SYMMETRIC SEMICLASSICAL STATES TO A
MAGNETIC NONLINEAR SCHRODINGER EQUATION
VIA EQUIVARIANT MORSE THEORY

SILVIA CINGOLANI AND MONICA CLAPP

ABSTRACT. We consider the magnetic NLS equation
(—eiV + A@@)’ u+V(z)u = K() [ul’>u, zeRV,

where N > 3,2 <p < 2 :=2N/(N—-2), A:RY - RN isa
magnetic potential and V : RN — R, K : RY — R are bounded
positive potentials. We consider a group G of orthogonal trans-
formations of RY and we assume that A is G-equivariant and V,
K are G-invariant. Given a group homomorphism 7 : G — S!
into the unit complex numbers we look for semiclassical solutions
u. : RV — C to the above equation which satisfy

uc(gr) = 7(g)uc ()

for all ¢ € G, x € RN. Using equivariant Morse theory we obtain
a lower bound for the number of solutions of this type.

1. INTRODUCTION

Let G be a closed subgroup of the group O(N) of linear isometries
of RV, We assume A : RY — RY is a C'-function and V, K : RY — R
are bounded C?-functions with infgy V' > 0 and infzgx K > 0 which
satisfy

A(gr) = gA(x) Vg€ G, v€RY,

(1.1) V(gr) =V(x), K(gr)=K(z) VYgeG, zcR"Y.

Given a group homomorphism 7 : G — S! into the unit complex num-
bers we look for solutions u : RN — C to the problem

(—eiV 4+ A’ u+Vu=K [u’?u,
(p-) u e LR, C),
eVu+iAu € L*(RYN,CV),
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which satisfy
(1.2) u(gz) = 7(g)u(x) forall g € G, z € RY.

That is, the absolute value |u| of w is G-invariant and the phase of
u(gx) is that of u(x) multiplied by the phase factor 7(g). Functions
satisfying (1.2) are called T-intertwining.

This paper is concerned with semiclassical T-intertwining solutions
to problem (g.), i.e. solutions to (gp.) satisfying (1.2) for € > 0 small
enough.

The study of semiclassical phenomena for equation (p.) in the non-
equivariant case has been extensively pursued in recent years. We
refer e.g. to [20, 27, 17, 1, 23, 3] for the nonmagnetic case A = 0,
and to [22, 9, 12, 13, 4, 11] for the magnetic case A # 0. See also
(19, 2, 26, 7, 14, 16] for existence results for fixed ¢. Here we are in-
terested in investigating how the competing potentials V' and K in-
teract among themselves and with the homomorphism 7 to produce
T-intertwining semiclassical states of (p.). In a recent paper [10] we
dealt with the case K = 1 and showed that there is a combined effect
of the symmetries and the electric potential V' on the number of semi-
classical 7-intertwining solutions to (p.). More precisely, we showed
that the Lusternik-Schnirelmann category of the G-orbit space of a
suitable set M., depending on V' and 7, furnishes a lower bound on the
number of solutions of this type. See also [15] for a multiplicity result
of G-invariant solutions in the nonmagnetic case. In this work we shall
apply equivariant Morse theory. Equivariant Morse theory provides in-
formation on the local behavior of a functional around a critical orbit.
It also provides, in many cases, better multiplicity results than those
given by Lusternik-Schnirelmann category, see Example 1 below.

In order to state our main result we briefly recall some definitions
and introduce some notation. A detailed discussion will be given in the
following sections. Set V. au := eVu+1Au and consider the magnetic
Sobolev space H! 4(RY,C)™ consisting of all functions v € L*(RY,C)
such that V. qu € L?*(RY,C") and u is 7-intertwining. The nontrivial
solutions of (p.) which satisfy (1.2) are the critical points of the C*-
functional J. : N7 — R given by

J-(u) = %/ (|V5,Au|2 + V(x) |u|2) _ %/K(m) lul”

where

AT = (ue HLA®RY, OO} [ (Wonal + Vi) o) = [ K(a)lal)
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is the Nehari manifold. This is a complete C?-Hilbert manifold. The
group S! of unit complex numbers acts on it by multiplication and J.
is invariant under this action, i.e. yu € N7 and J.(yu) = J.(u) for all
u € N7 and v € S'. Therefore, if u is a critical point of J. on N7 then
so is yu for every v € S'. The set S'u := {yu : v € S'} is then called
a T-intertwining critical S'-orbit of J.. Two solutions of (p.) are said
to be geometrically different if their S'-orbits are different.

Let ‘H* be Alexander-Spanier cohomology with coefficients in K. If
A C X are S'-invariant subsets of N7 we denote by X/S' and A/S!
their S'-orbit spaces and write

M (X, A) = H*(X/S!, A/Sh).

If Stu is an isolated critical S'-orbit of J. its k-th critical group is
defined as

CE (J.,S'u) :=HE(JEN U, (JE~ Stu) N ),

where U is an S'-invariant neighborhood of S'u in N7, ¢ := J.(u) and
J¢:={u e NI : J.(u) < c}. Its total dimension

p(Je, Stu) = 3 dim CE(J., Stu)
k=0
is called the multiplicity of S'u. If S'u is nondegenerate and J. satisfies
the Palais-Smale condition in some neighborhood of ¢, then dim CE(J., Stu) =
1 if k is the Morse index of J. at the critical submanifold S'u of N7
and it is 0 otherwise.
Letq::z%—%and

N Vi(x)
lg = Irgﬂl{%(#Gx) =D () @)’

and consider the set

Vi(z)
K202 (z)

Here Gz := {gx : g € G} is the G-orbit of the point z € RY, #Gx is
its cardinality, and G, := {g € G : gr = x} is its isotropy subgroup.
M is the middle ground between the valleys of V' and the peaks of K
weighted by the size of the G-orbits. Observe that the points in M, are
not necessarily local minima of V' or local maxima of K. Assumption
(1.1) implies that M, is G-invariant. For p > 0 we set

M, = {z e RN : (#Gx) =lg, G, C ker7}.

B,M, = {z € RY : dist(z, M,) < p}
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and write i, : M;/G — B,M,/G for the embedding of the G-orbit
space of M, in that of B,M,. We will show that this embedding has
an effect on the number of solutions of (p.) for € small enough.

Let cgn denote the least energy of a nontrivial solution to the real-
valued problem

(13) { ~Butu=[uu,

u € HY(RY R).
We shall prove the following.

Theorem 1.1. Assume there exists o > 0 such that the set

Vi(x
is compact. Then, given p > 0 and § € (0,«), there exists £ > 0 such
that for every € > 0 one of the following two assertions holds:
(a) J. has a nonisolated T-intertwining critical S*-orbit in J=[e™ (Lgepn —
§),eN (lgepn + ).
(b) J. has finitely many 7-intertwining critical S*-orbits Stuy, ..., S'u,,
in J71eN (bgepy — 6),eN (bgern + 0)]. They satisfy

ﬁgg—i-Oé}

];cgl(Ja, S'w;) > rank(i} : H*(B,M,/G) — H*(M,/G))

for every k > 0.
In particular, if every T-intertwining critical S*-orbit of J. in J71[eN (Lgepn —
§),eN(lgern + 6)] is nondegenerate then, for every k > 0, there are at
least
rank (i : H*(B,M,/G) — HF(M,/G))
of them having Morse index k for every k > 0.

An immediate consequence of this result is the following.

Corollary 1.2. If assumption (1.4) holds then, given p > 0 and § > 0,
there exists € > 0 such that for every € > 0 problem (p.) has at least

Sorank(i’ : HE(B,M, /G) — H (M, /G))

geometrically different solutions in J='[eN (bgepy — §), e (baerpn +6)],
counted with their multiplicity.

Symmetries often occur in this type of problems. As an example we
consider the standard magnetic field B(z1, 22, x3) := (0,0,2) in R® and
the standard magnetic potential A(z1, xq, x3) := (—x2, 21, 0) associated
to it. It is convenient to identify R?® = C x R and to write A(z,t) =
(i2,0), z = x1 + ize. Note that A satisfies A(e?2,t) = e A(z,t) for
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every 6 € R. Given m € N and n € Z we look for solutions to problem
(pe) which satisfy

(1.5) u(e¥kimy 1) = 2™ nkimy (2 ) Yk =1,..,m, v € RV,

Solutions of this type are produced in a natural way by gauge invariance
in some problems where the magnetic potential is singular, see [16]. We
assume that V and K satisfy:

(S1) V,K : RN — R are bounded continuous functions such that

0<1an<hm1an( ), 0 < inf K, lim sup K < sup K.

jal—o0 R? jal—o00 RS
(Se) There exists mg € N such that

p Vi) e VIO
Mo I R () < I RTe2(0,7)

V(@Qﬂ'zk/moz’t) — V(z,t) and
K(€27rik/mozyt) — K(Z,t) Vk=1,...,my, (Z,t) e CxR.

For each m € N which divides mqy (writen m|mg) we consider the
group G:= {e™*/™ .k = 1, ... m} acting by multiplication on the
z-coordinate of each point (z,¢) € C x R. Then A, V and K satisfy
the assumptions at the beginning of this section for each G = G,,, and
assumption (1.4) as well. For any homomorphism 7 : G,, — S' we
have that M, = M where

Vi(z) e Vi)
N . —
M= {“ R e AL e |

2m’k/m) 2mink/m

Given n € Z we consider the homomorphism 7(e =e
Then u is 7-intertwining if it satisfies (1.5). Theorem 1.1 applies. In
particular, given p,d > 0, Corollary 1.2 asserts that there exists £ > 0
such that for every e € (0,&) problem (p.) has at least

S rank(i? : HF(B,M/Gy) — HE(M/Gy)

geometrically distinct solutions, counted with their multiplicity, which
satisfy (1.5) and

|ul? — e¥m inf Vi(z) L —cpn| < MO
ver3 K2/(0=2)(1) R ’
£

So altogether, for e small enough, problem (gp.) has at least

> im rank (i) : Hk(BpM/Gm) — H*(M/G,))

m|mok=0
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geometrically distinct solutions with

p— 2 P N . Vq(x )
W / |U| <é€ <m0 ;(;lenﬂ{ii mCRN + (5) ,
counted with their multiplicity.

This paper is organized as follows. In Section 2 we state the results
from Morse theory that we need for our main results. In Section 3
we discuss the variational problem. Sections 4 and 5 are devoted to
the construction of maps which will help us estimate the cohomological
dimension of an appropriate sublevel set of J.. Finally, in Section 6 we
prove our main result.

2. A BRIEF REVIEW ON EQUIVARIANT MORSE THEORY

We start by reviewing some well known facts on equivariant Morse
theory. We refer the reader to [8, 28| for further details.

Let I' be a compact Lie group and X be a ['-space. The I'-orbit of a
point x € X is the set 'z := {yz : v € I'}. A subset A of X is said to
be I'-invariant if 'z C A for every « € A. The I'-orbit space of A is the
set A/T" :={l'z: x € A} with the quotient space topology. X is called
a free I'-space if yx # x forevery y e ', v € X. Amap f: X - Y
between I'-spaces is called I'-invariant if f is constant on each I'-orbit
of X, and it is called I'-equivariant if f(yz) = v f(z) for every v € T,
x e X.

We fix a field K and denote by H*(X, A) the Alexander-Spanier
cohomology of the pair (X, A) with coefficients in K. If X is a I'-pair,
i.e. if X is a I'-space and A is a I'-invariant subset of X, we write

HA(X, A) == H* (BT xp X, ET xp A)

for the Borel-cohomology that pair. ET is the total space of the clas-
sifying I'-bundle and ET xp X is the orbit space (ET x X)/T" (see
e.g. [18, Chapter III]). If X is a free I'-space, as will be the case in
our application, then the projection ET xr X — X/I' is a homotopy
equivalence and it induces an isomorphism

HA(X, A) = H*(X/T, AJT).

HE(X, A) is a vector space over K. Its dimension is called the I'-
equivariant k-th Betti number of (X, A), denoted

Bi(X,A) :=dimHE(X, A).

The T'-Poincaré series of (X, A) is the formal power series

PiX, A) = S BY(X, Ak,
k=0
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Let M be a complete C2-Hilbert manifold with a differentiable action
of I'. Then I' induces an action on the tangent bundle T/M in the
obvious way. We assume further that M is a Riemannian manifold
and that ' acts isometrically on the tangent bundle of M. Such a
manifold will be called a I'-Riemannian manifold.

If f: M — R is a I-invariant C'-function then its gradient vector
field Vf : M — TM is I'-equivariant. So if = is a critical point of f
then its whole I'-orbit I'z consists of critical points. 'z is then called
a critical I'-orbit of f. If T'x is an isolated critical I'-orbit of f the k-th
critical group of T'z is defined as

CR(f,Tx) := HE(f* N U, (f*\Tz) N D),

where U is a [-invariant neighborhood of I'z in M, ¢ := f(z) and
fe={y € M : f(y) < c¢}. The excision property of cohomology
asserts that CE(f,T'r) does not depend on the choice of U. Its total
dimension

u(f,Tz) == 3 dim CX(f, ')
k=0

is called the multiplicity of TI'x.

Recall that f is said to satisfy the Palais-Smale condition (PS).
at ¢ € R if every sequence (z,) in M such that J(z,) — ¢ and
IV J(x,)|| — 0 contains a convergent subsequence.

The following result may be found in [8, Theorem 7.6].

Theorem 2.1. Let M be a I'-Riemannian C*-manifold and f : M —
R be a T-invariant C'-function which satisfies (PS). at every c € [a, b].

If a and b are regular values of f and if f has only finitely many critical
[-orbits Txy,...,Cxy, in fa,b] then

> (i dim CX(f, mn) = P ) + (1 +5)Q()

k=0 \ j=1

where Q(t) is a formal power series with nonnegative possibly infinite
coefficients.

Equality of two formal power series means that the coefficients of t*
on both sides of the equality are the same.

In order to give a geometric meaning to this formula let us assume
further that f is of class C2. If 'z is a critical orbit of f then T,(I'z) C
ker d* f(x) where d*f : TM —TM is the Hessian operator of f. Let
N(I'z) — T'z be the normal bundle of I'z in M. A critical I'-orbit
Iz of f is nondegenerate if d*f(z) : N,(I'z) — N,(T'x) has a bounded
inverse. The dimension of the negative subspace N (I'z) corresponding
to the spectral decomposition of d?f(z) is called the Morse index of
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[z, denoted ind(f,I'x). If we write N~ (I'z) — [z for the bundle of
negative subspaces and DN~ (I'z) and SN~ (I'z) for the total spaces of
its disk and sphere bundles respectively we have that

CH(f,Tz;) = Hp (DN~ (T'z), SN (T'z)).
If we assume further that yz # x for all v € T" and that A :=ind(f,Tx) <
oo then we have that
K if £ =),
0 if k# A\

So as a consequence of Theorem 2.1 we obtain the following.

Corollary 2.2. Let M be a free I'-Riemannian C?*-manifold and f :
M — R be a T-invariant C*-function which satisfies (PS). at every

€ [a,b]. If a and b are reqular values of f and if f has only finitely
many critical T-orbits in f~[a, b] and they are nondegenerate and have
finite Morse index, then f has at least BL(f°, f*) critical T-orbits in
f~Ya, b] with Morse index k for every k € N.

HE(DN™(Tx), SN~ (I'z)) = H*(B*, S} = {

3. THE VARIATIONAL PROBLEM
Let V¢ au := eVu + tAu, and consider the real Hilbert space
HA(RY,C) :={ue L*(R",C) : V. 4u € L*(RY,C")}
with scalar product
(u, U>5,A,V = Re/ (V&Au Ve av + V(a:)u@) )
We write

e = ( / (IVeaul* + V(2) |u|2))1/2

for the corresponding norm. If u € H! ,(RY,C), then |u| € H'(RY)
and

(3.1) eV |u| (z)| < |eVu(x) +iA(x)u(z)| for ae. x € RY.

This is called the diamagnetic inequality (see e.g. [24]). Together with
the Sobolev inequality, it yields

1/p
jul, c = (/ K<x>ru|p) <Cllul., VueH,®,C)

for some constant C' > 0 if p € [2,2*].
The action of G on H} ,(RY,C) defined by

(g,u) —ug,  (ug)(x) == 7(g)uly"'x),
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is an orthogonal action, that is,

(g, vg)c gy = (W V) ay  V9EG, w0 e H, 4(RY,C).
It also satisfies

ugl, c = lul,x Vg €G, ue I(RY,C).

Therefore, the energy functional,
1
2
is G-invariant and by the principle of symmetric criticality [25, 29] the

critical points of the restriction of J, to the fixed point space of the
G-action, defined as

H;A(RN,(C)T o ={ue H;A(RN,(C) tug = u}
={u e H.,(RY,C) : u(gr) = 7(g)u(x) Yz €RY, g € G},
are the solutions to problem
(—eiV 4+ A u+Vu=K [uu,
(3.2) u € H,(BY,C),
u(gr) = 7(g)u(z) Vz e RN, g€ G.
The nontrivial solutions to (3.2) are the critical points of the restriction
Jo: NI =R
of J, to the Nehari manifold
N ={ue H;,A(RNv(C)T tu# 0, ||u||§,A,V = |ul} k1,

which is a C*-submanifold of H! ,(R",C), radially diffeomorphic to
the unit sphere.

There is a natural action the group S! of unit complex numbers on
the space H. ,(RY,C)" given by scalar multiplication (7, u) — ~yu. The
Nehari manifold N and the functional J. are S'-invariant and, since
this action is orthogonal, N7 is an S'-Riemannian manifold.

For every u € N7 we have that

p—2 2
Je(u) = S [ullZay =

1
2
Je(u) HUHE,A,V - I_? ’u’z,K? u € Hal,A<RN7 C),

-2
L |U|pK~
2p '

We denote by
met HL (BN, C)7 < {0} — A7
the radial projection, given by

||U”2 1/(p—2)
(3.3) m(u) = (¢> u

‘U’ZK
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Then
_9 ||U||2 /(p—2)
J. (7 (u)) = p2 ( ;’A’V> Vu € H ,(RY,C)™ ~ {0}
D ’u‘p,K
Let
i = inf J..
Ce, A VK 5{}5 J
Set ¢ := —2 — X Note that ¢ > 0, because p < 2*. The following holds.

Proposﬂzlon 3.1. For every € > 0, the functional J. : NT — R satis-
fies the Palais-Smale condition (PS). at each level
q
N . 0
c<e zegflvlil{o}(#Gx)—Ki{(P*Q) CRN,

where Vi := liminf|, o V(z) and K = limsupy, ., K(z).
Proof. The proof is completely analogous to that of Proposition 5 in
[10]. O

4. THE ENTRANCE MAP

Let
Vi(z) V4(0)
lg = min (#GI)KQ/(p72)($) = Ke(0)’
and Vit
"y
= e R (#GY) garprayy = e

From now on we assume that there exists a > 0 such that

Vq(y)
N —
Then, M is a compact G-invariant set and all G-orbits in M are finite.
We split M according to the orbit type of its elements as follows: We
choose subgroups G4, ..., G, of G such that the isotropy subgroup G,
of every point x € M is conjugate to precisely one of the GG;’s, and we
set

</{g+ a} is compact.

M;:={y € M:G,=gGg" for some g € G}.
Since isotropy subgroups satisfy G,. = gG.g~ !, the sets M; are G-
invariant and, since V' and K are continuous, they are closed and pair-
wise disjoint, and
M=MU---UDM,,.

We have that

Vi(y
6/ gerons =

Vily)

(#Gy )KQ/,,—Q)(y)

=lg Vye M,
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where |G/G;| denotes the index of G; in G. It follows that the quotient
Vi(y)

K2/(P*Zé) (y)
For each § € M; let v. ¢ be the positive least energy solution to the

real-valued problem

is constant on each M;. We denote by m; its value on M;.

{ —Au+ V(&u=K(&)ufu,
u € HY(B(0,1/\/z),R),

where B(&,7) = {z € RN : [z — £| < r}. It is well known that v, ¢ is
radial, and it is easy to derive from Lemma 3.2 in [5] that

p/(p—2)

2 2
lim 2 2 fB(O,l/\/E) (IVeel” + V(E) [veel) V() .
e=0 2p 2/p - K(&)Y )
(o0 K1) [oeel)
(4.2) = M;CrN.

Following [9] we set

€

The following holds.

Lemma 4.1. Uniformly in & € M;, we have that
lim e N J, [7.(de¢)] = micpy,

e—0

where w. stands for the radial projection onto the Nehari manifold de-
fined in (3.3).

Proof. Straightforward computations yield

/ ‘€V¢£,£ + iA¢€,€‘2 =V (/ |VU5.§’2 + Il) )

B(£,ve) B(0,1/Ve)

[ v@lea@Pa= ([ v©fin).
B(¢,V/%) B(0,1//7)

| k@ara == ([ K@ n).
B(£,Ve) B(0,1/v%)
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where

I = / (Aley +€) — A©))vee ()] dy.
B(0,1//¢)

L= / (V(ey + ) — V(E)) leelw) dy,
B(0,1///E)

I, = / (K(ey +€) — K(€)) [ee () dy
B(0,1//¢)

(cf. Lemma 1 in [10]). It follows that

/(p—2)
N p—2 y(loeelZav "
e e [We (Qbe,é)] = 2—5 O 2
p |¢575|p,K

p/(p—2)

-2 f 5 |VU€,£|2 + V() |U€,£|2
_ p B(0,1/1/7) ( § ) n 05(1) ’

2 /p
P (fB(O,l/\/E) K(S) \Us,£|p)

where 0.(1) — 0 as ¢ — 0 uniformly in £ € M;. Using (4.2) we conclude
that

hH(l) e NI 7 (¢ee)] = macen,

as claimed. O

The map

G/Ge = GE, gGe v g&,
is a homeomorphism (see e.g. [18]). So, if G; C ker 7 and £ € M;, then
the map

Ge—S',  g¢ s 7(g),
is well defined and continuous. Define
boele) = 3 rla)une (m 895) omiA(ge) (2525
98€GE

Lemma 4.2. Assume that G; C ker 7.
(a) For every & € M; and € > 0, one has that

Veelgr) =T(9)0ee(x)  Vg€G, zeRV.
(b) For every & € M; and € > 0, one has that

T(Q) e ge(x) = hee(x) Vg€ G, v € RV
(c) One has that

lir% e NI [T (Ve )] = Lacgrn

uniformly in & € M,.
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Proof. The proof is completely analogous to that of Lemma 2 in [10].
O

Let
M, ={yeM:G,Ckert}= | M,

G;Ckert

The following holds.

Proposition 4.3. The map 7. : M, — N7 given by
e(§) = me(theg)

15 well defined and continuous, and satisfies

T(9)ee(g€) =7.(&) VEeM,, geG.

Moreover, given d > lgcrn, there exists 4 > 0 such that
L) <Vd Vee M, <€ (0,2).

Proof. This is an immediate consequence of Lemma 4.2 U

5. A LOCAL BARYORBIT MAP

Next, we consider the real-valued problem

—2Av+ Vo =K v/ v,
(5.1) v € HY(RY R),
v(gz) =v(z) Vz e RY, g € G.

We write

oy = [ V0 Tutvou, iy = [ (0o +Viof).
and set

HY (RN R)¢ := {v € H'(RY,R) : v(gz) = v(z) Vo € RY, g € G}.

The nontrivial solutions of (5.1) are the critical points of the energy
functional

1 9 1
F(w) = 5 I0lZy = > 1ol
restricted to the Nehari manifold
ME = {v e HRY,R): v £0, [0l = o], }.

2 p/(p—2)
(5.2) G wfF =  if P 2 [ IlvlZy
. e, V,K * MG € veH' (RN R)C 2p |U|2K .
’U#O b,
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q
Lemma 5.1. 0 < V—p%CRN <eg N SV’K for every e > 0, and

lim sup g_NceG,VyK < lgepn.
e—0

where Vy = inf gy V() and Ky := sup,epn K ().

Proof. Set v.(x) := v(ex). Then HUSH?,VO =N ||v||ivO and [ve[} p =
e Mol ., - Tt follows immediately from (5.2) that
V—Oqc <G — NG < NG
K202 RN = ®1,Vo,Ko = e Vo, Ko = e VK-
0

To prove the second inequality, take & € RY such that its G-orbit is
finite. Write G¢ := {&,....&n}. Fix 0 < p < fminiy; & — &/, and
let Vj, :=suppg, )V, K, := infp p) K. Let v, be the positive least
energy solution to problem

—Av+ V=K, v v,

v € HY(B(0,1/y),R).
Define

W, (x) = va,g <a: ; gZ) :
i=1

If \/e < p, then supp(w, ) C U, B(&;, p) and, therefore,

eV Wp,e pr =m[v,. Z,K =m lvpe H1 v, = e [[wp,e Han
Hence,
N .G P—2 _y ”wp7€|yi,v re)
€ Gy < 78 <—’wp,8’;2;,}< )
p—2 (Il N7 oo
<7 e <—2”> =m——Vpely ., -
P |wp,s’p,Kp 2p

Using Lemma 3.2 in [5] we obtain that
q

-2 V
Vpelp i = (#GS)KQTZ’_Q)CRN
p

. _ . P
limsup e V%, < mlim

e—0 e—0

and, letting p — 0, we conclude that

. _ Ve(g)
hlisélp e Ny < (#Gf)m/p—g)(g)c

Therefore, limsup,_oe Neb, ;- < lgegn, as claimed. 0
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Let M, GG; and M; be as in Section 4. Fix p > 0 such that
ly—gyl>2p if gy#yeM,
dist(M;, M;) > 2p if i # j,

For p € (0,p), let
M! = {y € RN : dist(y, M;) < p, G, = gG;g* for some g € G}.
For every £ € M and € > 0 define

06’6 — Z we ([L’ _595) ’

9éeGe
where wg is the positive radial solution to problem
(5.3) —Aw+V(&w = K(§) [w] " w,
' w e H' (RN, R).

This solution is unique. Hence

_(K@VE)N"? V(N
64w = (o) “’6((‘/@) y)‘

It is well known that

(5.5) im0 () 2|7 exple| =a, >0, v=0,1,

(see [21, 6]). Let
Ope ={0:c:6€ MY U--- UMY
We continue to assume that (4.1) holds.
Proposition 5.2. Let g, > 0 and v, € H'(RY R)Y be such that
en =0, &VF, ()= NIV FL ()l — 0,

where ¢ := liminf__ge™ NSy, o and V., F., is the gradient of F, with
respect to the scalar product (-, '>sn,v . Then, up to a subsequence, there
exist an i € {1,...,m} and a sequence (&,) in RN such that

(1) Ge, =G,

(it) & — & € M;,

(iii) €, || = Oz, 60lp 5 — 0,

(i) ¢ =lim._oe Nl o = lgern.

Proof. Let v, € H' (RN, R)Y be given by v,(2) := v,(e,2) and set
K,(2) := K(e,2) Then,

2p
c>0.
p—QC

|f77n|§f<n = €;N ‘Un|§,K -
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Fix R > 0 and let

4 := limsup sup / K, [0n]P
B(y,R)

n—oo yeRN

Lions’ lemma [29, Lemma 1.21] applied to the sequence (f(,}/ P0n) im-
plies that § > 0. Choose 2, € R" such that

~ )
/ K, [0,]" > -.
B(zn,R) 2

Passing to a subsequence and replacing z, by some point in Gz, if
necessary, we may assume that all isotropy groups G, are the same.
Let

H :={g € G: (92, — 2z,) is bounded}.

Then H is a closed subgroup of G which contains G, . Let (, denote
the orthogonal projection of z, onto

R :={:eRY:g2=2 Vge H}.
One can easily verify that (z, — (,) is bounded, G¢, = H for all n € N
and (g¢, — ¢'¢,) is unbounded if g~t¢’ ¢ H (cf. Proposition 3 in [10]).
Let U,(2) := U,(2 + (). Since (v,,) is bounded in H'(RY,R), passing
to a subsequence,
T, — 0 weakly in H'(RY,R),

Tn(z) — 0(2) a.e. on RY,
(RN R).
Choosing C' > |(, — z,| for all n, we obtain

~ ~ )
sup K B > / Roltul? > / Ralonlr > 2.
RN B(0,C+R) B((n,C+R) B(zn,R) 2

Therefore, v # 0. Set &, := €,(,. After passing to a subsequence,
lim V(&) =V and lim K(&,) =: K.

It is easy to see that v is a solution to problem

—Av+ Vv =K P20,

v e HY(RY R).
Note that, since v, is G-invariant, v,(€,7 + ¢&,) = vp(eng 'z + &) =
Un(g7 7). Fix g1,...,9x € G such that k = |G/H| and g;'g; ¢ H if
i # j. Then, since (¢;(, — g;¢,) is unbounded for ¢ # j, we have that

U, — U in LY

k
Tag; ' — Y v (- = giGa + 9Gn) = Vg
i=j+1
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weakly in H'(RY R). A straightforward computation gives

k
lim e, ™ v, [F . = = lim ¢, Z_ ! < ngn) +|G/H| \'z_}\gk.
n—od i—1 p’K ’
Therefore,
' Vi(&n) _ Ve
gGCRN § JLI&(#G&TL)WWCRN = ‘G/H‘ WCRN
-2
< ]G/H]p of° - < e <limsupe Vel o < lacpn.
2p p.K e—0 ’

This proves that ¢ = lim,_,ge™ Cg‘é x = lgery and that

o (229)]

=1 n

(5.6) lim &, |v,

n—oo

=0.

p,K

Moreover, (#G&J% < lg + « for n large enough. Thus, as-

sumption (4.1) implies that, after passing to a subsequence, &, — . It
follows that V(§) =V, K(¢) = K and

Ve
K20-2)(¢)

We conclude that £ € M; for some ¢ = 1,...,m and that H = G =
gGig~" for some g € G. Moreover, U solves problem (5.3) and

_ V(g
' ok = FEGa g

(#GE) ={lg.

RN .

Hence, 9(z) = fwe(z — zo) for some zy € RY. Observe that v is H-
invariant because

Un(92) = Un(92 + (u) = Un(2 + g_lgn) =Un(2 + () =Tn(2) Vg€ H.
So if H is nontrivial then zy = 0 and, since wg is radial, equation (5.6)

yields

=0.

p,K

(5.7) lim &,

n—oo

v, + ng ( gzgn)

If H is the trivial group an easy argument shows that this equality
holds after replacing &, by &, + €,20. By (5.4) we have that we, (y) =
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bowe(any) with b, — 1 and a,, — 1. Using (5.5) it is easy to show that
|we, — welp ; — 0. Hence,

- -~ 9i - —g&\[
1- —N 1Sn . - YiGn —0.
fim [ () - e (22)] o
1=1 1=1 p,K
This, together with (5.7) yields e, ™ [[vn| — ¢, &,.[?  — 0. O

The proof of the following proposition is more delicate than that of
Proposition 5.5 in [15] because here we depends on &.

Proposition 5.3. Given p € (0,p) there exist d, > Lgcgy and €, > 0
with the following property: For every e € (0,¢,) and every v € ME
with F.(v) < eNd, there exists precisely one G-orbit GE., with &, €
MPU---UMP such that

2
e,V

_N . 2

ol = Ol = gmin el =012,

Proof. Let n > 0 be given. By Proposition 5.2 there exist ¢g > 0 and
d > lgcgn such that for every e € (0,y) and v € MY with F.(v) < eVNd
there is a £ € MY U - - - U MP, such that

-N 2 . 2
(5.8) e Mol = Oeelley = jmim flfv] =0l <n-

Next we show that G¢ is unique if g9 and d are small enough. To
simplify notation we assume |v| = v. Using (5.4) and (5.5) we conclude
that, if 7 is chosen small enough and &,& € M{ U - --U MP are such
that (5.8) holds, then e~'dist(G¢, GE') < C where C' is some positive
constant depending on 7 (cf. Lemma 5.6 in [15]). Therefore if g,
is chosen small enough then ¢ and ¢ lie in the same M/ and have
the same isotropy group. So changing GG; within its conjugacy class if
necessary, we may assume that ¢ and &' lie in Mf N L; where L; :=
{x € RY : gv = x for all ¢ € G,}. Note that M/ N L; is an open
bounded subset of the linear subspace L; of RY. Our problem reduces
to showing that any two minima of the function

vV — ée’g

2
fenl€) =N o —b.g]2, = | gemrni;

are in the same G-orbit. Here V.(z) := V(ez), 0(z) := v(ez) and

Oce(2) i= 0-6(22) = 3 jece we(z — 71 g€). For &, h € M N L; we have

2

D foo(€) (s h) = 2|| Defle(€)h

—2(0 — e, D0.e(6) (. 1) )

1,Ve 1,Ve .
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We express wg in terms of the positive radial solution w to problem
(1.3) and set

Wy()(2) == we(z —7'g¢) = b(ﬁ)w(a(ﬁ)(z - 87195))
where a(€) = (V(€))/% and b{e) = (V(€)/K (€))7, Then
(DWy(&)h)(2) = (Vb(&) - h) w(a(&)(z — "))
+5(8) (Va(§) - h) (Vw(a(§)(z — e7'g€)) - (2 — 7' g8))
— e (§)a(§)Vw(a(€)(z — 7' g€)) - gh
Hence, there exist ¢; € (0,¢¢) and C; > 0 such that

szgégg(g)thJé > O hf Vee (0,2).

Similarly,
|p#.crmm] | < el vee e

1,v6> '

The constants € and C5 do not depend on v,e,£ or h. So choosing
V1 < C1/2C; and setting €5 := min{e;, 2} we have that

D*f. o (&)(h,h) > Cse 2 |h|*  if f.u(€) <7 and € € (0,3).

If ¢ and & are minima of f., in M N L, and h := & — £ then Taylor’s
theorem gives

Therefore,

O —0.¢

D?fo(€)(h B) > 252 ] (on e

0= Fol€) = foul€) = 3D oul€) (b ) +ry () > Coe™? I 41 ().

If h # 0 direct computation shows that €2 |h| > r.,(h) — 0 as e~ |h| —
0. It follows that there exists R > 0 such that

(5.9) e E-¢l =R

Now we argue by contradiction. Assume there are sequences &, — 0,

d,, — lgcgny and v, € ng “ such that fenn, has at least two minima
&, and &, in M N L; with G, # G¢),. Then Proposition 5.2 asserts

that e,V ||v, — Hsn,inHzn v — 0and e,V ||lv, — 6:, ¢ — 0. Hence,

2
en,V
2

e’ [[Benen — Qen@;”;v = (0enn — Oenses L U
sVeEn

But this implies that ¢, 'dist(G¢,, G¢,) — 0, contradicting (5.9). O
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For every ¢ € R set
Fei={ve M F.(v) <c}.

Proposition 5.3 allows us to define, for each p € (0,p) and € € (0,¢,),
a local baryorbit map

Bpeo: FE % — (M U--- UML) /G
by taking
ﬁp,a,O(U> = Gga,va
where G¢, , is the unique G-orbit given by the previous proposition.
Coming back to our original problem, for every ¢ € R set

JS={ue NI : J.(u) <c}.
The following holds.

Corollary 5.4. For each p € (0,p) and € € (0,¢,), the local baryorbit
map

Bpe: JEN4 — (ML U---UME) /G,
given by
Boe(w) := Bpeo(me(|ul)),
where . : HY(RY,R)% \ {0} — M is the radial projection, is well
defined and continuous. It satisfies
Bp,ewu) = Z?\p,e(U) vy e S,
Boe(@:(9) =& VE € Mr with J.(1(§)) < Vd,

where 1. is the map defined in Proposition 4.3.

Proof. If u € N7 then #.(Ju]) € ME. The diamagnetic inequality yields

(5.10) Fe(me(lul) < Je(u).
So if J.(u) < eVd, then Bpﬁ(u) is well defined. It is straightforward to
verify that it has the desired properties. 0

We conclude this section with the following observation.

Corollary 5.5. If M, # () then

. —N 1
lim &7 ¢ 4y ¢ = Lacrn.

E—00

T — 1
where I 4y = infpr Je.

Proof. Inequality (5.10) yields CSV’K = inf e Fr <infar Jo =1l 4y g
The result follows from Proposition 5.2 and Lemma 4.2. U
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6. PROOF OF THE MAIN THEOREM

Let H* be Alexander-Spanier cohomology with coefficients in a field
K and for every ¢ € R set

JS={ue N7 : J.(u) <c}.
Lemma 6.1. For every p € (0,p) and d € ({gern,d,|, with d, as in
Proposition 5.3, there exists €,4 > 0 such that
dim H*(JE"4/S1) > rank (i : H*(B,M, /G) — H*(M,/G))
for every € € (0,e,4) and k > 0, where i, : M, /G — B,M./G is the

inclusion map.

Proof. Let ¢, 4 := min{eq, €,} where €, is as in Proposition 5.3 and ¢4
is as in Proposition 4.3. Fix € € (0,¢,,4). Then,

Toav(@(€) <eNd and B, (%(€) =¢  VEe M,
By Proposition 4.3 and Corollary 5.4 the maps

M, )G =5 Vst o5 B oA G

given by .(G€) = 7.(£) and 3, .(S'u) := Bpﬁs(u) are well defined and
satisty 3,.(t.(GE)) = G¢ for all £ € M,. Note that M, = J{M; : G; C
ker 7} is the union of some connected components of M. Moreover, our
choice of p implies that B,M, N B, (M ~ M,) = (). Therefore the inclu-
sion i, , : B,M./G — B,M /G induces an epimorphism in cohomology.
Since 3, o tc = i, 0 i, we conclude that

dim H* (274 /SY) > rank(:* : HE(JE/SY) — He(M,)G))
> rank((ﬁpa ote)" : H*(B,M/G) — Hy(M,/@G))
nk (i% : H*(B,M./G) — H* (M, /G))
as claimed. ]

We are ready to prove our main theorem.

Proof of Theorem 1.1. Assume M, # () and let p > 0 and
d € (0, acgn) be given. Without loss of generality we may assume that
p € (0,p). Assumption (4.1) implies that
. Ve
letas xelgfl\’l?{o}(#Gx)W
where Vo := liminf, o V(z) and Ko := lim SUD |00 K(x). By
Proposition 3.1 the functional J. : N7 — R satisfies (PS), at each level
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¢ < lgepn + 0 for every € > 0. By Corollary 5.5 there exists g > 0
such that

lgepy — 6 < eV uler/l\g J. Ve e (0,e).

Let d € ({gegn, min{d,, {gcpny + 0}] with d, as in Proposition 5.3, and
€ = min{ep,e,4} with €,4 as in Lemma 6.1. Fix ¢ € (0,€) and for
u € N7 with J.(u) = ¢ set
CE (J.,S*u) == H*((JEnU) /S, ((JE~ Stu)nU)/SY.

Assume that every critical S'-orbit of J, in J7 e (bgepn —0), eV (bgepn +
9)] is isolated. Since J. : N7 — R satisfies (PS). at each ¢ < fgegy + 9
there are only finitely many of them. Let S'u,, ..., S'u,, be those criti-
cal S'-orbits of .J. in N7 which satisfy J.(u;) < e¥d. Applying Theorem
2.1to J. : N7 — R with a := eV (lgegy — §) and b := eVd and Lemma
6.1 we obtain that

S CE(J., Sty = BS (U5 Y = dim HF(J27 /S

j=1

> rank (i : H*(B,M,/G) — H* (M, /G))

for every £ > 0, as claimed. The last assertion of Theorem 1.1 is an
immediate consequence of Corollary 2.2. 0

If the inclusion i, : M;/G — B,M,/G is a homotopy equivalence
then

rank (i% : H*(B,M,/G) — H"(M./G)) = dim H* (M, /G).

Below we give and example for which this equality does not hold. The
argument used to prove Theorem 2 in [10] yields also the following.

Theorem 6.2. If assumption (1.4) holds then, given p,§ > 0, there
exists € > 0 such that for every € € (0,€) problem (p.) has at least

CathMT/G<MT/G)
T-intertwining geometrically distinct solutions in J~'[eN (bgcpn — 0),

€N<€GCRN + 5)]

Here catp,ar, ja(M;/G) stands for the Lusternik-Schnirelmann cate-
gory of M, /G in B,M,/G. There are cases where Theorem 1.1 yields a
much better result than Theorem 6.2, as the following example shows.

Example 1. Let M be the union of all spheres

P, > 1.

1 1
Sn = {(1'1,...,1’]\[) ERN(xl_E)Q_'_xg—i_—i_x?V:(a
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Then catM = 2 whereas
lim rank (4} : HYN Y (B,M) — HNY(M)) = 4o0.

p—0
Proof. Indeed, the sets M := {(z1,...,xy) € S, : xy > 0} and M~ :=
{(z1,..,xn) € Sy, : xy < 0} are contractible to the origin and satisfy
M = M*tUM~. So catM = 2. On the other hand, for each p > 0 small
enough there exists an n, € N such that B,M is homotopy equivalent
to Sy U---US,, . Therefore,

rank (i% : HY"'(B,M) — HN"H(M)) = n,,.

Clearly, n, — oo as p — 0. U
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