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0 INTRODUCTION

Let G be a finite group. The main objective of this paper is to study ramified
covering G-maps and to construct a transfer for them in Bredon-Illman equiv-
ariant homology with coefficients in a homological Mackey functor M . We show
that this transfer has many of the properties of other known transfers. Notice
that in order to have the property that the composite of the transfer with the
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projection is multiplication by the multiplicity of the ramified covering map, M
must be a homological Mackey functor. The transfer for any ramified covering
G-map will be given by a homomorphism between certain topological abelian
groups. It cannot be given by a stable transfer map (see Remark 5.3).

To construct the transfer, we shall use the homotopical definition of Bredon-
Illman homology HE(—; L) given in [4], when L is a G-module, and of HE (X; M)
given in [5] when M is a homological Mackey functor. Namely, to each pointed
G-space X, a G-module L and a homological Mackey functor M for G,
we associate topological abelian groups F (X, L) and F&(X, M) such that
T (FE(X,L)) =2 HY(X; L) and 7,(F%(X, M)) = H%(X; M). The topology in
F%(X,L) is a generalization of the usual topology of the infinite symmetric
product SP®X . The topology in F¢(X, M) is defined using the singular sim-
plicial set §(X) associated to X. With these topologies, the homomorphisms
induced by any pointed G-map f : X — Y turn out to be continuous. For
a ramified covering G-map p : E — X we define transfer homomorphisms
t§: FO(X,L) — FY(E,L) and t§ : F¥(X, M) — FY(E, M). The first one
is always continuous. When we take coeflicients in a homological Mackey func-
tor, we prove that the transfer is continuous provided that the spaces involved
are strong p-spaces. The class of strong p-spaces contains all simplicial G-
complexes (Proposition 4.9), as well as the class of G-ENRs (Proposition 4.11)
and the class of G-CW-complexes, that are either locally compact, countable
and finite-dimensional (Proposition 4.12) or regular (Proposition 4.13).

This approach to the transfer was already used by the authors in [1] in the
nonequivariant case for singular homology.

The paper is organized as follows. In Section 1, we define a transfer tg :
FG(C,M) — FY%(A,M) for certain finite-to-one G-functions p : A — C
between G-sets, which we call n-fold G-functions with multiplicity (1.1). The
reader should think of them as discrete ramified covering G-maps. We show
that this transfer has all the usual properties, namely the pullback property
(2.15), normalization (2.17), additivity (2.20), and that its composite with p&
is multiplication by n (2.24). In Section 3, we define the concept of a ramified
covering G-map p : £ — X . This is an n-fold G-function with multiplicity
and some topological properties. This generalizes to the equivariant case the
definition in [11]. For any G-module L, using the topology on FY(X,L) de-
scribed in [4], we prove that the transfer constructed in the previous section is
continuous for any p (3.6). In Section 4, using the continuity of the transfer in
the case of coefficients in a G-module L, we prove the continuity of the transfer
with coefficients in a homological Mackey functor M, provided that E and X
are strong p-spaces (4.7).



Finally, in Section 5, we pass to Bredon-Illman homology (applying the ho-
motopy-group functors) and give the transfer and its properties in homology.

1 THE TRANSFER IN THE CATEGORY OF (G-SETS

In this section we shall define the transfer for a certain family of G-functions.

Definition 1.1 By an n-fold G-function with multiplicity we understand a
G-function p : A — C between G-sets with finite fibers, together with a G-
invariant function p: A — N, called multiplicity function, such that for each

z e’
Z ula) =n.

acp~!(z)

We say that the n-fold G-function with multiplicity p : A — C is pointed if
the sets A and C' have base points, which are fixed under the G-action, and p
is a pointed function.

Definition 1.2 Given a G-function p : A — C with multiplicity p: A —
N, one may define the the G-function

op: C — SP"A
by

op(x) =(a1,...,01,...,0p,...,07).
SN—— S———

p(a1) wlar)

This function will play an important role in Section 3.

ExAMPLE 1.3 Let C be a G-set and consider the G-function 7 : C" xy, 7 —
SP"C given by m(x1,...,xn;1) = (x1,...,Ty), where G acts diagonally on C"
and on SP"C', and trivially on the set m = {1,2,...,n}. Define p : C"xy, 17 —
N by
plasi) = = (2(i)

where one regards = as a function n — C'. Then p is an n-fold G-function with
multiplicity, since the sets 7 12(i) form a partition of the set . Furthermore,
p is clearly G-invariant. The function ¢, : SP"C — SP"(C" xx, n) is given
in this case by

O,y o xn) = (T1, .oy xn; 1)y (T, oo T M)



REMARK 1.4 We can always assume that an n-fold G-function with multiplic-
ity is pointed by adding isolated points * to A and to C' which remain fixed
under the G-action and by defining pu(*) = n. Therefore we shall always con-
sider pointed n-fold G-functions with multiplicity without saying it explicitly.

We now recall the definition of the groups F(D,M) and F&(D, M) for a
pointed G-set D and a Mackey functor M for the group G. First recall that a
Mackey functor consists of two functors, one covariant and one contravariant,
both with the same object function M : G-Setg, — Ab. If « : S — T is a
G-function between finite G-sets, we denote the covariant part in morphisms
by M, (a) : M(S) — M(T) and the contravariant part by M*(«) : M(T) —
M(S). The functor has to be additive in the sense that the two embeddings
S — SUT <« T into the disjoint union of G-sets define an isomorphism
MSUT)= M(S)® M(T) and if one has a pullback diagram of G-sets

(1.5) TLT
T 7> V,
then
(1.6) M.(B) o M*(@) = M*(a) o M.(B) .

By the additivity property, the Mackey functor M is determined by its restric-
tion M : O(G) — Ab, where O(G) is the full subcategory of G-orbits G/H,
H C G. A particular role will be played by the G-function R : G/H —
G/gHg™ ", given by right translation by g~' € G, namely

Ry1(g'H)=g'Hg' =¢'g  (9Hg™").
We shall often denote the coset gH by [g]g or simply by [g], if there is no
danger of confusion. Observe that if C' is a G-set and x € C, then the canonical

bijection G/G, — G/Gy, is precisely Ry -1, where as usual G, denotes the
isotropy subgroup of x, namely the maximal subgroup of G that leaves x fixed.

Consider the set M = UrceM(G/H). Then F(D,M) consists of functions
uw: D — M such that u(y) € M(G/Gy), u(x) =0, and u(y) = 0 for all but
a finite number of elements y € D. The canonical generators of this group are
functions denoted by [y given by

I ity =y,

(M@UZ{

0 otherwise,



where | € M(G/Gy) and y € D —{*}. The group F(D, M) has a natural (left)
action of G given by (gu)(y) = My(R,~1)(u(g'y)). Define F%(D, M) as the
subgroup of the fixed points of F(C, M) under this G-action. The canonical
generators of F¢(D, M) are functions denoted by 'yf (1) given by

Z M ( D(959) »

where | € M(G/Gy), y € D — {*}, and G/Gy ={[gj] | j =1,...,m}. Given
a pointed G-function f : C' — D, the homomorphism f& : F¢(C,M) —
F%(D, M) is given on the generators by

FEOEW) = A Mo (F)(D),

where f, : G/Gy — G /G f(z) is the canonical quotient function (see [3, 5] for
details).

Definition 1.7 Let p: A — C be a n-fold G-function with multiplicity u,
and let M be a Mackey functor. Define a homomorphism
tp: F(C,M) — F(A, M),
by
tp(u)(a) = p(a) M (pa)u(p(a)),

where u € F(C,M) and a € A. If we assume that u € FY(C, M), i.e., that
u(gz) = My(Ry-1)(u(z)), then

tp(u)(ga) = p(ga) M*(pga)(u(p(ga)))
p(a) M* (Pga) M (Rg-1)(u(p(a)))
p(a) M (Ry—1) M* (pa) (u(p(a)))
= M. (Ry- )(tp( )(a)),

where the next to the last equality follows from the pullback property of the
Mackey functor. Thus t,(u) € FY(A, M). Therefore, the homomorphism #,
restricts to a transfer homomorphism

G . G G
1S : FO(C, M) — FO(A, M).

REMARK 1.8 Let p: A — C be a n-fold G-function with multiplicity . The
isotropy group G, acts on p~!(z) and the inclusion p~!(z) — p~}(Gx) clearly
induces a bijection p~!(z)/G, — p~1(Gz)/G. Let {a,} C p~'(z) be a set of
representatives one for each G-orbit. Let 7 (1) be a generator of F%(C, M).
Since the value of this function is zero on points which do not belong to the



orbit Gz, and 7¢(1)(z) = I. One can give the transfer tg" on the generators
7% (1) by the formula

(1.9) W)= Y wla)ye (M*(Ba,)(1) -

[a,]ep~1(z) /Gy

2 PROPERTIES OF THE TRANSFER

In this section we shall give some properties of the transfer that do not depend
on the topology. We start with a definition.

Definition 2.1 Let p: A — C and p' : A’ — C’ be n-fold G-functions
with multiplicity functions p and ', respectively. A morphism from p to p' is
a pair of G-functions (f, f) such that

(a) the following diagram commutes:

A4f>A’

o
CfC,

(b) for each = € C, the restriction ﬂpﬂ(x) cp~Hz) — p~H(f(x)) is surjec-
tive,

(c) for each x € C and @' € p'~1(f(x)), one has the equality

(2.2 W)= Y pa), and
pla)==, f(a)=a’
(d) for each a € A one has the formula

(2.3) G, =G

p(a) NG5,

fla)”
We have the next useful characterization of a morphism of ramified covering
G-maps.

Proposition 2.4 Let p: A — C and p' : A* — C' be n-fold G-functions
with multiplicity, and let f : C — C" and f: A — A" be G-functions such
that p'of = fop and fora € A, G, = Gp(a)me(a)~ Then (f, f) is a morphism
from p to p’ if and only if

ppof= SP"f o op: C — SP" A’

where ¢, and ¢, are as defined in 1.2.



Proof:  Assume that ¢, o f = SP”fo ¢p. This clearly implies that f is
surjective on fibers. Take z € C and let {a},...,al,} = p'"}(f(x)). More-

over, let {ai1,...,a1,,} = fHd}) ... {aw1, .. NOVE fN_l(a;,). Hence
pHE) = {a11, Qs Qs , ks, - Writing down SP™ f(p,(z)) us-
ing this description of p~!(z), which is equal to ¢, (f(x)), one easily obtains

the equality (2.2).

Assuming now (b) and (c) in the definition and using the same labels for the
elements of the fibers as in the first part, one obtains the desired equality. =

EXAMPLES 2.5 There are two interesting examples of morphisms between G-
functions with multiplicity:

(a) Let p: A — C be a n-fold G-function with multiplicity p, and let
f: D — C be a G-function. Consider the pullback diagram

(2.6) pa—L 4

C
D T> 5

where f*A = D x¢ A = {(y,a) | f(y) = p(a)}. Clearly, ¢ is also an
n-fold G-function with multiplicity g’ given by p/(y,a) = p(a), since
1(9(y,a)) = p'(gy. ga) = p(ga) = pl(a) = p'(y,a). Consider the restric-

tion of f from the fiber ¢~!(y) to the fiber p~!(f(y)). This function
induces a surjective function

qH()/Gy — p (F(Y)/ Gy -

Clearly, conditions (a), (b), and (c) in the previous definition hold. Fur-
thermore G, ,) = Gy NGy, thus condition (d) also holds. Hence (f, f) is
a morphism from ¢ to p.

(b) Let C and D be G-sets and let f: C' — D be G-equivariant. We say
that f is n-permutable if the equality

(2.7) Glar,enit) = Glar,an) N Gf(@r) o fan)i)

holds in terms of isotropy groups, where (xi,...,z,;i) € C" Xy, 7,
(X1,...,xy) € SP*C, and (f(x1),..., f(xy);i) € D" xy n. I 7: C" xx,
n— SP"C and 7' : D™ xy, m — SP"D are as in 1.3, then the pair of
G-functions (f™ xy,, idm, SP™f) is a morphism from 7 to 7. To see this,
we use Proposition 2.4 above. Namely, we have to show that

o 0 SP™ f = SP"(f" xx, idx) 0 ¢ : SP"C — SP"(D" xx, 1) .



For any (y1,...,yn) € SP"D, we have,
rryrs - yn) = (W1 Y 1)y (Y- ynin))
thus, if we take (z1,...,z,) € SP"C, we have
o (SP" flz1, .y an)) = ((f(@1), o f@n)i 1), (fan), s fn)im))
On the other hand, we have
Onlxr, .o xn) = (@1, oz 1)y oo (@1, .o T )
and so
SP(f"x s, idm) (pr (w1, - - wn)) = ((f(21), - fln)i 1), (f (@), f ()i m)) -
Thus both are equal.

The following is the naturality property of the transfer.
Proposition 2.8 Let (f, f) be amorphism fromp: A — C top': A — C".

Then the following diagram commutes:

G
FC(C, M) =, FG(C', M)

G G
tp l ltp/

FG (A, M) " FG(A, M).

*

Proof:  First note that the function f induces a surjection

p N @)/Ge — q  (f(2)/Cra s
This surjection can be written as the composite

P @)/ 2 P (F (@) /G > @)/ G

This allows us to write the elements of these quotient sets as follows. Let

P F(@)/Gyy = {laf] |7 =1,...5}.

By [5, Lemma (6.6)], one can write
P (F())/Go = 521 Ga\G e /Gy
where Gw\Gf(x)/Ga; ={lgf/]lv=1,...,s;} and

PN (@) /G = {[gha) [v=1,....5), j=1,...5}.

8



Therefore,

“(z)/G, —{[ Villa=1,..., i, v=1,...,55, j=1,...8},
where the elements a%/ € p~(z) N f~! (g¥a’;) are such that
{[@) | o=1,....%y = (17 (g aj))-
Hence we have
s,s]-,r;’
(2.9) FEGaSm) = > madng o *(f vi ) M (Do )(1) -
7v,a=1,1,1

Since 'V%a; = 7% o M*(jov), we can rewrite (2.9) as

5,55,r%

J ~

(210)  FF(EW0) = Zu(aéj)’ng*(Rg;)M*(fa;f)M*(ﬁagg)(l)-

jpa=1,1,1

On the other hand, we have
G ~

In order to compare these two sums, consider the pullback diagram

G /G X6y Gl Gut — T GG

wi lp'a/,
J

G/Gy G/Gf(x) :

x

By [5, Lemma (6.1)], there is a bijection
87 ~
. v vr\—1 =~
v U G/GeNgjGu(g]) — G/Ga Xgyay,) G/Gay s

where the elements g7 are as above. Set ¥ = ola/a.ngra, (g0)-1
J Ty g

By [5, Lemma (6.3)], any element w € M (G/G, X GGz, G /Gy,) can be written

as
Y

w =Y M) M*(&})(w).
v=1

Set m = mo ¢} and 77 = 7 0 7. Consequently,

sJ
~ ~

M (0 o )M (fo) (1) = Mu(m) M (m)(1) = ) Ma(7)) M () (1)



Replacing this in (2.11), we obtain

S$,55

(2.12) tfEGE) = > M'(a})W%M*(T}')M*(W}’)(l)‘

jr=1,1
Let p : G/Gxﬂg;’Ga; (g}’)_1 — G/g}’Ga; (g;»’)_1 be the quotient function. Since
7/ = Rgr o pf, we can rewrite (2.12) as

8,85

(2.13) FCEUIENSY u’(a§-)%G;M*(Rg;)M*(pj”')M*(W?)(l)-
jr=1,1

By (2.3), we have that G, Ng;Ga, (95)7' = G s, and therefore, ¥ = p,_.; and

p% = f v Hence (2.13) becomes

@

S,85

~

@14)  tGIEEIM) = Y WG MRy )M )M (5,) (1)

jw=1,1

By Definition 2.1 (c¢) and the G-invariance of u’ we have that

w'(ah) = u' (g} af) Z u(a
Replacing this in (2.14), we obtain (2.10). Therefore,
fCotS =150 f&: FO(C,M) — FE (A, M).
|

By Example 2.5(a), the pullback property is now a consequence of the nat-
urality property.

Proposition 2.15 Let p: A — C be a n-fold G-function with multiplicity
w and let f: D — C be a G-function. Then

t5 o fS = fCotl  FY(D,M) — F°(A,M),
where f and q are as in the pullback diagram (2.6). ]

From Example 2.5(b), we obtain another consequence of the naturality property
as follows.

Proposition 2.16 Let f: C — D be an n-permutable G -function. Then
(f" xyx, idg)¢ 0 t& =15 o (SP"f)¢ : FY(SP"C, M) — FY(D" x5, 7, M) .

10



The normalization property is elementary and it is as follows.

Proposition 2.17 Ifp: A= C — C is the identity function with multiplic-
ity function p constant equal to 1, then tff : FE(C, M) — FY(C, M) is the
identity too. u

The additivity property is based on the following.

Proposition 2.18 Let C,, o € A, be a family of pointed G-sets. Then there
is an isomorphism of abelian groups

FO(\/ Ca, M) = @ FY(Co, M).

acA acA

Proof:  Let i, : Co, — \/ Cy be the inclusion into the wedge of the pointed
sets Cy. By the universal property of the direct sum, the homomorphisms zg*
induce a homomorphism ¢ : @ F(Cy, M) — FE(\/ Cy, M).

Take now z € \/ C, and let z, € C, be such that iy (x,) = z. Consider the fam-
ily of homomorphisms 1o 075 : M(G/Gy) = M(G/Gy,) — @ F(Ca, M),
where ¢, is the canonical monomorphism into the direct sum. Then by the
universal property of F%(\/ C,, M) (see [3]), there is a unique homomorphism
¢ @ FO\ Co, M) — @ FY(Cq, M), such that 1) 075 = 14 075 . Check-
ing on generators of the form v5(l) and oS (1), one easily verifies that the
composites ¢ o1 and ¥ o ¢ are the identity. [ |

Definition 2.19 Let p, : Ao, — C, a = 1,...,r, be a family of ng,-
fold G-functions with multiplicity functions po : Aq — N. Define p : A =
Vi1 Ao — C by ple, = pa- If n. =] | nq, then clearly p is an n-fold
G-function with multiplicity function p: A — N given by

) — o (a) ifae Ay — {*},
wa) {22:1 fo(*a) if a=x,

where x € A and *, € A, denote the corresponding base points. We call p the
sum of the pys, and we denote it by > | pa.

The transfer has the following additivity property.

11



Proposition 2.20 Ifp=>""_ps: A=\,_, Aao — C, then tgpa = tha.
More precisely, the following diagram commutes:
G

p

F&(C, M) FG(A, M) :

% ig*
T e

Dot F(Aa, M)

a=1

where the isomorphism is as given in 2.18.

Proof: Notice first that for any x € C different from the base point, p~!(z) =
U _,pat(z). Since each p, ! (z) is Gp-invariant, then p~!(x) /G, = UL_,p; 1 (7)/Gy .
Let 75 (1) € F¥(C, M) be a generator. Then

Oy = Y M (B
[alep~!(2)/ G

= o Y. WM Bal) )
a=1

[alepa’ (z)/Ga
= Z ig*tga (VE(Z))
a=1
[ |

An immediate consequence of the normalization property 2.17 and the additiv-
ity property 2.20 is the quasiadditivity property, namely the following.

Proposition 2.21 Let p: A — C be a G-function with multiplicity, and let
qg: AV C — C be given by q|la = p and q|c = id¢ with the corresponding
multiplicity function u'. Then the next is a commutative diagram:

tG

FG(C,M) FG(AvVC,M)

(té;\); T%

FG(A, M) ® FO(C, M),

where the isomorphism is as given in 2.18. [ |

To show that the transfer has a functoriality property, we need the following.

12



Proposition 2.22 Let q: A’ — A be an n’-fold G-function with multiplicity
function ', and let p : A — C be an n-fold G-function with multiplicity
function p. If one defines v : A — N by

v(a') = p'(a')u(g(a)),

then the composite poq : A’ — C' is an (nn')-fold G-function with multiplicity
function v.

Proof: We only have to compute the sum

Y o)=Y S W@)ula)

a’€pog~(x) acp~'(z) a’eq ! (a)

= > ula) ), )

acp (@)  a'eq(a)

/
=nn .

The functoriality property is the following.

Proposition 2.23 Let q: A’ — A be an n’-fold G-function with multiplicity
function ', and let p : A — C be an n-fold G-function with multiplicity
function p. Then

t5, =15 ot : F9(C, M) — FO(A', M).

Proof: Take u € F¢(C, M). By definition of the transfer, we have
1§15 () (0') = (&) M (@) (15 (w)(4(a)))

= 1 (a)M* Gor) (@) M (Bygar) (u(p(a(@))))

= v(a) M (754,) (u((p o 0)(a")))

Recall that a Mackey functor M for G is said to be homological if whenever
HCKCG and q: G/H — G/K is the quotient function, then

M.(q)M*(q) = [K:H],
that is, this composite is multiplication by the index of H in K in the group
M(G/K). We have the following result.

13



Proposition 2.24 Let p: A — C be a n-fold G-function with multiplicity
w and let M be a homological Mackey functor for G. Then the composite

pSotS  FY(C,M) — FY(C, M)
is multiplication by n.
Proof: Let ~,(1) € FG(C,M) be a generator, and let {[a,] | ¢ € I} =
~1(2)/G,. Since M is homological, M, (pa,)M*(ps,) is multiplication by the
index [Gy :G,,]. Moreover, the orbit of a, € p~!(z) under the action G, has

exactly [Gg:Gq,] elements. Since the multiplicity function p is G-invariant, we
have that ), qu(a,)[Ge:Ga,] = n. Hence

pots (s (D) = pS (Zu )ve M*( paL)(l)>

L€J
= Z,u, paL)M*(paL)(l)
1ed
- (Z M(aL)[Gx:Gab]> v (1) =ng (1)
€7

3 THE TRANSFER FOR COEFFICIENTS IN A (G-MODULE

In this section we shall define the concept of a ramified covering G-map and
study its transfer in the topological abelian groups F&(X, L) with coefficients in
a GG-module L. We shall work here in the category of k-spaces. We understand
by a k-space a topological space X with the property that a set C' C X is closed
if and only if f~'C C K is closed for any continuous map f : K — X, where
K is any compact Hausdorff space (see [13]). There is a functor that associates
to every topological space X a k-space k(X) with the same underlying set and
a finer topology defined as before. Thus the identity k(X ) — X is continuous
and a weak homotopy equivalence. Instead of the usual topological product, we
shall take its image under the functor k; we shall use the same notation x for
it. This category has two useful properties([13]):

1. If X is a k-space and p : X — X’ is an identification, then X’ is a
k-space; and

2. if p: X — X' and q: Y — Y’ are identifications between k-spaces,
then p x q: X xY — X’ x Y’ is an identification.

14



The next definition, puts in the the topological setting the concept of an n-fold
G-function with multiplicity.

Definition 3.1 Let E and X be G-spaces. An n-fold ramified covering G -
map is a continuous G-map p : E — X together with a multiplicity function
p: B — N, such that the following hold:

(iv)

The fibers p~!(z) are finite for each x € X .
For each z € X, 3>~ c -1,y pu(a) =n.
The map ¢, : X — SP"E = E"/%,,, given by

op(x) =(a1,...,a1, ..., Qm, ..., Q)

~~

u(ar) plam)

where p~!(2) = {a1,...,an}, is continuous.

1 is G-invariant.

Notice that by (iv), the map ¢, is G-equivariant. We can always assume that
the ramified covering G-map is pointed (see Remark 1.4). This definition in the
nonequivariant case was given by Smith [11] and it includes ordinary covering
maps with finitely many leaves.

Proposition 3.2 The family of ramified covering G-maps has the following

properties:

(a)

If po : BEo — X, a = 1,...,k, are ramified covering G-maps with
multiplicity functions pg, then

k
p: \/ E,— X
a=1
given by p|g, = Pa Is an ZZ:I ne-fold ramified covering GG-map with
multiplicity function p given by plg, = ta-
If ¢ : E' — FE is an n’-fold ramified covering G-map with multiplicity
function p', and p : E — X is an n-fold ramified covering G-map
with multiplicity function u, then poq : E' — X is an (nn')-fold
ramified covering G-map with multiplicity function v, where v(a') =
' (a")p(q(a’)).
If X is a G-space, then the projection m : X" xy, n — SP"X is an
n-fold ramified covering G -map.
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Proof: By 2.19, p is a (Z’;:l ne)-fold G-function with multiplicity. Thus we
only have to prove that ¢, : X — SPELI"Q(\/Z:1 E,) is continuous. This
follows from the commutativity of the next diagram:

(¢pa) k q k
n, Na
X ~ Ha:l SP aECV Ha:l EOC
> : p
Pp >
N \i

k k
SPZ”Q (Va:l Ea) (Ha:l Ea)zna7
where p is the inclusion in the corresponding summand, and ¢ is an identifica-

tion.

By [2, 4.20], the composite po ¢ in an (nn’)-fold ramified covering map. Thus
(b) follows from this and 2.22.

By [11], 7 : X™ xy, 7 — SP"X is an n-fold ramified covering map. Thus (c)
follows from 1.3. [ ]

REMARK 3.3 Note that in [11], the setting is the category of topological spaces.
By [1, Prop. 3.4], its definitions are equivalent to the ones herein, which are given
in the setting of k-spaces.

Given a G-module L, one defines a Mackey functor My, as follows:
Mp(G/H) = LY.

If HC K and ¢: G/H — G/K is the quotient map, then

Mp.(q): L" — L isgiven by Mp.(q)(1) = ki,

i=1
where K/H = {[k;] |i=1,...,r}. Furthermore,
M;(q): L — L” s the inclusion.

On the other hand, let R,-1 : G/H — G/gHg~ ! by right translation by ¢g~!.
Then

ML*(R9—1) cLH L peHgT! g given by ML*(R9—1)(Z) =gl.
Moreover,

Mj(Ry1) : L9

1

— L"  is given by M7 (Ry-—1)(1) = g M.

We now recall the definition given in [4] of the functor F¢(—, L) : G-8et, —
Ab.
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Definition 3.4 Let L be a G-module. If C is a pointed G-set, then F&(C, L)
consists of G-equivariant functions u : C' — L such that u(*) = 0 and u(x) =
0 for all but a finite number of elements x € C'. Furthermore, if f: C — D
is a pointed G-function, then the induced homomorphism f& : F&(C,L) —

FG(D, L) is given by f,G(erC lox) =3 colaf(T).
Proposition 3.5 The functors F%(—, L) and F&(—, Mp) are equal.

Proof: Notice that My, = L. Thus F¢(C, ML) C FE(C, L). Since an element
u € FY(C,L) is a G-function, then u(z) € L% = M (G/G,). Hence the
abelian groups F&(C,L) and F&(C, M) are equal.

Let f : C — D be a pointed G-function. To show that f& = f& let
G/Gray = o], lgml}y and Gyoy/Ge = {[ha],..., [h]}. Hence G/G, =
{lgihjl |i=1,...,m;j=1,...,r}. By definition, ML*(G/H) = L7 for all H
and Mp.(Ry-1)(1) = gl. Since hj € G(z), we have

fEOEW) = Z Mps(Rg,n)-1) () (gih;z)

= & D (gihil) (gihye)

= Z((gihj)l)(gif(x)) :
On the other hand,
FEQE W) = 7§y MLa(F2) (1)

_ .G .
=) | DNt
7j=1

= Z (ZML* )(hil)(gif (x )))
:Z 9i(hil))(gif(x)) .

Thus the result follows. ]

Let Y be a pointed G-space. As already remarked, the group F' G(Y, L) has a
natural topology that was studied in [4]. This topology is defined as follows.
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Consider the group F(Y, L) of functions u : Y — L such that u(x) = 0 and
u(y) = 0 for all but a finite number of elements y € Y . This is filtered by subsets
F,.(Y, L) of those functions which are nonzero in at most r points of Y. We give
to these sets the quotient topology induced by the map (L x Y)" — F.(Y,L)
given by (I1,y1,...,l,yr) — liy1 + -+ - + l;yr, where the product (L x Y)" has
the k-topology. Then F(Y, L) has the union topology and F&(Y, L) C F(Y, L)
has the subspace topology. From now on the notation F&(Y, L) will mean the
group with this topology.

We have the following.
Proposition 3.6 Let p : E — X be an n-fold ramified covering G-map

with multiplicity function p : E — N. Then the transfer tg : F9(X,L) —
FC(E, L), is continuous.

Proof:  First notice that if | € M[(G/G,) = L% C L, a € E, then M} (p,)(l) =
[. Hence we have the homomorphism t, : F(X,L) — F(E, L) given by

tp(lx) = Z p(a,)la,
=1

where p~1(2) = {a, | t = 1,...,m}. The transfer is, as before, the restriction
tS =tylpa(x ) s FO(X,L) — FO(E,L).

Consider the map 0 : L x X — F,(E, L) given by §(l,z) = tp(lz) and o :
L x X — (L x E")/%, given by
Oé(l, 33‘) = <(l¢ al)a s (lval)a SO (lv am), R (l7a'm)> )
p(ar) wlam)
where p~(z) = {a1,...,an}. Let j; : E"/%, — (L x E)*/%, be given by
gilat, ... an) = {((l,a1),...,(l,an)). If i : X — L x X is the inclusion at level

l, then a o4 = j;o¢,. Hence o is continuous. Notice that the identification
(L x E)" — F,(F, L) factors as the composite

(L x E)" - (L x E)"/S, 2 Fy(B,L),

where pp((l1,a1), ..., (In,an)) = > iy lia;. Therefore, p, is continuous.

Since p, o = §, d is continuous. In order to see that ¢,|p, (x,r) is continuous,
consider the diagram

67‘

(L x X)" (Fn(E, L))"
Fr(X, L) = F(E,L),
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where sum is given by the operation on F'(F, L), which is continuous. Hence t,
is continuous, and since F(X, L) has the subspace topology, then tg is also
continuous, as desired. [ |

4 CHANGE OF COEFFICIENTS AND THE TRANSFER FOR HOMOLOGI-
CAL MACKEY FUNCTORS

Let K be a simplicial pointed G-set. Then the composite

G(_
A5 G get, M)

Ab

is a simplicial abelian group, which will be denoted by F& (K, M). On the other
hand, for any simplicial set S, we denote by |S| its geometric realization (see
[10]).

Let X be a pointed G-space. Recall from [5] that for a homological Mackey
functor, we can give a topology to the abelian group FG(X , M). This topo-
logical group is denoted by F(X, M) and its topology is the identification
topology given by the epimorphism

G
pX*

7§+ IFO(8(X), M| 2 PO (js(x)), M) 2 FO(x, ).

Here 8(X) is the singular simplicial set associated to X . The group isomorphism
1/1% is defined on a generator by

UG (MG 0),1]) = 1€ g MaGr) 1)

as in [3, 2.6], where G,; : G/Gst — G/Glsy is the quotient function. The
surjection px : |8(X)| — X is given by px|[o,t] = o(t). And o € 8§;(X) and
te AP,

Recall [4] that one has an equivariant isomorphism of topological groups ¥y, :
|F(8(X),L)] — F(|8(X)|, L) given by vr([lo,t]) = l[o,1], so that it restricts
to an isomorphism ¢¢ : |F9(8(X), L)| — F%(|8(X)|, L). We have the next.

Lemma 4.1 The following is a commutative diagram
id
[FE(8(X), L)| —— [FE(8(X), My)|
T/)gl lwg@

FE(8(X), L) —3= FE(IS(X)], M)
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Proof: By Proposition 3.5, the functors F(—,L) and F%(—, M) are the
same. Therefore, the simplicial groups F%(8(X), L) and F&(8(X), M) are
also the same. If we write G/G,q = {lgi] | i = 1,. r} and G, /Gy =

{lhj] | 5 =1,...,s}, then G/G, = {[g:h;] | (4,)) = (1, ) ., (r,s)}. Thus we

can write

(r,s)
W= (ghil)(gihjo) € FE(8(X),L).
(’i,j):(l,l)

Using this description, one can check as in the proof of 3.5, that %% ([75 (1), ]) =
Ui, (e (1), 1) u

In the rest of this section we show that a morphism of (homological) Mackey
functors £ : M’ — M induces a continuous homomorphism of topological
groups & : F¢(X; M') — F&(X; M) for any G-space X .

Definition 4.2 Recall that a morphism & : M — M’ is a natural transfor-
mation of both the covariant and the contravariant parts of M and M’; it is
an epimorphism if for each object it is a group epimorphism. Define

& FO(X; M) — FO(X; M)

by &o(u)(x) = g/, (u(x)) € M'(G/G,). Note that since u is equivariant and £
is natural, then &,(u) is also equivariant, and therefore it is well defined. Notice
that by the naturality of £, & is given on generators by

(g (1) = 7 (€aya, (1)

Lemma 4.3 The homomorphism &, : F¢(X, M) — FY(X, M") is natural in
X.

Proof: Let f: X — Y be a pointed G-function. Then
FEE(ME ) = FEVE (s, (1) = Vo Mu(f2) Ecya, (1) = &FE(E D).

The next follows immediately from the previous lemma.

Corollary 4.4 Let K be a simplicial G-set. Then &, : F&(K, M) — F%(K, M)
is a homomorphism of simplicial groups. [ |

Proposition 4.5 The homomorphism &, is continuous.
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Proof: Consider the following commutative diagram

[FO(S(X), M)~ | FG(8(X), M)

G G
<l F

FC (X, M) F& (X, M').

123

Since by 4.3, & : FE(8(X), M) — FY@8(X),M’') is a homomorphism of
simplicial groups, || on the top is continuous. The vertical arrows are identi-
fications, thus & on the bottom is also continuous. [ |

Given a G-module L, in what follows, we shall compare the topologies of the
identical groups F¢(X,L) and F&(X, My), where M, is the Mackey functor
associated to L.

Proposition 4.6 The identity F¢(X, M) — F%(X, L) is continuous. Thus
the topology on the left-hand side is finer than that on the right.

Proof: Let X be any G-space and let 8(X) be its associated singular simplicial
G-set and px : |8(X)| — X the canonical surjection introduced above. Notice
that by Proposition 3.5, the simplicial groups F&(8(X), L) and F&(8(X), My)
are identical. Hence the realizations |F%(8(X),L)| and |F%(8(X),Mp)| are
identical topological groups. In [4, Cor. 2.6] one proves that the topological
groups F&(|8(X)|,L) and |F%(8(X),L)| are (topologically) isomorphic, and
in [5, Prop. (5.17)] it is proved that the topological groups F&(|$(X)|, M) and
|FC(8(X), M)]| are also (topologically) isomorphic, when M is homological, in
particular for M = Mj,. Consider the following diagram:

|[FY(8(X), M) =—= |FG(3(|X),L)\ w?L FE(18(X)|, L)

F&(X, M)

G
— FO(X.L).

By definition, 7§ = p§, o ch\"/[L and 7§ = p$, o ¥¥. By 3.5, p§, = p$,, and
by 4.1, @b]C\’;[L = 1/)?. Therefore, the diagram commutes. Since by definition, 77)(5-
is an identification, the result follows. [ |

In the rest of this section, we analyze the continuity of the transfer for ramified
covering G-maps in a convenient category of topological spaces.

Definition 4.7 A G-space X is called a strong p-space if the map px :
|IS(X)| — X is a G-retraction.
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We have the following.

Lemma 4.8 Let K be a simplicial G-set. Then |K| is a strong p-space.

Proof: Define 6 : K — 8(|K|) by d(a)(t) = [a,t], where a € K, and t € A".
One can easily check that 0 is a simplicial G-function. Now take |4 : |K| —
IS(] K)|. Since ¢ is equivariant, || is equivariant too. Clearly pjx|o|d] = id|k.

|

Proposition 4.9 Every simplicial G-complex is a strong p-space.

Proof: Let C be a simplicial G-complex. We can always assume that it is
ordered and that the action of G preserves the order. This can be achieved
by passing to the barycentric subdivision. Now let us define a simplicial G-set
K(C), given by K(C)p, = {(vo,...,vn) | vo < -+ < vy, and {vo,...,v,} € C}
with the obvious face and degeneracy operators. Then |K(C)| ~ |C], and the
result follows by the previous lemma. [ |

Lemma 4.10 Let Y be a strong p-space and let Z be a G-retract of Y. Then
7 is a strong p-space.

Proof: Let r:Y — Z be a G-retraction with left G-inverse i : Z — Y. Let
ty + Y — |8(Y)| be a left G-inverse of py, and consider |S$(r)| : [S(Y)] —
|I8(Z)|. Then the G-map 1z : Z — |8(Z)]| given by 1z = |8(r)|owy oi is clearly
a left inverse of py, since by the naturality of p, pz o |S(r)| =70 py. [

Proposition 4.11 The class of strong p-spaces contains the class of G-ENRs.

Proof: By a result of Illman [8], any finite-dimensional smooth G-manifold
is G-triangulable, i.e. it is G-homeomorphic to the geometric realization of a
G-simplicial complex.

Since a G-ENR is a retract of an open G-invariant set in a finite-dimensional
G-representation, then the result follows from 4.9 and 4.10. [ |

The following two results describe two classes of G-CW-complexes that belong
to the class of strong p-spaces.

Proposition 4.12 The class of strong p-spaces contains the class of locally
compact, countable, finite-dimensional G-CW-complexes.
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Proof: First of all, one has that a CW-complex is metrizable if and only if it is
locally compact [7]. On the other hand, a theorem of Jaworowski [9] guarantees
that a metrizable, separable, and finite-dimensional G-space X is a G-ENR
if and only if it is locally compact and its fixed-point sets X are ANRs.
The fixed-point sets of any G-CW-complex X are subcomplexes, thus they are
ANRs. Since X is countable, it is separable, and thus it is a G-ENR. By the
previous proposition the result follows. [ |

The next is the G-equivariant version of a result in [7].

Proposition 4.13 Let X be a regular G-CW-complex. Then X is G-homeo-
morphic to a G-simplicial complex. Therefore, the class of strong p-spaces
contains the class of regular G-CW-complexes.

Proof:  Consider the simplicial complex T'(X), whose vertices are the cells of
X, and whose g-simplexes are sequences of closed cells {€g & €1 & -+ & €,}.
T(X) is a G-simplicial complex, where the G-action on the vertices is given by
g-e = g(e). There is a homeomorphism h : |T(X)| — X, which is constructed
inductively on the skeleta as follows (see [7, 3.4.1]).

The complex T(X?) is the set of vertices of X. Then A" : |T(X?)| — X9 is
the identity, which is G-equivariant.

We assume inductively that we have a G-homeomorphism h"~!: T(X""1) =,
X", We extend "' to h™ : |T(X™)| == X" cell by cell as follows. Take a
characteristic map of an n-cell

Pen : A" — X" )

whose image is the closed n-cell €*. Take the restriction to the boundary ¢ :
An — ¢", and let C' be the subcomplex of T(X"!) that triangulates é".
Define v : |Cone(C)| — A™ by (X" + (1 — N)3) = Ab, + (1 — N(6),
where 3 € |C| and b, € A™ is the barycenter. Then extend h"~! to h"| :
|Cone(C')| — €™ by h"| = pen 01). Doing this for each n-cell of X, we obtain
™ o |T(X™)] — X™. In order to see that h™ is G-equivariant, consider the
equalities

W (g+7) = @genth(A(g-€") + (1= N)g-B) = @ger (Abn + (1= Npgeng - h" (),
g-h"(y) =g+ (perb(Ne" + (1= N)B)) = g+ (9er (Abn + (1 = Nl A" 71(B))

which are clearly the same, since g- @en = @g.en. This completes the induction.
|

The relevance of the strong p-spaces is shown in the following two lemmas.
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Lemma 4.14 Let X be a pointed strong p-space and let L be a G-module.
Then id : F¢(X, M) — F%(X, L) is a homeomorphism.

Proof:  Consider the following diagram

FG(S(I), Mp)| == FG(ST%?TL)FG(S(X% L)
Wg 7~r§ pg.

FG(X7 ML)

FY(X,L).

id
By definition, 7T§ = pg* o @Z)]C\;/[L and %gg = pg;(. o 1/)% By 3.5, pg;{* = pg.,
and by 4.1, wAG/[L = 9%. Therefore, the diagram commutes. By [4], ¢ is a
homeomorphism, and since X is a strong p-space, pg;(. is an identification.
Since by definition, 7r§ is also an identification, the result follows. [

Lemma 4.15 Let X be a strong p-space such that the action of G is free, and
let M be a Mackey functor. Then there is a natural isomorphism of topological
groups nx : FG(XT M) — F&(XT M(G)), where M(G) = M(GJe) is a
G-module with the action given by g -1 = M.(R,-1)(l).

Proof: We define nx as follows:

~Ju(r) e M(G)  ifx#x*
nx(u)(z) = {0 eM(@)  ifx=x,

where * is the isolated base point. Its inverse is given by

_ ~Jou(x) € M(G)  ifx#x
x (0)(@) = {0 € M(G)G) ifa=+.

We now prove that nx is natural assuming that X is G-set. Namely, let f :
X — Y be a G-function between G-sets with a free action. We shall see that
the following diagram commutes:

nx
—_—

FE(XT, M) FE(XT, M(G))

| e

FO(Y*H, M) —— FO(Y,M(G)).
Take a generator ~,(I) € F¥(X* M). Then
FEOEWM) = A =D (g-Dgf(x)),

geqG
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since f, : G/e — GJe is the identity. On the other hand

FEOEW) =181 (g Digr) | =D (gD f(g).

geG geG

Hence the diagram commutes. Therefore, i defines an isomorphism of simplicial
groups F¢(K+, M) — F¢(K*, M(G)) for any simplicial G-set K with a free
action.

We now show that 7 is a homeomorphism. Consider the singular simplicial set
8(X) and notice that 8,(X*) = §,(X)* for each n. Since X has a free G-
action, so does 8(X) and, by the previous considerations, the map of topological
groups

nsx)| = [FES(X)H, M)| — [FE(8(X)", M(G))|

is a homeomorphism. Consider the diagram

FO(S(X)+, M) 20 | F6(s(x)*+, M (@)

/ i?/}z% %ﬂ’ﬁ(c)

" FOSEOI M) B FE(8(X) [, M(@))

G G
\\ ipX_F* \LPX.;_.

F&(X+, M) FO(XT, M(Q)).

nx

The square at the top commutes because G4 = G|oy) = € and hence Gy =
idg, and the square at the bottom commutes by the naturality of 7.

The map 7T§+ is an identification by definition. The isomorphism wﬁ(c) is a
homeomorphism as proved in [4]. Since px+ is a retraction, so is p)Gﬁ. and
hence the vertical composite on the right is also an identification. Therefore,
nx is a homeomorphism. [

Lemma 4.16 Let X be a pointed G-space. If £ : M — M is an epimorphism
of Mackey functors, then &, : F¢(X, M) — FE(X, M") is an identification.

Proof: To show that & : FY(C,M) — F%(C,M’) is surjective for any
pointed G-set C, take a generator ~/%(I') € F¢(C,M"). Since {aa, is sur-
jective, we can take | € M(G/G,) such that {g/q, (1) =U'. Then &(S(1)) =
A/ (1"). Therefore, the simplicial map &, : F&(8(X), M) — FE(§(X), M) is
surjective, and by [7, 4.3.11], its geometric realization |&| : [FE(8(X), M)| —
|FC(8(X), M')| is an identification.
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Hence the commutativity of

]
[FE(8(X), M)| — |[FE(8(X), M")|
FE (X, M) FE(X, M)
implies that & on the bottom is an identification too. [ |

The main result in this section is the next.

Theorem 4.17 Let p: E — X be an n-fold ramified covering G-map such
that E and X are strong p-spaces, and let M be a homological Mackey functor.
Then t§ : F%(X, M) — F¢(E, M) is continuous.

Proof: Since M is homological, by [12, Thm. (16.5)(i)], there exists a G-
module L and an epimorphism of Mackey functors £ : My, — M. By Lemma
4.16, the induced epimorphism &, : F¢(Y, M) — FE(Y, M) is an identification
for any G-space Y. Moreover, by Lemma 4.14, for any strong p-space Y, the
topological groups F(Y, M) and F&(Y, L) are equal. We have a commutative
diagram

G

t
FE(X, M) —— FO(X,L) —— F¢(E

S | s

FE(X, M)~ > FO(E,M).

P

G(X, My)

Since the horizontal arrow on the top is continuous by Proposition 3.6, the
horizontal arrow on the bottom is also continuous. [ ]

The following is a homotopy invariance property, whose assumptions depend
on the kind of coefficients. Namely, if one has coefficients in a G-module L,
then X, Y, and E may be any k-spaces. And if M is an arbitrary homological
Mackey functor, then X, Y, and E must be strong p-spaces.

Proposition 4.18 Let p: E — X be a ramified covering G-map. If fy, f1 :
X — Y are G-homotopic pointed maps and one has the following two pullback
diagrams

fuE) g e g
Poi p \L lp
Y —— X Y —— X,
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then B B
foiotS ~ fliotS :FO(Y, M) — F%(E, M).

Proof: By the pullback property one has that
G G G G G G G G
fO*OtpOth OfO* and tp Ofl*:fl*otpl'

Moreover, from [5, Prop. (4.13)(c)], one has f§§ ~ f&. Thus the assertion
follows. u

Finally, we have the following invariance under change of coefficients.
Proposition 4.19 Let p: E — X be a ramified covering G-map, where E

and X are strong p-spaces. If £ : M — M’ is a morphism of homological
Mackey functors, then one has the following commutative diagram:

F& (X, M) L ¢ (X, M

e G

F&(E, M) = F&(E,M').

Proof: Take u € F&(X, M), then by the naturality of ¢ with respect to M*,
we have

&15 (1) (@) = &6y, (@M (B) (u(p(a)))
= i(@)écc, (M (5a) (u(p(a))))
= (@) M™ ((Ba)éc/a, (u(p(a))) ) = 1560 (u)(a)

5 TRANSFERS IN BREDON-ILLMAN HOMOLOGY

In this section we shall define the transfer 7, in Bredon-Illman homology with
coefficients in a homological Mackey functor. The transfer has the following
properties:

e Naturality (2.8),

e Pullback (2.15),

e Normalization (2.17),

e Additivity (2.20),
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e Quasiadditivity (2.21),
e Functoriality (2.23),
e Homotopy invariance (4.18),
e Invariance under change of coefficients (4.19), and
o If p: F — X is an n-fold ramified covering G-map, then the composite
p-o7y: HY(X; M) — HE(X; M)
is multiplication by n (2.24).
Theorem 5.1 Let p: F — X be an n-fold ramified covering GG-map such

that £ and X are strong p-spaces of the homotopy type of G-CW-complexes,
and let M be a homological Mackey functor for G. Then there exists a transfer

7, HG(X; M) — HE(E, M)
with all properties given above.

Proof: By [5], for all pointed G-spaces Y which have the homotopy type of
G-CW-complexes, there is a natural isomorphism

HE (Y M) — 7y (FO(Y, M)) .
Therefore, by Theorem 4.17, there is a transfer homomorphism
7, HS(X; M) — HE(E, M)

corresponding to the homomorphism induced by tg in the homotopy groups.
The properties follow immediately from the corresponding results for tg. [ |

Corollary 5.2 Let p: E — X be an n-fold ramified covering G-map with
FE and X strong p-spaces of the homotopy type of G-CW-complexes, such that
G acts freely on the total space E, and let M be a homological Mackey functor
for G such that multiplication by n is an isomorphism in each of the groups
M(G/G,) for x € X. Then the transfer
7p s HY(X; M) — HY (B M(G))

is a split monomorphism and thus the homology group HE(X; M) is a direct
summand of HE(X; M(QG)).

Proof: Since the action of G on F is free, by Lemma 4.15, F¢(E+, M) =
FG(E*+,M(G)). On the other hand, by [4] there is a natural isomorphism

HE(E*M(G)) = my(FO(B*, M(G))) -
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Therefore there is a natural isomorphism

HS(Et, M)~ HE(EY, M(Q)).

By 2.24, the composite

Tp

HO(X*, M) HE(EY, M) —"— HE(X*+, M)

\ig/

HE(ET,M(@))

is multiplication by n, and thus an isomorphism. Hence the result follows. =

REMARK 5.3 The transfer for any ramified covering G-map cannot be given
by a stable transfer map, which has the naturality, the normalization, and the
quasiadditivity (see 2.21) properties, because otherwise there would be a trans-
fer for ramified covering G-maps in any representable (cohomology) theory.
But by [2, Thm. 4.8], if there is such a transfer, then the theory must be given
by a product of Eilenberg-Mac Lane spaces. (One can construct such a stable
transfer for n-fold ramified covering maps in the nonequivariant case [6], but
provided that one inverts n!.)
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