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Abstract

We start from any small strict monoidal braided Ab-category and
extend it to a monoidal nonstrict braided Ab-category which contains
braided bialgebras. The objects of the original category turn out to be
modules for these bialgebras.

0 Introduction

The notion of bialgebras and Hopf algebras in braided categories was introduced
by S. Majid in [4]. He considered a braided monoidal (tensor) category, but in
the usual definitions of an algebra, a coalgebra, a bialgebra, and a Hopf algebra
he replaced the flip by the braiding in the obvious way. Majid called a bialgebra
in a braided category simply a braided bialgebra. We refer to [1] and [2] for
the general properties of braided monoidal categories and to [4], [5], and [6] for
the definition and results in the theory of braided bialgebras and braided Hopf
algebras.

The purpose of this paper is to present a construction in which, starting
from a small braided monoidal Ab-category C and an infinite set Sy, we create
a new monoidal braided category C>° that contains the original category C as a
subcategory and, more important, it contains objects with bialgebra structure,
in such a way that the objects of the original category C are modules over these
bialgebras. Remember that a category C is said to be an Ab-category (also called
preabelian category; cf. [7]) if for any pair of objects V, W the set of morphisms
hom(V, W) is an additive abelian group and the composition of morphisms is
bilinear. In the context of monoidal Ab-categories we shall assume that the
tensor product of morphisms is bilinear. For the construction we proceed as
follows. Section 1 is divided into two parts; in the first part, out of any small
Ab-category C and any set Sg, we construct the new category C>°, which is also
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an Ab-category. Then we assume that C is strict monoidal and that Sg is infinite,
and so we extend the monoidal structure to C>°. However, the extended monoidal
structure is not strict, thus we have to work with associative constraints and left
and right units. In the second part we show how to extend a braiding and a twist
from C to C>. Since the new category is nonstrict monoidal, we need to define
algebras, coalgebras, bialgebras, and modules in this case. This is easily done,
if in the categorical definitions of the latter notions we replace the equalities by
an equivalence relation in the set of morphisms of C%. Roughly speaking, we
declare two morphisms of C>° to be related if their domains and codomains are
related by associativity and/or units. This relation obviously agrees with the
identity if the category is strict; this is explained in detail at the end of Section
1. We start Section 2 defining algebras, coalgebras, bialgebras, and modules in
nonstrict monoidal categories in general, and then we state and prove the main
theorem (Theorem 2.1) of this paper. Throughout the proof we use graphical
calculus as explained in [1] and [2]. This work is influenced by Yetter’s paper

[3].

1 The category C

Let C be a small Ab-category. We shall denote by Obj(C) and H the sets of
its objects and morphisms, respectively. We are going to associate to C a new
category C> as follows. Let us take a fixed set Sy and consider the set

M(So, 0bj(C)) = { So O Sy —L= Obj(C) },

where Sy is any subset of Sg and f is a set-theoretical function. The objects
of C% will be the elements of M(Sg,Obj(C)). Let f : Sy — Obj(C) and
g : Sg — ODbj(C) be two objects. A morphism F : f — g will be a two-
variable function F': S¢ x S, — ‘H such that:

(i) F(z,y): f(x) — g(y), for all (z,y) € Sy x S,.
(ii) If S, is infinite, then for each @ € Sy there exists a finite set SI' C S,
such that F(z,y) =0ify € S, — SE.

Let f: Sy — Obj(C), g : S¢ — Obj(C), and h : S, — Obj(C) be objects,
and F : f — g, G : ¢ — h be morphisms. Define Go F : f — h as the
function G o F': Sy x S), — 'H given by:

(GoF)(z,y) = ) Glzy)o F(z,2) (1)

ZE€Sy
for z € Sy and y € Sj,. This sum is always finite. Indeed, if we write S’ =
{#1,..., 21}, then the sum becomes

k
(GoF)(a,y) =) Glai,y) o Flz, z) (2)

i=1



It is clear that the function G o F satisfies condition (i). Besides, if y ¢ S& U
. USE, then G(z;,y) = 0 for 1 <i < k, so if we choose SLGeF) =5%U.. USG

) P
then we have y € Sp, — SL9F) thus (G o F)(x,y) = 0. Therefore G o F also
satisfies condition (ii).

For any f : Sy — Obj(C) define Ids : f — f as the function Idy : Sy x
Sy — H, given by Ids(z,y) = 05 4ids ) @ f(x) — f(y) for (z,y) € Sy x Sy.
For G: f — g one has

(Goldyf)(z,y) Z G(z,y) old(z, 2)

ZESf

Z G(z,y) 0 0z,2id p(g) (3)
ZGSf

= G(z,y)

Therefore Goldy = G. Analogously Id, o G = G for any morphism G : f — g.
Furthermore this operation is associative. Indeed, if F': f — g, G : g — h,
and H : h — 14, then

(HoG)oF)(w,z)= Y (HoG)(z,z)o0 Fw,x)

TES,
:ZZ z)oG(z,y)) o F(w,x)
€Sy YESH
=Y H(y,2)o (> G(z,y) 0 F(w,x)) (4)
yESH TES,
=Y H(y,z)o(GoF)(w,y)
YESh

= (Ho(GoF))(w,2)

Hence we have proved that C is a category. If for two morphisms F,G :
f — g we define the function (F 4+ G)(z,y) = F(z,y) + G(z,y), which trivially
satisfies conditions (i) and (ii), we see that C% is also an Ab-category. The
following proposition proves that the direct sum of certain collections of objects
in C> is defined.

Proposition 1.1. Let {f; : S; — Obj(C) }iez be any collection of functions
such that the sets S;, i € I, are pairwise disjoint subsets of So. Then (f :
[;cz Si — Obj(C), Ji), ; and Jy, : Spx[[;c7 Si — H is given by
Ji(x,y) = Oxyidy : Sp, — [1;c7 Si, is the coproduct of {f; : S; — ODbj(C)}icz
in C>.

Proof. Suppose we are given an object g : S; — Obj(C) and a family of
morphisms T; : (f; : S; — Obj(C)) — (g : S¢ — Obj(C)). Define T : (f :
[iczSi — Obj(C)) — (g : Sy — Obj(C)) to be the function T'(t,y) =



Ti(t,y) : f(t) — g(y) if t € Si. Then if x € S, and y € S, we have

(ToJi)(w,y) = Y T(t,x)o Jx(x,t)
te]l S:
— Z 8o T(t,y) oid, 5)
te]] S:
=T(z,y)
= Tk(zv y)

The last equality also shows the uniqueness of T'. O
In particular we have the following.

Corollary 1.2. If 0 # Sy C Sy, then any object f : Sy — Obj(C) is isomor-
phic to the direct sum of the objects {f|iz) : {x} — ODbj(C)}zes-

Let us suppose now that the category C is strict monoidal and that the set
Sp is infinite. In what follows we shall endow C%° with a monoidal structure
extending the one given in C. However, as we shall see, the structure that we
define is not strict in general.

We start by defining the tensor product of objects and morphisms and a
unit object. Next we define the associative constraint A, the left and right units
L and R, and finally we prove that they satisfy the required conditions.

First, we fix once and for all a bijection 7 : So x S — Sg. Given two
objects f : Sy — Obj(C) and g : S; — Obj(C), define f ® g by the following
composite

) v fxg . . ® .

f®g:v(SfxSg) — Sy xSy —— Obj(C) x Obj(C) —— Obj(C) . (6)
Choose any point * en Sy and define I: {x} — Obj(C) by I(x) =T € Obj(C).

Now, for two morphisms F : f — [/, G : ¢ — ¢’, and a point (z,2') €
Y(Sf X Sg) x¥(Spr x Sgr), define FRG: fRg — f'®g by

(FOG)(2,2") 1= F(2:,2L) @Gy yl) : f(22)®9(y=) — f'(al)®g'(vl), (7)

where v7(2) = (2,,v.) € S§ x Sy and v 1(2') = (2%,,y.,) € Sy x Sy are the
pairs such that (f ® g)(z) = f(2.) ® g(y:) and (f' ® ¢')(2") = f'(zL,) @ ¢'(y.,).
It is clear that v(SE x S§') C 4(Sy x Sy) is a finite set and that if 2’ €
Y(Sg x Sgr) = (SE x S§), then y71(2') ¢ SE x ST . Hence, either 2/, ¢ SI
or yl, ¢ S and so (F ® G)(z,2') =0if 2/ ¢ y(SE x S5).
Before we define the associative constraint A, we shall adopt the following
notation. If, for example, v € y(y(Sy x Sg) X S), then we write

(771 x id)'yil(v) = ((#0,Yv), 20) € Sy X Sg X Sp.

Here, (x4, Y ) is the unique element in v(S;xSy) C Sg such that v(y(xy, Yo), 20) =
v. In other words, the inner parentheses will indicate the place from left to
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right of the second y~! in the composition (y~! x id)y~!. Analogously for

w € v(Sy x y(Syg x Sp)) we write
(id x 771)771(10) = (Tw, (Yuw, 2w)) € S§ X Sg X Sp.

When there is no risk of confusion we drop the inner parentheses and simply
write (77! x id)y "1 (v) = (Ty, Yo, 20) and (id x v Dy Hw) = (T, Y, 2w)- In
the same way, if for example v € S(rgyanr)ei = V(V(Sy x ¥(Sy x Sp)) x Si),
then we write

(id x v~ xid) (™" x id)y ! (v) = (o, (Yo, 20)), tw) € Sy X S x Sp x S;,

or (id x y~! x id) (v~ xid)y ™ (v) = (To, Yo, 20, t), ete.
With this notation, we have

(F®G) @ H)(v,w) = (F&G)(,y)v, (2, y)w) @ H(2v, 2w)
= F(xvaxw) 0 G(yvayw) ® H(Zv; Zw)'

Let us define As g : (f®9)®h — f® (9@ h) by

(8)

Afgn(v,w) =620 1d 1 (2 )0g(yo)@h(z0) - (f © 9) @ h)(v) — (f @ (9 ® h))(w) ,
(9)

. . o
where again, in order to shorten the notation, 432", stands for ., ., 0y, 4., 02,2, -

It is easy to see that the inverse of Ay 4 5 is given by

AG g w(w,v) = 8301 0@ (wa)h(z0)  (f @ (9@ h))(w) — ((f ® g) @ B)(v) .
(10)
Now we define the right unit Ry : f ® I — f. For any object f, the object
f ®1is expressed by the composite

FOT:(S; x {x}) b 85 x {x} % 0b(C) x Obi(C) —Z> Obi(C) .
(1)

For z € y(Sf x {}), we write y7(2) = (z,,%) € Sy x * and define Ry :
fRI— f by

Rf(zvl') = 6zz,zidf(xz) : (f & I)(Z) = f(xz) - f((t) (12)

for (z,z) € y(Sy x {*}) x Sy. It is easy to see that Ry is an isomorphism with
inverse R;l : f — f ®1I given by the function

Rfl(x; Z) = 6m,xzidf(a:) : f(.%‘) - (f ® I)(Z) = f(xz) . (13)

In the same way we define the left unit Ly : IQ f — f, that is, if z € v(x x Sj),
then we write y71(2) = (x,x.) and define

Lf(Z,fE) = 5acz,xidf(wz) : (I ® f)(z) = f(xz) - f(:r) (14)
The inverse of Ly is given by
Ly (@,2) = 0p0.idf () : fl2) — (id© f)(2) = f(z2). (15)



Theorem 1.3. The category C* is a monoidal category with tensor product
of objects and morphisms, associative constraint, and right and left units as we
have just defined.

We divide the proof into four lemmas.

Lemma 14. If F: f — [, F:f — ', G:g— ¢, and G : ¢ — ¢"
are morphisms in C<, then

(i) ( FFG)o(F®G)=(F'oF)®(G'oG) and
(ii) Id; ®1d, = Id g
Proof. (i) For z € v(Sy x Sy) and 2" € v(Sy» x Sg) we have

(Fod)o(Fed) ()= Y FoGC)( ") (Fea) ()
2'€v(SprxSyr)

= 3 (Fl(al,al) o Fla,al))

Z'E’Y(Sf/ ng/)
& (G" (Yo, yin) © Gy, yr))
= (Y F'(«.alls) o Fla.,a')) (16)

w'ESf/
® (Y G, yl)oGy=y))
y’GSg/

= (F' o F)(z2,2%,) ® (G" 0 G)(yz,y2n)
= ((F'oF)® (G 0 @Q))(z,2")

The third equality follows from the fact that v establishes a bijection between
Sg xSy and y(Syp x Sg).
(ii) For z,2" € y(Sy x S4) we have

(Idf ® Idg)(z, Z’) = Idf(xz,scz/) ® Idg(yz,yz/)
= 5mz,xz/idf(acz) (024 5y27y2,idg(y2)
= 02,21 () ®idg(y,)

. (17)
= 02,214 f(2.)®9(y-)
= 0z,1d(r@g)(2)
=Idgy(z,2")
O

Lemma 1.5. The associative constraint A defined above is a natural isomor-
phism that satisfies the Pentagonal Axziom.



Proof. We already saw that A is an isomorphism. To show that it is natural, we
have, on the one hand,

(FR(GeH)oArgn)ww)= Y  (Fe(GeH)(wuw)o

wE(Syx7(SyxSh))

0 Af g.n(v,w)
= Z (F(#w, 2w) @ G(Yw, Yo' )®
wE(Sx7(SyxSh))

® H (2w, 2uw)) © 2421w, )09(5, ) @h(z0)
= F (20, Zw) @ G(Yo; Yu') © H(2y, 20r) -

(18)
On the other hand, we have
(Af’,g',h’ o ((F &® G) ® H))(v,w') = Z Af/)g/’hz(v’,w/) (@) ((F ® G)@
v/efy(»y(Sf/XSg/)xSh/)
H)(v,v')

= D Sy egw o (=)0
v’E'y('y(Sf/ng/)xSh/)
© (F(x’vaxiﬂ) ® G(y’vvy':)’) ® H(Z’Uv Z;’))
= F(xﬂﬂxw’) @ G(yvayw’) ® H(zva Zw/)-
(19)

Therefore, Ap g 0o (FRG) Q@ H) =(F®(G®H))o Af g1, so A is natural.

Let us prove now that A satisfies the Pentagonal Axiom. Set M(s,w) =
((idf®Agni)oAfgon,io(Af.gn®id;))(s, w). For s € v(y(v(Sgx Sg) X Sp) x S;)
and w € y(Sy x ¥(Sg X ¥(S x S;))), we have

M(s,w) = Y (i ® Agni)(v,w) 0 Af geon,i(u,v) © (Af,gn ®idi) (s, u)

UES R ((9@h)®1)
VESFR((9@h)®1)

. v - u,v
= § (5931“111) ldf(fv) ® 6y;z;t1dg(y“)®h(z1,)®i(t1,)) © 6z;y;z;t
UES £ R ((4@h)®1)
vES e ((9@m)®)

i (2,)09(y.)@h(z)@i(t) © (0221 (2) @9y @h(z0) ® Ot . idie,))

= Ozt (2,)©(5) @R (20)Bi(t2)-
(20)



Set N(s,w) = (Af,gh2i° Afggni)(s,w). Then,

N(s,w)= > (Afgnei)(r,w) o (Asgeni)(s,r)

rES(fR)®(he)

= Y Oyl eaw)@hz)@ilt) © Syt s ) Be(w)@h(z)@i(t)
TES(£09)® (h®1)

= Ozt (2,)©(y) @R (20 Bi(ta)-
(21)

Thus M(s,w) = N(s,w) and so, A satisfies the Pentagonal Axiom. O

Lemma 1.6. The right unit R and the left unit L are natural isomorphisms.

Proof. We already saw that Ry is an isomorphism. For z € ~(S; x %) and
x’ € Sy we have

(FoRp)(za')= ) Flz,2')oRy(z2)

ZEESf 22
= F(z,2") 005, oidy(s.) (22)
= F(x,,2').
On the other hand
(Rpo(FeId))(z,2") = Y Rp(z,a')o(F®ld)(z2)
2/ €y(Spr x*)

= 0u', wrid(ar,) o (F (22, 2%,) @ 1dy(, %)) (23)
=0y, wridp(ar,) 0 F(@, 2L0)
= F(x,,72).

The proof for L is analogous. O
Lemma 1.7. The morphisms A, R and L satisfy the Triangular Aziom.
Proof. Set P(v,w) = ((Idf ® Lg) 0 Ay 1,4)(v,w). Then

Po,w)= Y (1d;® Lg)(u,w) 0 Af (v, )

uESre(1Rg)
= (00,01l (@y) @ Oy ,y,idg(y,)) © Ogyids(z,)@1()@0(5) (24)

= 59cv,;cw ldf(fvu) ® 5yvayw ldg(yv)
= (Ry ®1dg) (v, w).

So (Idf@Lg)OAvag:Rf(@Idg. O

These four lemmas finish the proof of 1.3



Proposition 1.8. The category C* has a full subcategory, which is tensor equiv-
alent to C.

Proof. Recall that a tensor functor is a triple (F, ¢q, p2), where F' is a functor,
©o is an isomorphism from I to F(I), and po(U, V) : F(U)QF(V) — F(U®V)
is a family of natural isomorphisms compatible with the associative constraint
and the left and right units (see [1, p.287]). Define a functor J : C — C%°, by
choosing for any object V in C any point 2y € Sp and a function fy : {zy} —
Obj(C), given by fy(zyv) = V. Then we define J(V) = fy. To any morphism
a V. — W we assign the function Fy(zy,zw) = a : fy(zy) =V —
fw(zw) = W and then define J(«) = F,,. For the unit object I of C we choose
the fixed point * as before, so that J(I) = I € Obj(C%). For U,V objects of C,
define o (U, V) : JU) @ J(V) = fu @ fyr — J(U V) = fugy, as follows. If
Y {zu}x{zv}) = {ogy ), then (fu® fv)(zy,y) = UV and fuev(tugv) =
U ®V, then take p2(U, V)(zy; v, (rvev)) = idugy. The morphisms ¢g and (2
are identities, so that the functor J is strict, and it is straightforward to prove
that they satisfy the required compatibility conditions. O

1.1 Extending the braiding and the twist

Let us now assume that the category C is braided with braiding c. For v €
v(Sy x Sy) and w € ¥(Sy x Sy), define Cy 4(v,w) by

Crg(v,w) =03 Crian) g+ (f ©@9)(0) = f(20) @ g(Yo) — 9(Yu) @ f(2w)

=(9® f)(w).
(25)

w,vc—l

It is clear that Cy 4 is invertible with inverse given by C;; (W, 0) = 025 Cr o) 0(mn)

Proposition 1.9. The family C of isomorphisms Cy 4 is a braiding in the
category C>.

Proof. We have to prove that C is natural and satisfies the Hexagonal Axiom.
For F: f — f" and G : ¢ — ¢’ we have, on the one hand

(GaF)oCry)(wuw)= Y  (GaF)(wuw)oCyy(v,w)
wE’Y(Sg®Sf)
= Z (G(ywa yw') ® F(J?w, xUJ’)) © 5:::/UCf(zv),g(yU)
weY(Sy®Sy)

= (G(Yor Yur) @ F(Ty, Twr)) © Cha,),9(y0)-
(26)



On the other hand,

Cprg o (F@G)(v,u) = Z Cyprg (v, 0') o (F @ G)(v,0)
UIE’Y(Sf/ XSg/)
= D) G e )ew) 0 Faeal) © Gy yw)
0'€¥(Syr xS y)
= )9y, © (F (o, @) @ G(yo, Yur))-
(27)
Both sums are equal since c is a braiding in C and therefore it is natural. Thus

C is natural. We now show the commutativity of one of the diagrams of the
Hexagonal Axiom. Put M (w,w’) = (Ag n,r © Cseen o Afgn)(w,w'). Then

M(w7 w/) = Z Aﬁg,h(u’ ’LU/) © Cf,g®h(7/, u) © Aﬁgﬁ(w’ U)
uES(fe9)8h
vESf®(9®h)
= D O e)esmeh() © UieCra) ou)oh(:) (28)

UES(fRg)®h
vES;(gRh)

w,v
o 5m;y;z1df($w)®g(yw)®h(zw)
w,w’

052 CF ()9 (Y )@ (2)

Set N(w,w') = ((Idy @ Cyp) 0 Ay rno(Crg @Idpy))(w,w'). Then

Nw,w)= 3 (1dg®Cpp)(u,w') o Ag n(v,u) o (Cpy@Tdy)(w,v)

u€Sye(son)
vES (40 @R

= Y Opuwnidg) @05 Cra nz) © O idg(y )@ e @h(=0)
UESyR(fah)
VES (4@ H®K
0 (02 Cf (@) g(ya) @ Oz4,2,1dR(z,))

= 6«:}55513 (idg(yw) ® Cf(zw)vh(ZW)) o (Cf(mw),g(yw) ® idh(zw))'

(29)

Again, since ¢ is a strict braiding in C, we have the equality M(w,w’) =
N(w,w"). The commutativity of the other hexagon is proved analogously. [

In the same way, if the category C has a twist, then we can easily prove the
following assertion.

Proposition 1.10. Let 6 be a twist for the the category C. Then the category
C% has a twist Of: f — [ given by

Of(x,y) = 0aybsa) : f(z) — f(y) (30)

for any object f in C. d

10



However, it is not possible to extend a duality from C to C3. Although we
have for any f : Sy — ODbj(C) a canonical candidate for f* : Sy — Obj(C),
namely the function f* defined by f*(z) = (f(z))* as well as a canonical can-
didate for the evaluation Dy : f*® f — I, given by Dy (v, {*}) = 0x 2,df(z,) :
[ () ® f(z,) — I(*) = L, where v~ !(v) = (2},2,) € Sy x Sy, this is not
the case for the coevaluation. Indeed, the canonical extension By : I — f® f*
given by By(*,v) = dpx 2,bf@,) : I — f(2,) ® f*(x}) is not a morphism in
C% if S; is infinite, since condition (ii) of page 2 does not hold.

Nevertheless, if we consider the full subcategory CuS ° which as objects has
functions f with finite domain Sy, then it is possible to extend the duality
according to the given formulas. It is easy to see that the inclusion functor
J : C — C%0 factors through coo e,

J 10— % (31)

The following assertion is also easy to prove.

Proposition 1.11. If the category C is a ribbon category, then the extended
structure in Cfo is pivotal braided (but nonstrict in general, so it is not ribbon).
O

Remark 1.12. In order to simplify the next computations, we shall adopt the
following notation. Let A be the set of isomorphisms of C3 generated by the set

(Idy, Af)\ o B L) under tensor products and compositions, where x, &, A, y,

¢, and < are any objects in C>°. In other words, A is the set of isomorphisms that
relate different objects by associativity and units. If F and G are morphisms in
C5, we shall write F = G if G = X o F oY, where X and Y are elements of A.
For example, F' = G if the following diagram commutes.

(1®f2)® f3)® f4) @ f5s ——= (91 @ g2) @ g3
Ap1®f2. 13,74 ®1d s
(f1® f2) @ (f3® f1)) ® [5
Af1®f21f3®f4,f5 A91‘92«93
(f1® f2) @ ((fs ® f4) ® f5)

-1
1@ ®As 1y 15

(1@ )@ (f3® (f1® f5)) —2> g1 @ (g2 ® g3)

The relation = is an equivalence relation in the set of morphisms of C> which
is compatible with composition and tensor product in the sense that if FF =
G and I/ = G’ then F' o F = G’ o G, if the compositions are defined, and
F® F = G® G Indeed, for the composition, suppose Ao F o B = G and

11



that C o F o D = G’, for elements A, B, C, and D in A. Then G' o G =
CoF' oDoAoFoB. The morphism D o A is an endomorphism of the domain
s(F") of F’" which is equal to the codomain ¢(F") of F' and is an element of A.
Mac Lane’s coherence theorem states that this element has to be the identity
morphism Id,(p/y. Hence G’ o G = C' o F' o F o B. The tensor part follows from
the identity (Ao FoB)® (CoF'oD)=(A®C)o(F®F')o(B® D). In what
follows we shall use this notation without further comments.

2 Bialgebras in C

Let 'V be a monoidal category. We say that an object A of V is an algebra in
V, if there exist morphisms p: A® A — A and n: I — A such that

p(p®@ida) = p(ida ® p), (32)
N(ﬂ@idA) =idg ip,(idA®7]). (33)

Dually, we say that C is a coalgebra in 'V, if there exist morphisms A : ¢ —
C®C and € : €' — I such that

(A®ido)A = (ide ® A)A, (34)
(e®ide)A =ide = (ide ® €)A. (35)

If H is an algebra, then the product in H ® H is defined by the following
composite

1 )
HQH,H,H A pg,p®idg

A (HeH) o (HoH) """ (0o H)o H) o H 2220 (36)

idyg®ch, F®idg AI_-I‘lH,H®idH
— >

(H®(He® H)®@ H (H(H®H)@ H———

A(HQH),H,H =y

(HoH)®H)® H (H®H)® (H®H)

HoH.

We say that H is a bialgebra in V, if G(A® A) = Ap and epp = e @ e.
If A is an algebra, an object V is an A-module, if there exists a morphism
T:A®V — V,such that T(p®idy) = T(ida ® T) and T(n ® idy ) = idy.
Note that if the category is strict monoidal, the latter are the concepts of algebra,
coalgebra, bialgebra and module in strict braided monoidal categories.

We are going to find bialgebras in C>°, when C is a braided strict monoidal
category with left duality.

Let h : S;, — Obj(C) be an injective function such that h(S,) C Obj(C)
is closed under ®, that is, for any pair (z,y) € Sj X Sp, there exists a unique
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z € Sy, such that h(x) ® h(y) = h(z) and suppose I € h(Sp). For example, we
can take a set Sg with the same cardinality as Obj(C) and h : Sg — Obj(C) to
be any bijection, if Obj(C) is an infinite set.

Set Ay, = {(z,2) | ¥ € Sp} C Sp x Sy, and let h be the object defined by the
composite

— 771

By (An)—— A, 2 0bj(C) x Obj(C)—=>0bj(C) (37)

where h*(x) := (h(z))*. That is, h is defined by the relation h(y(z,z)) = h*(z)®
h(zx), for y(x,x) € Sy = v(An).
The main theorem in this section is the following.

Theorem 2.1. The object st a bialgebra in C* and the objects of C, considered
as a subcategory of C*, are h-modules.

To prove it, we shall establish two previous lemmas. Let x : Sp, x Sp, — Sp,
be the function defined by the relation h(x(z,y)) = h(z) ® h(y).

Lemma 2.2. The function x satisfies x(x(z,y), z) = x(z, x(y, 2)).
Proof.
h(x(x(z,y), 2)) = h(x(z,y)) ® h(z) = h(z) @ h(y) @ h(z) =
= h(z) ® h(x(y, 2)) = h(x(z, x(y, 2))) -
Thus x(x(x,¥), 2) = x(z, x(y, 2)). O

In the following lemma we use letters ..., x,y, z to denote objects of V. Let
x,y be objects of V. Recall that there exists an isomorphism v, : y* ® 2* —
(r ®y)* given by

Y,y = (dy ® id(w®y)*)(idy* ®d; ® idy@(cc@y)*)(idy*@w* ® bw@y) : (38)

Now define the isomorphism I'y , : y* @ y® 2* @2 — (2 ®y)* @ (r®y) by the
composite

idy* ®cy o*Qids Y,y @
—_ " > y* Rr*R YyRQr ——>

Cy,x (

oy Yy @y@2" @ TRY) ®(@EY).

Lemma 2.3. The isomorphisms Iy, satisfy the relation
Fx7y®z(ry7z ® idx*@:c) = Fw®y,2(idz*®z ® F%y)-
That is, if ©,y and z are objects of V then the following diagram commutes

2* ® * * Ly,-Qidy*ga . .
2RYTRYRr Qr———— > (YRz)* R (YRr)r* R

idz*®z®rm,yi \Ll—‘r,y®z

Fm@y-z

7Rz (Y QERYy) —— > (QYR2) R (rRY®z2).

13



XQY

Jor >

Figure 1: The morphism I'; ,

xQyRz

Figure 2: 'y yg:(Ty,» ® idyrgs) = Lagy,z(iderge @ s y)

Proof. We prove it by using graphical calculus. In Figure 1 the morphism I'; ,, is

represented. Figure 2 proves the Lemma. The left and right diagrams represent

the morphisms I'y yg-(I'y,. ® idy+gs) and Fygy 2 (id.+g. ® 'y y), respectively.
O

Proof of Theorem 2.1. Define 1 : h®@h — h by

u(v,7(2,2)) : (M@ h)(v) = h* () ® h(zy) ® W (y0) ® h(ys)

621X(9U1£U)F}L(yv),h(wv) _ N (39)
h(v(z,2)) = h*(2) ® h(z)

Since there is a unique ¢ € Sy such that h(zo) = I € Obj(C), we can define
n:I— h by

N0 V(YY) = O idi 2 1= A" (w0) @ h(zo) — h™(y) ® h(y)-
We have to prove now that pu(p ® Idy) = p(Idy ® p) and p(n ® Idy) = Idy =

p(Id @ 7).
Set S = p(p ® Idp)(w,y(t,t)) and R = p(Idy @ p)(w',v(¢,t)). We have on the
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one hand

S= 3wt 1) o (n e 1dg) (w,v)

’UESE®E

Z 5t7X(va£v)Fh(yv)vh($v) °© (5371)»X(ywvﬂcw)r‘h(yw)vh(zw) ® 6zwvyvidh*(zw)®h(zw))
11€SE®K
= 0t x (20 x -0 ) L (20) b W070)) © Lhy) i) @ 1R (2)@h(20))
= 0t (20X Warw ) h(z0) b () @) © Thiy)h(@w) @ 1hs(z)@h(20))
(40)
On the other hand we have

R= 3 u(o,y(t,1) 0 (g @ p)(w',0)

UGSF@F

= D Siwern Thwo) bz © Oops 20 idns (@y)@h(@a) © gy ix(zar ) Dh(za) b))

vesh@h

= Otz ) ) PO 00 () © (he (@, ) @h(,) © Dz ) hw,n))

= Ot x (x (2t st ) ) L (20 ) @110 ) ) © (1 (2 )@ ) @ Th(zyr) h(wa)))

(41)

According to Lemma 2.2, we have X (X (2w, Yuw'), Tw) = X(Zws X(Yw's Tw'))-
From this and Lemma 2.3, it is easy to see that R o AK,H,H =SsoR=2S.

We shall prove now that p(n®Idy) = Idg. Set J = p(n®Idy)(u,v(2, 2)). From

hx (T, 20)) = h(zy) @h(x0) = h(x,,)®1 = h(x,) we deduce that x(zy, o) = Ty
and since I'y 1 = idp»(a)gh(a) for any object a of C, we have

J= > v,z 2) 0 (n©1dg)(u,v)

UESE@E

Z 62,x(yv,mv)l—‘h(y,,),h(mv) © (77(*7 IY(:EU’ ‘TU)) ® Idﬁ(’}/((ﬁu, l’u), ’Y(y’w yv)))

UESH®K

Z 62»X(yV1xv)Fh(yv)7h(xv) © (6900,3% ldI ® 6‘Tu;yvidh* (Iu)®h(zu))

UESK@,K

= 0z, x(wu,w0) L (@) h(0)
- 5z,zu Fh(xu),l
= 02,2, 1dh* (20 )@h(2w)

= Idﬁ(u")/(zaz)) ( )
42

The relation p(Idy ® 1) = Idy is proved in a similar way.
~ We have thus shown that (h, u,m) is an algebra in C%°. Define now A : h —
h ® h to be the function

A(y(z, x),v) : B (2) @ h(z) — h™ () @ h(yy) © B (20) © h(zy)
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given by the following composite

5af,yv5x,zvidh*(z) X bh(:v) (24 idh(x) :h* (x) (4 h(l‘)4>
—=h*(yy) @ h(ys) @ h*(2) @ h(zy)

and define ¢ : h — I as the function given by
ez, 7), %) = dygay : h*(2) @ h(z) — 1.

We are going to prove that (Id; ® A)A = (A ® Id;A) and (e ® Id;)A = 1d, =
(Idy ®¢). Set L = (Idy; ® A)A(y(t,t), w). Then

L= Z (IdH ® A)('Ua w/) o A(’Y(ta t)v 1))

UESK®K

= > Orprutdie@onte) © Sy, Oy 2 idns () @ bagy,) ® idny,))o
UESK@K
(0t,2,0t,y, 1dp=(1) @ bp(r) @ idpr))

= 515,3%5,57%51572” (idh*(t)®h(t) ® idhx(t) ® bh(t) ® idh(t)) o (idh*(t) ® bh(t) ® idh(t))

(43)
Set R = (A ®@ IdzA)(y(t,t),w). Then
R= > (A@Idp)(v,w)o A(y(t,t),v)
’UESE®SF
= D Gevwnesn (o) ® bawy) @ idnie,) @ 6y, idhs (g )@h(p))0
’UESK®SF

(0t,2,0t,y,1dp= (1) @ bpy @ idp))
= 01,2, 01y, 0t, 2, (idp= (1) @ bpy @ idp ) @ idpx(yon)) © (dps () @ by @ idp)
(44)

Taking « = h(t), Figure 3 shows that R and L are equal up to associativity,
that is Ag g p(w,w’)o R= L. Thus L = R.

o Ty

Figure 3: (idh; ® by, ®idp, ® idh:@hi)(idh;“ ® bp, ® idhi) = (idh;,f@hi ® idh; ®
bp, ® idhi)(idhqf ® by, ®idy,)

X
X
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Next we prove (¢ ® Idy)A = Idg. Set J = (e ® Idp) A(y(x, z),7(y,y)). Then

J= Y (e®d)(v.y(y,y)) o Alv(z,2),v)
TESERSy

= > (e (@, z0), %) @ Tdg(Y(Yo, 4), ¥ (5, 9))o
QTGSFQ@SK (45)
(5z,wv 6w,yv idh* () 02y bh(m) by ldh(r))
= (dh(xv) ® 6yv1yidh* (yu)®h(yv)) © (512,5171, 61’,:[/1, idh* (r) ® bh(z) ® ldh(z))
= 02,y (dh(e) ® idh=@)n(2)) © (dh=(2) © Dh(z) @ idh(a))
From the definition of left duality we get (dj(z) ® idp«(g))(dp=(2) @ bp(ay) =
idp«(z), 80 J = 0gyidp= (2)on(z) = dg(v(z, 2),7(y, v)).
The relation Id; = (Idi; ® €) is proved in a similar way, and with this we
have showed (h, A, ¢) is a coalgebra in C5°.
It is enough to prove now that A and e are algebra morphisms. For A we
have to show that the diagram

he
|
h

commutes up to the relation =, where /i is the product in h®h and it is defined,
as in (36), by the composite

— ARA —  —
=5 (heh)oheh
i

— 2 .3

Q@ =—®

h

1

f:heh)eheh) —% (heh)eh) el
|

(Idg®Cy, z®Idy) A~

h,h,h

The morphism Id;® Cp 5 ®@Idg (v, w) (he(
is related to Fy,(v,w) : (h® (h®h) ®h)(v
represented by the following vertical arrow

= =
®
=
®
=
=
(9
=i
&
El
X
=
B

— (h®h) ® (h ® h)(w), which is

h(zy)* @ h(xy) @ h(yo)* @ h(yw) @ h(2,)" @ h(z,) ® h(ty)* ® h(ty)
Fu (0,0)=06""1dR (2, )* @h (2) ®Oy12 Ch(yy)* @h(yn)sh (20)* @h(20) @) idh (1) * @R (ty)
h(2w)" @ M(Tw) @ h(2w)" @ h(2w) @ h(Yw)* @ h(Yw) @ h(tw)* @ h(tw)

since their codomains are related by associativity.
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The morphism (¢ ® p)(w,u) : (h®h)® (h®h) — h®h, is represented by
the following vertical arrow

h(zw)* @ h(2w) ® h(2w)* ® Mzw) @ M(Yw)* @ h(yw) ® h(tw)” @ h(tw)
O x (2w 2w) L h(zw) b (@) Dy x (b vw) LR (tw) sk (yaw)
h(zy)* @ h(2y) @ h(yu)” @ h(yu)

It is not difficult to see that g =" (u® p) o F,, and that this last morphism
turns out to be equal to

h(xy)* @ h(zy) @ h(ys)* @ h(yw) @ h(2)* @ h(zy) @ h(t,)* @ h(ty)
Sou x(202@0) Oy x(tow0) (Ch(z0) h(@0) OT h(t0),h(30)) (1 (20)* @k (20) OCh(yu)* @A (yo),h(20)* @ (20) Rldn(ty)* @h(ty))
h(mu)* & h(xu) 0y h(yu)* @ h(yu)

Hence (A ® A) =37 Gy o (A®A), where G, is the last vertical arrow. But
(A® A)(p,v) : (h®@h)(p) — (h®h)® (h®h))(v) is given by

(A®A) (P, v) = 62,0, 02,50y, 2, Oyt (1dn () ®Dh(a,) B (a,) ) (da(y, ) - @Dy, ) @idn(y,))
so the sum yields

M = 0y, x(pr29) Oy x(wpr2p) Ty © Ty ) (1 )+ @h(2) @ Chiy)* @h(p),h(yp)* @h(yp)
® idn(y,)*@h(y,)) (1dh(z,)* @ bh(z,) ®1dn(z,))(idh(y,)s @ br(y,) @ iday,))

On the other hand, (uA)(p,u) is the sum over v of the following composite

Oy x(upop) Th(yp) h(ap)

h(zp)* ® h(zp) @ h(yp)™ @ h(yp) h(xy)* @ h(zy)
Oy, w0 Oy v (Idh(ay)* OPh(ay) ®ldh(ay))
h(2u)* @ h(zy) @ h(yu)* @ h(yu)

which is equal to

(HA) (P, ) = Ga, x(yp,20) Oy x(wme) (D)) EPR ) D1 (w200 ) T (5) ()

In Figure 4, taking y = x, and = y,,, the picture on the left side represents
M, while that on the right side represents (uA)(p, u). Hence both are equal and
then uA = (A ® A). Finally, we have to prove that € is an algebra morphism,
that is, we have to prove that the diagram

h

"

Sl

=
—
o ®
®
®
®
—



Figure 4: (A(A ® A))(p, u) = (uA)(p,w)

commutes. We have

(5:L") (uv *) - Z 8("}/(;L‘w, l'w)7 *) o M(ua ’LU)

w

= dhew) © Gar (o) Thiya) b))

= dh(x(yu,z) T h(ya) h(@w)
= dh(yu)®h(mu)1—‘h(yu),h(x“)

On the other hand, (¢ ® €)(u, *) = dp(z,)@h(y.)-
Figure 5, taking z = y,, and y = x,, as before, shows that these two mor-
phisms are equal. Therefore (h, u, 7, A, €) is a bialgebra.

XQY

Figure 5: dh(yu)®h(m“,)]-—‘h(y“,),h(mu) = dh(am)@h(yu)

We shall now define the action of h on the objects of C. Take the point zo of
Sy, such that h(zo) = I and define jy (x9) = V, for each V' object of C. Define
T:h®jy — jv, by

T(v(v(z,x),20),20) = dp(p) @idy : A" () @ h(z) @V — V
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where x € S,. It is not difficult to see that T is indeed an action as we defined it
before. The proof of that is similar (although easier and shorter) to the previous
proofs and we omitted it.
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