CORRECTIONS TO “EQUIVARIANT HOMOTOPICAL
HOMOLOGY WITH COEFFICIENTS IN A MACKEY
FUNCTOR”

MARCELO A. AGUILAR & CARLOS PRIETO

In our paper [1], the proof of Theorem 4.1, as well as those of Propositions
3.12 and 3.14 are not correct. This occurs because Proposition 3.3 is not true,
namely, for a simplicial G-set K, the groups F&(|K|, M) and |F¢ (K, M)|, which
are isomorphic as groups, are not in general isomorphic as topological groups. One
obtains a correct proof of these results simply by changing the definition of the
topological group FY(X, M), given in 3.4 of [1]. In fact, the new definition was
used in the construction of the original one.

Definition 0.1. Let X be a pointed G-space and M a Mackey functor for G. If
8(X) denotes the singular simplicial G-set of X, then define

FE(X, M) =|FC(8(X), M)|.

Moreover, if f: X — Y is a pointed G-map, then we define f& : F&(X, M) —
FE(Y,M) by f7 = [8(f)C].

REMARK 0.2. One may similarly redefine F(X, M) = |F(8(X), M)|, and the map
Bx = |Bs(x)| : F(X,M) - FY(X, M) is an identification, as stated in 3.7 of [1].
Our new definition also replaces 3.1, 3.2, and 3.6.

If K is a simplicial set, such that K, = C for all m and f¥ =id for all f in A,
then | K| is a discrete space homeomorphic to C. Therefore, if X has the discrete
topology, then F& (X, M) = |FE(8(X), M)| = FE(X?, M), where we denote by X°
the underlying G-set of the G-space X, hence the new definition is consistent with
the definition for the discrete case.

For any space X, F“(X, M) is now not only of the homotopy type of a CW-
complex, as stated in Proposition 4.8 of [1], but it is in fact a regular CW-complex.

Then, with the new definition of the topological group F (X, M), the proof of
Theorem 4.1 is correct, since in the diagram the arrows (p<), and 1), on the bottom
can be replaced by the identity.

On the other hand, the proof of Proposition 3.12 is as follows.

First recall that if p: A — C' is an n-to-1 G-function, then its transfer is given
by

(0.3) SO = Y M E)D) -

[alep™' (x)/Ga
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Consider now the pullback diagram

A'L'A

)
DT> C.

Take the restriction of o/ from the fiber (p')~1(y) to the fiber p~1(a(y)). This
function induces a surjective function

q: (") ()/Gy — p )/ Cay)

given by q([a']) = [o/(a’)]. If [ag] € p~'((y))/Ga(y), then one easily shows that
there is a bijection

(0.4) d: Gy\Ga(y)/Gao I qil([ao]) )

given by (¢, [g]c,,) = [a'], where p/(a’) = y and o/(a’) = gao.
One has the following.

Lemma 0.5. Let H H' C K C G be subgroups of G and consider the fibered
product

G/H xa/x G/H = {(lg]m,[¢'ln) | 9.9' € G and g™'¢' € K} .
Take the set of double cosets H\K/H' = {glgx|lm |k =1,...,k}, wheregy,...,gx €
K are fived representatives. If H! = H N g.H'g. !, then there is an isomorphism
of G-sets
UF_ G/H! =5 G/H xg/x G/H'.
Proof. The isomorphism is given by ¢[glu» = ([9]a, [99x]|m")- O

And we also have the following result.

Lemma 0.6. Let H H' C K C G be subgroups of G and let M be a Mackey
functor. Take w € M(G/H xg/x G/H'); then

k
w = Z M*(SOH)M*(QOH)(W) )
k=1

where @, = @ oi, and i, : G/H! — UF_ G/H! is the inclusion.
Proof. By the additivity property of the Mackey functor, we have an isomorphism
@i M(G/H!) — M(Ui_,G/HY)

induced by the family M, (i), whose inverse is induced by the family M*(i,). Using
the previous lemma, we obtain the result. (Il

Let now p : E — X be an n-fold covering G-map. Then for any r the G-function
8r(p) : 8-(F) — 8,(X) has fibers with n elements. We need the next.

Proposition 0.7. The transfers
tS oy FE(8n(X)T, M) — FE(84(E)*, M)
determine a homomorphism of simplicial abelian groups
tS(p) - FE(8(X)T, M) — FE(S(E)Y, M).
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Proof. Let f:7 — 3§ be a morphism in A. In order to see that tg(p) is a homomor-
phism of simplicial groups, we have to prove that the following diagram commutes:

(fEOTHe
FESy(X)t, M) ————=FC9(8,(X)", M) .

G G
tsm)l itsrw

G + G +
FE(8,(E)", M) et FE(8.(E)T, M)
To see this, take a generator 75 (1) € FE(84(X)*, M), where o € 8§,(X) and | €
M(G/G.). Since p is a covering map, the following is a pullback diagram:

75
8s(E) —8,(E)

p)i isr(p)

Ss

—~

Consider the surjective function

q:85(p)"(0)/Gy — 8:(p) " (00 f4)/Goop,
induced by the restriction of f$(%) to the fibers. Then, by the formula (0.3), we
have
S + * — —
t§ o (FPONT(F W) = > V8 M (8,(p), )M (FEOT,)(1).
[]€8r(p) " (oofn)/Goory
On the other hand, we have
+ _— % —_—
(fEENEHS () (S ) = > Voo, Me(FSET )M (84(p),) (1)
[7']€8s(p)~1(0)/Gs
By (0.4), we can write 8,(p)~*(0)/Go = Uq~*([7]), where [7] € 8,(p) (o0
f#)/Goog,,and each ¢~ ([7]) = {[7)] | k = 1,...,k}, where 8,(p)(7}.) = 0, T, fs =
f3E)(1!) = g7, and the group-elements g, are such that

{Go [gH]GT}ﬁzl - Ga\Ga'of#/GT

(notice that the set {g..}*_, depends on each representative 7). Since v is equi-
variant, we have

A& ML(FSET )M (84(p),, ) (1) = 4 M.(Ry, o [SE )M (5,(p),., )(1).

’
K

Consider the following pullback diagram
G/Gr =G/Gs NGy, r
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Hence, M*(ST\(MT) o M (f8(X)+_) = M,(n') o M*(r). Using Lemma 0.6, we can
write

k k
=Y Mo(pn) M (p) M*(m)(1) = > M) M*(85(p),, ) (1) -
Composing with M, (') on the left, we obtain
M, (x')M Z M. (') M. () M* (84(p), ) (1)

- Z M.(Ry, o f8 B+ \M*(8,(p),,)(1).

Therefore, by the pullback property of M,

— k — ——
M*(8,(p),) M. (f3C+,)(1) = >~ M.(Ry, o f8E+, )M*(8,(p),, (1)

Hence 7 M*($, (p),) M. (FSCO+ ) (1) = S°_ 48  ML(FSBIF ) M*(8,(p),., ) (1) for
each [7] and thus the result follows. O

Thus we can give the following.

Definition 0.7. Let p: E — X be an n-fold covering G-map. Define the transfer
tg :FE(Xt, M) — FE(ET, M) by
G _ |4,G
ty = ltspls
thus the transfer is continuous. (Notice that for any space X, one has §,(X™) =
Sn(X)T)
With this, we recover Proposition 3.12 in [1]:

Proposition 0.8. The transfer t§ : FS(XT, M) — FY(E*, M) is a continuous
homomorphism. O

REMARK 0.9. Observe that the proof of Proposition 0.7 is the correct one for
Proposition 3.10 in [1]. On the other hand, the first part of 3.10 is not true in
general and hence part (a) of 3.12 is not true either. However, these results were
not used in that paper.

Proposition 3.14 in [1] also requires a new proof. We need the following.

Lemma 0.10. Let K and QQ be simplicial pointed G-sets and be ag, 7 : K —
Q@ be morphisms. If ag and oy are G-homotopic, then ozgi,al* FE(K,M) —
F&(Q, M) are homotopic homomorphisms.

Proof. Let H : K x A[l] — @ be a G-homotopy between ag and a;, since H is
G-equivariant (where A[1] has the trival action), it induces a homomorphism

HE : FE(K x A1), M) — FE(Q,M).
Let 1% : FE(K, M) x A[l] — FY(K x A[1], M) be given by

0 (w,0)(0,b) = {g(g) o ‘a
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where (u,a) € FY(K,,, M) x A[1],, and (0,b) € K,, x A[1],,. Since u is a G-invariant
element, it follows that (S (u,a) is also G-invariant. We have that (§(u + u',a) =
& (u,a) + & (', a). Therefore 15 (> >, 75 (ly),a) = >, 'yg a)(lo). One can easily

see that +“ is a morphism of simplicial pointed sets. The composite HE o 1% is a
homotopy between af, and .. O

Proposition 0.11. If fo, f1 : X — Y are G-homotopic pointed maps, then
1§, fG - FE(X, M) — FY(Y, M) are homotopic homomorphisms.

Proof. For convenience, we shall take the standard 1-simplex A instead of the unit
interval I. Thus let H : X x A! — Y be a pointed G-homotopy from fy to fi.
Consider the morphism of simplicial G-sets R : $(X) x A[l] — 8(Y) given as
follows. If s € A™, then define R,, : §,(X) x A[l],, — 8,(Y) by

Rn(07 a’)(s) = H(U(S), a#(s)) )

where ay : A" — Al is the affine map determined by a. Then R is a G-equivariant
homotopy between 8(fy) and 8(f1). Thus, by the previous lemma, there is a homo-
topy T between the morphisms 8(fo)¢ and 8(f1)¢. Then

'+ [FO(S(X), M)| x |A[L)] < [FE(S(X), M) x Afl]| 5 [FE(S(Y), M)

is a homotopy between f& = |8(f0)¢| and f& = |8(f1)¢]. O

All the results concerning the topological groups F&(X, M) hold with this new
definition. Finally, with this definition, one needs to make some changes in the
notation of the statements of 4.9, 5.4, 5.7, and 5.8 of [1]. They should read as
follows.

Corollary 4.9. The isomorphism H,(F¢(8(X),M)) — m,(F¢(X, M)) sends a
homology class [u] represented by a special chain u =3, & (u(0a)) to the homo-

topy class [w] given by u(t) = >, [V¢ (u(0a)),t].

Proposition 5.4. Let M be a Mackey functor and let p : E — X be an n-fold
G-equivariant covering map. Then

PGS, 1) = 3 WS (Mo(8,(p)5, )M* (5. (p)5,) (). 1],
reEK
where 8,.(p)~1(0)/Gy = {[0.] | kK € K}.

Theorem 5.7. Let M be a Mackey functor. Then the formula
Pt (s (0.1) = DG G, )1s (1)1
reEK

holds for any n-fold G-equivariant covering map p : E — X if and only if M is
homological.

Theorem 5.8. Let M be a Mackey functor for G with values in k-vector spaces,
such that the filed k has characteristic zero or prime to |G|. Then the formula

Pt (S W), 1) = Y [Go:Ga, ]G (1), 1]

rEK
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holds for any n-fold G-equivariant covering map p : E — X if and only if M is
the fized point Mackey functor My of some kG-module L.

REMARK 0.12. When M is a homological Mackey functor, it is possible to use the
original abelian group F%(X, M) as defined in [1], but with a different topology
given as follows.

Let us take the surjective homomorphism

75 FC(S(X), M)| — F(XP,M)©
o ([ 1]) = Safanmn
where po.; 1 G/Gy — G /G,y is the quotient map. Then we give F(X°, M)% the
identification topology. We denote the resulting topological group by F& (X, M). In
this case one can prove (see [2]) that F¥ (X, M) has all the properties of F&(X, M)

given in [1], including the transfer for G-equivariant covering maps, as defined in
that paper.

defined by

We apologize for the mistake.

REFERENCES

[1] M. AGUILAR, C. PrIETO, Equivariant homotopical homology with coefficients in a Mackey
functor, Topology and its Applications 154 (2007), 2826-2848.

[2] M. AcUuILAR, C. PrIETO, Topological groups and Mackey functors, to appear in Bol. Soc.
Mat. Mex. (2008).

INSTITUTO DE MATEMATICAS, UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO, 04510 MEXICO,
D.F., MEXICO
E-mail address: marcelo@math.unam.mx, cprieto@math.unam.mx



