Given a pointed G-function f : C — D, the following diagrams com-

mute:
b)  M(G/G.) —E=Fc, )
M*(fz)l iff
M(G/G () —— F(D, M),
Tf(@)
(by)  M(G/G) —E Fe(C, M)
M*(fwl lff
M(G/Gf(x))%) FC(D,M).

Proof Part (a) is Proposition (2.7). Part (b) follows from the definition and
from Proposition (2.10).

To see that (a) and (by) characterize the functor FG(—, M), assume that we
have two functors F(—) and F’(—) that satisfy (a) and (by). Property (a)
allows us to construct a¢ : F(C) — F'(C) and ag : F'(C) — F(C) that
are inverse to each other. Moreover, property (b;) allows us to show that «
and o are natural transformations. Similarly, one proves that (a) and (bsy)
characterize the functor F&(—, M). O

REMARK 2.14 Notice that in the proof of the previous theorem one only needs
the covariant part of M. Thus the result is equally valid for any covariant
coefficient system.

3 The transfer for the functor F%(—; M)

We use the property (2.4) to give the transfer. We start with the following
definition, that was given in [2, 1.10]; we put it now in terms of the property
(2.4).

Definition 3.1 Let M be a Mackey functor and p : A — C a G-function
with finite fibers, that is, a G-function such that for each z € C, the fiber



p~Y(x) C A is finite. For any = € C, let t, : M(G/G,) — F(AT, M) be given
by

()= Y M @)la.

agp~(z)
By (2.4) for F(C*, M), there is a unique homomorphism
ty: F(CT,M) — F(AT, M),
such that t, o v, = t,. Explicitly, on generators,
ty(lz) = ), M*(pa)(l)a.
agp~t(z)

Since p is a G-function, t, is also a G-function, as we show in the lemma below,
and thus it determines, by restriction, the transfer

tS F(CT,M)% — F(AT, M)“.

REMARK 3.2 The homomorphism ¢, : F(Ct,M) — F(A", M) can also be
described as follows:

tp(u)(a) = M*(pa)(u(p(a)))
(and ty(u)(x) =0).

Lemma 3.3 t,: F(CT,M) — F(A", M) is a G-homomorphism.

Proof We have on the one hand

tp(g - u)(a) = M*(Pa)(g - u(p(a))) = M*(Pa) Mu(Ry-1) (u(g ™" p(a)))

while on the other hand we have

(9 tp(w))(a) = Mu(Ry—1)(tp(u) (9~ @) = Mi(Ry-1)M*(By-14) (u(g~'p(a))) -

Both terms are equal, since M*(py) 0 Myx(Ry-1) = My(Ry-1) 0 M*(py-1,), and
this follows from the fact that the following square is clearly a pullback diagram
of G-sets:

R__1
G/Gg—1a J G/Ga

o

ﬁglai ii’\a

G/Gy1pa) = G/Cta)-
g9

10



REMARK 3.4 Assume that p: A — C and ¢ : C — D are G-functions
with finite fibers. Then one has that (g o p), = @p(,) © Pa- Using this, one easily

verifies that the transfer is functorial in the sense that t%p = tz(f o th.

Lemma 3.5 Let p: A— C be a G-function with finite fibers. Then
(3.5) S = Y A M Pa)D),

[alep~!(2)/ G

Proof The isotropy group G, acts on p~!(x) and the inclusion j : p~!(z) —
p 1 (Gz) clearly induces a bijection j : p~(z)/G, — p 1 (Gx)/G. Let S (1)
be a generator of F¢(C*, M). Since the value of the function 7& (1) on points
which do not belong to Gz is zero, and 75 (1)(z) = [, we have that

s = Y M B)D)-
el )/
O

We shall now prove that the transfer tf has the pullback property. We start
with some preliminary results on groups. One can easily prove the following.

Lemma 3.6 Let H,H C K C G be subgroups of G and consider the fibered
product

G/H xq/k G/H ={([9lz,d1a) | 9.9’ € G and g~'¢' € K}.

Consider the set of double cosets H\K/H' = {glg:|g' | = 1,...,k}, where
g1,---,grx € K are fixed representatives. If H” = HNg.H'g, ", then there is an
isomorphism of G-sets

Uk G/H! = G/H xgyi G/H',
given by wlglgr = ([9]n, [99r]H")- 0

Lemma 3.7 Let H,H' C K C G be subgroups of G and let M be a Mackey
functor. Consider the isomorphism

k
P M(G/H!) — MU G/H)
r=1

given by the family M, (k,), where &, : G/H! — UF_,G/H! is the inclusion.
Then its inverse is given by the homomorphism induced by the family M*(k,).

11



Proof The following are pullback digrams:
G/H! ——= G/H]  and 0 G/H!

where r # s. Therefore
M*(K,T) OM*(RT) = 1M(G/H7’,’) and M*(Iis) OM*(HT) =0.
Thus the result follows. O

Lemma 3.8 Let H,H' C K C G be subgroups of G and let M be a Mackey
functor. Take w € M(G/H X/ G/H'); then

k
w = ZM*(QDT)M*(SW)(W) )
r=1

where ¢, = @ o K.

Proof By the previous lemma, for any z € M (UG/H]') we have
k

(3.4) 2= M.(k)M* () (2).

r=1
By Lemma (3.6), we have an isomorphism
M() : M(Ujy G/H) — M(G/H x g G/H').
Then for some z € M(UF_ G/H!), w = M.(p)(2). By (3.4), M.(¢)(z) =

M. () 5=y M) M*(5,)(2)) = 7_; Me(,)M*(p,)(w). The last equality
follows from the fact that M, (¢)~! = M*(y), as one easily sees. O

Let p: A — C be a G-function with finite fibers and let f: D — C be any
G-function. Consider the pullback diagram
(3.5) ATy

P P

C
D ? 5

where A’ = DxcA ={(y,a) | f(y) = p(a)}. Consider the restriction of f" from
the fiber (p’)~!(y) to the fiber p~1(f(y)). This function induces a surjective
function

q: (1) (W)/Gy — p ()G -

In what follows we analyze the fibers of ¢.

12



Lemma 3.6 There is a bijection
6 Gy\Gf(y)/Gao — qil(Gf(y)a()) R
where ag € p~'(f(y)), given by d(,[9].,) = Gy(y gao).

Proof The function ¢ is induced by the surjection § : Gy — q_l(G’f(y)ao)
given by d(g) = Gy(y, gao). One easily checks that ¢ factors through the set of
double cosets and that ¢§ is injective. a

Theorem 3.7 Let p: A — C be a G-function with finite fibers, and let
f:D — C be a G-function. Then

G G _ G G . G + G/ A+

tpof* —(f/)*Otp/.F (D 7M)—>F (A aM)v
where [’ and p’ are as in the pullback diagram (3.5).

Proof Take a generator 'ny(l), y € D and | € M(G/Gy), and consider ¢ :
@) (y)/Gy — p(f(y))/Gy) as in Lemma (3.6). Then, by Definition (2.8)
and the formula (3.5), we have

(3.8) tSrEGS ) = 3 8 M* (Ba) Mo (F,) (1) -
[a.)ep=1(f(¥))/Gy)

On the other hand, we have

(3.9) (S5 (S () = > o *(fv(y,a))M*<1;\,(y,a))(l) :
ly,ale(p’)~1(y)/Gy

We can write (p')"'(y)/Gy, = Uqg~ (G fya.), where Gpya, = [a,]. By Lemma
(3.6), 1 (f(¥)/Gey) = {ly, gra.]}, where the group-elements g, are such that
{e,lor)ca, Yooy = Gy\Gy(y)/Ga, (notice that the set {g+}F_, depends on each
t). Clearly we have

(3.10)

PYgGTaL M., (f/(y,gTaL))M* (p/(y,graL))U) = ’YCLGL M, (Rgr © f/(y,gra,L))M* (p/(y,graL))(l) .
Consider the following pullback diagram
G/Gy N Gyral

Rgrofl(y,grab)

Gy XG/Gf(y) G/GG«L i G/GaL

G/G,y — GGy -

P (y,gra.)




Hence, M*(pa,) o M. (fy) M. (1) o M*(m). Using Lemma (3.8), we can write
k
M*(m)(1) = M(pr) M* (o) M*(m ZM e )M (D (. gran)) (1) -
r=1
Composing with M, (7) on the left, we obtain

M, (r)M*(m)(1) = ZM ()M (0 (4 g,0,)) (1)

= Z M*(Rgr © f/(y,grab))M*(I/j\/(y,gTab))(l) .

Hence
o~ k o~ o~
M*(Ba, ) Ma(f)(1) =D Mu(Ry, 0 'y g0)) M* (1 (. gra)) (D)
r=1

and the result follows. O

4 The topological function groups

We start this section extending the definitions given in the previous sections in
the case of G-sets to the case of simplicial G-sets. We denote by A the category
whose objects are the ordered sets n = {0,1,...,n} and whose morphisms are
order-preserving functions between them. A simplicial pointed G-set is thus a
contravariant functor K : A — G-Set,. We denote by K, the value of K in
n, and given a morphism x : m — n, we denote by pf : K,, — K,, the
corresponding pointed G-function.

Definition 4.1 Let K be a simplicial pointed G-set and M a Mackey funtor

for G. We define the simplicial abelian groups F%(K, M) and FG(K , M) as

the following composites:
FC(~,M) FO (=)

A~ G Set, Ab, Ao GSet, — o A,

Therefore, for each n, the value of the functors F&(K, M) and FG(K , M) at
n are given by FY%(K,, M) and FG(Kn, M), respectively.

Notice that by Remark (2.6), there is also a simplicial abelian G-group defined
by the composite

A K. G-8et, —M)

14



Proposition 4.2 Let K be a simplicial pointed G-set. Then

(a) fG(K, M) is a simplicial subgroup of F(K, M), and
(b) F%(K,M) is a simplicial quotient group of F(K,M).

Proof This follows by applying Proposition (2.9) to u® : K, — K,,, where
p: m — n is a morphism in A. The inclusion of (a) is given by the natural

transformation 7 : FG(—, M) — F(—, M), and the surjection of (b) is given by
the natural transformation 8 : F(—, M) — F%(—, M). O

In what follows, we shall use the previous definitions to associate topological
abelian groups F¢(X, M) and FG(X, M) to a pointed G-space X. We shall
work in the category of k-spaces. We understand by a k-space a topological space
X with the property that a set W C X is closed if and only if f~'W C Z is
closed for any continuous map f : Z — X, where Z is any compact Hausdorff
space (see [9, 11]).

If S is a simplicial set (G-set, group, etc.), we denote by |S| its geometric
realization. This is a quotient space of

U,S, x A"
(see [8] for details).

Lemma 4.3 Let S be a simplicial pointed G-set. Then there is a canonical
homeomorphism |S¢| — |S|%.

Proof Let i: SY < S be the inclusion. This morphism induces an embedding
|i| : |S¢| — |S|. One easily sees that the image of |i| is a subset of |S|“. In
order to see that |S|® is indeed the image of |i|, let [0,t] € |S|¥ be represented

by a nondegenerate element (o,t). Then g[o,t] = [go,t] coincides with [o,].
Since o is nondegenerate, so is also go. Therefore, go = o and so [o,t] is in
the image of |i|. O

Definition 4.4 Let X be a pointed G-space and let 8§(X) be the associated
singular simplicial pointed G-set, where the base point in each §,(X) is the
constant n-simplex with value zo. We define the following topological spaces:

FO(X, M) = [FE(8(X),M)|, FC(X,M)=[F(8(X),M)|.

Notice that these two spaces have the structure of regular CW-complexes.

15



REMARK 4.5 One may also define F(X, M) = |F(8(X),M)| and by Lemma
(43), FE(X, M) = [F(8(X), M)|¢ = F(X, M)©.

If X is a G-space, then the underlying groups of F&(X, M) and FG(X, M)
differ from the (discrete) group F(X?, M), as defined in section 2, where X9
denotes the underlying G-set of X . However, we have the following.

Proposition 4.6 If X is a discrete pointed G-space, then the topological

abelian groups F¢(X, M) and FG(X , M) are discrete and both are isomorphic
to the abelian group F(X°®, M)%.

Proof Notice that if K is a simplicial set such that K, = C for all n, and
fX =1ide for all f in A, then |K| is a discrete space homeomorphic to C,
because |K| is a CW-complex with one n-cell for each nondegenerate n-simplex
of K. We call such a simplicial set trivial.

Now, if X is discrete, then 8,,(X) = X? for all n and f3X) =idy for all f, thus
it is trivial. Therefore, the simplicial groups F&(8(X), M) and FG(S(X ), M)
are trivial too. Hence

[FE(S(X), M)| = F(X®, M)S = [F°(8(X), M)|.

O

REMARK 4.7 The functors F&(—, M) and FG(—, M), restricted to the cate-
gory of discrete pointed G-spaces, are indeed naturally isomorphic to the func-
tors F&((—)?, M) and FG((—)5,M), respectively.

Proposition 4.8 Let X be a pointed G-space. Then the spaces F CT'(X , M)
and FG(X , M) are topological abelian groups (in the category of k-spaces).

Proof Since FY(8§(X), M) and fG(S(X),M) are simplicial abelian groups,
their geometric realizations |F(8(X), M)| and ]FG(S(X),MH are topological
groups (in the category of k-spaces, see [9, 11]). O

REMARK 4.9 In asimilar way to the previous proposition, we have that F(X, M)
is a topological abelian G-group. By Proposition (4.2) and [5], we have that

(a) FG(X, M) is a topological subgroup of F(X, M), and
(b) F%(X,M) is a topological quotient group of F(X, M).

16



We have the following.

Definition 4.10 Let K be a simplicial pointed G-set and M a Mackey functor
for G. Let A be any simplicial abelian group. We shall say that a family of
homomorphisms {¢, : M(G/G,) — A, | 0 € Kp,,n > 0} is simplicial if the
following conditions are satisfied:

(a) If o9 € K, is the base point, then ¢,, =0, and
(b) for each morphism p: m — n in A, the following diagram commutes:
M(G/Gg) —— Ay
M*(;TKU)l lw
M(G/G x(0)) — A

Pk (o)

m -
We say that the simplicial family is G -invariant if for all ¢ € K and all g € G,
Pgo = Po © Mi(Ry),

Corresponding to the property (2.4), we have the following.

Proposition 4.11 Let K be a simplicial pointed G-set and M a Mackey
functor for G. Then

(i) the family {v, : M(G/G,) — F(K,,M) | o € K,,n > 0} is simplicial.
Moreover

(ii) if A is any simplicial abelian group and {9, M(G/G,) — A, | 0 €
K,,n > 0} is a simplicial family of homomorphisms, then there is a
unique simplicial homomorphism ¢ : F(K, M) — A, such that ¢,07v, =
Yo, where 0 € K, n > 0.

Proof Let p:m — n be a morphism in A. To see (i), take | € M(G/G,).
Then

—

(1) = p (1) = Mo (i ) D (0) = 3¢ (0 M (1 ) (1)

We now prove (ii). By Proposition (2.4), for each n there is a unique homomor-
phism ¢, : F(K,, M) — A,, such that ¢, o7, = ¢,. To check that the family
{¢n} is a morphism of simplicial groups, take a generator lo € F(K,, M).
Then

o~

ot (10) = Qo (M (1 ) (D (0)) = @y oy (M ) (1)) =

= 1 eo (1) = it pn(lo).
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We now have the following result, which is similar to the previous proposition.

Proposition 4.12 Let K be a simplicial pointed G-set and M a Mackey
functor for G. Then

(i) the family {y& : M(G/Gy) — F%(K,,M) | o € K,,n > 0} is simplicial
and G-invariant. Moreover

(ii) if A is any simplicial abelian group and {¢, M(G/G,) — A, | 0 €
K,,n > 0} is a simplicial G-invariant family of homomorphisms, then
there is a unique simplicial homomorphism ¢ : F&(K, M) — A, such
that LpnGOfyf:goa,WhereaeKn,nZO. O

Before passing to the definition of the functorial structures of F(X; M), F¢(X; M),

and FG(X ; M), recall that a morphism of simplicial pointed G-sets a: K —
@) consists of a family of pointed G-functions «, : K,, — @, such that, if
(4 :m — n is a morphism in A, then one has a commutative diagram

Kn$’Qn

Since we have functors F(—,M),FG(—,M),FG

yield commutative diagrams

(=, M) : G-S8et, — Ab, they

G
(0777

F(Kp, M) —""> F(Qu,M)  FO(K,, M) —"> F%(Qn, M)

G G
uffi iu? MK*l iuQ*

F(Kmp, M) o> F(Qm, M),  F¢(K,,, M) ——= FO(Qu, M),

G
Ay

Qi

FO(K, M) ——=F%(Qn, M)

—G —G
vk, J{ iuQ*

FO (Ko, M) —2 F(Qum, M).

mx

Hence the functors F(—, M), F¢(—, M), and fG(—, M) extend to functors of
simplicial pointed G-sets.
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Definition 4.13 Let f: X — Y be a continuous pointed G-map. The map
f induces a morphism of simplicial pointed G-sets 8(f) : 8(X) — 8(Y), which
defines homomorphisms of simplicial groups
S(f)- : F(S(X), M) — F(S(Y), M),
S(f)S s FE8(X), M) — FE(8(Y), M),
o0 —=G
S(). + FE(8(x), M) — FE(8(Y), M).
Define the homomorphisms
f ( ) ) - F(Y7 M) ’
7OFC (X M) — (Y M )
by f* = ‘S(f)*|7 f*G = ‘S(f)f’, and f* = ‘S(f)* ’7 respectively.
REMARK 4.14 One may obtain the simplicial homomorphisms
S(f). : F(S(X), M) — F(S(Y), M),
S(f)S: FY(8(X), M) — FE(8(Y), M),
using the properties (4.11) and (4.12) for the families {¢,} and {pG} given by
2oll) = s(7)(o) M EalF),) (1)) € F(S4(X), M),
05 (D) = 751y (0) (M (8n(f) ) (1) € FE(8n(X), M).

They provide the following explicit expressions for them on generators:

S(f)+ (1o (1)) = Ys()(0) (M= (8 (F),) (1))
S(NEGE W) = 18 5y (o) M (Bl H),) (D).

Since 8(f), 1is the restriction of 8(f)., the first gives also an explicit expression

*
in this case.

Clearly, we have the following result.

Proposition 4.15 If f: X — Y is a continuous pomted G map, then f* :
FG(Y, M) are continuous homomorphisms. Thus F(—,M), FG(—,M), and

F~(—, M) are covariant functors from the category of pointed G-spaces to the
category of topological abelian groups. In particular, F(X, M) is a topological
abelian G-group. O
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REMARK 4.16 Let f : X — Y be a pointed G-map. By (2.9), it follows
that one has an epimorphism of simplicial groups Bsx) : F(8(X), M) —
FC&(8(X), M). Thus, by [5], its geometric realization

Bx : F(X,M) — F%(X, M)
is an identification for any pointed G-space X . One can visualize both functor
structures in an analogous way to the commutative diagram (2.9), namely,

(4.16) (X, MY—= F(X, M) 2= pG(x, 1)

ffi f*i if?

FG(Y,M)C—>F(KM)T» FE(Y, M),

Y

where the groups are now topological and all the homomorphisms are continu-
ous.

To finish this section, we prove that the functors F(X, M), F&(X, M), and
FG(X , M) are homotopy invariant. For that, we need the following.

Lemma 4.17 Let K and @ be simplicial pointed G-sets and be ag,aq :
K — @ be morphisms. If ag and a1 are G-homotopic, then

(a) aow,a1x 1 F(K,M) — F(Q, M) are G-homotopic homomorphisms;

(b) af,, ol : FE¢(K, M) — F%(Q, M) are homotopic homomorphisms;

(c) a§.,af, : FG(K, M) — FG(Q, M) are homotopic homomorphisms.
Proof Let H : K xA[l] — @ be a G-homotopy between «g and a1, since H
is G-equivariant (where A[1] has the trival action), it induces homomorphisms

H,: F(K x A[l],M) — F(Q, M),

HE: FO(K x A[1], M) — FY(Q, M),

T FO(K x AL, M) — FOQ, M).
Let ¢: F(K,M) x A[l] — F(K x A[l], M) be given by
s e

where (u,a) € F(K,,M) x A[l],, and (o,b) € K, x A[l],. We have that

tn(u+u' a) =y(u,a) + (', a). Therefore

Ln(z loo,a) = Zla(a, a).
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One can easily check that ¢ is a morphism of simplicial pointed sets, (where
the base point in A[l], is the constant function with value 0). Then H, o is
a homotopy between ag. and .

Since ¢ and H, are G-equivariant, the restriction of H, ot to FG(K, M) x A[1]
is a homotopy between @8‘; and @ﬁ.

Now let (% : FE(K, M) x A[l] — FY%(K x A[1], M) be given by

u(o) ifb=a,

1 (u-a)(o,b) = {0 ifb+a

where (u,a) € FE(K,, M) x A[l], and (0,b) € K, x A[l],. Since u is a G-
invariant element, it follows that 15 (u, a) is also G-invariant. We also have that
Lg(u +u' a) = Lg(u, a)+ Lg(u’, a). Therefore Lg(zg 'yf(lg), a)=>3, vg’a) (Iy).
One can easily see that (“ is a morphism of simplicial pointed sets. The com-
posite HE o 1“ is a homotopy between ozgi and aﬁ. a

Proposition 4.18 If fy, fi : X — Y are G-homotopic pointed maps, then
(@)  fox, fix : F(X, M) — F(Y,M) are G-homotopic homomorphisms,
(b) ?(i,?i : FG(X, M) — FG(Y, M) are homotopic homomorphisms, and
(¢) f&,fG:F9(X, M) — FG(Y,M) are homotopic homomorphisms.

Proof For convenience, we shall take the standard 1-simplex A! instead of
the unit interval I. Thus let H : X x Al — Y be a pointed G-homotopy from
fo to fi. Consider the morphism of simplicial G-sets R : §(X) x A[l] — 8(Y')
given as follows. If s € A", define R, : 8,(X) x A[l], — 8,(Y) by

Rn(0,a)(s) = H(a(s),ax(s)),

where ay : A" — Al is the affine map determined by a. Then R is a G-
equivariant homotopy between 8(fp) and 8(f1). Thus, by the previous lemma,
there is a homotopy 7' between the morphisms 8(fp). and 8(f1).. Then

7]

H': [F(8(X), M)| x |A[L]] < [F(8(X), M) x A[1]| = |F(8(Y), M)|,

where the homeomorphism is canonical, is a homotopy between fo. = |S(fo)]
and fi. = [8(f1)«], and thus we have (a). Similarly, also using the previous
lemma, we obtain (b) and (c). O
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5 The topological function group F¢(X, M)

In this section we shall define a new topological abelian group F& (X, M), whose
description is simpler than that of F¢(X, M). Here our pointed G-spaces will
be pointed k-spaces.

Let X be a pointed G-space and let 8(X) be the associated singular simplicial
pointed G-set, where the base point in each §,(X) is the constant n-simplex
with value z. Denote by X° the underlying pointed G-set of X . We shall define
a topology on the abelian group F(X oM )G as follows. Take the surjective
homomorphism

7§ |[FE(8(X), M)| — F(X°, M)¢

defined by
<G ([z ), t]) S G M) 1)

We give F(X?, M)Y the identification topology, where p, ¢ : G/Gy — G /Gy
is the quotient map. We denote the resulting space by F¢ (X, M).

Proposition 5.1 Let X be a pointed G-space. Then FG(X, M) is a topolog-
ical group (in the category of k-spaces).

Proof Consider the following commutative diagram:

|FE(8(X), M)| x [FE(8(X), M)| —= [FE(8(X), M)

7Gx l lngg
FC(X, M) x FG(X, M) FC(X, M),
since the product 7T)G{ X 7T§ in the category of k-spaces is an identification, the
result follows. a

Let f: X — Y be a continuous pointed G-map. It induces a pointed G-

function f : X% — Y which defines a homomorphism f& : F(X% M)¢ —

F(Y% M)%. We have the following result.

Proposition 5.2 If f: X — Y is a continuous pointed G-map, then
f¢F9X, M) — FE(Y, M)

is a continuous homomorphism. Thus F¢(—, M) is a covariant functor from the
category of pointed G-spaces to the category of topological abelian groups.
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Proof The G-map f induces a morphism of simplicial G-sets $(f) : §(X) —
8(Y) which in turn defines a homomorphism of simplicial groups

()Y FE(8(X), M) — FE(8(Y), M).
Consider the following diagram, where the top map is continuous:

FO(3(x), )| 25 p6 s (v, )

G G
| s

FC& (X, M) F&(Y, M).

£
It is a straightforward verification that it is commutative. Therefore, f& is
continuous. O
REMARK 5.3 Notice that in (4.13) we defined a continuous homomorphism
fEFO(X, M) — FO(Y, M),
which should not be confused with
& FE (X, M) — FE(Y, M).
They are related by the commutativity of the diagram

G
FE(X, M)~ FE(v, M)

G G
<l [

FO(X, M) " Fé(Y, M),
which is just the diagram in the proof of (5.2).

We shall now give a topological characterization of the group F& (X, M), similar
to Proposition (2.4). In order to do this, we need the following.

Definition 5.4 Let X be a pointed G-space. Let A be a topological abelian
group in the category of k-spaces, and for each x € X let ¢, : M(G/G;) — A
be a homomorphism, such that ¢,, = 0, where z¢ € X is the base point. We
say that {p.} is a continuous family if the homomorphism

¢ |F(8(X), M) — A
given by

P Z loo,t| = Z (pa(t)M* (pa,t)(lﬂ) ’

c€8,(X) c€8,(X)
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is continuous, where py; : G/Gy = G/G (51 — G /Gy is the quotient map.
We say that the family is G'-invariant, if ¢, = @ge 0 M (Ry-1) for all g € G.

The universal property that characterizes the topological abelian group
F&(X, M), together with the family {75}, is the following.

Proposition 5.5 (i) {1$} is an equivariant continuous family.

iil) Let A be a topological abelian group and let {p.} be an equivariant
¥
continuous family. Then there exists a unique continuous homomorphism
¢ :F9(X, M) — A such that ¢ 07$ = ¢,.

Proof By definition, the family {y,} induces a continuous homomorphism
¢ |F(8(X),M)| — A and since the family is G-invariant, then by (2. 7) there
ex1sts a unique homomorphlsm ¢ : FG(X, M) — A such that ¢ 0S¢ = ¢,

which satisfies ¢ o 7§ o |Bs(x)| = . The simplicial homomorphism g x) is

surjective, hence by [5], |Bgx)| is an identification, and since ¢ is also an

identification, ¢ is continuous. |

Observe that the continuity of f& shown above follows also from this universal
property in a similar manner as that of (4.15).

We now show that the functor F&(—, M) is homotopy invariant.

Proposition 5.6 If fy, fi : X — Y are G-homotopic pointed maps, then
foio S FO(X, M) — FO(Y, M)

are homotopic homomorphisms.

Proof By (4.18), we have a homotopy H' : F&(X, M) x Al — FG(Y, M).
It is straightforward to verify that the map 7119 o H' is compatible with the
identification 7T)G( x 1, so that the following diagram commutes:

FO(X, M) x A 2~ pG(y, M)

G G
ﬂxxli iﬂ'y

FO(X, M) x Al — = FO(Y, M).
Then H” is the desired homotopy. O

24



To finish this section we shall show that the group-functor F(—, M) has the
same properties of F&(—, M), when M is a homological Mackey functor. Recall
the following.

Definition 5.7 A Mackey functor M for G is said to be homological if when-
ever K C H C G and q : G/H — G/K is the quotient function, one has
M. (q)M*(q) = [H : K], that is, multiplication by the index of K in H.

ExXAMPLE 5.8 Given a G-module L, one defines a homological Mackey functor
M7, as follows. Put Mp(G/H) = L and define
Mpo(Ry): LT — L9197 s g1,

1

Mj(Ry): L9 — L7 1 g7,

andif H C K, K/H = {[ki|g},and ¢ : G/H — G/K is the quotient function,
then
M, (q) : L — LK l»—>Zk‘il,

M;(q): L¥ — L” s the inclusion.

Definition 5.9 Given a G-module L, we define the functors F(—,L) and
FG(—, L) form the category of pointed G-sets to the category of abelian groups
as follows:
F(C,L)={u:C — L | u(x) =0 and u(x) = 0 for almost all z € C'},
FY(C,L) = {u e F(C,L) | u(gz) = gu(z) for all z € X, g € G},

(see [1, Def. 1.1]). Moreover, if X is a topological pointed G-space, then we can
define a topology on F(X,L) and on F%(X, L) as follows. Take the surjection

H:uq(LXX)q_»F(X>L)7

where p(ly,x1,...,1lg,2q) = Lixy + -+ + lgzy, and give F(X, L) the identifi-
cation topology, then give F&(X, L) the relative topology. We now have that
F(—,L) and F¢(—, L) are functors from the category of pointed G-spaces to
the category of abelian topological groups.

Lemma 5.10 The functors F¢(—,L) and F%(—, Mp) form the category of
pointed G-sets to the category of abelian groups are equal.
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Proof Notice first that My = L and if u € FE(C,L), then u(z) € L =
M (G/G,). Let f:C — D be a pointed G-function. Consider the projection
G/Gy - G/Gy(y) with fiber Gy /G.. One can describe the cosets in G /G
as products of the cosets in G/G ;) and those in G(,)/G,, in a similar way
as in the proof of Lemma (5.16), below. Then we can write a generator 7& (1) as
> (gih;l)(gihjz). Now we can easily check that the value of the homomorphisms
induced by the functors F¢(—, L) and F&(—, M) are equal on this generator.

O

REMARK 5.11 Observe that when X is a topological pointed G-space and L
is a G-module, we have two different abelian groups, namely, F¢(X, L) as de-
fined above, and F%(X, M) = |F(8(X), My)| as defined in (4.4). However,
F%(X,L) and F¢(X, M) are equal as abelian groups. Furthermore, the iden-
tity F¢(X, Mp) — FY(X, L) is always continuous, as proved in [3]. We prove
below (5.17) that it is a homeomorphism if X = |K|.

The following result of Thevenaz and Webb [10, Thm. (16.5)(i)] will be used in
what follows.

Theorem 5.12 Given a homological Mackey functor M, there exists a G-
module L and an epimorphism of Mackey functors & : My — M.

Definition 5.13 We shall denote by &, : F&(—, M) — F%(—, M) the
natural transformation determined by ¢ : My — M, namely, if u € F&(C, M),
then &o(u)(r) = {g/q, (u(x)), where z € C.

Notice that for each C, & is surjective, because if v&(I') is a generator of

FE(C, M) and &g/, (1) =1, then & (v (1) =75 ().

Definition 5.14 For a simplicial pointed G-set K and a G-module L, we
gave in [1, Prop. 2.3] a G-isomorphism of topological groups ¢ : |F(K, L)| —
F(|K], L) given on generators by ¢([lo,t]) = [0, t]. We shall denote its restric-
tion to the fixed-point subgroup by

¢f  |FO(K,L)| — FY(|K|,L).

On the other hand, for any Mackey functor M for G we defined in [2, Prop.
2.6] an isomorphism

as discrete groups, given by

UG (WG W), 1) = 2E g M. (ar) (1),
where ¢, : G/Gy — G /G|,y is the quotient function.
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REMARK 5.15 Notice that the identification
n$: [FO(8(X), M)| - FE(X, M)
factors as the composite
P 0 Uy 1 [FE(8(X), M)| — FE(I8(X)], M) — F9(X, M).
Lemma 5.16 The following is a commutative diagram

id
|FE(K, L) — [F9(K, My)|

wfi lz%

FO(K|, L) == FO(K|, My).

Proof If we assume that G/Gj,q = {[g] |7 = 1,. r} and Gipy /Gy =
{[hjl |5 =1,...,s}, then G/Go = {[gihy] | (3, 7) = (1, 1),....(r,s)}. Thus we

can write
(r,s)

W= (ghl)(gihjo) € FE(K,L).
(i.4)=(L1)

Therefore, ¥ (1€ (1), 1]) = (751 1) (gihsD)lgihjo, 1.
On the other hand, Mp.(got)(I) = >_5_; h;l, hence

Wi, (s (0, 1]) =2 4 (Zhl)
_Zgz (Zhlgz[at])
Zgz(zmgzh[ ])

=7 ([700([)’ ]) , since hj € G[U,t] .
Proposition 5.17 If K is a simplicial pointed G-set, then

id : F9(|K|, M) — FY(|K|, L)

is a homeomorphism.
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Proof To simplify the notation we put Y = |K|. Consider the following dia-
gram.

w%L g
FE(I8(Y)], MQG(S(?, Myp)| == ’FG(S(LY)’ LAM?/FG(S(Y), L)

FE(Y, Mp) FY(Y,L).

id
The triangles commute by Remark (5.15) and the commutativity of the square

follows from Lemma (5.10) and Lemma (5.16). On the other hand, by [2, 3.5],
py : |8(Y)| — Y is a G-retraction and, therefore, p§!, is a retraction too,

moreover 9% is a homeomorphism (see [1, Prop. 2.3]) and hence 7§ is an
identification. Since by definition 7r$ is an identification, it follows that the
identity on the bottom is a homeomorphism. a
As a consequence, we have the following.
Corollary 5.18 For any pointed G-space X,

id : FO(I8(X)|, Mp) — F(I8(X)|, L)
is a homeomorphism. O

We have the next.

Proposition 5.19 Let M be a homological Mackey functor. Then
O [FES(X), M)| — FE(I8(X)], M)

is an isomorphism of topological groups.

Proof Consider the following diagram

[FO(S(18(X)]), Mp) ~2 [FG(S(|S(X)]), M)

G G
“woi iﬂsm

FG(\S(X)LL)*FG(\S(X)LML)LFG(W%)LM)
ngg wGT V5
FO(8(X). L) <= [FO8(X), Mp)] — = |FO(S(X).01)]

The subdiagram on the left commutes by Lemma (5.16), and the identity on
the top of it is a homeomorphism by Corollary (5.18). One easily verifies that
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the other two subdiagrams commute too. Since & is surjective, |£4| on the top
is an identification (see [5]), hence &, in the middle is also an identification.
Since |£] on the bottom is an identification too and wg is a homeomorphism,
as mentioned in (5.14), 9§, is a homeomorphism as well. O

Proposition 5.20 Let X be a pointed G-space of the homotopy type of
a G-CW-complex, and let M be a homological Mackey functor. Then 7T)G( :
F%(X;M) — F%(X,M) is a natural homotopy equivalence of topological
groups.

Proof By [1, Prop. 2.12], px : |8(X)| — X is a G-homotopy equivalence.
On the other hand, by Proposition (5.19), ¢]€[ is an isomorphism of topological
groups, and by (5.6) the functor F¢(—, M) is homotopy invariant. Therefore,
by Remark (5.15),

7§« FO(X, M) = [FO(8(X), M) 2% B9 (8(x)|, M) 5 FO(x, M)

is a homotopy equivalence of topological groups.

It is easy to see that the homormorphisms 7T)G( are natural, namely that if

f: X — Y is a pointed G-map, then the following diagram commutes:

FO(s(x), a)| 25 Fa (s (v, )

G G
”Xi i“y

F&(X, M) F&(Y, M).

6 Continuity of the transfers

In this section we study the continuity of the transfer for the topological-group
functors F%(—, M) and F%(—, M). The following is the topological counter-
part of Definition (3.1). Let p : E — X be an n-fold covering G-map, i.e.,
an ordinary n-fold covering map, such that £ and X are G-spaces and p is
equivariant. Hence 8(p) : S(E) — 8(X) has finite fibers. We have the follow-
ing.

Proposition 6.1 The transfers

tg,l(p) : FG(Sq(X)JrvM) - FG(Sq(E)+7M)
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determine a homomorphism of simplicial abelian groups
tg(p) : FG(S(X)+7 M) — FG(S(E)+7 M) :

Proof Let f:r — q be a morphism in A and consider the diagram

fS(E)
8¢(E) —— 8.(E)

Sq(P)l lST(P)
54 o 8:X).
Take o € 8,(X). If 8,(p) o) ={5; | i=1,...,n}, then 8,(p) 1 (f3X)(0)) =

{Giofy|i=1,...,n}. Therefore this is a pullback diagram. By Theorem (3.7),
the following is a commutative diagram:

~

(5ET)E

FC(84(B)*, M)

G
tsqu

FE(84(X)*, M)

FE(8:(B)*, M)

G
Ttsr(p)

FE(8:(X)*, M)

(f3xhHe

and thus tg(p) . FE(8(X)T, M) — FC(8(E)T, M) is a homomorphism of
simplicial groups. O

Hence we have the following.
Definition 6.2 Let p: E — X be an n-fold covering G-map. Define the
transfer t? :FG(Xt,M) — FG(Et,M) by
G _ 4G
ty = ‘tS(p)‘ :
(Notice that for any space X, one has 8,(XT) = 8,(X)".)

Thus we have the next result.

Theorem 6.3 The transfer t? : FG(X+, M) — FG(Et,M) is a continuous
homomorphism. O

Let now M be a homological Mackey functor. We shall now give a description
of the transfer for the functor F¢(—, M).

Let p: E — X be an n-fold covering G-map. By (3.1), we have a trans-
fer t§ : FO((X°)*, M) — FY((E°)*, M), which is a homomorphism t§ :
F&(X+, M) — FC(ET, M).
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Theorem 6.4 The transfer t§ : F¢(X T, M) — FC(E*, M) is continuous.

Proof The continuity of tg follows from the commutativity of the next dia-
gram:

It§p)]

[FE8(XT), M)| —— |FE($(ET), M)
/48] |5
/ G(P\)

o (P800, 30) 2% F( (B, A1) o8

\g-| e/

FG(X+, M) FC(E*, M).

The square at the bottom commutes by the pullback property (3.7) applied to
the pullback diagram

PE

$(E)| ——E

w| |

1IS(X)| — X.

PX

To see that this is indeed a pullback square, we shall show that for each
[7,t] € |8(X)]|, the fiber |$(p)|~1([r,t]) is mapped bijectively by pg onto the
fiber p~1(7(t)). So, assume first that (o,t) is a nondegenerate representative of
[0,]. Since p is an n-fold covering map, the fiber §(p)~1(7) has n elements,
namely {71,...,7,}. We have a bijection 8(p)~1(7) ~ [8(p)|~1([r,t]) given by
7; < [7j,t]. On the other hand, since p is a covering map, there is a bijection
$(p)~1(r) ~ p~(7(1)) given by 7 < 5 (1),

To prove that the diagram at the top commutes, we consider the inverse iso-

morphisms ¢§; of ¥§;, given by 80?/1(7[?, t](l)) = [Y$(1),t] provided that (o,t)
is a nondegenerate representative. We shall show that

G G ¢ .G
|ts(m| © P = 1 © 5y, -

Take ’y[it](l) € FE(|8(X )|, M). Then

k
655 (0@ = 1) G W)1] = [z M (§)5,) )
=1
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and

<PMt|S( )\(’Y[G,t](l)) = 0% <Z”Y[gz, M*([8(p)] Nz })(D)

=1
[ZVGM* m])(l),t] ,

where {G; | i =1,...,k} is a set of representatives of 8(p)~1(c)/Gs. To prove
that the sums are equal, observe that, as we already mentioned above, there is a
bijection between §(p)~ (o) and |8(p)|~!([o,t]). Since (o,t) is nondegenerate,
by [2, Prop. 2.4], the isotropy groups G, and G|,y are equal. Hence, {[0;,1] |

i=1,...,k} is a set of representatives of |$(p)|~'([o, t])/G|g,q- Moreover, since
(0i,t) is also nondegenerate, then G, = Gz,, and therefore [S(p)s, 4

7 Homotopical homology theories

In the definition of the functors F(—, M), F¢(—, M), and FG(—, M), given in
Section 2, the contravariant structure of the Mackey functor M was not used.
Therefore the same definitions are valid if instead of M, we take a covariant
coefficient system N, for the finite group G. Hence we have functors F'(—, N,),

F%(—,N,), and FG(—,N*). We shall prove the following.

Theorem 7.1 Let N, be a covariant coefficient system for G and let X be
a pointed G-space. Then the homotopy groups m, (FG(X7 N*)) are naturally
isomorphic to the (reduced) Bredon-Illman G-equivariant homology groups
HE(X;N,).

For the proof of this theorem we need the following result.

Theorem 7.2 ([2, Thm. 4.5]) There is an isomorphism between Illman’s chain
complex SY(X,*; N,) (cf. [6, p. 15]) and the chain complex F&(8(X), N,).
O

Proof of Theorem (7.1). We shall give an isomorphism
f]qG(XvN*) = HQ(FG(S(X)’N*)) - WQ(FG(X’ N*)) :
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Here the left-hand side is the Bredon-Illman (reduced) homology of X with
coefficients in N,, which by definition is the homology of the chain complex
SG(X ,*; Ny), and the first isomorphism follows from the natural isomorphism
of Theorem (7.2).

To construct the arrow, we shall give several isomorphisms as depicted in the
following diagram.

i

H,y(FO(S(X), N-)) < g (F(S(X), N.)) = g (S FE(8(X), Na)))

j(cp

e (IF4(8(X), N.)|)

1%

7' ;q (FY(X,N,))

By [2, Prop. 4.2], i, is an isomorphism. In particular, this shows that every
cyclein H G(X N,) is represented by a chain u, all of whose faces are zero. We
call this a special chain.
The homomorphism ¥, which is given by ¥ (u)[t] = [u,t], where u is a special
g-chain and ¢ € AY, is an isomorphism, as follows from [8, 16.6].
In order to define ®, we must express ¥(u) as a map 7 : (A[q],A[q}) —
(8(|FY(8(X), Ns)|), *). By the Yoneda lemma, 7 is the unique map such that
v(6q) = ¥(u), where §; = id : @ — q. The homomorphism ¢, defined by
D][f,s] = v(f)(s), for f € Algl, and s € A™, is given by the adjunction
between the realization functor and the singular complex functor (see [8, 16.1]).
O

Proposition 7.3 The functors fG(—,M) and F%(—,M,) from G-8et, to
Ab are the same.

Proof Slnce the covariant functors M, and M, are equal in objects, then the

groups F (C’ M) and F%(C, M,) are equal. We shall see that on morphisms,
these functors are also equal. For this, let f: C' — D be a pointed G-function
and take x € C. Consider the canonical projection G/Gy — G /Gy, with
fiber Gy(y)/Gz. Let us write G/G 5y = {[9i] | i=1,. 7“} and Gy(y) /Gy =
{lhj] | j=1,...,k}. Therefore G/Gy = {lgihj] | i = 1 g =1, k}.
Take a generator 75 (1) € ( M) = ( C,M,). Then on the one hand,

FEOE M) =F, ( «(fa

33



On the other hand,

7L08W0) = £.(6SW)

= £ | S aht) (gitse)
,J
- Z M*(f/;ihjﬂ?)(gihjl)f(gihjx) .

Y]
Since hj € Gy(,) and by the formula gM*(fx)(l) = M*(f_;x)(gl) given in Defi-
nition (2.5), we have

7X68w) = D gM.(Fe) it (1) = D_[G i) - Galgi Mo (Fo) (D) (9:f () -

)

Corollary 7.4 FG(X, M) = FY(X,M,) when X is a pointed G-space.

Proof By the previous proposition, the simplicial groups FG(S(X ), M) and
FG(8(X),M.) are equal. Therefore their geometric realizations are equal as
topological groups, and thus the result follows. a

By Theorem (7.1) and the previous proposition, we have the following result.

Theorem 7.5 Let M be a Mackey functor and X a pointed G-space. Then
the homotopy groups 7, (FG(X , M )) are naturally isomorphic to the (reduced)
Bredon-Illman G-equivariant homology groups H. qG (X; M,) with coefficients in
the coefficient system M, . O

As a consequence of Proposition (5.20), the homotopy invariance (5.6), and
Theorem (7.1), we have the following.

Theorem 7.6 Let M be a homological Mackey functor and X a pointed G -
space of the homotopy type of a G-CW-complex. Then the homotopy groups
mq(F¢(X, M)) are naturally isomorphic to the (reduced) Bredon-Illman G-

equivariant homology groups I;TqG (X; M,) with coefficients in the coefficient
system M, . O
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8 Some applications

We shall consider in this section a special family of finite covering G-maps and
study the transfer homomorphism for this family.

Definition 8.1 Let G and I" be two finite groups. A (G, T")-bundle is a princi-
pal I'-bundle p : E — X, such that £ and X are G-spaces, p is equivariant,
and the actions satisfy

(8.2) g(ay) = (ga)y forall geG, acE, yel.

Two (G,I')-bundles over X are (G,I')-equivalent if they are I'-equivalent via
a (G-equivariant bundle map.

ExaMpPLE 8.3 Let G and I' be two finite groups, let £ : G — I be a homo-
morphism, and let X be a G-space. Then we may consider the first projection
X xI' — X. Define a G-action on X x I by g(x,v) = (g9x,&(g)7y). Then we
obtain a (G,I')-bundle, which we denote by pe.

Observe that in this case the isotropy group G(,,) = G, Nker{ for all vy €
I'. Note that for any finite covering G-map p : F — X, the inclusion j :
p~1(x) — p~1(Gz) clearly induces a bijection j : p~t(z)/Gr — p~1(Gx)/G.

Lemma 8.4 Let N, be the cardinality ofpf_l(G:z)/G ~ p~(z)/Gy. Then the
index [Gy:Gy Nker] = |T'|/Ny.

Proof There is a G-bijection between pgl(Gw) and G/G; x T’ given by the

correspondence (gx,v) < ([g],7), where G acts on pgl(Gac) by ¢ (gz,v) =

(9'92,€(g")y) and on G/Gy x I by ¢'([g],~) = ([¢'g],£(g")7). Thus the orbit of
([g],7) has [G:G, Nker&] elements. Hence, the cardinality of G/G, x T is

[G:GL]|T| = Ny [G: G, Nker].
Therefore,
Gz :GyNkeré] =[G :Gy Nker]/[G:Gy] = |T'|/Ng .
O
Definition 8.5 Let G and IT' be two finite groups. A (G,I')-bundle p: E —
X is said to be a (G, TI') -locally trivial bundle if for each xo € X there is a Gy, -
invariant neighborhood Uy, , such that the restricted bundle p~ Uy, — Uy,

is (Ggo,I')-equivalent to pg, @ Uz, x I' — Uy, for some homomorphism
&0 Goy — I, as in Example (8.3).
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REMARK 8.6 Lashof [7] gave a different condition for (G,T')-local triviality.
However, he showed that his condition implies the definition above. He also
constructed a universal (G,T')-bundle to classify numerable (G,T")-locally triv-
ial bundles.

On the other hand, any principal (G,I")-bundle over a completely regular base
space is a (G,I")-locally trivial bundle (see [7]).

EXAMPLE 8.7 Let G be a finite group and let X be a bi-G -space, namely a
space with a left and a right G-action such that for any z € X and ¢,¢' € G,
(92)g' = g(zg'). Let K C H C G be subgroups such that K is normal in H,
and assume that the right action of H on X is free. Put I' = H/K. Then we
can define a principal (G,I")-bundle as follows. Let p : X/K — X/H be the
canonical projection. One can easily verify that G acts on the left on both X /K
and X/H in the obvious way, and that there is a free right I'-action on X/K
using the right action of G.

The bi-G-action on X implies that condition (8.2) is satisfied. Assume now
that X is completely regular (and Hausdorff). One can show that X/H is also
completely regular. Therefore we have that p : X/K — X/H is a (G,T)-
locally trivial bundle.

Lemma 8.8 Let p : E — X be a (G,I')-locally trivial bundle and take
xo € X. Then the index |Gy, : Gy, Nker&y,| = |I'|/Ng,, where Ny, is the
cardinality of p~1(x0) /Gy, , as in Lemma (8.4).

Proof Let U, be a neighborhood of xy as in Definition (8.5). Then the re-
stricted bundle p~1U,, — Uy, is (G4,,')-equivalent to Peyy t Ung X — Uy
Thus the desired formula follows from Lemma (8.4). O

Theorem 8.9 For any finite covering G-map p: E — X and a homological
Mackey functor M one has the following formula

(8.10) Pt (5 () = D [Ge:Ga NS (1) € FO(X, M),
KEK
where p~1(z)/Gy = {[a] | k € K}.

Proof By equation (3.5), we can write
GtG Z p* PyaNM* p(ln Z ’Yl‘ pan (ﬁan)(l) ‘
KEK KEK

Since the composite M, (pa,.) © M*(p,,,) is multiplication by [G, : G,,.], the
result follows. d
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We now have the following consequence of Theorem (8.9) and Lemma (8.8).

Theorem 8.11 Let p: E — X be a (G,T')-locally trivial bundle and let M
be a homological Mackey functor. Then one has that each of the composites

pSotS (FE(XT, M) — FY(X*, M) and
pS otl  HO(X, M) = my(FY(X T, M)) — 7, (FY(X T, M)) = HE (X, M),

is multiplication by |T'|.

Proof We only have to prove the result for the composite on the top. By
(8.10), if v =75 (1) € F¥(X*, M), then

pftf(%% (1) = Z [Gag: Gy Mker fa&o]%?(l) )
KEK
where {[a.] | K € K} = p~1(20)/Gs,- By Lemma (8.8), [Gyy: Gup Nker &y, ] =
IT|/Nz, , and since Ny, is the cardinality of K, pStS (vS (1)) = [D|yS (1). Since
any element v € F¢(X ", M) is a sum of terms of the form ~ (), the result
follows. o
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