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Abstract

Let M be a Mackey functor for a finite group G. In this paper, generalizing the Dold—Thom construction, we construct an
ordinary equivariant homotopical homology theory ]HI*G (—; M) with coefficients in M, whose values on the category of finite
G-sets realize the bifunctor M, both covariantly and contravariantly. Furthermore, we extend the contravariant functor to define a
transfer in the theory Hf (—; M) for G-equivariant covering maps. This transfer is given by a continuous homomorphism between
topological abelian groups.

We prove a formula for the composite of the transfer and the projection of a G-equivariant covering map and characterize those
Mackey functors M for which that formula has an expression analogous to the classical one.
© 2007 Elsevier B.V. All rights reserved.
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0. Introduction

Let M be a Mackey functor for a finite group G. By forgetting the contravariant part of M, we obtain a covari-
ant coefficient system M, defined on the category O(G) of canonical orbits. In [6], [llman constructed an ordinary
G-equivariant homology theory H¢(—; M,), whose coefficients are isomorphic to M,. If X is a G-space, then
HY(X; M,) is obtained by taking the homology of a chain complex associated to X and M,. In this paper we shall
consider both the covariant functor M, and the contravariant functor M* associated to M. For each (pointed) G-space
X we construct a topological abelian group F¢ (X, M) and we define an ordinary G-equivariant homology theory by
taking the homotopy groups of F¢ (X, M). More precisely, we define

H?(X;M):nq(FG(XJF,M)),
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where X = X U {x}. If S is a finite G-set, then we have a natural equivalence of bifunctors ]ng (S; M) = M(S). This
approach to equivariant homology has had many applications in algebraic geometry. See for instance [14,15].

When G is the trivial group, HS (—; M) is singular homology with coefficients in the group M, and our statement
is the classical Dold-Thom theorem [5], which was extended to the equivariant case when the coefficient group is a
G-module L by Lima-Filho [8] (when L = Z with trivial G-action) and by dos Santos [14] (when L is any G-module).
Both the original result and these equivariant generalizations were proved by showing that the homotopical definition
satisfies the axioms of an ordinary or an equivariant homology theory, and then using a uniqueness theorem for
homology theories.

In this paper, we prove the equivariant Dold-Thom theorem when the coefficient group is an arbitrary Mackey
functor M, by giving an explicit isomorphism HqG (X5 My) — g (F G(X*, M)) for all ¢ and any X of the homotopy
type of a G-CW-complex. Our approach provides a new proof even for the classical Dold-Thom theorem.

Let «:S — T be a G-function between finite G-sets. Then we have, on the one hand, as expected, an induced
homomorphism o ‘HS (S, M) — HY(T, M), which corresponds to M, () : M(S) — M (T) under the isomorphism
mentioned above. Moreover, on the other hand, we have a transfer homomorphism t, : HC (T, M) — HS (S, M),
which corresponds to M*(«): M(T) — M(S) under the isomorphism. Furthermore, this transfer has a topological
counterpart, namely, let p : E — X be a G-equivariant covering map with finite fibers, then there is a continuous homo-
morphism tg :FO(Xt, M) — F9(E*, M) which induces a transfer homomorphism rpG :Hg(X; M) — HS(E; M).

When G is the trivial group and M is just an abelian group A, the group FY(X, M) coincides with McCord’s
group B(A, X) [12], but their topologies are different (see Example 4.11).

The theory Hg (—; M) can also be described as the homology of a certain chain complex, as shown in Section 2.

The results in this paper generalize what we did in [1], where we studied the case of the Mackey functor M = M,
where L is a G-module and M (G/H) = LA,

A different construction of ordinary equivariant homology theory with coefficients in a Mackey functor using
equivariant stable homotopy theory was given by Lewis, May, and McClure in [7].

The paper is organized in five sections. In Section 1 we establish the properties of our group functors F¢ (—, M)
in the category of pointed G-sets.

In Section 2 we generalize the construction of the function groups to simplicial G-sets, namely we associate to
each simplicial pointed G-set K a simplicial abelian group F¢ (K, M) and study its properties.

In Section 3 we topologize the abelian groups £ (X, M), when X is a topological space. In order to make these
groups into homotopy functors, we defined a topology which is not the obvious generalization of the topology on
F G(X , L), where L is a G-module (as in [1,8,12,14]). When we take coefficients in an arbitrary Mackey functor M,
certain discontinuities of maps appear with the obvious topology. The correct topology is defined using the simplicial
abelian groups introduced in the previous section. In the case of L, we get two different topological groups F¢ (X, L)
and FY(X; My), which are equal as groups, but only homotopy equivalent as topological spaces (see Example 4.11).
We also construct the transfer for G-equivariant covering maps and prove the first main Theorem 3.16.

Section 4 is devoted to the proof of the second main Theorem 4.1. Then we give an explicit isomorphism
HqG (X; My) — HqG(X , M) for all g and any space X of the homotopy type of a G-CW-complex, where M, is the
covariant part of the Mackey functor M. This result is equivalent to the second main theorem. The isomorphism is
constructed in two steps as follows. Let S, (X) be the singular simplicial set of X. Since X has a G-action, so does
S« (X), i.e., it is a simplicial G-set. Then we have a simplicial abelian group F G(S.(X), M), which determines an
associated chain complex. Using the theory of simplicial sets, we give an isomorphism between the homology of this
chain complex H,(F9(S.(X), M)) and 7,,(F° (X, M)). Then we show that both the chain complex FO(S.(X), M)
and Illman’s chain complex, which defines Hf (X; M), have the same universal property (Propositions 1.6 and 4.6)
so that they are canonically isomorphic.

Finally, in Section 5 we extend the results of the previous section to Mackey functors with values in R-modules and
prove a formula for the composite of the transfer and the projection of a G-equivariant covering map. Furthermore,
we characterize those theories HS (—; M), for which that formula has an expression analogous to the classical one.

1. Equivariant function groups with coefficients in a Mackey functor

Recall that a Mackey functor (see [4] or [16], for instance) consists of two functors, one covariant and one con-
travariant, both with the same object function M : G-Setgy — Ab. If @ : S — T is a G-function between G-sets, we
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denote the covariant part in morphisms by M, («): M(S) — M(T) and the contravariant part by M*(«a): M(T) —
M (S). The functor has to be additive in the sense that the two embeddings S < S U T <« T into the disjoint union of
G-sets define an isomorphism M(SUT) = M(S) & M(T) and if one has a pullback diagram of G-sets

B

U——=S§

&J/ ia (1.1)

T——V,

B

then M, (B) o M*(&) = M* () o M (B) (see [4] for details).
By the additivity property, the Mackey functor M is determined by its restriction M : O(G) — Ab, where O(G)

is the full subcategory of G-orbits G/H, H C G. A particular role will be played by the G-function R,-1:G/H —

G/gHg™!, given by right translation by g~

€ G, namely
R,-1(aH) =aHg '= ag_l(gHg_l).

We shall often denote a H by [a]y. Observe that if S is a G-set and x € S, then the canonical bijection G/G, —
G/Ggx is precisely R,-1. Here Gy denotes the isofropy subgroup of x, namely, the maximal subgroup of G that
leaves x fixed.

Definition 1.2. Let M be a Mackey functor and let X be any pointed G-set (where the base point xo remains fixed
under the action of G). Define M = - M(G/H) and consider the set

FX,M)={u:X - M| u(x) € M(G/Gy),u(xp) =0, and u(x) = 0 for almost all x € X}.

One can write the elements u € F(X, M) as u = erx lyx, where I, = u(x) € M(G/Gy) (the sum is obviously
finite). F (X, M) is again a G-set with the left action of G on F (X, M) given by

(g 1)(x) = Mu(Ry-1) (u(g~'x)).

The G-set F (X, M) is indeed an abelian group with the sum u + v for u, v € F(X, M) given by (u 4+ v)(x) =
u(x) 4+ v(x) € M(G/G,). We shall denote by FY (X, M) the subgroup of fixed points of F(X, M) under the action
of G.

Definition 1.3. For each x € X, there is a homomorphism y, : M(G/G,) — F (X, M) given by y,(l) =Ix.
The group F (X, M) is characterized by the following universal property.

Proposition 1.4. Let A be an abelian group and for each x € X let ¢, : M(G/Gy) — A be a homomorphism, such
that ¢y, = 0, where xo € X is the base point. Then there exists a unique homomorphism ¢ : F(X, M) — A such that
@ o Yx = @x. In a diagram

M(G/Gy)—L~F(X, M)
@

Px v
A.

Proof. Take an element u = ), _ylix € F(X, M), where [, € M(G/Gy). Define p(u) =Yy ¢x(l). Clearly,
since the sum is finite, this is well defined and is unique. O

Definition 1.5. For each x € X, let y¢ : M(G/G,) — FY(X, M) be given by y° () = Z{F:l M (R,-1)(D)gix, where
{lg1],...[gx]} = G/G«. Clearly yxcj =0and yg();c = ny o My (Ry).

We have the following universal property of F© (X, M) with respect to the G-set X.
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Proposition 1.6. If A is an abelian group and there is a family of homomorphisms ¢, : M(G/Gy) — A, one for each
x € X, satisfying ¢x, =0 and g = @x © M (Ry), then there is a unique homomorphism ¢ : FS(X, M) — A such
that ¢ o )/XG = @x. Thus we have

)/G
M(G/Gy)—=FY%(X, M)

¢

¥x v
A

Proof. Let X/G = {[xq] | « € A} be the set of orbits of X, and take u € FY(X, M). Define ¢ by

o)=Y pr, (1(xa)).

aeA

Using the property of the homomorphisms ¢, , one can easily check that ¢ is well defined.
Clearly, any element u € F G(X, M) can be written as u = Zae A yxg (u(xy))- Using this fact, one can show that ¢
is unique. The commutativity of the triangles follows easily from the definition of ¢. O

Qeﬁnition 1.7. Let f: X — Y be a pointed G-function between pointed G-sets. For each x € X, we denote by
fx:G/Gx — G/G () the induced quotient function. We define a family of homomorphisms f,: M(G/G,) —

FO(Y,M) by f, = ny(x) o M,(fy) so that

m
[ =3 MRy 0 fo)(Dgif(x).
i=1
where G/G () = {lg1], ..., [gn]}. Since f(x0) = yo and G =0, then f,, =0. Since yg(j.(x) = ny(x) o M.(R,) and
clearly R, o fgx = fx o R, then fyr = fx o My (Rg). Therefore, by the universal property 1.6, this family determines
a homomorphism

8 FO (X, M) — FO(Y, M).

Therefore, X — FY(X, M) is a covariant functor from the category G-Set, of pointed G-sets to the category .Ab of
abelian groups.

Remark 1.8. Note that the previous definition of the functor F¢ (X, M) can be equally given for any covariant
coefficient system M.

Proposition 1.9. Given a Mackey functor M, the restriction of the functor X — FO (X, M) to the category O(G) is
naturally isomorphic to the covariant part M, of the Mackey functor M.

Proof. First observe that the mapping FG(G/H+, M) — M(G/H) given by u — u([e]n), where [e]y is the coset
eH = H € G/H, e € G the neutral element, is an isomorphism. Take H C K C G and let « : G/H — G /K be the
quotient function and R,-1:G/H — G/gH g~ ! be the right translation. We now need to show that the following
diagrams commute:

FO(G/HT,M)—=M(G/H) FO(G/H*, M)— =~ M(G/H)
afl lM*(a) (Rg_l)fi J/M*mgl)
FO(G/KT,M)—==M(G/K).  FG(G/gHg ", M)——> M(G/gHg ).

To see that the diagram on the left commutes, just observe that the inverse of the isomorphism on the top is given
precisely by y,_(l; :M(G/H) — F9(G/H*, M), as defined in 1.5, where H € G/H™ denotes the coset of the identity
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element in G, while the inverse of the isomorphism on the bottom is given correspondingly by yg . By definition
of ¥, the diagram

(z
M(G/H)—~FS(G/Ht, M)
M*(&ml af

M(G/K)?FG(G/KJF, M)

K

commutes, and clearly ¢y = o.
To see that the diagram on the right commutes, notice that since M (R,-1 [e]H) =1d, then by 1.7 (Rg—l)f ) y[f]H =

G G _ .G G_ .G _.G
V[g"]gHgfl . Now by 1.6, y[g"]g,,gfl = y[e]ngl o M (R,-1). Therefore, (R,-1) o Viely = ylelgﬂg—l o M« (Ry-1), thus
the diagram commutes. O

Definition 1.10. Let M be a Mackey functor and p: E — X a G-function between G-sets with finite fibers. We define
the transfer of p,
tp: F(XT, M) — F(ET.M) by 1,(u)(0)=M"(ps)(u(p(0)))

(and t,(u)(*) = 0). One can easily check that 7,(u) € F (E™, M). This transfer, in the generators y, (/) =Ix €
F(X, M) is given by

p (v (D) Zya,M*(paJ(l)
i=1

where p~1(x) ={ay, ..., an).
To see that this function is G-equivariant with respect to the action defined in 1.2, we have on the one hand

tp(g - u)@)=M*(pa)(g - u(p(@))) = M*(pa)M(Ry-1) (u(g ™" p(a))),
while on the other hand we have
(g 1p)(@) = Mu(Ry-1)(tp()(g ™' @) = Mu(Ry-1)M*(py-1,) (u(p(g~'@))).

Both terms are equal, since M*(p,) o My (Rg-1) = My(Ry-1) o M*(ﬁg—la), and this follows from the fact that the
square

R
G/Gy1,—~G/G,

ﬁg_lal/ lﬁn

G/G o1y 5> G/Gp@
8

is clearly a pullback diagram. Thus, by restriction, ¢, induces also a transfer
t§:FO(X*, M) — FO(ET, M).

The isotropy group G, acts on p~'(x) = {ai, ..., a,}, and the inclusion j: p~'(x) = p~!(Gx) clearly induces a
bijection j: p~1(x)/Gx — p~'(Gx)/G. Let {a, | t € T} C p~'(x) be a set of representatives one for each G -orbit
of p~1(x). Let ny (/) be a generator of F G(X*, M). Since its value on points which do not belong to Gx is zero, and
yXG (I)(x) = [, we have that

S M) =D rIM*(pa) V) € FO(ET, M). (1.11)
€T
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Remark 1.11. For any G-set S, let 8s: F(S, M) — FG(S, M) be given on generators by By, () = ny(l). This is a
surjective homomorphism. There is another transfer Lg :F9(XT, M) — FS(E*, M), which is studied in [2], given
by the commutativity of the diagram

FXt, M)—"— F(E*, M)
ﬂx#—l \Lﬂg-ﬁ—
FO(XT, M) — FS(E*, M).
-p

Equivalently,

SyE0) =D vIM* (pa) D).

i=1

It is clear that this transfer differs from the one given by (1.11).

Remark 1.12. Assume that p: E — X and g : X — Y are G-functions with finite fibers. Then one has that (q/o?)g =

dp(o) © Do Using this, one easily verifies that the transfer is functorial in the sense that tfo p= tl? o th .

Theorem 1.13. Let M be a Mackey functor for G and S be a finite G-set. Then there is a canonical isomorphism
Is:M(S)— FO(ST, M).

Proof. First observe that the functor F G(—*, M) sends finite disjoint unions to direct sums. Namely, consider S U T'

. . i J . r K
and take the inclusions ST < (SUT)* <> T* and the retractions St « (SUT)* — T, where r|s, s|7 are the
inclusions, and r(T') = s(§) = *. Then

FO(Sum™, M)=FOST, M)y® FO(TT, M),
where the isomorphism is given by w = (woi, wo j) = (¢;(w), t;(w)) with inverse (4, v) = uor +vos = if(u) +
-G
Ji ).
Let now S/G = {[o;]}, where i belongs to some finite set of indexes. Then S = |_|l- Go; and there is a canonical
G-bijection p; : G/ G4, — Go; givenby p;[g] = go;, and let B; : Go; < S be the inclusion. The isomorphism is given
by the following diagram of isomorphisms:

@i M(G/Gq) GBM;(/);) @iM(GU,‘) (M*;(ﬂi)) M(S)

@)’ggil I's
Y
G + = G + =
®; F (G/G(,i,M)—>@(pi)£ @D, FC(Go; ,M)H((ﬂi)f) FG(St, M).

We only need to remark that the vertical arrow on the left is an isomorphism by Proposition 1.9.
The isomorphism I's does not depend on the choice of representatives in S/G. Namely, let Go/ = Goj, then
alf =gjo;, and p,/ o Rgg = pi : G/ G4, — Go;. The assertion follows using this and 1.9. O

By 1.9 and the previous result, we have the following.

Proposition 1.14. The isomorphism I's: M (S) — FC¢ (ST, M) is natural with respect to the covariant structure,
namely, if o : S — T is a G-function, then the following diagram commutes:

M(S)—5~ FG(s+, M)

M, (oz)l iaf

M(T)TT)FG(T"', M).
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Lemma 1.15. Given a Mackey functor M and a G-function o« : G/H — G /K, then the following diagram commutes:

FO(G/K+, M)——> M(G/K)
tfi lM*(a)
FO(G/H*, M)—=M(G/H),

where the isomorphisms are given in 1.9.

Proof. It is enough to check it for the cases «: G/H — G/K, the quotient function, and for &« = R,-1:G/H —

G/gHg™". The first case follows readily, since &, = a, therefore we only have to prove the second case. Put
K =gHg ' Takeve F6(G/K*, M), sothat v([e]lgx) € M(G/K). Chasing v along the top and then down vertically
in the diagram, we arrive to the element M*(Rg_| Y(v([elk)) € M(G/H). On the other hand, observe that if @ = R,
and o = [e]y, then &, = id. Hence, chasing v down the vertical arrow on the left and then along the bottom of the
diagram we obtain

1§ ©)(1eln) = M @o) (v (Re-1 (€11)))
=v(g " '[elx)
= M.(Ro) (k).

The commutativity follows since M, (Rg)(v([e]k)) = M* (R,-1)(v([e]k))- To see this, just observe that the following
commutative diagram of bijections is obviously a pullback diagram.

G/H—9~G/H

Rgll lid

G/KT>G/H.
8
Hence M, (R,) = M*(Rg—l). ]

Proposition 1.16. The isomorphism I's : M(S) — FC (ST, M) is natural with respect to the contravariant structure,
namely, if o : S — T is a G-function, then the following diagram commutes:

M(T) > FG(7+ M)
M*(ot)l J/tac
M(S) ?FG(W, M).

Proof. First observe that the inverse of s is given by the transfers of the morphisms which define I's and the product
of the inverses of the isomorphisms V((;;U, . Therefore the result follows from the functoriality of M* and of the transfer

(see 1.12), and from Proposition 1.15. O
2. Function groups of simplicial G-sets

We denote by A the category whose objects are the sets 7 = {0, 1,2, ..., n} and whose morphisms f € A(m, n)
are monotonic functions f:m — n. Recall that a simplicial set is a contravariant functor K : A — Set; we denote
the set K (i1) simply by K,,. The function induced by f is denoted by fX: K, — K,,. Let A[q] be the simplicial set
A(—, q). We write | K| for the geometrical realization given by

K] =]_|(Kn x A"/~

n
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where A" ={(tg, t1,...,t,) € Rl |t 20,i=0,1,2,...,n,t0+1t +---+1t, = 1} is the standard n-simplex, and the
equivalence relation is given by (f K(5),1) ~ (o, fu(®)), 0 € K, t € A™. Here fu denotes the map affinely induced
by f in the standard simplices. Denote the elements of |K| by [o,¢],0 € K, and t € A".

Observe that fixing o € K,,, the map A" — |K| given by ¢ — [0, t] is continuous.

We say that a simplicial set K is pointed, if it is provided with a morphism (natural transformation) A[0] - K.
This means that each set K,, has a base point and that for each monotonic function f:m — n, the induced function
fX:K, — K,, is base-point preserving.

Definition 2.1. Let G be a finite group. A (pointed) simplicial G-set is a (pointed) simplicial set K such that G
acts on each K, and the action of every g € G determines a (pointed) isomorphism of K. In other words, it is a
functor K : A — G-Set,. This means that for every monotonic function f :/m — i the functions fX:K, — K, are
G-functions.

Definition 2.2. Given a pointed simplicial G-set K and a Mackey functor M, we define the simplicial abelian
group F(K,M) by F(K, M), = F(K,, M), where F(K,, M) is as defined in 1.2. The homomorphism induced
by f:m—nis f*K :F(K,, M) — F(K,,, M). Thus, in particular, F' (K, M) is again a pointed simplicial G-set.

Note that if K is a (pointed) simplicial G-set, then the geometric realization | K| is a (pointed) G-space (in fact, a
G-CW-complex). Thus, in particular, if K is a pointed simplicial G-set, then |F (K, M)| is a pointed G-space. On the
other hand, since | K| is a pointed G-space, F(|K|, M) is also a pointed G-space.

The proof of the following uses results of Milnor (see [9]).

Lemma 2.3. Let K be a simplicial G-set. Then the geometric realization |F (K, M)| is an abelian topological group
such that [v,t]+ [V, t]=[v+,t].

Proof. Consider the projections p;: F(K,M) x F(K,M) - F(K,M), i = 1,2, and the induced maps |p;|:
|F(K,M) x F(K,M)| — |F(K,M)|, and define n:|F(K,M) x F(K,M)| - |F(K,M)| x |F(K, M)| (here the
topology of the product is the k-topology; see next section) by
n[. v, t] = (Ipil[(v. V). 2] P2l [ (v, V). 1])
=([p1(, V). 1], [p2(v, V). 1])
= ([v. 1], v, 11).

By [9, 14.3], n is a homeomorphism. The group structure + in |F (K, M)| is then given by the diagram

|F(K, M)| x |F(1<,M)|L> |F(K,M)x F(K, M)|

n [l

’

|F(K, M)

where u: F(K, M) x F(K, M) — F(K, M) is the simplicial group structure. O

Let K be a simplicial set. An element o € K, is said to be nondegenerate if there is no T € K,_1 and no i =
1,...,n—1suchthat o = siK (1), where siK is the ith degeneracy operator of K. Moreover, the representative (o, t)
of an element in | K| is said to be nondegenerate if o € K, is nondegenerate and ¢t € A IfKisa simplicial G-set, then
these definitions extend to the simplicial set (group) F (K, M). It is a result of Milnor (see [9]) that for every element
o € K, there is a unique nondegenerate element ¢’ € K, and a unique function f:7 — m such that fX(¢’) = 0.
Moreover, every element [o, 1] € | K| has a unique nondegenerate representative (o', 1’).

We have the following results on nondegeneracy.

Proposition 2.4. Let K be a simplicial G-set. If (0, t) is a nondegenerate representative, then G5 = Gq 1]
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Proof. Clearly G5 C G, for all 0 € K,, and t € A". To show that G5, C G, recall (see [9]) that |K| is a
CW-complex, whose open cells are given by

K= |] e (&), 2.5)
oekK) ,n>0

where ¢, () = [0, t] and K, is the subset of K, of nondegenerate elements. Since the degeneracy operators are
G-functions, if o € K, is nondegenarate, then go is also nondegenerate.

Assume that (o, t) is a nondegenerate representative and that g[o, t] = [go, t] = [0, t]. Then by the above (go, t)
is also nondegenerate. Therefore, 5 (1) = @go () and so, by (2.5), go =0. O

Definition 2.5. Given a pointed simplicial G-set K and a Mackey functor M, we define the simplicial abelian group
FO9 (K, M) by FO(K, M), = F¢(K,, M), where F¢(K,, M) is as defined in 1.2. The homomorphism induced by
f :m — i is given by the homomorphism (fK)*G :FY9(K,, M) — F9(K,,, M) defined in 1.7.

Let K be a simplicial G-set. Then, for each t € A", the function K,, — | K| given by o — [0, t] is a G-function.
Thus we have for the isotropy groups that G, C Gs.,1]. Call §5r : G/ G — G/G|s, the quotient function.

Proposition 2.6. Let K be a simplicial pointed G-set. Then

(a) the groups F(|K|, M) and |F (K, M)| are naturally G-isomorphic, and
(b) the groups FO (|K|, M) and |FG(K, M)| are naturally isomorphic.

Proof. We prove (b). Define ¢’ : F¢(|K|, M) — |FY (K, M)] as follows. For each [0, ] € | K| (0, t) a nondegenerate
representative), let

V(o) : M(G/Glo)) > |FO(K, M)| begivenby 1+—> [y (1), 1].

Since by Proposition 2.4, G5 = G{4.4], this is well defined, and the universal property 1.6 allows us to define ¢'.
On the other hand, define v':|FC (K, M)| — FC(|K|, M) as follows. First recall from the proof of 1.6 that an
element u € F¢(K,, M) can be written as u = ZaeA yaGm (u(oy)), where K, /G = {[o4] | @ € A} is the set of orbits

of K,,. Consider the mapping F°(K,,, M) x A" — FC(|K|, M) given by
w, 1) Y v, (Mo, (1(0a)))-
aeA

This mapping depends only on the class of [u,?] € |FG(K, M)|; namely, if f:n — m is a morphism in A,
then it induces fX:K, — K,, and with it also (f¥)¢:F%(K,, M) — FY(K,, M), whose value on v =
ZﬂGA/ ygg (v(op)) € F(Kn, M) is given by

(fK)f(v) = Z V;;K(oﬂ)(M*(faI;)(”(Uﬂ)))'
BeA’
The elements
(77 1) = (X 7fs0y ) lop)))1) and (o 500)
BeA
represent the same element in | F© (K, M)|, and each maps to
Z y[?fl((gﬁ),t] (M*(éfK(aﬁ),[)M*(ngﬁ)(U(Gﬂ))) = Z V[?K(gﬁ),,] (M*(éfK(alg),t) o fgIE)(U(Gﬂ))
Bed’ Bed’

and

Z V[gﬁ,f#(t)](M*(‘}aﬂ,f#(l))(v(aﬂ))) = Z y[.(;K(gﬂ),t](M*(éaﬂ’f#(l))(v(o.ﬂ)))’
BeA’ BeA’
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respectively. These last two are equal by the commutativity of the following triangle:
G/G .

/Gy i

Ta G/ Gk op).11-

q (K (5,).
G/Gfk(a,ﬂ) f7(op)t

Therefore, foru =73, 4 yUGa (u(oy)), we define

V([ 11) =Y S 1 (Ma(Go,.) (u(0a))).
acA
Since the mapping F% (K, M) — |FO (K, M)| given by u [u t] is clearly additive, v’ is also determined by its
value on the generators u = (l) namely by v/’ ([y D, t]) = Yo, t](M* Go.)D)).
We now show that the maps ¢’ and ¥’ are inverse to each other. Take a generator 2 z](l) € FO(|K|, M), where

[ # 0 and [o, t] is nondegenerate. Then /¢ ()/0 . )=y’ [yUG ), t]= Yo, t] (1), the last equality follows since [, 7]
is nondegenerate. Hence

Yogp =1.
On the other hand, take an element [Zae A y(,a (Us,), t1 € |F G(K,M )|. We may assume that the representative of

this element is nondegenerate, so that t € Al

For each oy, there exists a unique nondegenerate o, such that o, = sX (5), where s¥ is a composite of degeneracy
operators. Therefore, [0y, 1] = [0, s#(t)] where the right-hand side is given by a nondegenerate representative. Now
consider

W/([Z)/GG&(ZJQ)JD Zgoyaa M*(q(,a,)(l%))

aEA aeA

= Z[y(fj; (Mi(Gor)U,)) 58(1)]

aEA

= Y 165) TS (Mo, ) Us) 1]
aeA

=2 [k o) (M (35,) Mg, 1) U, ). 1]
a€EA

=Y [¥S (o). 1] [Zy%(laa) t]
aeA aeA

where the next to the last equality follows from the fact that § f, © oyt =1dG/G,, - Thus

¢ oy =1.
The proof of (a) is similar, defining ¢ : F(|K|, M) — |F(K,M)| and ¢ : |F(K, M)| — F(|K|, M) using the homo-
morphisms y and the universal property 1.4. 0O

3. Topology for the function groups

We shall work in the category of k-spaces. We understand by a k-space a topological space X with the property
that a set C C X is closed if and only if f~'C C K is closed for any map f:K — X, where K is any compact
Hausdorff space (see [17]). There is a functor that associates to every topological space X a k-space k(X) with the
same underlying set and a finer topology defined as before. Thus the identity k(X) — X is continuous and a weak
homotopy equivalence. Instead of the usual topological product, we shall take its image under the functor k; we shall
use the same notation x for it. This category has the following two useful properties [17]:
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1. If X is a k-space and p: X — X’ is an identification, then X’ is a k-space; and
2. if p: X — X' and g :Y — Y’ are identifications between k-spaces, then p x g: X x ¥ — X’ x Y’ is an identifi-
cation.

Observe that this category includes Steenrod’s category of compactly generated Hausdorff spaces, as well as the
category of weak Hausdorff k-spaces [10]. Thus, in what follows, space will always mean k-space.

Let now X be a pointed G-space and M a Mackey functor. In this section, we shall define the topology of the
function groups F (X, M) and FC(X, M) and prove that induced homomorphisms and transfers are continuous. We
start by considering the special case, where the G-space is the geometric realization | K| of a simplicial G-set K.

In order to define a topology on F(|K|, M), consider

Fy(IK|, M) ={u e F(IK|, M) | u(x) # 0 for at most n values of x € |K|}.
Take
P(IK|,M)={(,x) |l e M(G/Gy)} C M x |K|

with the relative topology (M is discrete), and the nth power P(|K|, M)". There is a surjection wu, : P(|K|, M)" —
F,(|K|, M) given by

Uvn((ll, X1)s .oy Un, xn)) =yt +yo, ) =hxi + -+ Lixn.
Give F,(]K|, M) the identification topology. By Property 1 of the category of k-spaces this is a k-space.

Definition 3.1. Let K be a simplicial pointed G-set. As a topological space,
F(IK|, M) U Fu(IK |, M)

will be provided with the weak (union) topology, so it is clearly a k-space. Moreover, by Property 2 of the category of
k-spaces, the continuous map

P(IK|,M)" x P(IK|,M)" > P(IK|, M)’"*" Homn, Fusn(IK|, M) C F(IK|, M)
given by
s((x0)s ooy G xm))s (A x D Gy x)) = (A x D), ecy (s Xi), (G X0, <o (1, x7))
induces in the identification space a continuous map
Fu(IK|, M) x F,(IK|, M) — F(IK|, M),
which defines in the union the sum. Hence
+:F(IK|,M) x F(IK|,M) — F(|K|, M)
is a continuous map and so F'(|K |, M) is a topological abelian group.
In short, for the geometric realization |K| of a simplicial G-set K, we can give F(|K|, M) the identification
topology of the map
" |_| (IK|, M))" — F(IK|, M).

Similarly, we may define on F¢(|K|, M) the identification topology of the map
W |_| (IKI,M))" — FE(IK|, M),

where /(I x1, ... L xn) = Y01 vE (i), and ¥ :M(G/Gy) — FE(IK|, M) is as in Definition 1.5. Thus
FO(|K|, M) is also a k-space, and we can also show in the same way as above that it is a topological abelian group.
We have the following.
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Proposition 3.2. Let K be a simplicial G-set and let Bk|: F(|K|, M) — FS(IK|, M) be given on generators by
Bk (lx) = ny (1). Then FC(|K|, M) has the identification topology given by the surjective map Bik|-

Proof. This follows from the commutativity of the diagram

LI, (P(IK1, M))"

n

/

”w

F(|K|,M)W>>FG(|K|,M). O

The following result is the topological counterpart of 2.6.
Proposition 3.3. Let K be a simplicial pointed G-set. Then

(a) the group isomorphisms
¢:F(IK|,M)— |F(K,M)| and +:|F(K,M)|— F(IK|, M)

are continuous, and
(b) the group isomorphisms

¢ FO(K|,M)— |FO(K,M)| and ' :|FC(K,M)|— FO(IK|, M)

are continuous.

Proof. To prove that ¢ is continuous, it suffices to consider the diagram
k k k
<P<|_|n K, x A", M)) — (|_|n P(K, x A", M)) -~ (|_|n F(K,, M) x A")
¥

(P(1K |, M))* |F(K, M)

Fi(IK|, M)

where the top arrow maps
(. o1, 1)), s (ks (k1)) 10 (Yo, T 1) -+ (Vo () 1)),
I; € M(G/G,,), which is clearly continuous, while the bottom composite maps
(Lo t1])seos (ks foks ) t0 [Voy (L) ti ]+ -+ + [Vor () 2]

the vertical arrow on the left maps

(b @1 10) - (I (0. 10))) 0
(M (oy,) D) [o1, 1), - - oy (M (G ) (i), [ok, 1))
and the vertical arrow on the right maps
(o1, 1), ..., kow, 1)) 10 [y, (), 1] + -+ + [Vo, i), 1]
In order to verify the commutativity of the diagram it is enough to check that
@ (M Go.)UDlor, 1]+ -+ MGy ) GO0k, 1) = [Voy (D) 1] + -+ [V (i) 1]

To do this, write each [oj, ;] as the class of a nondegenerate representative [0{ ,ti/] and for simplicity, llf =
M, (§o;,;;)(1;). Therefore, for each i there are d:7 — 7, s:7 — m, r <n, m <r, such that t; = dy(t/"), d¥(o;) =
sk (o)), and t] = s(t]), 1t € A @d¥isa composite of some face operators, and sX is a composite of some degener-
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acy operators). Thus ¢ (/{[o1, 1]+ - + [ [ox, t]) = @ o], t{14 -+ o), 111) = [y (1)), 114+ [y (1)), 11].
We will show that for each i, that [y, (I]), /1 = [¥s; (1), 1;]. We have
[Vor (). 1] = [voy 0. s4t])]
=[(s7), (v D). 1]
= [Var @) (M (8)) MG, 1,) (1)) 1] ]
= [Vak (o) (M (55, 0 Go,.;;) (D). 1]
On the other hand
[vo: i) 1] = [vor (i), du(r])]
[(@"), (e ). 1]
= [V o (M(dg; ) 1)) 1]].

But c?ol.f = §§/ ©qo;.1;:G/Go; = G/ Gk 5y = G/ Gy, since both are quotient functions and Gk ;1) = G,/ because
K
s

is injective.
In order to check the continuity of 1, it is enough to consider the diagram

P(K,, M)™ x A" —— P(|K|, M)"
v
LI, (FC(Ky, M) x A")

v

|FO(K, M)|—— FO(IK|. M),
where the top arrow is given by

((l],O'],...,lm,O'm),t) — (l], [o1,t], ..., L, [am,t]),

which is continuous.
To see that ¢’ and v are continuous it is enough to consider the commutative diagrams

F(KI,M)—Y|F(K,M)| and |F(K,M)|—'—=F(K|, M)

e o o

FO(IK|, M) — = [FO (K, M)| |FOK, M)|— 7= FO(IK|, M),
where the vertical arrows are identifications. 0O
In order to define the topology of F (X, M) and F° (X, M) for an arbitrary G-space X, we shall need the following.
Definition 3.4. Let G be a finite group and X a pointed G-space and let S(X) denote the singular simplicial set of X
given for each g by
S;(X) = {(7: Al — X |ois amap}.

Then, in fact, S(X) is a simplicial pointed G-set with the usual simplicial structure. There is a natural G-map
px :|S(X)| — X given by px[o, t] = o (t). We may consider the group F (|S(X)|, M) and the group F%(|S(X)|, M).
The homomorphisms

px«: F(|S(X)|, M) — F(X,M) and (px)?:F°(|S(X)

,M) — FO(X, M)

are clearly surjective. Then give both F (X, M) and FY (X, M) the respective identification topology.
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We have to verify that this topology reduces to the one defined previously, in the case of X = |K|. We need the
following.

Lemma 3.5. Let K be a simplicial G-set. Then the canonical map p|k|:|S(|K|)| = |K| is an identification.

Proof. Consider the map i :|K| — |S(|K|)| given by i[«, t] = [0y, t], Where o, : A" — |K| is defined by o, (s) =
[, s]. One can easily check that this map is well defined and continuous. The composite pjg|oi:|K| — |K]| is the
identity, since p|k|ilo, t] = pjk|[0«, t] = 04 (t) = [, t]. Therefore, p|k| is a retraction and so it is also an identifica-
tion. O

Proposition 3.6. Let K be a simplicial pointed G-set and assume that F(|K|, M) and F¢(|K|, M), as well as
F(IS(K )|, M) and FC(|S(IK|)|, M), have the topology given in 3.1. Then the maps

pixl: F(IS(IKI)
Pl FO(S(KN)| M) = FO(IK |, M)

M) — F(IK|, M),

are identifications.

Proof. We just prove the first case, since the second is similar. Consider the map px|: |S(|K|)| = | K|, which by 3.5
is an identification. We have a commutative diagram

Ll P(IS(KIN)|. M) —=L, P(IK|. M)"

F(S(KD]. M) 5 F(IK1. M)

where the top arrow is defined by the identification p|g| and, therefore, it is also an identification (since we are working

in the category of k-spaces). Hence, the bottom arrow is an identification. O

Therefore, we have two different ways to describe the topology on F (| K|, M); namely, as in Definition 3.1 or as
in Definition 3.4. Thus the topology of F'(|K|, M) for the geometric realization | K| of a simplicial G-set K is well
defined.

Once again, as in 3.2, for the general case we have the following.

Proposition 3.7. Let X be any G-space and let By : F(X, M) — FS(X, M) be given on generators by Bx(Ix) =
ny (I). Then FS (X, M) has the identification topology given by the surjective map Bx.

Proof. Just consider the following commutative diagram

F(|S(X)|, M) Pscy FO(|SX)
pX*i Lpg*

F(X, M)T>FG(X, M),

. M)

where the top arrow is an identification by 3.2, the right arrow is also an identification by definition. Therefore the
bottom arrow is also an identification. O
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Remark 3.8. The groups F(X, M) and F¢(X, M) are topological groups. This follows from the commutativity of
the next diagram.

F(ISX)|, M) x F(|S(X)|, M) —=F(|S(X)|, M)

pX*XpX* L'OX*
F(X,M)x F(X,M)——F > F(X, M)
ﬂxxﬂxi iﬂx

FO(X, M) x FO (X, M) —F—— FG(X, M).

In order to show now that the topological groups F (X, M) and F G (X, M) are indeed functors of X we have the
following.

Proposition 3.9. Let f: X — Y be a continuous G-map of pointed G-spaces. Then
fe: F(X,M)— F(Y,M) and fC:FS(X,M)— FO(Y, M)

are continuous homomorphisms.

Proof. Let S(f):S(X) — S(Y) be the map of simplicial G-sets induced by f. We have the following commutative
diagram.

|F(SC), M)| B2 | F(s(r), )|

v|= =y
F(lsx)|, M) 2Pk p(1s(v)|, M)
Pxy Py«

F(X.M)— > F(v, M)
Bx By

FO(X, M)TFG(Y, M).

Since the top map is continuous and the maps i are homeomorphisms by 3.3(a), the map |S(f)|« is also continuous.
Moreover, by 3.4, the maps px, and py, are identifications. Hence f; is continuous. By 3.7, the maps By and Sy are
identifications, therefore, f*G is also continuous. O

Recall the definition of the transfers
tp: F(XT,M) — F(E*,M) and tJ:F°(X*,M)— FO(ET, M)
given for finite-to-one maps p: E — X in 1.10. We now study its topological counterpart.

In what follows, we shall prove that if p: E — X is an n-fold G-equivariant covering map, namely an ordinary
covering map, such that E and X are G-spaces and p is G-equivariant, then ¢, is continuous on F'(X, M) and tz(v; is

continuous on FY (X, M). To that end we shall need the simplicial map

S(p):S(E) = S(X).
For every n, the G-function S, (p):S,(E) — S,(X) is n-to-one, since every k-simplex o : AX — X has exactly n
liftings o; A > E i=1,...,n.Hence S, (p) has transfers (see 1.10)

15, F(Sn(X)T, M) — F(Su(E)", M),

1§y FO(Sa(X), M) — FO(S,(E)Y, M).
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Proposition 3.10. The homomorphisms ts, () and tgn(p) define maps of simplicial sets

tsp) F(SXOT, M) — F(S(E)", M),
1§, FO(SCOY, M) — FO(S(E)*, M).

Proof. We prove the second part. Let f :m — n be a morphism in the category A. Consider the diagram

FO(S,(X), M) FO(S,(X), M)

G G
lsn (P)i itsm ()

FO (82 (E), M) 5z O (S (E), M),
To see that it commutes, take a generator y,; G() e F9(S,(X), M). Using the formula (1.11), we have

(SE); 1§ e )= VfGS<E>(&L)M*(fS(E)&l)M*(8" (P)z,) D),

el
where S, (p) "' (0)/ G4 = {[6,] | t € Z}. On the other hand,
tg”(p)(fs(x) (l) Z Vf‘S(E)(o/) S (P)fS(E)(g )) *(fs(x)a)(l),
eT’

where S, (p) "1 (f5X(0))/ G s oy = {6011V €T}
We show that both composites coincide. On the one hand,

M. (fS B )M*(Su(P)z,) =M™ (Sn(P) psiors ) Ma(£5X,)
by the pullback property of the Mackey functor. On the other hand, there is a bijection between
-1 _
(Sai() " (©)/Gy and  Su(p) ' (F5X0))/G rs0 (o)

induced by 6, — 6, 0 fy = fS"(E) (6,). This follows from the fact that the orbits G, = G, /G5 and Gfs,, X (o) (6,0
fu) = Gfsn(x>((,)/G5LOf# are isomorphic, since G5 N G50, = G5,, which follows easily, since p: E — X is a G-
equivariant covering map.

The proof of the first part is similar but much simpler. O

Remark 3.11. The transfers Lgn o F G6(S,(X), M) - FY(S,(E), M) determine also a map of simplicial sets
ch;(p) :FO(S(X), M) — FG(S(E), M), as follows easily from the first part of the previous result.

Proposition 3.12. Let p: E — X be an n-fold G-equivariant covering map. Then

(@) 1,: F(XT, M) — F(Et, M) is continuous, and
(b) t[? :FO(XT, M) — FC(ET, M) is continuous.

Proof. We prove (b). It follows from the fact that the following diagram commutes:
|FO(S(xH), M)| =2~ ") |FG(S(ET), M)|
V= Eik/f
FO(|S( M) FO(|S( M)

(pX”*Gi i(pﬁ)f

FG(X+,M)T>FG(E+,M).

P
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Since the vertical arrows are identifications and the top arrow is continuous by Proposition 3.10, so the bottom arrow
is continuous too.
The proof of (a) is similar. O

Remark 3.13. Since 1§ o Bx+ = fg+ o1, F(X*, M) - FO(E*, M) and Bx+ and g+ are identifications, the
transfer Lg :F9(X*,M)— FC(E*, M) is also continuous.

The functors F(X, M) and FC (X, M) are homotopy invariant. Namely, we have the following.

Proposition 3.14. If fo, f1 : X — Y are G-homotopic pointed maps, then

@ fox, fix: F(X, M) — F(Y, M) are homotopic homomorphisms, and
) £8, f5:FS(X, M) — FO(Y, M) are homotopic homomorphisms.

Proof. We prove (b); (a) is similar. Let H: X x I — Y be a pointed G-homotopy from fp to fi. Define a homotopy
H by the commutative diagram

FOX,M)x I1- 2 ~FGy, M)

o HG

FO(X x I, M),

where &(yXG D, = y(g 9 (). The function & is continuous since it is induced by the continuous map « : |S(X)| x [ —
|S(X x I)| given by «([o, s], 1) = [0y, 5], where 0 € S, (X), s € A", te€l,and os(s) = (0 (s),1). Hereby we are using
the description of the topology of F¢ (X, M) given in 3.4. Then H is a pointed homotopy from foi to fli. m|
Definition 3.15. Let G be a finite group, X a G-space and M a Mackey functor for G. Define
HY (X: M) =y (FO(XT, M)).

These are homotopy invariant groups.

Propositions 3.9 and 3.12 show that X — FY(X*, M) is a bifunctor on G-Top in the sense that continuous G-
maps f:X — Y define continuous homomorphisms (f )¢ : F¢(X*, M) — F(Y*, M), and n-fold G-equivariant

covering maps p: E — B define continuous homomorphisms tl(,} :FO(X*, M) — FO(E*, M). By using Proposi-
tions 1.14 and 1.16, we have the first main theorem of this paper.

Theorem 3.16. The bifunctor FC (=, M) on G-Top restricted to the category G-Setgy is naturally isomorphic to
the Mackey functor M. Therefore, the group functors Hg (X; M) restricted to the category G-Setg, are naturally
isomorphic to the Mackey functor M, when g = 0, and 0 otherwise.

4. The second main theorem
The second main theorem of this paper is the following result.

Theorem 4.1. Let M be a Mackey functor and X a pointed G-space of the same homotopy type of a G-CW-complex.
Then the homotopy groups
HZ (X; M) =7, (FO (X, M))

are naturally isomorphic to the (reduced) Bredon—Illman G-equivariant homology groups I:IqG (X; M) with coeffi-
cients in the covariant part of M.
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In what follows we shall prove this theorem.
Let A be a simplicial abelian group. Recall that the g-homotopy group of A is defined by

7 (A) = Hy (N (A), d),

where N(A), = A, Nkerdy N --- Nkerd,_; and 5q = (=1)7dy; here d; is the ith face operator of A. On the other
hand, A can be seen as a chain complex, with 9: 4, — A, given by Y7_,(—1)d;.
We have the following result (cf. [9, 22.1]).

Proposition 4.2. The canonical inclusion of chain complexes N (A) — A induces an isomorphism in homology.

Proof. The chain complex A is filtered by chain complexes A”, where
AL ={ue Ay 1di(u) =0, 0<i <min{q, p}}.

The canonical inclusion i” : APT! < AP is a chain homotopy equivalence with inverse r” : A? — AP*! given by
r?(u) =u —spd,(u), where s, is the pth degeneracy operator of .A. Obviously, 7” o i? =1 4p+1; conversely, i¥ o r?
is chain homotopic to 1 4» via the chain homotopy A : A} — Af; 41 given by
0 ifg < p,
P(y) —
o) = { (=DPsyw) ifgzp. ©

Definition 4.3. For a pointed G-space X, let 'Z:]G(X ) be the set G-maps T : A x G/H — X, where G acts only on
G/H, and let Ty: A x G/G — X be the constant map with value the base point of X. Now let M be a Mackey
functor. Define

F(TP(X). M) ={v: TF(X)—> M | if T:A? x G/H — X
then v(T) e M(G/H), v(Ty) =0, v(T) =0 for almost all T € ’Z;G(X)}.
One easily sees that the groups f(']'qG(X), M) are exactly Illman’s groups 6qG(X; M,) [6, Def. 3.3], where M, denotes

the covariant coefficient system associated to the Mackey functor M. As Illman does, we say that the generator /T is
related to I'T’ if there exists a G-function « : G/H — G/H’ such that the following diagram commutes

id xa

Al x G/H X% A1 < G/H'

S

and I’ = M, (a)(l) € M(G/H’). Divide the group F (TqG (X), M) by the subgroup generated by the differences /T —
I'T’ where either [T isrelated to I’T” or I’T’ is related to [T, as well as by all elements /T suchthat T: A x G/H — X
is constant with value the base point *, to obtain the group F ’(’Z;G(X ), M).

Lemma 4.4. The simplicial group F G(S(X), M) and the graded group F' (TG (X), M) are chain complexes.

Proof. Since FO(S(X), M) is a simplicial abelian group, then by [9] it can be regarded as a chain complex with the
differential

q
. ; G
89 : FO(8,(X), M) — FO (S, 1(X), M) givenby 3¢ =) (-1)(d?),,
i=0
where dlfs 1§y (X) — S4-1(X) is defined by dlfs(a) =0 od;s.
Now let §; : F/(’TqG(X), M) — F’(’Z:ﬁl(X), M) be the homomorphism given by 8;[IT] = [IT"], where T : A9 x
G/H — X,and T': A97! x G/H — X is given by T' = T o (di# x idg,i). Then we have the differential

q
3y : F'(T,0(X), M) — F'(T,°(X), M) givenby aq=Z(—1)la,-. o
i=0
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In fact, the chain complex F'(TY(X), M) is identical to Illman’s chain complex SO (X, *; M) (cf. [6, p. 15D.
Then we have the following.

Theorem 4.5. The chain complexes F'(T(X), M) and F¢(S(X), M) are isomorphic.

The proof of this theorem requires some preparation.

Let X be a pointed G-space. We shall show that the groups F’ (’Z;G (X), M) have the universal property of Proposi-
tion 1.6(a) with respect to the G-set S, (X). Namely, take for each o € 5, (X) the homomorphisms v, : M(G/Gs) —
F’(’Z;G(X), M) given by v () = [IT5], where T, : A1 x G/ G, — X is defined by 75, (¢, [g]) = go (¢). Then, for the
base point op € S;(X), vy, =0 and vge = vy 0 M (Rg). Thus the universal property of F’(?;G(X), M) is given by
the following.

Proposition 4.6. If A is an abelian group and there is a family of homomorphisms fs: M(G/Gs) — A, 0 € §4(X),
satisfying foo =0 and fgo = fo o My(Ry), then there is a unique f : F'(TY(X), M) — A such that f o vy = fy.
Thus we have

M(G/GU)LF’(T(IG(X), M)

f

fo '
A.

Proof. Givena G-map T: A x G/H — X, define o7: A1 — X by or(t) =T (¢, [e]p), Where e € G is the neutral
element.

Define f: F'(TC(X),M)— A by flIT] = for, M«(p)(I), where p:G/H — G /G, is the quotient function. To
show that this is well defined, suppose [T is related to I’T’. We consider two cases.

We assume first that H C H’ and that «:G/H — G/H’ is the quotient function. Then 7’ o (idx &) = T,
thus T(¢, [glu) = T'(t, [gly), and I' = M, («)(]). Notice that o7 = o, so that we have H C H' C G, and so
p' oo = p. Therefore, f[I'T1= fo, Ms(p)Mi(a)(1) = for Ms(p)() = fUT].

Now assume that H' = gHg ™' and « = R,1:G/H — G/H'. Then o = gor, p'o Ry-1 = Ry-10op,and I’ =
M. (R,-1)(). Hence f[I'T'] = fo, Mu(p)Mi(Rg-1)() = foor Mi(Rg-1)Mi(p)() = for Ms(p)() = fUIT].

Clearly, f is the unique homomorphism such that f o v, = f; forallo € §;,(X). O

Proof of Theorem 4.5. The isomorphism 8: F'(7,0(X), M) — F©(S,(X), M) provided by the universal property
proved above, is given by
[IT]1— v (Mu(p) D).

where T: A x G/H — X, p: G/H — G /G, is the quotient function, and [ € M (G/H). In order to show that § is
a chain map, consider the following diagram:

FI(TE (X), M) —E—~ FO(S,(X), M) @.7)

a,i l(df)f

F(TC (X), M) L~ FO(5,1(X), M).

By Definition 1.7, we have that (dl.s)*G o y[g = deS ) M*((dl.‘s)GT). Now consider a map T: A7 x G/H —

(o7)
X; since o7 : A? — X is given by or(t) = T (¢, [e]n), then a} = dlfS(UT). Furthermore, the following diagram is
commutative:

G/H
\q
pl G/G o =G/ Gys -

=
G/Gyp @),
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Using this, we can write the value of (dl.s)f o  on a generator [[T] in F’(TqG (X), M) as follows:
(af)] BUT1 = (d) ] v Ma(p)(D)
=75 oy Mo (@), )M PO
= Yo, M@ ().

Therefore, diagram (4.7) commutes. Since 9 as well as 9 are linear combinations of the operators (dl.s )f and §;,
respectively, then 8 is a chain map. O

Proposition 4.7. Let X be a pointed G-space of the same homotopy type of a G-CW-complex. Then p:|S(X)| - X
given by plo, t] = o (¢) is a G-homotopy equivalence.

Proof. Let H C G be any subgroup. Note first, as already mentioned before, that the identity induces a homeo-
morphism |K | ~ |K|H for any simplicial G-set K. On the other hand, one also has a canonical isomorphism of
simplicial sets S(X) = S(X)" . We have that the map p: |S(X)| — X, being natural, is a G-map. By the naturality
of the map p, it restricts to pg : |S(X )| — X*, which by a theorem of Milnor is a homotopy equivalence. Therefore,
the map p : |S(X)|? ~ |S(XH)| — X is a homotopy equivalence for every H C G. Then, by a result of Bredon
[3, II(5.5)], p is a G-homotopy equivalence. O

Note that a nice consequence of the previous result is the following.

Proposition 4.8. Let X be a pointed G-space of the same homotopy type of a G-CW-complex. Then F° (X, M) has
the same homotopy type of a CW-complex.

Proof. This follows from 3.3, 4.7, and the homotopy invariance 3.14. O

Proof of Theorem 4.1. We shall give an isomorphism
HE (X; M) = Hy(FO(Sy(X), M)) —> 74 (FO (X, M)) = HS (X; M).
Here the left-hand side is the Bredon—Illman (reduced) homology of X, and the first isomorphism follows from the
natural isomorphism of Theorem 4.5.
To construct the arrow, we shall give several isomorphisms as depicted in the following diagram.
Hy (FO(S(X), M)) <274 (FO(S(X0), M) —£= 74 (S(| FE(S (0, M)))
=

M) < —mg (| FO(S(X). M)]).

v ~
7 (FO (X, M)) <~ T (FO(|SX)

By Proposition 4.2, i, is an isomorphism. In particular, this shows that every cycle in H G(X; M) is represented by a
chain u, all of whose faces are zero. We call this a special chain.

The homomorphism ¥, which is given by ¥ (u)[¢] = [u, t], where u is a special g-chain and ¢t € A?, is an isomor-
phism, as follows from [9, 16.6].

In order to define @, we must express ¥ (1) as a map y : (Alq], A[q]) — (S|IFE(S(X), M)|, %). By the Yoneda
lemma, y is the unique map such that y (§,) = ¥ (u), where §; =id:g — ¢. The homomorphism @, defined by
DlyIlf,s]1=y(f)(s), for f € Alg], and s € A", is given by the adjunction between the realization functor and the
singular complex functor (see [9, 16.1]).

That v, is an isomorphism follows from Proposition 3.3. Finally, the homomorphism (o), is an isomorphism by
4.7and 3.14. O

Chasing along the diagram and using the homeomorphism |A[g]| — AY given by [ f, t] — f#(t), one obtains the
following.
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Corollary 4.9. The isomorphism H,(F G(S(X), M)) — gy (F G (X, M)) sends a homology class [u] represented by
a special chain u =7, yGGa (u(ow)) to the homotopy class [i] given by u(t) =), )/UGa(I)(M>|< (pa)(u(oy))), where
Pa:G/Gg, = G/Gg, ) is the quotient function and S(X)/ G = {[og]}.

In [11, IX.5.2] it is proved that whenever the coefficients of a Z-graded G-equivariant homology theory can be
extended to a Mackey functor, then the grading can be extended to an RO(G)-grading (see also [7]). Therefore we
have the following:

Theorem 4.10. The grading of the theory H*G(—; M) can be extended to an RO(G)-grading.

Example 4.11. We shall give here the example of the previous constructions for the Mackey functor My, where
L is a G-module. We define M;(G/H) = LY. Let H C K and ¢:G/H — G/K be the quotient map. Then
(Mp)+(q): L — LX is given by (M)«(q)(1) = Y_i_, kil, where K/H = {[k;1}\_,. Moreover, (M1)*(¢q):L¥ —
L* is the inclusion.

On the other hand, let R,-1:G/H — G/gHg™" be right translation by g~'. Then (Mp),(R,-1): L — L8Hs"
is given by (ML)« (R,-1)(I) = gl. Moreover, (M1)*(Rg-1): L8Hs™" - [H 5 given by (ML)*(Ry-1)(1) = g1

Let X be a pointed G-space. The group FC (X, M;) consists of pointed almost-zero G-equivariant functions
u:X — M; = L. Hence, algebraically, this group is equal to the group F¢ (X, L) defined in [1]. However, as a
topological group FC (X, M) need not be equal to F¢ (X, L), since their topologies are given in very different ways.
They only have the same homotopy groups, since they both yield they same equivariant homology theory. Therefore,
they are homotopy equivalent, because their Postnikov invariants are zero.

1

5. Mackey functors of R-modules and homological Mackey functors

We start this section by recalling what is a morphism between Mackey functors. Let M and N be Mackey functors
for the finite group G. A morphism from M to N is a transformation ¢ : M — N, that is natural with respect to both
the covariant and the contravariant structures. Namely, if f:S — T is a G-function between G-sets, then

o1 o My (f) = Nu(f) o ps: M(S) —> N(T),
N*(f) o pr = g5 0 M*(f): M(T) —> N(S).

Let X be a pointed G-space and ¢ : M — N a morphism of Mackey functors. We have the following.
Proposition 5.1. Let X be a pointed G-space. If ¢ : M — N is a morphism of Mackey functors, then <p*G (FO(X, M) —
FSG (X, N) is a continuous homomorphism of topological groups. This converts M +— FY (X, M) into a covariant
functor from the category of Mackey functors for G to the category of topological abelian groups.

Proof. The naturality of ¢ guarantees that the induced function
Gn: FO(S(X), M) — FO(S(X),N),
given by §5n(J/UG ) = )/f (96,6, (1)), determines a morphism ¢ of simplicial groups. Therefore ¢ determines a con-
tinuous homomorphism
161:|FO(S(X), M)| — |FO(S(X), N)|.
Using the isomorphisms of Proposition 3.3, one easily verifies that |¢| corresponds to the homomorphism

9l FO(|IS(X)|, M) — FO(|S(X)], N);

hence this is continuous. Since F¢ (X, M) and F° (X, N) have the identification topology induced by the maps (o X)f,
the result follows. O

Let R be a commutative ring with one. We shall consider Mackey functors with values in the category R-Mod
of left R-modules. Thus, each r € R behaves like morphism r : M — M between the underlying Mackey functors of
groups. By Proposition 5.1, we have the next.
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Corollary 5.2. Let X be a pointed G space and M be a Mackey functor with values in R-Mod. Then F¢ (X, M) is
a topological R-module. Thus X — FC(X, M) is a functor from the category of pointed G-spaces to the category of
topological R-modules.

Remark 5.3. It is not difficult to verify that all results in the previous sections hold as well for Mackey functors with
values in R-modules.

In what follows, we shall always assume that M is a Mackey functor for a finite group G with values in R-Mod.
Let now p:E — X be an n-fold G-equivariant covering map. We shall compute the composite pf o th2

FS(X+, M) — FY(X*, M), which will have a nice formula when M is a homological Mackey functor. To start,
recall that the transfer t[(,; is the restriction to FO (X, M) of the transfer tp: F(X +,M) - F(E*, M), which for
monomials is given by

tp(x) = Z M*(pa)(Da wherel € M(G/Gy). 5.4
aep=(x)

Let y9 (1) be a generator of F¢(X*, M). Then

pCtS(ye W) = pSi§ (Z Mi(R )<l>g,~x>

i=1

= pf(Zr,,G (M*<Rgi-1><l>g,~x)>.
i=1

Using (5.4), the last term is equal to

pf(Z > M*(ﬁa>M*(Rgi1>(z>gix>.

i=laep=l(gix)

By the definition of p*G , we get the following.

Proposition 5.4. Let M be a Mackey functor and let p: E — X be an n-fold G-equivariant covering map. Then
PItS(rE D) =Y ¥iae (Ma(Pa ) M* (Pa ) Me(R -1 (D)),
kekK b
where p~'(Gx)/G = {[ac] |k € K} and p(a,) = 8i X

Definition 5.5. A Mackey functor M is said to be homological if whenever K C H C G and ¢: G/H — G/K is the
quotient function, one has M, (q)M™*(q) = [H:K], that is, multiplication by the index of K in H.

Remark 5.6. Thévenaz and Webb [16] call such a Mackey functor a cohomological Mackey functor, since they
consider as the transfer the covariant part, contrary to what we do.

Coming back to the formula of Proposition 5.4, if M is a homological Mackey functor, then the composite
M. (pa,)M* (P, ) is multiplication by the index [G p(4,):Gq, ] Since ypG(aK)(M*(Rgﬂ 1)) =L (), by 3.16 we have

the next.

Theorem 5.7. Let M be a Mackey functor. Then the formula
ity (rE ) = Y[ pa:Galrd O,
keK

where p~1(Gx)/G = {[a,] | k € K} and p(a,) = 8i X, holds for every n-fold G-equivariant covering map p: E — X
(n > 0) if and only if M is homological.
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Assume now that our base ring R is a field k. Thévenaz and Webb [16] prove that a Mackey functor M for G with
values in k-vector spaces, such that the field k has characteristic zero or prime to |G|, is homological if and only if M
is the fixed point Mackey functor M} of some kG-module L. That is M(G/H) = L. Using this and 5.7, we have
the following.

Theorem 5.8. Let M be a Mackey functor for G with values in k-vector spaces, such that the field k has characteristic
zero or prime to |G|. Then the formula

pCtS(rEM) =3 G p(a):Ga ¥ O,
xkeK

where p~'(Gx)/G = {[a,] | k € K} and p(ac) = 8. X, holds for any n-fold G-equivariant covering map p: E — X
if and only if M is the fixed point Mackey functor My, of some kG-module L.

In this case, the theory HY (—; M) =H%(—; L) was studied in [1].
To finish, we have the following immediate consequence of Theorem 5.7.

Corollary 5.9. Let p: E — X be n-fold G-equivariant covering map such that G acts freely on X, and let M be a
homological Mackey functor. Then the composites

pf ot[?:FG(X+,M) — FG(X—’_,M),
pg ot HY (X, M) — HE (X, M)

are multiplication by n.
Note added in proof

The referee brought to our attention the recent paper [13] of Z. Nie, where a result similar to Theorem 4.1 was
obtained using different methods.
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