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0 Introduction

Let G be a finite group, M a covariant coefficient system for G, and X a G-
space. In [2] we defined topological groups FG(X,M) whose homotopy groups
are isomorphic to the Bredon-Illman equivariant homology of X with coeffi-
cients in M . The construction uses the singular simplicial G-set S(X), and
thus the topological group is quite large. In this paper we consider regular
G-CW-complexes X , i.e., G-CW-complexes whose characteristic maps are em-
beddings. In this case, we define another topological group for X . To do this we
use the simplicial G-set K(X) associated to X and constructed with the cells
of X , whose geometric realization is homeomorphic to X . With this we obtain
smaller topological groups |FG(K(X),M)| whose homotopy groups are isomor-
phic to the Bredon (cellular) homology groups. We use some of the techniques
introduced in the first part, together with a result on model categories, to prove
that an equivariant weak homotopy equivalence between arbitrary G-spaces in-
duces an isomorphism in the Bredon-Illman homology groups with coefficients
in any coefficient system.

On the other hand, in [4] we introduced the concepts of ramified covering maps
in the categories of simplicial sets and of simplicial complexes. In this paper we
generalize these concepts to the equivariant setting and we present some results
on their structure. They have the property that their geometric realizations are
topological ramified covering G-maps.

In [5] we constructed a transfer for ramified covering G-maps in Bredon-Illman
equivariant homology with coefficients in a homological Mackey functor M . In
this case one can define other topological groups FG(X,M) which are given
directly in terms of the points of X and whose homotopy groups are again
isomorphic to the Bredon-Illman homology groups of X with coefficients in
M . Using these groups one defines the transfer. For an arbitrary coefficient
system M , the singular simplicial set of X cannot be used to construct the
transfer, because if p : E −→ X is a ramified covering map, then the fibers of
S(p) : S(E) −→ S(X) are not finite in general (see the counterexample in [4]).
Thus the homotopical approach to the Bredon homology given in this paper
allows us to construct a transfer for G-equivariant ramified covering maps of
simplicial sets and of simplicial complexes in Bredon homology with coefficients
in an arbitrary Mackey functor M . We show that this transfer has the usual
properties of a transfer.

The paper is organized as follows. In Section 1, given a simplicial G-set K ,
we construct the topological group |FG(K,M)| and we prove that its ho-
motopy groups are isomorphic to the Bredon homology groups of |K|. From

2



this, we obtain the same result for the case of regular G-CW-complexes. We
finish the section with an application of these homotopy-theoretic methods.
Namely, we prove that if f : X −→ Y is an equivariant weak homotopy
equivalence between arbitrary G-spaces, and M is any coefficient system, then
f∗ : HG(X;M) −→ HG(Y ;M) is an isomorphism of the Bredon-Illman homol-
ogy groups. In Section 2, we recall the definition of an n-fold G-function with
multiplicity p : E −→ S (in the category of G-sets) given in [5], and we define
the transfer tGp : FG(S,M) −→ FG(E,M) for it. In order to deal with the
topological case, one needs to study G-equivariant ramified covering maps in
the category of simplicial sets. This we do in Section 3, where we introduce the
concept of a G-equivariant simplicial (special) ramified covering map p (3.1)
and we prove several properties of the class of those p, like the fact that it is
closed under pullbacks, that their geometric realization is a topological ramified
covering G-map, etc. Further on in this section, we define the transfer in the
simplicial context. We finish the section by proving that if the Mackey functor
M is homological, then the transfer constructed here coincides with the transfer
constructed in [5] (3.22). Next, in Section 4, we give the definition of a (special)
G-equivariant ramified covering map of simplicial complexes p (4.1), and in a
natural way, we associate a ramified covering map of simplicial sets K(p) (4.4)
in such a way that the geometric realizations |p| and |K(p)| coincide. At the end
of this section, we pass to the Bredon homology (applying the homotopy-group
functors) and we give the transfer and its properties in homology.

1 Homotopical Bredon homology

Given a simplicial pointed G-set K (or equivalently, a pointed G-simplicial set)
and a covariant coefficient system M , we shall show that the homotopy groups
of the topological abelian group |FG(K,M)| are isomorphic to the Bredon
equivariant homology groups HG∗ (|K|,M). In order to do this, we need the
following results.

We begin by recalling the definition of the simplicial abelian group FG(K,M)
given in [2].

Definition 1.1 First consider any pointed G-set S with base point x0 , and
a covariant coefficient system M for G. Take the set M̂ = ∪H⊂GM(G/H).

Define now the abelian group

FG(S,M) = {u : S −→ M̂ | u(x) ∈M(G/Gx), u(x0) = 0, u(x) = 0
for almost all x ∈ S, and u(gx) = M∗(Rg−1)(u(x))},
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where Rg−1 : G/Gx −→ G/Ggx is given by right-translation with g−1 . For
simplicity, we put gl = M∗(Rg−1)(l) ∈M(G/gHg−1) if l ∈M(G/H). The sum
is given by (u + v)(x) = u(x) + v(x) ∈ M(G/Gx). This group has canonical
generators γGx (l) for x 6= x0 and l 6= 0, given by

γGx (l) =
r∑

i=1

(gil)(gix) ,

where G/Gx = {[gi] | i = 1, . . . , r} and lx denotes the function with value l at
x and zero elsewhere (which is not an element of FG(S,M), but the sum is).

Given a pointed G-function f : S −→ T , define fG∗ : FG(S,M) −→ FG(T,M)
by fG∗ (γGx (l)) = γGf(x)M∗(f̂x)(l), where f̂x : G/Gx ³ G/Gf(x) is the quotient
G-function. Then FG(−,M) is a covariant functor from the category of pointed
G-sets G-Set∗ to the category of abelian groups.

Now, if K is a simplicial pointed G-set, we shall use the following notations.
Let α : m −→ n be a morphism in ∆, where k = {0, 1, 2, . . . , k} for all k ≥ 0.
We denote by αK : Kn −→ Km the value of K in α, and by α# : ∆m −→ ∆n

the affine map induced by α. We have a simplicial abelian group FG(K,M)
given as the composite of the functors K : ∆ −→ G-Set∗ with FG(−,M).

Remark 1.2 If G is the trivial group, S is a pointed set and M = Z, then
we denote the abelian group FG(S,M) by F (S,Z), which is the free abelian
group generated by the elements of S − {x0}.

Let K be a simplicial pointed G-set. Since FG(K,M) is a simplicial abelian
group, we have a canonical chain complex {FG(Kn,M), ∂n}, where

∂n =
n∑

i=0

(−1)i(dKi )G∗ ,

and dKi : Kn −→ Kn−1 is the ith face operator of K . Moreover, if Dn

denotes the subgroup generated by the degenerate elements of FG(Kn,M),
then D∗ is a chain subcomplex and therefore we have a quotient complex
{FG(Kn,M)/Dn, ∂n}.
On the other hand, we denote by νn(K) ⊂ Kn the set of nondegenerate ele-
ments. We have another chain complex {FG(νn(K)+,M), δGn }, as we shall see
below, where

δGn (γGa (l)) =
n∑

i=0

(−1)iγG
dK

i (a)
M∗(d̂Ki a)(l) ,

4



with the convention that if some dKi (a) is degenerate, then we put γG
dK

i (a)
= 0.

Notice that since νn(K) has no base point if n > 0, we have to consider νn(K)
with an extra base point. For n = 0 we shall take the base point in K0 . Clearly,
νn(K) as well as Kn − νn(K) are G-invariant. We have the following.

Proposition 1.3 The chain complexes

{FG(Kn,M)/Dn, ∂n} and {FG(νn(K)+,M), δGn }
are isomorphic.

Proof: We first claim that w ∈ Dn if and only if w(b) = 0 for all b ∈ νn(K).

Indeed, take w ∈ Dn . Then w =
∑m

r=1(s
K
jr

)G∗ (vr), where vr =
∑

a∈Kn−1
γGa (la) ∈

FG(Kn−1,M). Now

(sKjr )
G
∗


 ∑

a∈Kn−1

γGa (la)


 =

∑

a∈Kn−1

γG
sK
jr

(a)
(la) .

Since Kn − νn(K) is G-invariant, then each γG
sK
jr

(a)
(la) is zero at all elements

in νn(K). Therefore w(b) = 0 for all b ∈ νn(K).

Conversely assume that w(b) = 0 for all b ∈ νn(K), then w 6= 0 only at
degenearte elements. Take one representative sKi1 (a1), . . . , sKim(am) of each orbit
where w is nonzero. Hence

w =
m∑

r=1

γG
sK
ir

(ar)
(lir) , where w(sKir (ar)) = lir 6= 0 .

Since sKir is injective, it preserves the isotropy groups and thus we have

γG
sK
ir

(ar)
(lir) = (sKir )G∗ (γGar

(lir)) .

Consequently, w ∈ Dn .

Notice that when n = 0, FG(K0,M) consists only of nondegenerate elements,
so that D0 = 0. Hence w ∈ D0 if and only if w(b) = 0 for all b ∈ ν0(K) = K0 .

Let now ι : νn(K)+ ↪→ Kn be the extension of the inclusion such that ι(+) is
the base point of Kn . Define ϕ as the composite

ϕ : FG(νn(K)+,M)
iG∗−→ FG(Kn,M)

π³ FG(Kn,M)/Dn .

To see that ϕ is injective, take u =
∑

b∈νn(K) γ
G
b (lb) ∈ FG(νn(K)+,M) such

that ϕ(u) = 0. Hence ιG∗ (u) ∈ Dn , but since ι is injective, ιG∗ (
∑

b∈νn(K) γ
G
b (lb)) =
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∑
b∈νn(K) γ

G
b (lb) ∈ Dn . Therefore, by the claim above, ιG∗ (u) is zero at all ele-

ments of νn(K). Thus u = 0.

To see that ϕ is surjective, take π(w) ∈ FG(Kn,M)/Dn . Let us write

w =
∑

b∈νn(K)

γGb (lb) +
∑

b′∈Kn−νn(K)

γGb′ (lb′) .

Take u =
∑

b∈νn(K) γ
G
b (lb) ∈ FG(νn(K)+,M). Then, by the claim above,

ϕ(u) = π(w).

We must now show that ϕ is an isomorphism of chain complexes. This follows
from the fact that δGn corresponds to the operator ∂n under the isomorphism
ϕ, as one easily verifies.

We now prove the next.

Proposition 1.4 There is an isomorphism of chain complexes

ψ′ : {F (νn(K)+,Z), δn} −→ {Hn(|K|n, |K|n−1), ∂n} .

Proof: It is well known that the group Hn(|K|n, |K|n−1) is the free abelian
group generated by the n-cells of |K|. The n-cells of |K| are in a one-to-one
correspondence with the elements of νn(K) (see [11]). The isomorphism is given
as follows. Take a generator a of F (νn(K)+,Z), namely a ∈ νn(K). Then we
associate to a the relative cycle ψa : (∆n, ∆̇n) −→ (|K|n, |K|n−1) defined by
ψa(t) = [a, t], and we define the isomorphism ψ′ by ψ′(a) = [ψa].

We now prove that the isomorphism ψ′ commutes with the boundary operators.
We have, on the one hand

∂nψ
′(a) = ∂n[ψa] =

[
n∑

i=0

(−1)iψadi#

]

while on the other hand

ψ′δn(a) = ψ′
(

n∑

i=0

(−1)idKi (a)

)
.

But ψ′(dKi (a)) = [ψdK
i (a)], and ψdK

i (a)(s) = [dKi (a), s] = [a, di#(s)] = ψadi#(s).

When n = 0, one has an isomorphism H0(|K|0, ∗) ∼= F (ν0(K),Z), where ∗ =
[a0, 1] and a0 ∈ ν0(K) = K0 is the base point. Therefore the result follows.
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Definition 1.5 Let T be a pointed G-set. There is a contravariant functor
F (T,Z) from the category of canonical orbits G/H , which we denote by O(G),
to the category of abelian groups given on objects by

F (T,Z)(G/H) = F (TH ,Z)

and on morphisms, as follows. If H ⊂ K , that is, for q : G/H ³ G/K , one has
an inclusion TK ↪→ TH which induces

q∗ : F (T,Z)(G/K) −→ F (T,Z)(G/H) .

Furthermore, if we take Rg−1 : G/H −→ G/gHg−1 , then the bijection Lg−1 :
T gHg

−1 −→ TH given by y 7→ g−1y induces

R∗g−1 : F (T,Z)(G/gHg−1) −→ F (T,Z)(G/H) .

We shall consider the categorical tensor product (or “coend” –see [12]) of
F (T,Z) and M defined by

F (T,Z)⊗O(G) M = ⊕H⊂GF (TH ,Z)⊗M(G/H)/∼
where one takes the quotient by the subgroup generated by the differences
f∗(a)⊗ l − a⊗M∗(f)(l), where f : G/H −→ G/K is any G-function.

Proposition 1.6 Let T be a pointed G-set. Then there is an isomorphism

FG(T,M) ∼= F (T,Z)⊗O(G) M .

Proof: Take x ∈ T and l ∈M(G/Gx). Then 1x⊗ l ∈ F (TGx ,Z)⊗M(G/Gx).
Define ϕx : M(G/Gx) −→ F (T,Z)⊗O(G) M by

ϕx(l) = [1x⊗ l] ∈ F (T,Z)⊗O(G) M .

We have

ϕgxM∗(Rg−1)(l) = [gx⊗M∗(Rg−1)(l)]
= [R∗g−1(gx)⊗ l] .

But, by definition, R∗g−1(gx) = g−1gx = x, thus ϕgx ◦M∗(Rg−1) = ϕx . More-
over, if x0 ∈ T is the base point, then ϕx0(l) = [1x0 ⊗ l] = 0, since 1x0 = 0.
Therefore, we have proved that the family ϕx satisfies the conditions of the uni-
versal property of FG(T,M) [2, 1.6], and thus it determines a homomorphism

ϕ : FG(T,M) −→ F (T,Z)⊗O(G) M ,

such that ϕ(γGx (l)) = ϕx(l) = [1x⊗ l].
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We now construct the inverse

ψ : F (T,Z)⊗O(G) M −→ FG(T,M) ,

as follows. Define first

ψH : F (TH ,Z)⊗M(G/H)

by
ψH(u⊗ l) =

∑

x∈TH

u(x)γGxM∗(px)(l) ,

where px : G/H −→ G/Gx is the canonical projection. Clearly ψH is well
defined. We now prove that the homomorphisms ψH are compatible with the
equivalence relation and therefore they determine ψ .

We analyze two cases. First consider f = Rg−1 : G/H −→ G/gHg−1 . Take
x ∈ T gHg−1

and l ∈ M(G/H). Observe that pg−1x : G/H −→ G/Gg−1x is the
composite

pg−1x : G/H
Rg−1−→ G/gHg−1 px−→ G/Gx

Rg−→ G/g−1Gxg

and that γGx = γGg−1x ◦M∗(Rg). Then

ψgHg−1(x⊗M∗(Rg−1)(l)) = γGxM∗(px)M∗(Rg−1)(l)

= γGg−1xM∗(Rg)M∗(px)M∗(Rg−1)(l)(1.7)

= γGg−1xM∗(pg−1x)(l) = ψH(R∗g−1(x)⊗ l)
Now consider f = q : G/H −→ G/K . Take x ∈ TK and l ∈ M(G/H). Then
x ⊗M∗(q)(l) ∼ q∗(x) ⊗ l . Let p′x : G/K −→ G/Gx be the projection; then
clearly p′x ◦ q = px . We have

ψK(x⊗M∗(q)(l)) = γGxM∗(p′x)M∗(q)(l)

= γGxM∗(px)(l)(1.8)
= ψH(p∗x(x)⊗ l) .

Therefore, by (1.7) and (1.8), the homomorphisms ψH define ψ .

We now prove that ϕ is the inverse of ψ . Consider a generator γGx (l) ∈ FG(T,M),
thus x ∈ TGx and l ∈M(G/Gx). Then

ψϕ(γGx (l)) = ψ(ϕx(l)) = ψ([1x⊗ l]) = ψGx(1x⊗ l) = γGx (l)

and thus ψ ◦ϕ = id. On the other hand, take x ∈ TH and l ∈M(G/H). Then
[x⊗ l], where 1x := x is a generator and

ϕψ([x⊗ l]) = ϕ(ψH(x⊗ l)) = ϕ(γGxM∗(px)(l)) = ϕxM∗(px)(l)
= [x⊗M∗(px)(l)] = [p∗x(x)⊗ l] .

8



Since p∗x : F (TGx ,Z) −→ F (TH ,Z) is the inclusion, [p∗x(x) ⊗ l] = [x ⊗ l].
Therefore, ϕ ◦ ψ = id.

Lemma 1.9 Let K be a simplicial pointed G-set and denote by Kn , resp.
|K|n , the n-skeleton. Then

(a) νn(KH) = νn(K)H ;

(b) L ⊂ K ⇒ νn(L) ⊂ νn(K);

(c) (Kn)H = (KH)n ,

F |Kn| = |K|n ;

(e) |KH | ≈ |K|H ;

(f) (|K|n)H = |KH |n .

Proof: (a) The inclusion νn(K)H ⊂ νn(KH) is clear since the degenerate
operator sK

H

i is the restriction of sKi . Conversely, take a ∈ νn(KH). If a were
degenerate in K , then a = sKi (b). Hence

a = ha = hsKi (b) = sKi (hb) ∀ h ∈ H .

Therefore, sKi (b) = sKi (hb), and since sKi is injective, b ∈ KH and so a =
sK

H

i (b), which is a contradiction. Thus a ∈ νn(K)H .

(b) Take a ∈ νn(L). If a were degenerate in K , then a = sKi (b), b ∈ Kn−1 .
Then dKi (a) = dKi s

K
i (b). But dKi (a) ∈ Ln−1 and dKi s

K
i (b) = b. Hence b ∈ Ln−1

and a would be degenerate in L, which is a contradiction.

(c) We have

(KH)n = {c ∈ KH | c ∈ KH
r or c = sK

H
(d) , d ∈ KH

r , r ≤ n} , and

(Kn)H = {a ∈ K | a ∈ Kr or a = sK(b) , b ∈ Kr , r ≤ n , ha = a ∀ h ∈ H} .
Clearly (KH)n ⊂ (Kn)H . On the other hand, if a ∈ (Kn)H , then a ∈ KH

r or
a = ha = hsK(b) = sK(hb) = sK(b), since sK is equivariant. But sK is also
injective, thus hb = b and so b ∈ KH

r . Therefore (Kn)H ⊂ (KH)n .

(d) This follows from the fact that the cells of |K|n are in a one-to-one corre-
spondence with the nondegenerate elements in Km (m ≤ n).

(e) By [9, 4.3.8], the inclusion i : KH ↪→ K induces an embedding |i| : |KH | ↪→
|K|. It is clear that the image of |i| is contained in |K|H . Conversely, take [a, t] ∈
|K|H , where (a, t) is a nondegenerate representative. By [2, 2.4], G[a,t] = Ga .
Hence a ∈ KH .
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(f) Consider (|K|n)H . Then, using the statements (d), (e), (c), and (d), we have
the following equalities:

(|K|n)H = |Kn|H = |(Kn)H | = |(KH)n| = |KH |n ,
thus we have the result.

In what follows we shall consider the chain complex {Cn(|K|) ⊗O(G) M,∂n ⊗
idM}, where

Cn(|K|)(G/H) = Hn((|K|n)H , (|K|n−1)H)

(see [12, Ch. I, §4]).

Proposition 1.10 Let K be a simplicial pointed G-set. Then there is an
isomorphism between the chain complex {FG(νn(K)+,M), δGn } and the chain
complex {Cn(|K|)⊗O(G) M,∂n ⊗ idM}.
Proof: Applying Proposition 1.4 to the simplicial set KH , we get an isomor-
phism of chain complexes

{F (νn(KH)+,Z), δn} ∼= {Hn(|KH |n, |KH |n−1), ∂n} .
By Lemma 1.9 (a),

F (νn(KH)+,Z) ∼= F (νn(K)H+,Z) ,

and by (f),
Hn(|KH |n, |KH |n−1) = Hn(|Kn|H , |Kn−1|H) .

Therefore, there is an isomorphism of chain complexes

{F (νn(K)H+,Z), δn} ∼= {Cn(|K|)(G/H), ∂n} .
Hence there is an isomorphism of chain complexes

{F (νn(K)+,Z)⊗O(G) M, δn ⊗ idM} ∼= {Cn(|K|)⊗O(G) M,∂n ⊗ idM} .

By Proposition 1.6, there is an isomorphism of groups

ϕ : FG(νn(K)+,M) −→ F (νn(K)+,Z)⊗O(G) M

for each n. So we only have to check that ϕ is a chain morphism. To do this,
take a generator γGa (l) ∈ FG(ν(K)+,M). We have on the one hand,

ϕδGn (γGa (l)) = ϕ

(
n∑

i=0

(−1)iγG
dK

i (a)
M∗(d̂Ki a)(l)

)

=

[
n∑

i=0

(−1)idKi (a)⊗M∗(d̂Ki a)(l)

]
,
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while on the other hand, since ϕ(γGa (l)) = [a⊗ l] we have

(⊕δn ⊗ id)ϕ(γGa (l)) =

[(
n∑

i=0

(−1)idKi (a)

)
⊗ l

]

=

[
n∑

i=0

(−1)idKi (a)⊗ l
]
.

Each summand inside the first brackets lies in F (νn(K
G

dK
i

(a)),Z)⊗M(G/GdK
i (a))

and each summand inside the second brackets lies F (νn−1(KGa),Z)⊗M(G/Ga).
Now we shall see that these summands are equivalent. Notice first that by (b)

in the lemma above, since K
G

dK
i

(a) ⊂ KGa , then νn−1(K
G

dK
i

(a)) ⊂ νn−1(KGa).
Let ι be the latter inclusion. Then we have

dKi (a)⊗M∗(d̂Ki a)(l) ∼ ι∗dKi (a)⊗ l = dKi (a)⊗ l .
Thus the two brackets coincide, as we wanted to prove.

The next is the main result of this section.

Theorem 1.11 Let K be a simplicial pointed G-set, and let M be a coefficient
system for G. Then there is a natural isomorphism

πq(|FG(K,M)|) ∼= H̃G
q (|K|;M) .

Proof: By [12, Ch. I, §4], H̃G
n (|K|;M) = Hn(C∗(|K|)⊗O(G)M,∂∗⊗id). There-

fore, applying Proposition 1.10, we obtain

(1.12) H̃G
q (|K|;M) ∼= Hq(FG(ν∗(K)+,M), δG∗ ) .

By Proposition 1.3,

(1.13) Hq(FG(ν∗(K)+,M), δG∗ ) ∼= Hq(FG(Kn,M)/Dn, ∂∗) .

By [11], the projection

(1.14) (FG(K,M), ∂∗) ³ (FG(Kn,M)/Dn, ∂∗)

is a chain homotopy equivalence, thus

(1.15) Hq(FG(Kn,M)/Dn, ∂∗) ∼= Hq(FG(K,M), ∂∗) .

Finally, by [11, 22.1,16.6,16.1], we have the following isomorphisms:

(1.16) Hq(FG(K,M), ∂∗)

∼= ,,YYYYYYYYYYYYY
oo ∼=
i∗

πq(FG(K,M)) Ψ
∼=

// πq(S|FG(K,M)|)
∼= φ

²²
πq(|FG(K,M)|) .
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Now the result follows combining the isomorphisms (1.12), (1.13), (1.15), and
(1.16).

In [5, 4.13] we show that any regular G-CW-complex X is G-homeomorphic to
the geometric realization of an ordered G-simplicial complex T (X), therefore
X is also homeomorphic to the geometric realization of the associated simplicial
G-set K(X) (see the paragraph just before Proposition 4.4). Hence the previous
result implies the following.

Corollary 1.17 Let X be a regular G-CW-complex and M a coefficient sys-
tem. Then there is an isomorphism

πq(|FG(K(X),M)|) ∼= H̃G
q (X;M) ,

where K(X) is the simplicial G-set associated to X .

As an application of the homotopical approach to the Bredon-Illman homology,
we have the following. We first recall the definition of FG(X,M), where X is
any pointed G-space and M is an arbitrary (covariant) coefficient system.

Consider the simplicial group FG(S(X),M), where S(X) is the singular simpli-
cial G-set of X . We denote by FG(X,M) the topological group |FG(S(X),M)|.
Then we have an isomorphism πq(FG(X,M)) ∼= H̃G

q (X;M) for all q (see [2, 3]),
where H̃G∗ (X;M) is the Bredon-Illman homology of the pointed G-space X .

Remark 1.18 Notice that if X has the G-homotopy type of a G-CW-complex,
then by [2, 4.7] one has a G-homotopy equivalence ρX : |S(X)| −→ X . This
induces an isomorphism H̃G∗ (|S(X)|;M) ∼= H̃G∗ (X;M). By Theorem 1.11,

H̃G
q (|S(X)|;M) ∼= πq(|FG(S(X),M)|) := πq(FG(X,M)) .

Therefore, πq(FG(X,M)) ∼= H̃G
q (X;M).

However, the result in [2, 3] is valid for any G-space X , and it is this more
general result which we shall use in what follows.

Theorem 1.19 Let f : X −→ Y be an equivariant weak homotopy equiv-
alence between arbitrary G-spaces, and let M be a coefficient system for G.
Then f∗ : HG∗ (X;M) −→ HG∗ (Y ;M) is an isomorphism.

Proof: Recall that, by definition, f : X −→ Y is an equivariant weak homo-
topy equivalence if fH : XH −→ Y H is an ordinary weak homotopy equivalence
for all H ⊂ G. Consider the simplicial map S(fH) : S(XH) −→ S(Y H). Since

12



S(ZH) = S(Z)H for every Z , S(fH) = S(f)H : S(X)H −→ S(Y )H . By [11,
16.1], there is a natural isomorphism ϕZ : πq(S(Z)) −→ πq(Z) for every space
Z . Thus we have a commutative diagram

πq(S(XH))

ϕ
XH ∼=

²²

S(fH)#// πq(S(Y H))

ϕ
Y H∼=

²²
πq(XH)

fH
#

// πq(Y H) .

Hence S(f) : S(X) −→ S(Y ) is a weak homotopy equivalence in the category
of simplicial G-sets (which is the same as the category of G-simplicial sets).
Since S(Z)H = S(ZH), S(Z)H is a Kan simplicial set for all H , then S(f) is
a G-morphism between fibrant simplicial G-sets. Hence by [8, 2.3], S(f) is a
G-homotopy equivalence, and thus S(f)+ is also a G-homotopy equivalence.
But S(Z)+ ∼= S(Z+) for all Z . Therefore, by [3, (4.18)(b)], one has a homotopy
equivalence

|(S(f+))G∗ | : |FG(S(X+),M)| −→ |FG(S(Y +),M)| ,
which induces an isomorphism of homotopy groups. By [2, 3], there is an iso-
morphism πq(|FG(S(Z+),M)|) ∼= HG

q (Z;M), so the result follows.

2 G-Functions with multiplicity

In this section we recall the main facts about the transfer at the level of G-sets
(for details, see [5]).

Definition 2.1 By an n-fold G-function with multiplicity we understand a
G-function p : E −→ S between G-sets with finite fibers, together with a G-
invariant function µ : E −→ N, called multiplicity function, such that for each
x ∈ S , ∑

a∈p−1(x)

µ(a) = n .

We say that the n-fold G-function with multiplicity p : E −→ S is pointed if
the spaces E and S have base points, which are fixed under the G-action, and
p is a pointed function. Associated to p : E −→ S one has the G-function

ϕp : S −→ SPnE

given by
ϕp(x) = 〈a1, . . . , a1︸ ︷︷ ︸

µ(a1)

, . . . , ar, . . . , ar︸ ︷︷ ︸
µ(ar)

〉 .
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Definition 2.2 Let p : E −→ S and p′ : E′ −→ S′ be n-fold G-functions
with multiplicity functions µ and µ′ , respectively. A morphism from p to p′ is
a pair of G-functions (f̃ , f) such that

(a) the following diagram commutes:

E
ef //

p

²²

E′

p′
²²

S
f

// S′ ,

(b) for each x ∈ S , the restriction f̃ |p−1(x) : p−1(x) −→ p′−1(f(x)) is surjec-
tive,

(c) for each x ∈ S and a′ ∈ p′−1(f(x)), one has the equality

(2.3) µ′(a′) =
∑

p(a)=x , ef(a)=a′

µ(a) , and

(d) for each a ∈ E one has the formula

(2.4) Ga = Gp(a) ∩G ef(a)

for the isotropy groups.

There is a category whose objects are G-functions with multiplicity and its
morphisms are as just defined.

We have the next useful characterization of a morphism of G-functions with
multiplicity [5, Prop. 2.4].

Proposition 2.5 Let p : E −→ S and p′ : E′ −→ S′ be n-fold G-functions
with multiplicity, and let f : S −→ S and f̃ : E −→ E′ be G-functions such
that f̃ ◦p′ = p◦f and for a ∈ E , Ga = Gp(a)∩G ef(a)

. Then (f̃ , f) is a morphism

from p to p′ if and only if

ϕp′ ◦ f = SPnf̃ ◦ ϕp : S −→ SPnE′ ,

where the ϕs are as given in Definition 2.1.

Examples 2.6 We have the following examples.
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(a) Let p : E −→ S be a n-fold G-function with multiplicity µ, and let
f : T −→ S be a G-function. Consider the pullback diagram

(2.7) f∗E
ef //

q

²²

E

p

²²
T

f
// S ,

where f∗E = T ×S E = {(y, a) | f(y) = p(a)}, and q and f̃ are the
projections. Clearly, q is also an n-fold G-function with multiplicity µ′

given by µ′(y, a) = µ(a), since µ′(g(y, a)) = µ′(gy, ga) = µ(ga) = µ(a) =
µ′(y, a). Consider the restriction of f̃ from the fiber q−1(y) to the fiber
p−1(f(y)). This bijective function induces a surjective function

q−1(y)/Gy −→ p−1(f(y))/Gf(y) .

Clearly, conditions (a), (b), and (c) in the previous definition hold. More-
over, clearly G(y,a) = Gy∩Ga , thus condition (d) also holds. Hence (f̃ , f)
is a morphism from q to p.

(b) Let T be a G-set and consider the G-function π : Tn ×Σn n −→ SPnT
given by π〈x1, . . . , xn; i〉 = 〈x1, . . . , xn〉, where G acts on both sets diago-
nally and trivially on the set n = {1, 2, . . . , n}. Define µ : Tn×Σn n −→ N
by

µ〈x; i〉 = #x−1(x(i)) ,

where one regards the ordered n-tuple (x1, . . . , xn) as a function x :
n −→ T . Then p is an n-fold G-function with multiplicity, since the
sets x−1x(i) form a partition of the set n. Furthermore, µ is clearly G-
invariant. The function ϕπ : SPnT −→ SPn(Tn ×Σn n) is given in this
case by

ϕπ〈x1, . . . , xn〉 = 〈〈x1, . . . , xn; 1〉, . . . , 〈x1, . . . , xn;n〉〉 .

Definition 2.8 Let p : E −→ S be a n-fold G-function with multiplicity µ,
and let M be a Mackey functor. Define a homomorphism

tp : F (S,M) −→ F (E,M) ,

by
tp(u)(a) = µ(a)M∗(p̂a)u(p(a)) ,
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where u ∈ F (S,M) and a ∈ E . If we assume that u ∈ FG(S,M), i.e., that
u(gx) = g · u(x), then

tp(u)(ga) = µ(ga)M∗(p̂ga)(u(p(ga)))
= µ(a)M∗(p̂ga)(g · u(p(a)))
= µ(a)M∗(p̂ga)M∗(Rg−1)(u(p(a)))
= µ(a)M∗(Rg−1)M∗(p̂a)(u(p(a)))
= g · (tp(u)(a)) ,

where the next to the last equality follows from the pullback property of the
Mackey functor. Thus tp(u) ∈ FG(E,M). Therefore, the homomorphism tp
restricts to a transfer homomorphism

tGp : FG(S,M) −→ FG(E,M) .

Remark 2.9 Let p : E −→ S be a n-fold G-function with multiplicity µ. The
isotropy group Gx acts on p−1(x) and the inclusion p−1(x) ↪→ p−1(Gx) clearly
induces a bijection p−1(x)/Gx −→ p−1(Gx)/G. Let {aι} ⊂ p−1(x) be a set of
representatives one for each Gx -orbit. Let γGx (l) be a generator of FG(S,M).
Since the value of this function is zero on points which do not belong to the
orbit Gx, and γGx (l)(x) = l . One can give the transfer tGp on the generators
γGx (l) by the formula

(2.11) tGp (γGx (l)) =
∑

[aι]∈p−1(x)/Gx

µ(aι)γGaι
(M∗(p̂aι)(l)) .

The next follows from what was done in [5, Section 2].

Proposition 2.12 The transfer has the following properties: Naturality (with
respect to morphisms of G-functions with multiplicity), Pullback, Normaliza-
tion, Additivity, Quasiadditivity, Functoriality, Invariance under change of co-
efficients, and if M is homological, then the composite

pG∗ ◦ tGp : FG(S,M) −→ FG(S,M)

is multiplication by n.

3 Ramified covering maps in the category of simplicial G-
sets

In this section, we shall define G-equivariant simplicial ramified covering maps.
Our definition is based on the concept of a weighted map given by Friedlander
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and Mazur [7]. We show that these simplicial ramified covering G-maps have
properties analogous to those proved by Smith [13] and Dold [6] for topological
ramified covering maps.

Definition 3.1 Let p : K −→ Q be a pointed simplicial function between
pointed simplicial sets. We say that p is an n-fold G-equivariant simplicial
ramified covering map if the following conditions hold:

1. For each m, pm : Km −→ Qm has finite fibers.

2. The function dKi |p−1
m (x) : p−1

m (x) −→ p−1
m−1(d

Q
i (x)) is surjective for all i.

3. There is a family of G-invariant multiplicity functions µm : Km −→ N,
such that:

(a) For all x ∈ Qm , one has
∑

a∈p−1
m (x) µm(a) = n.

(b) µm+1 ◦ sKi = µm : Km −→ N.
(c) For all x ∈ Qm and a ∈ p−1

m (x) one has

µm−1(dKi (a)) =
r∑

α=1

µm(aα) ,

where {a1, . . . , ar} = (dKi )−1(dKi (a)) ∩ p−1
m (x).

We call p special if, furthermore, the following condition holds.

4. For each a ∈ Km , one has Ga = Gpm(a) ∩GdK
i (a) for all i.

Remark 3.2 Properties 3 (a) and (b) imply that the restrictions sKi | : p−1
m (x) −→

p−1
m+1(s

Q
i (x)) are bijective.

Remark 3.3 The corresponding definition in the nonequivariant setting is
given in [4].

The concept of a simplicial ramified covering map is particularly well behaved.
We have the following result, which is already valid in the nonequivariant case.
We define Rm = {x ∈ Qm | ∃a ∈ p−1

m (x) with µm(a) > 1}. We call the elements
of Rm the ramification points of pm .

Proposition 3.4 Let p : K −→ Q be an n-fold simplicial ramified covering
map. Then the sets of ramification points Rm form a simplicial subset of Q.
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Proof: Take x ∈ Rm and take dQi : Qm −→ Qm−1 . If dQi (x) /∈ Rm−1 , then
the cardinality |p−1

m−1(d
Q
i (x))| would be n, while |p−1

m (x)| is less than n. This
contradicts the fact that dKi : p−1

m (x) −→ p−1
m−1(d

Q
i (x)) is surjective. Hence dQi

restricts to dRi : Rm −→ Rm−1 .

On the other hand, if again x ∈ Rm and we take sQi : Qm −→ Qm+1 , we
have a ∈ p−1

m (x) with µm(a) > 1. But since µm+1(sKi (a)) = µm(a) > 1,
sQi (x) ∈ Rm+1 and sQi restricts to sRi : Rm −→ Rm+1 .

Corollary 3.5 Let p : K −→ Q be an n-fold simplicial ramified covering
G-map. Then |R| ⊂ |Q| is a G-invariant subcomplex.

Proof: By [9, 4.3.8], |R| is a subcomplex of |K|, and it is G-invariant since
µm is G-invariant for all m.

The following result provides a sufficient condition for a simplicial ramified
covering G-map to be special.

Proposition 3.6 Let p : K −→ Q be an n-fold simplicial ramified covering
G-map, such that G acts freely on the ramification points R ⊂ Q. Then p is
special.

Proof: We have to prove the equality Ga = Gpm(a) ∩ GdK
i (a) for all a ∈ Km ,

all i, and all m. For simplicity, call x = pm(a). There are two cases:

Case I: x ∈ Rm . Then Gx = {e} and since Ga ⊂ Gx , the equality follows.

Case II: x /∈ Rm . We have two subcases:

(a) dQi (x) /∈ Rm−1 . In this case, if b ∈ p−1
m−1(d

Q
i (x)), then µm−1(b) = 1. Hence

µm(a′) = 1 for all a′ ∈ p−1
m (x) and therefore, the restriction dKi |p−1

m (x) :

p−1
m (x) −→ p−1

m−1(d
Q
i (x)) is bijective. Take g ∈ Gx∩GdK

i (a) , then pm(a) =
pm(ga) = x and dKi (a) = dKi (ga). Hence a = ga so that g ∈ Ga , and the
equality follows.

(b) dQi (x) ∈ Rm−1 . Since Ga ⊂ GdK
i (a) ⊂ GdQ

i (x)
= {e} the equality holds.

Proposition 3.7 Let p : K −→ Q be a map of simplicial G-sets. Then p is a
special n-fold G-equivariant simplicial ramified covering map if and only if pm
is an n-fold G-function with multiplicity µm and the pairs (dKi , d

Q
i ), (sKi , s

Q
i )

are morphisms of G-functions with multiplicity for all face and degeneracy
operators.
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Proof: The conditions on the face operators di in Definition 3.1 are exactly the
same as the conditions for the pair (dKi , d

Q
i ) to be a morphism of G-functions

with multiplicity. Moreover, since the degeneracy operators si are always in-
jective, then condition 3(b) is equivalent to the condition of the pair (sKi , s

Q
i )

being a morphism.

Proposition 3.8 Let p : K −→ Q be an n-fold G-equivariant simplicial
ramified covering map. If pm is isovariant for all m, then p is special.

Proof: If pm is isovariant, then Ga = Gpm(a) for all a. Since dKi is G-
equivariant, Ga ⊂ GdK

i (a) . Thus condition 4 holds.

Remark 3.9 In 4.6 we give an example of a ramified covering G-map which
is special, but not isovariant.

Corresponding to [4, Thm. 3.5], we have the following.

Proposition 3.10 Let p : K −→ Q be an n-fold G-equivariant (special)
simplicial ramified covering map, and let f : Q′ −→ Q be a simplicial map.
Then the pullback of p over f , p′ : K ′ = Q′×QK −→ Q′ , is an n-fold (special)
simplicial G-equivariant ramified covering map.

Proof: By [4, Prop. 1.4], we have that p′ is an n-fold simplicial ramified cover-
ing map. Since the map p′ is clearly G-equivariant, we only have to prove that if
p is special, then also p′ is special. To see this, take a′ = (b′, a) ∈ Q′m×Qm Km .
Since p is special, we have Ga = Gpm(a) ∩ GdK

i (a) . Notice that since fm(b′) =
pm(a), one has Gb′ ⊂ Gpm(a) . Hence

Ga′ = Gb′ ∩Ga = Gb′ ∩Gpm(a) ∩GdK
i (a) = Gb′ ∩GdK

i (a) .

On the other hand,

Gp′m(a′) ∩GdK′
i (a′) = Gb′ ∩GdQ′

i (b′)
∩GdK

i (a) = Gb′ ∩GdK
i (a) .

Hence p′ is special.

The following is the equivariant version of [4, Prop. 1.6].

Proposition 3.11 Let T be a simplicial G-set. Then the simplicial function
π : Tn×Σn n −→ Tn/Σn , where n = {1, 2, . . . , n}, is a G-equivariant simplicial
n-fold ramified covering map.
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Proof: T is a contravariant functor ∆ −→ G-Set, where ∆ is the category
whose objects are the sets n, n ≥ 0, and whose morphisms are order-preserving
functions (see [10] or [11]). Consider the functors

En : G-Set −→ G-Set and Bn : G-Set −→ G-Set

given by S 7−→ Sn ×Σn n and S 7−→ Sn/Σn , respectively, where G acts diag-
onally on Sn . Then Tn ×Σn n = En ◦ T and Tn/Σn = Bn ◦ T . The natural
transformation En −→ Bn that maps 〈s1, . . . , sn; j〉 to 〈s1, . . . , sn〉 determines
the function of simplicial sets

π : Tn ×Σn n −→ Tn/Σn .

Proposition 3.12 The functions ϕpm : Qm −→ SPnKmdefined in 2.1 deter-
mine a map ϕp : Q −→ SPnK of simplicial G-sets.

Proof: Since the multiplicity functions µm are G-invariant, the functions ϕpm

are clearly G-equivariant. By [4, Prop. 1.8 and Thm. 1.9], these functions define
a map of simplicial sets.

Proposition 3.13 Let p : K −→ Q be a simplicial G-equivariant ramified
covering map and take ϕp : Q −→ SPnK . Then p is the pullback over ϕp of
the simplicial G-equivariant ramified covering map π : Kn ×Σn n −→ SPnK .

Proof: By [4, Thm. 1.9], it follows that p is the pullback of π over ϕ. Moreover,
since the face operators of K are isovariant, by 3.11, π is special, and by 3.10,
p must be special.

The next is the equivariant version of [4, Thm. 3.1].

Theorem 3.14 Let p : K −→ Q be a map of simplicial G-sets. Then p
is an n-fold simplicial G-equivariant ramified covering map with multiplicity
functions µm if and only if there is a map of simplicial G-sets ϕp : Q −→ SPnK
such that for each m the following hold:

1. If a ∈ Km , then a ∈ ϕpm(pm(a)).

2. The composition SPnpm ◦ ϕpm : Qm −→ SPnQm is the diagonal map.

Proof: Assume first that p : K −→ Q is an n-fold G-equivariant simplicial
ramified covering map with multiplicity functions µm . Define ϕpm : Qm −→
SPnKm by

ϕpm(x) = 〈a1, . . . , a1︸ ︷︷ ︸
µm(a1)

, . . . , ar, . . . , ar︸ ︷︷ ︸
µm(ar)

〉 ,
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where p−1
m (x) = {a1, . . . , ar}. By [4, Prop. 1.8], the functions ϕpm determine a

map ϕp of simplicial sets. Since the functions µm are G-invariant, ϕp is a map
of simplicial G-sets. By [4, Prop. 3.1], the functions ϕpm satisfy conditions 1
and 2.

Conversely, suppose that there is a map of simplicial G-sets ϕp : Q −→ SPnK
which satisfies conditions 1 and 2. Take a ∈ Km and consider ϕpm(pm(a)) ∈
SPnKm . If (a1, . . . , an) ∈ Kn

m is a representative of ϕpm(pm(a)). Then define
µm : Km −→ N by

µm(a) = #{i ∈ n | ai = a} .
Again by [4, Prop. 3.1], p : K −→ Q together with the family {µm} is an n-fold
simplicial ramified covering map. Since ϕpm is G-equivariant, the functions µm
are G-invariant.

We have the following.

Theorem 3.15 Let p : K −→ Q be an n-fold G-equivariant simplicial ram-
ified covering map. Then there exists a simplicial G-set W with a simplicial
action of the symmetric group Σn such that there are simplicial equivariant
isomorphisms α : W/Σn−1 −→ K and β : W/Σn −→ Q such that the following
diagram commutes:

W/Σn−1
α //

π

²²

K

p

²²
W/Σn

β
// Q ,

where π : W/Σn−1 −→W/Σn is the canonical projection.

Proof: Define the simplicial set W as follows. Take

Wm = {(x; a1, . . . , an) ∈ Qm ×Kn
m | ϕpm(x) = 〈a1, . . . , an〉} .

If f : k −→m is a morphism in ∆, define fW : Wm −→Wk by

fW (x; a1, . . . , an) = (fQ(x); fK(a1), . . . , fK(an)) .

This is well defined, since ϕp is a map of simplicial sets.

We define a right action of Σn on Wm by

(x; a1, . . . , an)σ = (x; aσ(1), . . . , aσ(n)) .

We consider Σn−1 as the subgroup of those permutations that leave the first
coordinate fixed. Let αm : Wm/Σn−1 −→ Km and βm : Wm/Σn −→ Qm be
given by

αm([x; a1, . . . , an]Σn−1) = a1 and βm([x; a1, . . . , an]Σn) = x .
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Let πm : Wm/Σn−1 −→Wm/Σn be the canonical surjection. Clearly pm ◦αm =
βm◦πm . One can easily check that both αm and βm are bijective and determine
maps α and β of simplicial sets. Observe that the Σn -action on W is simplicial.

Now we define a left action of G on each Wm by

g(x; a1, . . . , an) = (gx; ga1, . . . , gan) .

Since ϕpm is G-equivariant, then this action is well defined. Notice that the left
G-action and the right Σn -action satisfy the following associativity condition:

g((x; a1, . . . , an)σ) = (g(x; a1, . . . , an))σ .

This guarantees that the G-action passes to the quotients. One easily verifies
that the isomorphisms α and β are G-equivariant. Observe that the G-action
on W is simplicial.

Conversely, we have the following.

Proposition 3.16 Let Γ be a finite group and Λ ⊂ Γ be a subgroup of index
n, and let W be a simplicial (left) G-set. Assume that Γ acts simplicially on
the right on W , in such a way that

g(wγ) = (gw)γ ,

for all w ∈W , g ∈ G, and γ ∈ Γ. Then the orbit map of simplicial sets

π : W/Λ −→W/Γ

is an n-fold G-equivariant simplicial ramified covering map.

Proof: We shall prove that p satisfies conditions 1 and 2 of Theorem 3.14. Let
ϕπ : W/Γ −→ SPnW/Λ be given for [w]Γ ∈Wm/Γ by

ϕπm([w]Γ) = 〈[wγ1]Λ, . . . , [wγn]Λ〉 ∈ SPnWm/Λ ,

where Γ/Λ = {[γ1], . . . , [γn]} (γ1 = e ∈ Γ).

Since the action of Γ on W is simplicial, one easily verifies that ϕπ is a map of
simplicial sets. To see condition 1, take a = [w]Λ ∈ Wm/Λ; since γ1 = e, a =
[wγ1]Λ ∈ ϕπmπm(a) = ϕπm([w]Γ). To see condition 2, take x = [w]Γ ∈ Wm/Γ.
Then

SPnπmϕπm(x) = SPnπm(〈[wγ1]Λ, . . . , [wγ1]Λ〉)
= 〈[wγ1]Γ, . . . , [wγ1]Γ〉
= 〈[w]Γ, . . . , [w]Γ〉
= 〈x, . . . , x〉
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Corollary 3.17 Under the previous hypotheses, assume that the following
condition holds for every w ∈Wm and all m:

• If g /∈ Gw and gw = wγ , then γ ∈ Λ.

Then the n-fold G-equivariant simplicial ramified covering map π : W/Λ −→
W/Γ is such that πm is isovariant for all m; thus π is special. In particular, if for
each w ∈Wm and g /∈ Gw we have that gw 6= wγ , γ ∈ Γ, then π : W −→W/Γ
is special.

Proof: Take w ∈ Wm and assume that e 6= g ∈ G[w]Γ , that is g[w]Γ = [w]Γ .
Then gw = wγ , with γ ∈ Γ and so, by the condition, γ ∈ Λ, and thus g[w]Λ =
[w]Λ . Hence G[w]Γ ⊂ G[w]Λ and so πm is isovariant. The second part follows
taking Λ to be the trivial subgroup of Γ.

Similarly to [4, Thm. 4.2], we have the next.

Theorem 3.18 Let p : K −→ Q be an n-fold simplicial G-equivariant rami-
fied covering map. Then |p| : |K| −→ |Q| is a topological n-fold G-equivariant
ramified covering map.

Definition 3.19 Let p : K −→ Q be a simplicial G-equivariant ramified
covering map. We can define tGpm

: FG(Qm,M) −→ FG(Km,M) on generators,
as before, by

tGpm
(γGx (l)) =

∑

{[a]}=p−1
m (x)/Gx

µm(a)γGa M
∗(p̂ma)(l) .

Theorem 3.20 If p : K −→ Q is a special simplicial G-equivariant ramified
covering map, then the set of maps {tGpm

| m ∈ N} determines a morphism

tGp : FG(Q,M) −→ FG(K,M) of simplicial groups. Hence there is a continuous

transfer |tGp | : |FG(Q,M)| −→ |FG(K,M)|.

Proof: By [5, 2.8], tGp commutes with morphisms of G-functions with multi-
plicity. Since by 3.7 the pairs (dKi , d

Q
i ), (sKi , s

Q
i ) are morphisms of G-functions

with multiplicity, the result follows.

Corollary 3.21 Let p : K −→ Q be a special simplicial G-equivariant rami-
fied covering map. Then there is a transfer in Bredon homology

τ|p| : H̃G
∗ (|Q|;M) −→ H̃G

∗ (|K|;M) .
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Proof: By the previous theorem we have the morphism tGp of simplicial abelian
groups. Thus we have a continuous homomorphism

|tGp | : |FG(Q,M)| −→ |FG(K,M)| ,
which induces a homomorphism

|tGp |∗ : π∗(|FG(Q,M)) −→ π∗(|FG(K,M)|) .
The result follows by Theorem 1.11.

In [5, Thm. 4.17], given a ramified covering G-map p : E −→ X such that
X and E are strong ρ-spaces, and given a homological Mackey functor M
for G, we proved the existence of a transfer tGp : FG(X,M) −→ FG(E,M),
where the topological groups FG(X,M) and FG(E,M) are such that their
homotopy groups are isomorphic to the Bredon-Illman G-equivariant homology
with coefficients in M . In particular, the geometric realization of any simplicial
G-set is a strong ρ-space. Thus we have the following compatibility result of
this transfer with the one defined in this paper, as follows.

Proposition 3.22 Let p : K −→ Q be a special simplicial G-equivariant
ramified covering map and let M be a homological Mackey functor for G.
Then for each simplicial pointed G-set S there is an isomorphism of topological
abelian groups ψGM : |FG(S,M)| −→ FG(|S|,M) and the following diagram
commutes:

|FG(Q,M)|
ψG

M
²²

|tGp | // |FG(K,M)|
ψG

M
²²

FG(|Q|,M)
tG|p|

// FG(|K|,M) .

Proof: The proof that under the assumptions ψGM is an isomorphism of topo-
logical groups for the case K = S(X) was given in [3, Prop. (5.17)]. One can
easily check that this proof is valid for any simplicial G-set K . Thus we only
need to prove the commutativity of the diagram.

The elements of the form [γGx (l), t] ∈ |FG(Q,M)| generate the group. Consider
the pair (x, t) ∈ Qm×∆m . We can write t = d#(t′), where t′ is an interior point
of some ∆k and d is an order-preserving inclusion in ∆. On the other hand,
dK(x) = sK(y), where y is nondegenerate and s is an iteration of degeneracy
operators. Thus we have

(x, t) = (x, d#(t′)) ∼ (dK(x), t′) = (sK(y), t′) ∼ (y, s#(t′)) ,
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where s#(t′) is also an interior point. Using this in the simplicial group FG(Q,M),
we have

(γGx (l), t) ∼ (γGy M∗(d̂Kx)(l), s#(t′)) .

Hence we can assume that the generator [γGx (l), t] ∈ |FG(Q,M)| is such that
(x, t) is nondegenerate.

We thus have, on the one hand,

ψGM |tGp |([γGx (l), t]) = ψGM





 ∑

[a]∈p−1
m (x)/Gx

µm(a)γGa M
∗(p̂ma)(l), t







=
∑

[a]∈p−1
m (x)/Gx

µm(a)γG[a,t]M
∗(p̂ma)(l) ;

while, on the other hand,

tG|p|ψ
G
M ([γGx (l), t]) = tG|p|

(
γG[x,t](l)

)

=
∑

[[a,t]]∈|p|−1([x,t])/G[x,t]

µ ([a, t]) γG[a,t]M
∗(|̂p|[a,t]

)(l) .

By definition, µ([a, t]) = µm(a), since (a, t) is also nondegenerate. By [4,
Lemma 4.1], there is a bijection β : p−1

m (x) ∼= |p|−1([x, t]), and by [2, Prop.
2.4], G[x,t] = Gx and G[a,t] = Ga , thus we also have p̂ma = |̂p|[a,t] . Hence both
composites are equal.

4 Ramified covering maps in the category of simplicial G-
complexes

Recall ([14]) that a simplicial complex C is a family of nonempty finite subsets
of a set VC , whose elements are the vertices of C and which have the following
two properties:

(i) For each v ∈ VC , the set {v} ∈ C .

(ii) Given σ ∈ C and σ′ ⊂ σ , then σ′ ∈ C .

A map f : C −→ D of simplicial complexes is given by a function f : VC −→ VD
such that if {v0, . . . , vq} ∈ C , then {f(v0), . . . , f(vq)} ∈ D .

In what follows, we shall assume that any simplicial complex C is ordered,
that is, the vertices of C have a partial order such that each simplex is totally
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ordered. Moreover, we can also assume that any simplicial map p : C −→ D
preserves the order. This can always be achieved by considering the barycentric
subdivision of each of the simplicial complexes, sd(C), sd(D), with the order
given by inclusion. We denote by σ(i) the ith face of any ordered m-simplex
σ = (v0 < · · · < vm) in a simplicial complex, which is defined by σ(i) = (v0 <
· · · < v̂i < · · · < vm), where we omit the ith vertex.

Definition 4.1 Let p : C −→ D be a simplicial map between simplicial
complexes. We say that p is an n-fold ramified covering map of simplicial
complexes if there exists a multiplicity function µ : C −→ N such that the
following conditions hold:

1. For each vertex w of D , the fiber p−1(w) is a finite nonempty set and if
σ ∈ p−1(τ), then σ and τ have the same dimension.

2. For each simplex τ ∈ D and each simplex σ̃ ∈ C , such that p(σ̃) = τ (i) ,
there is a simplex σ ∈ D such that p(σ) = τ and σ(i) = σ̃ .

3. For each simplex τ in D ,
∑

p(σ)=τ

µ(σ) = n .

4. For each simplex σ ∈ C ,

µ(σ(i)) =
∑

p(σ)=p(σ′)
σ(i)=σ′(i)

µ(σ′) .

Proposition 4.2 Let p : C −→ D be a simplicial map between simplicial
complexes, and let sd(p) : sd(C) −→ sd(D) be the induced map between the
barycentric subdivisions. If p is a ramified covering map of simplicial complexes
with multiplicity function µ, then sd(p) is a ramified covering map of simplicial
complexes with multiplicity function sd(µ), where

sd(µ)(σ0  · · ·  σm) = µ(σm) .

Proof: Notice first that there is a bijection sd(p)−1(τ0  · · ·  τm) ≈ p−1(τm),
since clearly σm ∈ p−1(τm) determines σi such that p(σi) = τi . Therefore, 1
holds for sd(p).

To see 2, let

sd(p)(σ0  · · ·  σi−1  σi+1  · · ·  σm) = (τ0  · · ·  τi−1  τi+1  · · ·  τm)

= (τ0  · · ·  τm)(i)
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Since τi ∈ D is a certain face of τi+1 ∈ D , one should take the corresponding
face of σi+1 and call it σi . Then, since p preserves faces, clearly

sd(p)(σ0  · · ·  σm) = (τ0  · · ·  τm)

and
(σ0  · · ·  σm)(i) = (σ0  · · ·  σi−1  σi+1  · · ·  σm) .

Condition 3 follows immediately from the definition of sd(µ) and the remark
at the beginning of this proof.

Finally, to show condition 4, we have two cases:

Case 1. If i < m, then we have

sd(µ)((τ0  · · ·  τm)(i)) = µ(τm)

and the condition follows immediately

Case 2. If i = m, then we have

sd(µ)((τ0  · · ·  τm)(i)) = µ(τm−1) .

τm−1 is an iterated face of τm . We assume first that τm−1 = τ
(j)
m . Then the

condition follows immediately from condition 4 for p. In the general case, one
can proceed inductively.

We understand by an ordered simplicial G-complex an ordered simplicial com-
plex C together with an order-preserving action of G on the set of vertices VC ,
such that each g ∈ G induces a simplicial map. We can always assume that
a simplical G-complex is ordered by passing to the barycentric subdivision, if
necessary. A simplicial G-map p : C −→ D of simplicial G-complexes is an
order-preserving simplicial map which is G-equivariant. In what follows, we
shall always consider ordered simplicial G-complexes.

Definition 4.3 We say that p : C −→ D is an n-fold G-equivariant ramified
covering map of simplicial complexes with multiplicity function µ, if p is an
n-fold ramified covering map such that C and D are G-complexes, p is a G-
map, and µ is G-invariant. We say that p is special if the following condition
holds:

5. For each m-simplex σ ∈ C , one has Gσ = Gp(σ) ∩ Gσ(i) , for all i =
0, . . . ,m.
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Proposition 4.2 allows us to assume that the G-actions in a G-equivariant
ramified covering map of simplicial complexes preserve the orderings. From
now on we shall assume that this is the case.

Recall ([4, Def. 5.4]) that given a simplicial complex C , one has a simplicial set
K(C) such that

K(C)m = {(v0, . . . , vm) | {v0, . . . , vm} ∈ C, v0 ≤ · · · ≤ vm} ,
d
K(C)
i : K(C)m −→ K(C)m−1 is given by

d
K(C)
i (v0, . . . , vm) = (v0, . . . , v̂i, . . . , vm) ,

and s
K(C)
i : K(C)m −→ K(C)m+1 is given by

s
K(C)
i (v0, . . . , vm) = (v0, . . . , vi, vi, . . . , vm) .

If p : C −→ D is an n-fold ramified covering map of simplicial complexes,
call K(p)m : K(C)m −→ K(D)m the induced map of simplicial sets, given
by K(p)m(v0, . . . , vm) = (p(v0), . . . , p(vm)). Define µm : K(C)m −→ N by
µm(σ) = µ(σ′), where σ′ ∈ K(C)l , l ≤ m, is the unique nondegenerate simplex
such that sK(C)(σ′) = σ .

Proposition 4.4 Let p : C −→ D be an n-fold G-equivariant ramified cov-
ering map of simplicial complexes. Then K(p) : K(C) −→ K(D) is an n-fold
simplicial G-equivariant ramified covering map. Furthermore, if p is special,
then so is K(p).

Proof: By [4, Thm. 5.6], K(p) is an n-fold simplicial ramified covering map
and is clearly G-equivariant with the obvious actions. One easily verifies that
µm is G-invariant for every m.

Now assume that p is special and take a = (v0 ≤ · · · ≤ vm) ∈ K(C)m . Let

v′0 = v0 = · · · = vj1−1 < v′1 = vj1 = · · · = vj2−1 < · · · < v′m′ = vjm′ = · · · = vm ,

and take i such that 0 ≤ i ≤ m. We have that (v′0 < · · · < v′m′) is the unique
nondegenerate simplex associated to (v0 ≤ · · · ≤ vm). There are two cases:

Case 1. The vertex vi appears more than once in a = (v0 ≤ · · · ≤ vm). In this
case, a and a(i) have the same associated nondegenerate simplex, and condition
4 in Definition 3.1 follows trivially.

Case 2. The vertex vi appears once in a = (v0 ≤ · · · ≤ vm). In this case, the
associated nondegenerate simplex of a(i) is (v′0 < · · · < v′m′)

(j) , where vi = v′j .
Condition 4 in Definition 3.1 follows from condition 5 in Definition 4.3 applied
to the associated nondegenerate simplexes.
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Remark 4.5 Let us recall that given a simplicial complex C , its geometric
realization is given by

|C| = {α : VC −→ I | α−1(0, 1] ∈ C and
∑

v∈VC

α(v) = 1} .

It has the coherent topology with respect to the family of realizations |σ| that
are homeomorphic to ∆n for some n. If σ = {v0 < · · · < vm}, then the
homeomorphism |σ| −→ ∆n is given by α 7→ (α(v0), . . . , α(vm)).

Given an n-fold ramified covering map of simplicial complexes p : C −→ D , by
Property 1 in Definition 4.1, p(σ) = {p(v0) < · · · < p(vm)}. Therefore we have
the commutative square

|σ|
≈

²²

|p| // |p(σ)|
≈

²²
∆m

id
// ∆m .

Hence |p| maps the realization of every simplex of C homeomorphically onto
the realization of a simplex of D .

Example 4.6 Figure 1 shows a 3-fold Z2 -equivariant ramified covering map
of simplicial complexes p : C −→ D . The vertices have their natural order and
Z2 acts on C exchanging 1 and 2, as well as 3 and 4, and leaving 0 fixed.
On D it exchanges 3′ and 4′ and leaves 0′ fixed. The projection is given by
p(0) = p(1) = p(2) = 0′ , p(3) = 3′ , and p(4) = 4′ . The multiplicity map is given
by µ(0) = µ(1) = µ(2) = 1, and µ(3) = µ(4) = 3. Moreover µ evaluated at
any 1-simplex is 1. Thus the ramification points are 3′ and 4′ , where Z2 acts
freely. Notice that the actions on the total space and on the base space are not
free, since the vertices 0 and 0′ are fixed points. Take K(p) : K(C) −→ K(D).
By Proposition 3.6, K(p) is special, but it is not isovariant.

Proposition 4.7 Let p : C −→ D be a special n-fold G-equivariant ramified
covering map of simplicial complexes, and let M be a Mackey functor for G.
Then there is a continuous transfer tGp : |FG(K(D),M)| −→ |FG(K(C),M)|.

Proof: By Proposition 4.4, we have a special simplicial n-fold ramified covering
G-map K(p) : K(C) −→ K(D). By Theorem 3.20, we have a transfer

tGK(p) : FG(K(D),M) −→ FG(K(C),M) .

The result follows by defining tGp = |tGK(p)|.
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Figure 1: A 3-fold ramified covering Z2 -map

Remark 4.8 In the previous result, notice that since |p| : |C| −→ |D| is
a ramified covering G-map in the category of strong ρ-spaces, if the Mackey
functor is homological, then by [5, Thm. 4.12] it need not be special in order
for tG|p| : F

G(|D|,M) −→ FG(|C|,M) to be continuous.

In this case, as shown in Proposition 3.22, the topological groups are regular
CW-complexes, since they are isomorphic to geometric realizations of simplicial
groups. However, the transfer tG|p| need not be a regular map (i.e. a cellular map
that sends open cells onto open cells), unless the simplicial ramified covering
G-map p is special.

To finish this section we define the transfer in Bredon homology by just applying
the homotopy-group functors πq to the transfer between topological groups.
Using Theorem 1.11 and Propositions 4.7 and 2.12, we obtain the following.

Theorem 4.9 Let p : C −→ D be a special n-fold G-equivariant ramified
covering map of simplicial complexes, and let M be a Mackey functor for G.
Then there exists a transfer

τ|p| : H̃G
∗ (|D|;M) −→ H̃G

∗ (|C|;M)

with the following properties: Pullback, Normalization, Additivity, Quasiaddi-
tivity, Functoriality, Invariance under change of coefficients, and if M is homo-
logical, then the composite

|p|∗ ◦ τ|p| : H̃G(|D|;M) −→ H̃G(|D|;M)

is multiplication by n.
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Proof: Assume that p : C −→ D is a special n-fold G-equivariant ramified
covering map of simplicial complexes and that f : D′ −→ D is a G-equivariant
pointed simplicial map. The pullback property follows from the fact that there
are canonical homeomorphisms

|D′| ×|D| |C| ≈ |K(D′)| ×|K(D)| |K(C)| ≈ |K(D′)×K(D) K(C)| .
The first one follows from the homeomorphism mentioned in the proof of 4.7.
To see the second one, notice that there is a natural homeomorphism |Q′×K| ≈
|Q′| × |K| for arbitrary simplicial sets Q′ and K (see [11]), which restricts to

a homeomorphism |Q′ ×Q K| ≈ |Q′| ×|Q| |K| for any maps K
p−→ Q

f←− Q′ .
Furthermore, under these homeomorphisms, the pullback diagram

|D′| ×|D| |C|
|p|′

²²

f|f | // |C|
|p|

²²
|D′| |f |

// |D|

corresponds to the diagram

|K(D′)×K(D) K(C)|
|K(p)′|

²²

K̃(f) // |K(C)|
|K(p)|

²²
|K(D′)| |K(f)|

// |K(D)| .

Therefore, since the pullback property of the transfer holds in the category of
simplicial sets, it holds also in this case.

In order to prove the additivity property, assume first that for each α =
1, 2, . . . , k , pα : Cα −→ D is an nα -fold G-equivariant ramified covering map of
simplicial complexes. One can take the wedge sum C = C1∨C2∨· · ·∨Ck . If the
set of vertices of each Cα is partially ordered, so that every simplex is totally
ordered, then the partial orders define a partial order in the set of vertices of C
such that it induces the given order in the set of vertices of each Cα and each
simplex in C , which is a simplex in some Cα , is totally ordered. Then one has
a homeomorphism of topological spaces

|C1 ∨ C2 ∨ · · · ∨ Ck| ≈ |C1| ∨ |C2| ∨ · · · ∨ |Ck| .
By [4, Thm. 4.2], each |pα| : |Cα| −→ |D| is a (topological) nα -fold ramified
covering G-map. Hence, from [5, 3.2(a)], π : |C1| ∨ |C2| ∨ · · · ∨ |Ck| −→ |D|,
given by π||Cα| = |pα|, is an (n1 +n2 + · · ·+nk)-fold ramified covering G-map.

31



By the additivity property of the transfer for G-functions with multiplicity [5,
2.19], the desired additivity property follows, namely, for all ξ ∈ HG∗ (|D|;M),

τπ(ξ) = i1∗τ|p1|(ξ)+i2∗τ|p2|(ξ)+ · · ·+ik∗τ|pk|(ξ) ∈ HG
∗ (|C1|∨|C2|∨· · ·∨|Ck|;M) ,

where iα is the inclusion. Notice that using [4, Thm. 3.1], one can easily show
that p : K(C1)∨K(C2)∨ · · ·∨K(Ck) −→ K(D) given by p|K(Cα) = K(pα) is a
G-equivariant ramified covering map of simplicial sets, and it has the property
that its realization corresponds to π . Thus the transfer of π corresponds to the
realization of the transfer of p defined on simplicial sets.

The functoriality follows from the fact that if p : C −→ D and q : D −→ E
are G-equivariant ramified covering maps of simplicial complexes, then by [1,
4.20] the composite |q| ◦ |p| is a (topological) ramified covering G-map and
the corresponding property of G-functions with multiplicity [5, 2.21]. Notice
that the composite q ◦ p is a G-equivariant ramified covering map of simplicial
complexes such that |q ◦ p| = |q| ◦ |p| and tG|q|◦|p| = tG|q◦p| .
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