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1 Introduction

Let v € C3([0,1],RY), N > 2, be a regular curve without self-intersections except possibly
for v(0) = y(1). If v(0) = (1) then we also require 4(0) = 4(1). For R > 0 define

Qp = int< U {Ry(t) +v|veRY, ju| <1, 4(t) v = 0}), (1.1)
te(0,1]

where int(X) denotes the interior of X in R™. Thus, for R large enough, Qg is the C*-
tubular neighborhood of radius 1 of the 1-dimensional submanifold ' of RN defined as

A {{Rv(t) [te), (0 =),
— B [t e (0,1}, if 7(0) # ¥(1).

We are interested in finding solutions to the problem

(1.2)

—Au+ M= f(u) in Qg,
u=20 on 0Q2g,

for R large enough. Let

:/uf(s)ds ifuelR
0

and denote by A;; the first eigenvalue of the Laplace operator —Ax_; on B{V 1 with
Dirichlet boundary conditions. Here BY~! := {n ¢ RN=1| |5 < r}.
We assume the following hypotheses:

(H1) A > —X11.

(H2) f € CY(R) N C*R\{0}).
(H3) f(0) = f'(0) = 0.
(H4)

H4) There are a > 0 and p1,p2 > 1, p1,p2 < (N+2)/(N —2)) if N > 3, such that p; < po
and
" ()] < a(lufPr=2 + [u2?)

for all u # 0.
(H5) f(u)u >0 for all u # 0.
(H6) There are b > 0 and « € (1/2,1] such that for |ul, |v| small
[f(u+v) = f(u) = f(v)] < bluv|®

and
[F(u+v) — Fu) — F(v) - f(u)o — f(v)ul < bluvl®.



Let @ € RY. For the Dirichlet problem —Awu + \u = f(u) stated on § the variational
(or energy) functional is given by

Jo(u) = ;/Q(]Vu|2+>\u2)da:—/QF(u)dx, e HAQ).

We write a point in RY as (£,7), where £ € R and € RV~!, and denote by

L:={(n) eRY ||| <1}

the cylinder in RY of radius 1 around the &-axis. Locally, L is the limit domain of Qp as
R — o0. Consider the limit problem

—Au~+ A= f(u), (13)
u € H(L). '
By Lemma 2.5 below, the operator —A + \ with Dirichlet boundary conditions in L?(IL)
has positive spectrum. Under an Ambrosetti-Rabinowitz type condition the mountain pass
theorem (or the Nehari manifold method), together with translation invariance in the £-
direction and concentration compactness, yield a positive and a negative solution of (1.3) in
H 6 (L), energy minimal in their respective cones. We shall impose the following hypothesis
on the limit problem:

(H7) Problem (1.3) has a positive solution UT and a negative solution U~ that are non-
degenerate, in the sense that the solution space of the problem

~Au+du=f (U,  ue HLL),
has dimension one (i.e., is minimal).

Some examples where this hypothesis is satisfied are given in [10].

By [5, Theorem 1.2] the solutions U+ are radially symmetric in 1 and decreasing in |7|.
By [6, Theorem 6.2] we may assume that they are also even in &, after a translation in
the &-direction, and strictly decreasing in € for & > 0. It follows that they have a unique
extremal point, which we may assume to be 0.

We fix a map [0,1] — O(N), t — A;, such that

A, (7“)> —(1,0,....0) forallte0,1] (1.4)
for) |
Extending UT to all of RV by 0, for each R > 0 and = € I'g we choose ¢t € [0,1] with
x = Ry(t) and define U;R as follows:

U;;tR(Z/) = U*(A(y — 2)) for all y € RV.

)



Note that by the radial symmetry of U* in n, U ;%R is independent of the choice of Ay, as
long as (1.4) is satisfied.

If n € N and 7(0) # (1) then we say that (z1,z2,...,2z,) € (I'r)" is an n-chain if there
are 0 <t] <ty <---<t, <1 such that

x; = Ry(t;) fori=1,2,...,n. (1.5)
If v(0) = y(1) then we only require that (1.5) holds after some circular shift of the tuple
(.7,'1,.7}2, Ce ,$n).

Theorem 1.1. Assume that v(0) = v(1). Suppose also that (H1)-(H7) hold. For each k €
N there exists Ry, > 0 such that for every R > Ry, there are a 2k-chain (xr1,TR2, ..., TR 2k)
in (Tr)%* and a solution ur of (1.2) such that

k
URrR = Z(UJR,%—LR + U;R,%vR) + 0(1) (1'6)

i=1
in HY(RN) as R — co. Moreover, |zg; — xR j| — 00 as R — oo, if i # j.

Theorem 1.2. Assume that v(0) # ~(1). Suppose also that (H1)—(HT) hold. For each
n € N, n > 2, there exists R, > 0 such that for every R > R, there are an n-chain

(ZR1,ZR2,---,TRn) i (UR)"™ and a solution ur of (1.2) such that, setting k := |n/2],
k
Ur = Z(U;_R,ZiflyR + Uw_R,QiyR) +(n— Qk)U;_R,mR +o(1) (1.7)
i=1

in HY(RY) as R — oo. Moreover, as R — oo, |tgp; — xr | — o0 if i # j, and
dist(zp i, OI'r) — oo for all i.

All solutions constructed in Theorems 1.1 and 1.2 change sign. If v is a closed curve these
solutions have an even number of bumps with alternating signs along the curve, whereas in
the open-end case v(0) # (1) the number of alternating bumps may be odd or even. Note
that the term (n —2k) in Theorem 1.2 is 0 if n is even, and it is 1 if n is odd. In the former
case we have a positive and a negative bump at the ends of the chain, and in the latter
case we have positive bumps at both ends of the chain. Of course, applying Theorem 1.2
with f(u) replaced by —f(—u) and then multiplying the obtained multibump solution by
—1, one can reverse the order of the signs of the bumps.

Observe that in the open-end case the domains {)p are contractible, and they are even
convex if I' is a segment. This means that to get multiplicity of sign changing solutions
neither topological nor particular geometrical assumptions are needed. This contrasts with
the case of positive solutions where it has been conjectured that for some power-type
nonlinearities only one positive solution exists in any convex domain [8], as holds true for a
ball. Of course this difference between multiplicity of positive and sign changing solutions



can be easily understood by looking at odd nonlinearities. In fact, if f is odd (as for
example when f(u) = [ufP"lu, 1 < p < (N +2)/(N — 2)) it is well known that infinitely
many sign changing solutions exist in any bounded domain. Our results do not assume
that f is odd, therefore multiplicity of sign changing solutions is not so obvious. In fact, if
f is not odd only few multiplicity results are available, see e.g. [3,4,12].

For the singularly perturbed problem D’Aprile and Pistoia [12] recently showed existence
of sign changing solutions with at most six peaks in any bounded smooth domain. More-
over, Dancer showed the existence of positive solutions with multiple bumps for “dumbbell
shaped domains”, see [8,9]. This idea could also be used to construct, for any k, a domain
such that sign changing solutions exist with up to k& bumps, by implementing sufficiently
many “very narrow” regions in the domain. On the other hand, our results exhibit, for
each fixed k € N, conver domains in which problem (1.2) has at least k& nodal solutions
with up to k + 1 peaks, not assuming that f is odd (see Theorem 1.2 in the case that T is
a segment). We believe this is the first result of this type.

After a finite dimensional reduction Theorems 1.1 and 1.2 follow from a minimization
argument. A crucial role is played by the interaction between a positive and a negative
bump, which increases the value of the energy functional. This allows us to find a solution
by minimization of an associated reduced functional in the closed tube case (Theorem 1.1).
It also explains why the number of bumps must be even and why they should be placed
along the tube with alternating signs. In the open-end case (Theorem 1.2) the energy in-
creases as the bumps approach the ends of the tube. Therefore the minimization procedure
goes through in the same way.

It is harder to prove similar results when I' is a higher dimensional manifold, instead of a
curve. For positive solutions some results have been obtained by Dancer and Yan [11] when
I' is the boundary of a convex domain. Our argument, which relies on a finite dimensional
reduction as in [11], could also be used to construct positive multibump solutions in a
tubular neighborhood of an expanding compact manifold. We treat this question in the
forthcoming article [2]. Concerning sign changing solutions the problem is more subtle and
requires minimax arguments.

The outline of the paper is as follows: In Section 2 we have collected some tools, and
results about the linear problem. Section 3 contains the essential energy estimates, while
in section 4 we describe the finite dimensional reduction and prove our main results.

Acknowledgements. Filomena Pacella would like to thank the Mathematics Department
of the UNAM for the kind and warm hospitality. Nils Ackermann and Ménica Clapp would
like to thank the Mathematics Department of the Universita “La Sapienza” di Roma for
the warm hospitality and funds received.

1.1 Notation
We set

o=/ A+ ALt



For r > 0 denote by A, the smallest eigenvalue of —Ax_1 on the open ball Bq{v ~1 of radius
rin RN~ and denote by Y1, the positive eigenfunction corresponding to A1, normalized
such that ||01,|/72 = 1.

2 Preliminaries

2.1 Algebraic and Geometric Tools

Lemma 2.1. Suppose that pi > p > 0 for k =1,2,3. Then there is C' > 0 such that the
following inequalities hold for all x1, 29,23 € RV:

/ e Hlr—ailg—p2lr—r2| 40 < C—AlT1—22 (2.1)
RN
and 3
/ e Hilz—z1|g—p2|z—z2| o —pslz—2z3| 4, < Cexp| —p min Z‘:L‘ — x| |- (2.2)
RN r€RY

Proof. We have
e Hlz—a1lg—p2lr—22| g5 < e Allz—z1|+|z—z2|) o= (p2—p)|z—22| 4,
RN RN

< e~ Ble1—x2|  —(p2—p)lr—z2| 1.
RN

— (O Hlr1—a2]
with
C = o~ (H2=mle=z2] qq.
RN
The proof of the other inequality is similar. O

Recall the constants « and b from condition (H6).

Lemma 2.2. Given 51 > 1 and n €N there is a constant 5’2 = 5’2(a, n, C~'1) > 0 such that
for ui,ug, ..., u, € R with |u;| < Cy the following inequalities hold:

\f@u) —gﬂun <53 gl 2.3

1<J

and

‘F( ; u> SN Fw) - Y S,

i=1 i=1 i#]

< 52 (Z\uiuﬂm + Z \uiujuk]w?’). (2.4)

i<j 1<j<k



Proof. We prove these inequalities by induction on n. If n = 2, inequality (2.3) is part of
assumption (H6). Assume (2.3) holds for n — 1. Then by (H6)

‘f@ﬁ - gﬂui) < ‘f<§u> - f@u) - fun)
+ ‘f(:i;luz> - Zf(ui)
n:illuun 4 > uaul

1<i<j<n—1

n—1 o
< b<2]uzun]> +b Z luiug|®
i=1

1<i<j<n—1
S b E ]uiuj]“.
1<j

<b

This proves (2.3). Similarly, if n = 2, inequality (2.4) is part of assumption (H6). Assume
(2.4) holds for n — 1. After relabeling we may assume that [u,| < |u;| < Oy for all
i=1,...,n— 1. Then, |uui|*u,| < C?*|ujuju,|??. Using (H6) and (2.3) we obtain

'F<Z u> - ;F(ui) =Y fluy

i=1 i
< ]F@ u) _ F@ u> — Fluy) — f (223 u)u - guiﬂun)

n—1 n—1
+)F<Zui>_;p<ui>_ S fluy

i=1 i#jell,n—1}

n—1 n—1
+ 'f(Z ui>un =D f(ui)uy
i=1 1

i=

n—1 2a ~
<b Zulun + Cz< Z i 2 + Z |uiujuk|2/3>
i—1 1<i<j<n—1 1<i<j<k<n—1
b fugug|funl
1<i<j<n—1

< 62 <Z|uiuj-|2a + Z |uiujuk|2/3>

i<j i<j<k

with a suitably chosen constant Cy. This proves (2.4). O



Lemma 2.3. Consider a triangle in RY, with vertices x1,xo, x5 € RN and side lengths
w < v <wu. Denote s :=min, g~ Zi:ﬂa} — x|. Then the following hold:

(a) If one of the interior angles is larger than or equal to 2w /3, then s = v + w.
(b) In any case, s > (w + v +u)/2.

Proof. For the following facts from triangle geometry see for example [18]. The minimum
5 is achieved in a unique point zo in RY. In case (a) that point is the vertex of the triangle
with the largest interior angle, so the claim follows immediately.
To prove (b), observe that adding up the inequalities |x; — xo| + |2; — xo| > |zs — 4],
1 # j, yields
3
2s:2Z|x0—xk|2w+v—|—u Vo e RY.
k=1
O

Lemma 2.4. For n € N there is a constant C = C(n) such that if x1,xo € R™ satisfy
|z1 — x| < 1 and if r € [1, |z — x| + 1] then

‘BT($2)\Bl(JZ1)‘n < C(!xl - .CCQ‘ +r— 1), (25)

sup dist(z,0B1(z1)) < |1 — 22| + 7 — 1, (2.6)
z€OB;(x2)

sup dist(z, 0By (z2)) < |x1 — z2| + 7 — 1. (2.7)

anBl(aﬁl)
Here |- |, denotes n-dimensional Lebesque measure.

Proof. For k € N let w;, denote the volume of the unit ball in R¥. Set ¢ := |z1 — x2|.
Without loss of generality we may suppose that z; = 0 and z3 = (¢,0,...,0). Setting
B; := B;(0) and using that r € [1,2] we obtain

M (Br(22)\B1) < mp(B1(z2)\B1) + mn(Br(z2)\Bi(z2))
= mp(B1\Bi(x2)) + wp(r" — 1)
<mp(B1\Bi(x2)) + wn (2" —1)(r — 1).

Write = (y,v') € R® with 3/ € R*~!. Set B* := {(y,v') € By | £y > ¢/2}. Then
My (B1\B1(22)) = wyp — 2my(BT) = m,(B1\(BTUB™)) < w,_1c.

Together with the previous estimate this proves (2.5). An obvious geometric argument
proves (2.6) and (2.7). O



2.2 Analysis of Linear Operators and the Limit Problem

The following lemma motivates the use of —\;; as a lower bound for A in (1.2).

Lemma 2.5. If A\{(IL) denotes the bottom of the spectrum of —A in L*(L) with Dirichlet
boundary conditions, then it holds that A\ (L) = A1 1.

Proof. Set u(z) := Y1,1(n) for z = (§,n) € L. Then v > 0 in L, u is bounded, and
—Awu = A\ ju. A variation of the second proof of [17, Thm. C.4.1] shows that A1 ; € o(—A).
On the other hand, the proof of [17, Thm. C.8.1] applies in our present situation (see also

the proof of Corollary 2.7 below), and therefore the existence of the function u constructed
above yields inf o(—A) > Aq . O

We will prove a partial analogue of this result that is sufficient for our needs, for the
expanding domains 2p: The bottom of the spectrum of —A has an inferior limit larger
than or equal to A1 as R — oo. But first we prove the existence of positive superharmonic
functions for —A + X on these domains. This will imply the spectral estimate as well as a
maximum principle for —A + A.

Lemma 2.6. There exists a superharmonic function for —A + X in C*(L)NC(L) that is
positive on L. If R is large enough then there exists a superharmonic function for —A 4+ A
in C?(Qr) N C(QR) that is positive on Qg.

Proof. Recall that A1+ A > 0. We fix » > 1 close enough to 1 such that Ay, +X > 0.
Then W (¢, n) := v1,(n) satisfies

(“A+NW = Ay + )W > 0

in L and
min W > 0.
L
It therefore yields the desired positive superharmonic function on L.

To construct a positive superharmonic function for —A + A in Qp note first that for
R > 1 large enough the set {x € RY | dist(z,['g) < 2} is a tubular neighborhood of T's.
Hence Qp is a C'-domain, with bounded local geometric data as R — co. Denote by 7
the corresponding tubular projection onto I'g.

Since 91, only depends on |n| we will abuse notation and write 1 ,(s) := t1,(n) for

s € [0,7], using any n € BYN ! that satisfies |n| = s.
With these provisions we define W (y) := 91, (ly — n(y)|) for y € Qg. It is obvious that

lim inf min W > 0.
R—oo Qp

We claim that
W e C%*(QR) N C(QR) (2.8)



and

liminf min((—A + A\)W) > 0. 2.9

minfin((-A +AW) > (29)

In proving the claims we denote by 2¢ and 2" the &- and n-components of z € R x RNV~1,

Fix yo € Qr. We will prove the claims near yy using an adapted coordinate system
centered at 7(yg) € I'g. After translating and rotating we may assume that 7(yg) = 0 and
Tol'r = Rx {0}V ~1. For some small € > 0 denote by 7: (—¢,¢) — RY a parametrization by
arc length of the patch of I'p centered at 0, imposing 7(0) = 0 and 7(0) = Yg(to)/|vr(to)],
where #y = 75" (0). Note that |7(¢)| = 1 for all £ € (—e,¢) and

#0) =0, 7(0)—=0 asR— oo, (2.10)

independently of yg.
Now define

h(&;m) := (0,m) — (n-7(£))7(¢)
for £ € (—¢,¢) and n € BY 1, and

h(&,m)
|h(&,m)]

In effect, h(&,n) is the orthogonal projection of (0,7) onto (TT(@FR)L. Since 77(0) = 0 it
holds that ®(0,7n) = (0,7n). Moreover,

D@(o,n):<1_”'%n(0) 0 > (2.11)

®(&,n) :==7(5) + 0l

0 In_1

Hence ® has a twice continuously differentiable inverse ¥, a chart of Qg, defined on a

neighborhood of 0 x B{V_l, if R is large enough.
We now represent W in these curved coordinates, first observing that 7®(§,n) = 7(&).
If y has the representation ®(£,7n) then

ly —m(y)| = In| = [¥"(y)|. (2.12)
Therefore
W(y) = 91,(ly — 7(y)]) = D1, (¥"(y)).

This identity proves (2.8).
Recall that presently 7(yo) = 0. To prove (2.9) it is sufficient to prove that

(A + MW (0,7) > C >0 (2.13)

for n € B{V ~1 and large R, where C is independent of yo and R.

10



From (2.11) we obtain

DY(0,n) = <1’7(1)T"(0) INO_1> .
Moreover, ¥(0,n) = (0,n). Using these facts a straightforward calculation yields
(=A+ X)W (0,7) = (A + NP1 (n) + O(ID*®(0, 7)),
independently of yy. A tedious but elementary calculation using (2.10) shows that

D?®(0,7) — 0 as R — oo, independently of yo and 7. (2.14)

Since 1, is positive and continuous on B{V 1 we can set

Mg+ A
= 2872 min o 0

C:
and obtain (2.13). O

Corollary 2.7. If M\(Qg) denotes the bottom of the spectrum of —A in L*(Qg) with
Dirichlet boundary conditions, then it holds that

lim inf )\1 (QR) 2 )\171 .
R—o0

Proof. Let R be large enough such that Lemma 2.6 provides us with a positive superhar-
monic function W for —A + X on Qg. It follows that

AW

For any ¢ € C°(Qg) (2.15) implies after two partial integrations

AW
/ (—A90+Aso)s0dx2/ (\V<p2+<p2> da
o O w

2W oV — p>VIW
:/QR <\w?—vw.< = da
LG
e

> 0.
Since C°(2R) is dense in the domain of —A + X with Dirichlet boundary conditions we
obtain —A 4+ A > 0 for R large enough, that is,

2
dx

liminf A\; (Qg) > —A.

R—o00

The observation that the same argument applies to all A > —\q 1 proves the claim. O

11



Remark 2.8. By Lemma 2.6 and [19, Theorem 1] the operator —A + X satisfies the strong
maximum principle on any subdomain of IL, and of Qg if R is large enough. This fact will
be used throughout the rest of the paper without further comment.

We shall need the following decay estimates for the solutions U* of the limit problem
(1.3), which is an immediate consequence of [6, Proposition 4.2]:

Lemma 2.9. There are constants Cy,Coy > 0 such that
Cre M9y 1 () < [UE(E, )| < Coe™E1911(n)  for all (&) € L.

Remark 2.10. The previous lemma implies that all the quantities |U* ()|, [DU*(z)|, and
|D2U*(z)| are bounded by Ce #*l with a suitable constant C' > 0.

3 Asymptotics of the Energy and its Gradient

Recall the definition of A; and U ;R in Section 1.
For R > 0 large enough and x € ' denote by inR the unique solution of the problem

—Au+du = f(U, ) in Qp,
u=0 on IR,

customarily called the projection of U iR into Qp. It is well defined because of (H1) and

Z,

Corollary 2.7. We consider inR to be extended by 0 to all of RV,

3.1 The Closed Tube Case

In this subsection we assume that v(0) = v(1).

Lemma 3.1. There are positive constants Cs, Cy, and Ry, independent of x € I'r, such
that the quantities |V;[R(y)| and ]DVfR(yﬂ are bounded by C3e~ Y=l for all R > Ry and
almost all y € RN. Moreover, \D2V$R(y)| 1s bounded uniformly on Qg, independently of
R > Ry.

Proof. The proof of these uniform decay estimates is straightforward if A > 0. In that
case e V17l is an exponentially decaying superharmonic function for —A + A on RV \BY if
v > 0 is small enough. The maximum principle can then be used to bound ]V;R(y)] by
a multiple of e =%, This simple approach does not apply if A < 0 and explains why a
detailed proof is required.

For fixed x € I'p and an appropriate T' > 0 let yg: [0,7] — RY denote a parametrization
of I'g by arc length, such that yg(0) = vyg(T) = x. Define d*: ' — RJ by setting
d*(x) == 0, and d*(y) := v5'(y) € (0,T) as well as d~(y) := T — vz'(y) € (0,T) for

12



y # x. Hence d*(y) and d~ (y) measure the length of the path from z to y in the natural
Riemannian metric of I'g, in one and in the other direction.

Fix r > 1 as in the proof of Lemma 2.6 such that A\;, + A > 0, denote by v > 0 a
constant to be fixed later and define W*: Qr — R by

W (y) = W, (ly — w(y))).
We claim that there is vy > 0 such that for v € (0,1y) there are C~'0 > 0 and Ry such that
(—A -+ 2)WE(y) > Coe* (70) (3.1)

for all R > Ry and y € Qg\7 (). Moreover, r, v, Co and Ry do not depend on .

Fix yo € Qp\m (). We will prove the claim in go using an adapted coordinate system
centered at 7(yg) € I'g. After translating and rotating we may assume that 7(yg) = 0 and
ToI'r = R x {O}N_l. Define ¢, 7, ® and ¥ as in the proof of Lemma 2.6. We represent
W* using the chart ¥ at 7(yg). Since 7 is a parametrization by arc length we have

m(dT(y) —d (0) =y  forall y € 7((—¢,¢)).
Therefore ®(d* (y) — d*(0),0) = y and thus

Te(y) =d(y) —dT(0)  forall y € 7((—¢,¢)). (3.2)
From (3.2) and (2.12) it follows that

WH(y) = e Wy, (ly — 7 (y)))

= o 4T O ([@ (rW)=d* )y, (|ly — 7(y)|)

= e T O Wy, (IT(y)).

Recall that presently 7(yo) = 0. To prove the claim it is therefore sufficient to prove for

W(y) = e "V Wy, (17(y))

that

(A+NW(0,7)>C>0 (3.3)

for n € B{V ~1 and large R, where C is independent of , 3o and R.
As earlier one calculates

(=A+N)W(0,n)

2
- <_ <1_777n(0)> + A1+ /\> I1.-(1) + O(ID*®(0,7)]), (3.4)

13



independently of x and yg. We set vy := /A1, + A. For any v € (0,19 ) we can find the
desired constants C' in (3.3) and Ry by (2.10), (2.14), (3.4), and by the fact that ¥, , is

bounded below on B{V ~1 by a positive constant. The function W~ is treated analogously,
and together these facts prove the claim. N

Geometric considerations imply the existence of a constant C; > 0, independent of R
and z, such that

a*(Oon(t) < Ciba(t) — ol te[0,7/2],
d~(yr(t)) < Cilyr(t) —xf,  t€[T/2,T].
We fix v > 0 small enough such that (3.1) is satisfied for certain Ry and Cy and such that
Vél < Pk,
and we choose Cy > 0 large enough such that
e A CoCoe™ N > | F(UT (y))] (3.5)
for all y € RN and R > Ry. This is possible since
F(Upw)| < CePrrlv=e

by Lemma 2.9 and condition (H4).
Now define the function W := W+ 4+ W~. If y € Qr\n~!(z) is such that 7(y) = yr(t)
for some ¢ € [0,7/2] then

(—A + NCoW () > Coloe @ rM) > &, pe—vCilvat)—al
> 6’25106371/61(“/*56‘4’1) — 671/6'15250671/6’1@793‘.
Similarly, if ¢ € [T'/2,T1], then
(—A + )\)CN'QW(y) > ~26’0671/61_(712(15)) > efyé1 6’260671/61'3’71'.
All in all we obtain from (3.5) that
—A+NCoW > f(UF in Qp\m(2). 3.6
z,R

Using regularity estimates it is easy to see that we have a uniform L°°-bound for VJR
as R — oco. Taking C, even larger if necessary and recalling that VJR vanishes on RV\Qp
we can achieve CoW > V;’FR on d(Qr\71(x)). Hence (3.6) and the maximum principle
(see Remark 2.8) imply that CoW > VJR >0 in RY. On the other hand,

W(y) < CeVIm(y)—z < eVCe vyl
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Hence we have proved that |V;R(y)| < Cye=Caly=al for all R > Ry and all y € RY with

positive constants 63, 6’4 that are independent of . In a similar way one obtains this bound
for V7, and the remaining estimates follow from regularity theory and the fact that the
boundary of 2 has local geometric data that remains bounded uniformly as R — oo. [

Lemma 3.2. If p > 0 then we have the following asymptotic estimates as R — oo, inde-
pendently of x € I'r:

/]R . Vi — ULplP dy = O(R™™intpl), (3.7)
VY = Uy = O 5.3)
[ R - POy = o), 39)
[ R = 1P dy = O mnie), 3.10)

Proof. There exist §, p > 0 such that for every x € I" the following is true: Assuming after
a translation and a rotation that x = 0 and that I" is tangent to R x {0} in z, there is a
C3-map h: (—p, p) — B(J;V_l, the ball of radius § and center 0 in RV~1, such that

L0 ((=p,p) x By 1) = {(t,h(t)) | t € (—p.p)}-

It follows that h(0) = h(0) = 0. Moreover, by taking p sufficiently small, we can assume
that |h(t)| and |k (t)| are bounded, independently of ¢ € (—p, p) and z. Similarly, setting
hgr(t) := Rh(t/R), it holds that

TR0 ((—pR.pR) x Bl ') = {(t, ha(t) | t € (~pR, pR)}.

We claim that there is a constant C', independent of z, such that

Ct?
< — A1
()] < (3.11)
for all ¢ € (—pR, pR), and such that
{t} x By "H(he(t) € ({t} x RN N Qr € {t} x By 14y (RR(2)) (3.12)

forall t € (—pR+1,pR — 1) and R large enough, independently of z.
To prove the claim we first note that

my () = A (¢/R)/RF for k= 0,1,2,3, (3.13)
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It follows that

1
ha(t)] = hR(O)+hR(O)t+t2/O h(st)(1 — s) ds

2 1 .
< ;/0 li(st/R)|(1 — 5) ds

and hence (3.11). We also need an estimate for the derivative of hg:

/0 o h(s)ds

It is clear that the first inclusion of (3.12) holds. Suppose now that t € (—pR+1,pR—1)
and y € RY~! such that (t,y) € Qr. We need to show that there is a constant C' > 0,
independent of x, ¢t and R, such that

Clt|
< =

|hr(t)] = |A(t/R)| = (3.14)

C(1+t%)

y—ha(®) <1+ =

. (3.15)

Because of dist((t,y),T'r) < 1 there is a unique pair ¢; € (—pR,pR) and v = (ve,vy) €
R x RN~ such that v LT, p,)Cr and (t,y) = (t1, hr(t1)) +v. It follows that [v] < 1.
Since T4, hp(t1) 'R is the subspace of RY spanned by (1, hR(tl)), it also holds that

Ve + Uy - hR(tl) =0.
Therefore we find |v,| < 1 and

. Clty
o] < gl ()] < 1L

by (3.14). Using t = t1 + vg, |vg] <1 and y = hg(t1) + v, this yields

C( + 1)
< 1V
|/U£’ — R Y

1
v — hr(®)] = oy — r(t)(t — 1) — (8 — 1)? /0 it + s(tr — H)(1 - 5)ds

C(1+t%)

1
< ol V(o) fol + fol? [ V(e = sugl(1 = s) s < 1+ S

and hence (3.15). This finishes the proof of (3.11) and (3.12).
Let us denote

Qr = (—RY*, RV*) x BN 1(0).
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There are positive constants 5’1, 62 such that
’inR(§7 77) - U;ER(§7 ﬁ)’p S 616_62(‘&—’_'77') (316)

for all (¢,1) € R x RN~! by Lemma 3.1. From this it follows that

+ +
/ |Vx,R - Ux,R P
RNM\Qr

as R — oo. We consider the partition of Qg N (2z UL) into the three sets

= O(R™) (3.17)

QrN(QR\L), QrN (L\Qr), QrNLNOQR (3.18)

and estimate the respective integrals individually. Note that the integral over Qr\(QzUL)
vanishes. First we have for large R by (3.16), (3.12), Lemma 2.4 and (3.11) that

[ WUy
QrN(QR\L)

RL/4
~ —C €] N-1
<G OBy ©NBY O] e

R1/4

<[ O (ha(©)]+ CO1+ €/ de 5.19)

<G/ et
=O(R™)

as R — oo (recall that |- |ny_1 denotes (N — 1)-dimensional Lebesgue measure). Using the
first inclusion in (3.12) it follows similarly that

/ VE —UE P dy = O(R™Y) (3.20)
QrN(IL\QR) ’

as R — oo.
To estimate the integral over the third set in (3.18) we set D := QrNLN Qg and claim
that )
_ 14¢
[VER(€m) — UEpl&,m)] < CemOtldl ~22
for all ({,n) € ODpg, with a suitable constant C' that is independent of z and R. Suppose
that (£,7) € 0L is such that & € (—R'Y*, R'/*). Considering the geometry in the hyperplane
{€} x RN=1 an application of Lemma 2.4, (3.12), and (3.11) yields

(3.21)

2 2
14+¢ <Cl+§-

dist((¢,7), 02r) < |hr(&)| + O~ < O

(3.22)
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Similarly, if (&,7) € 0Qp is such that £ € (—RY*, R'/4) then

dist((¢, ), 0L) < O ;52.

Recalling that U;,tR vanishes on JL and VfR vanishes on 0QR, the gradient estimates in

Lemma 3.1 imply that (3.21) holds on dDr N Qr. Finally, the bounds on UiR and V;ER
given in Lemma 3.1 show that (3.21) also holds on 0D N OQ R, proving the claim.

By definition, ij,:R — U;E’R is harmonic for —A + X in Dg. Recall the definitions of Aq ,
and 91, from the proof of Lemma 3.1. Choose r > 1 and 19 > 0 as in that proof, and fix
a positive v < min{vg, C4}. Then W (&, n) := e 49 ,(n) is superharmonic for —A + X in
L, and W satisfies

W&, n) > Ce™ on L.

This, (3.21) and the choice of v imply the existence of C' > 0, independent of R, such that
C
Vim = Uspl < 5W

on 0Dp. Hence the maximum principle implies that

C

C
ViEr(€m) = Urp(&m)l < W () = pe 01, (n)

holds on Dpg, with C independent of z and R. Similarly, setting W (&, n) := %91 ,.(n) in
the argument above, we get

C
ViR(€m) = UZp(€m)| < ed1,(n)

on Dg. Therefore,
[ Vv ay = o(r) (3.2
R

as R — oo. Combining (3.19), (3.20) and (3.23) we obtain (3.7).
To prove (3.8) we first note that

/RN\QRWV;R — VU l*dy = O(R™), (3.24)
/QRmmR\L)WV;R = VUl dy = O(R™) (3.25)

and
/QRQ(]L\QR)|VV$R ~ VU gl dy = O(R™) (3.26)

18



as R — oo, by Lemma 3.1 and by the same arguments as in the proofs of (3.17), (3.19)
and (3.20).

To treat the remaining integral over the set Dr we remark that UiR and V;ER can be
extended from functions on L and Qp to C?-functions in neighborhoods of L. and g,
respectively (recall that we are assuming = = 0 and T,I'r = R x {0}). Denote by Yz the
difference of these extensions, defined on a neighborhood of Dg.

Note that the boundaries 92g and JL are C'-submanifolds of RY. By (3.11), (3.13),
and (3.14) we have that

sup W (1) =0 (3.27)
te[—Rl/‘l,Rl/‘l]
as R — oo, for £ = 0,1,2,3. Since the minimum of two continuously differentiable maps
is Lipschitz continuous, it follows that Dpr has Lipschitz boundary if R is large enough.
Hence we can apply the Gauss-Green theorem, see e.g. [20, Theorem 5.8.2] and the remark
immediately following it, and obtain from (—A 4+ A\)Yr = 0 in Dpg that

/ \VYR|2da:—/ Yrngp(z) VYrdHy_1(z) — X [ Yidzx (3.28)
Dpr 0Dgr Dg

Here ng(x) denotes the measure theoretic exterior normal to Dg at € Dg, and Hy_1
denotes (/N —1)-dimensional Hausdorff measure. By Lemma 3.1 VY, is bounded uniformly,
and independently of R. Hence (3.28) and (3.21) imply

/ |VYg|? dz
Dpg

IN

¢ o—Calél 2 o—Cule] 2
7 ([ o ariaramaen+ [ O arraen)
— O(R™Y).

Together with (3.24)—(3.26) this proves (3.8).
Equations (3.9) and (3.10) follow easily from (3.7) since UjR and VfR are bounded
uniformly as R — oo by Lemma 3.1 and because F' and f are continuously differentiable.

O
Proposition 3.3.
sup ||V, — UZpllm@eny = O(R™?), (3.29)
zel'r
sup [Jor (Vo) — JLUT)| = O(R™Y), (3.30)
x€l' R
sup IIVJQR(‘CfR)IIHg(QR) = O(R™/?), (3.31)
z€l'r

as R — oo.
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Proof. The first two asymptotic estimates (3.29) and (3.30) are obvious from (3.7) with
p =2, (3.8) and (3.9). To prove (3.31) fix R and = € I'g, and consider v € H}(Qg) with
HUHH(%(QR) = 1. The definition of V;R yields

DIy (Vo] =

/Q (FUrR) = F(Vi)vdy| < IF(USR) = FVir)lrzon)-

The asymptotic estimate therefore follows from (3.10), using p = 2. O

For k as defined in the statement of Theorem 1.1 denote n := 2k,
E* = J(U%)
and
E, =k(ET+E7).

For m = 1,2 consider functions g,,: RT™ — R (to be fixed later) satisfying

92 < g1, (3.32)

gm(R) — o0 as R — oo, form=1,2 (3.33)

gm(R) = o(R) as R — oo, form=1,2 (3.34)

for m = 1,2. Define D,, g as the set of points (z1,x2,...,2,) in (I'g)" such that there are

i,j €{1,2,...,n} with ¢ # j and |z; — ;| < gm(R). Hence Dy g C Dy g. For m = 1,2 put
Um.r = {(z1,22,...,2,) € TR)"\Dm,r | (1,22,...,2,) is an n-chain}.

Then Uy r and Uy r are open subsets of (I'r)" such that Uy p C Uz R.
Writing X = (21,22, ...,2n) € Us g, define op: Us g — H}(QR) by

k
or(X) =3 (Ve p+ Ve )

i=1
Proposition 3.4. Fiz some o/ € (1/2,a), where « is given in (H6). Then

sup ||VJag (9r(X)ll g = Ole™#2) + O(RT'/?)
Xela r

as R — oo.

Proof. For fixed X we set

Uxi’R if 7 is even,

7. {U;; R if i is odd (3.35)
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and

- if 7 is even.

V. Vg if 7 is odd (3.36)
in,R

Then "
— Z v
i=1

If v € H}(QR) satisfies HU”HS(QR) = 1 then we estimate, using (3.31), (2.3), (3.7) with
p = 2a and the fact that the functions U; and V; are bounded uniformly by Lemma 3.1
and Lemma 2.9, and Lemma 2.1:

IDJag (pr(X))[0]|

- zj: DJa, (V)] + /nR (i f(Vy) — f(Zn: Vz‘))’l) dy

i=1

n o no 2 %
< ZHWQR Migan+ ([ [ 100 - 1( 70| av)
Qrli— i=1
R +CZ(/ ViV y2ady>
1<)
%
=O(R'?) + CZ(/ UU; > dy>
1<) RN
= O(R™'?) + O(e~'noz(R)y,
Clearly these asymptotics are independent of the choice of X. O

Proposition 3.5. There is 8 > 0 such that

inf  Jo,(pr(X)) > E, + Be (B 4 o(e791(R)) 4 O(R™/3)
XEaZ/{l’R

as R — oo.
Proof. We define the n-circular index distance d,,: {1,2,...,n} — Ny as follows:
dn(%]) = Hlln{|’L - ]|a ’Z —-J+ ’I’L’, ‘Z —J- n‘}

Consider X = (z1,%2,...,2,) € OU; g and define U; and V; as in (3.35) and (3.36). We
claim that
|z; — x;] > 491(R)/3 for large R, if d,,(i,7) > 2. (3.37)

To see this, recall that g;(R) = o(R) as R — oo and argue by contradiction: If points z;, z;
satisfy d,, (4, j) > 2 and |z; — 2| < 4¢1(R)/3, then they tend to line up, together with all x,
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where i < ¢ < j, along a straight line, a tangent to I'r, as R — oo (possibly after a circular
shift on X'). There is always at least one intermediate point xy, with i < ¢y < j, and the
minimum distance between each pair of points from the set {z,}}; is g1(R). Hence we
must have |x; — ;| > 5g1(R)/3 for large R, a contradiction.

Condition (H5) implies that

FONT; <0 ifdy(i,f) = 1. (3.38)

Since X € 0U; g and by (3.37) there are ig, jo with dy, (40, jo) = 1 and |z, —zj,| = g1(R) if R
is large. Moreover, from Lemma 2.9 it follows that there are r,¢ > 0 such that |f(U;,)| >
and |U,| > Cre #91(®) in B, (z;,), independently of the choice of X € dly g and for R
large enough. To see this consider also (3.34) since it implies that B, (x;,) is in the support

of U}, for large R. Hence

1

92 AN’f(Uio)Uj0| dz > Beiugl(R) (3.39)

for some 8 > 0 and for large R. On the other hand, using (3.37) and Lemmas 2.1 and
Lemma 2.9 we obtain

/ 1F(UNT;| dz = o(e By if d, (i, 5) > 2 (3.40)
RN

as R — oo.
Fix any 7,7, € {1,2,...,n} and set

s(R) := min (|x — ;| + |z — x| + |z — x¢]).
zeRN

We claim that then
s(R) > 2g1(R) if R is large enough. (3.41)

This can be seen as follows: If
max{|z; — @], [2; — x|, [2; — x|} = o(R)

as R — oo, then since z;,z;, 2y € ' Lemma 2.3(a) implies (3.41). On the other hand, if,
say, |z; — x¢| > CR for some C' > 0 as R — oo, then by (b) of Lemma 2.3 it follows that
s(R) > CR/2 > 2¢1(R) for large R, by (3.34).

Using Lemma 2.2, Equation (3.7) with p = 2a and p = 2/3, respectively, as well as
the uniform boundedness of U; and V;, Lemma 2.1 together with (3.41) and the fact that
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a > 1/2, we estimate one of the error terms that appears in the upcoming energy estimates:

Q<F<Zv> _ZF(V”> do=3 [ FVV;de

i#j

<CZ/ |VV\2O‘d:c+CZ/ ViV, V*3 dx

1<J 1<j<l

—CZ/ T dz+C > / UU,T, 23 de + O(R2/3) (3-42)

1<J 1<j<l

_ 0<e—ugl(R)) + O(R_z/?’).

In the following asymptotic estimate we make use of (3.30), the definition of F,,, a partial
integration, (3.42), (3.7), (3.38), (3.39), and (3.40):

Jar (Pr(X))
= Z Jan, (V) Z / (VV;-VV; + \V,V,)dz
25 o
-f,(r(z7) -rm)
Qr y
=FEn+ Z/f de—z fVde
i#] i#]
+ o(e no(R)y 4+ O(R2/3)
=B, — = Z/ FUNT;jdz + o(e 9By L O(R™2/3)
i#]
1 o
2En+/ |f(Uio)Ujo| da — Z / )U;|da
2 RN
dn (4,5)>2
+ (e r1(B)) 1 O(R™2/3)
> By, + Be M () 4 o(emra1(R)y L O(R™2/3).
It is clear that this asymptotic estimate is independent of X. O

Proposition 3.6. It holds that

inf Jo,(¢r(X)) < E,+ o(e*“gl(R)) + O(RiQ/S)
Xel r

as R — oo.

Proof. Pick numbers ¢; such that 0 < t; <ty <--- <t, < 1. Denote xr; := Ry(t;) € I'r
for i = 1,2,...,n, and set Xgp = (xRJ,wR,g, ., ZRn). Then Xp € Uy g for large R
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because of (3.34). As in the proof of Proposition 3.5, and using the same definition for U,
we obtain

1 o
Tonlor(XR) = By~ 237 [ {07, dx + ofe ) 1 OB,
iz VR
Choose ¢ € (0, ) and § € (0, min;£j|v(t;) — v(t;)|). The claim follows from |zp; — 2 ;| >
OR for i # j, because Lemma 2.1 and Lemma 2.9 imply that

/ FUNTjdz = O(e= =208y = p(e=ra1(B)y  if j £ j.

3.2 The Open-End Tube Case

We now suppose that v(0) # y(1).
Define for r, s > 0 the finite cylinder

Lys:= (—r,8) x BN L.

Recall the definitions of U* from (HT7), of A; and UiR from Section 1, and of V;R from

the beginning of Section 3. We denote by (7}8 the unique solution of

—Au+ = f(UF) inL, s,
u=20 on OL, .

It is well defined because of (H1), and because Lemma 2.5 implies that A(L, ) > Aq 1.
Here A(L, ;) denotes, as before, the bottom of the spectrum of —A with Dirichlet boundary
conditions on L, ;.

Again 5}5 is considered as extended to RN by 0. If R > 0, z € T'g and ¢ € [0, 1] such
that © = R~(t) then set

+ R ==
WerW) = Uo Ry o o) (At (¥ = 7))

for all y € RV,
To estimate the error when replacing W;ER by U. ;tR we will need the following

Lemma 3.7. With the constants Cy from Lemma 2.9 it holds that

0 < £U (6 m) < FUF(En) (3.43)
and
U=(&m) = U (€ m)| < Cadra(n) (e #UHETD 4 emnlstlemsDy (3.44)
for (&,m) € L. There are Cs,Cg > 0 such that
Cyermin{rst <1+ — ﬁszHg(L) < Cge—hminirst (3.45)
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Proof. First we note that U* and ﬁ?s are in C?(L,s) N C(L,s). The interior regularity
follows from standard regularity theory. For continuity up to the boundary see [14,15].
Set Y, s := U+ — Uﬁfs. Suppose that r,s > 0. We claim that

Crs.1(n) mas{eHHERD gnlsie=sD) <y,
< C2911(n) (e*“(”‘g”‘) + e*“(sﬂg"*')) (3.46)

holds for (§,7) € L, where C; and Cy are as in Lemma 2.9. To see this, observe that
on L\L,, (3.46) holds trivially, since there UZ, = 0, and by Lemma 2.9. Consider the
equalities

(=A + Ay 1 (n)e HUHIEFTD —

’

(—A 4+ N9y 1 (n)esFlE=sh —
and
(—A + )\)}/r,s =0

that hold in L, ;. Now the maximum principle, applied to the operator —A + X on L, g,
implies that (3.46) also holds on L, . Here one treats the two exponentials on the left
hand side separately.

To prove (3.43) observe that since (—A—i—)\)(iﬁ%) = +f(U*) > 0in L, s, the maximum
principle implies i(}fs > 0. The other inequality in (3.43) is a consequence of (3.46). This
proves the claim.

Coming to the proof of (3.45), a straightforward calculation using (3.46) yields

[V sll 2y = O(ermintrshy (3.47)

as r, s — 00. For the moment we may consider Y, ; extended from L, s by odd reflection to
the finite cylinder L, 1 s41. If r+5 > 1 then this extension is a classical harmonic function
for —A+ A, continuous up to the boundary, and taking the value 0 on the boundary portion
T :=[-r—1,5s+ 1] x (@BY'). This can be seen as in the proof of [15, Lemma 9.12].
Using domains Q; := (t — 1,t + 1) x B ' and Q} := (t — 1/2,t +1/2) x B! we have
Q, CC Q UT in the sense described on page 9 of [15]. Therefore Theorem 9.13 loc. cit.
implies a bound
IVYslZai < CllYslZey

with constant C' that is independent of ¢ € [—r,s]. Summing up this inequality over
appropriately chosen center points ¢; such that the QQZ form a cover of L, 1/5,1/2 and
using the exponential bound for VY, s in L\L, s given by Lemma 3.1 we obtain

IVY;sll 2wy = O(e™#mintrsh),
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Together with (3.47) this gives the right half of (3.45).
To prove the left half of (3.45) it is sufficient to show that

Vsl oy = Ceremintrat, (3.48)
where C is independent of r and s. Therefore, consider the fact that
r+]é+r|<s+|¢—s| ifand onlyif £ <s—r7.

It implies via another straightforward calculation that
/ max{e HOHERD, omr(sHEDY ge — L (em2mm _ gm2mtrs) | g2y (3.49)
R K
Now the fact that @ — ab+ b > max{a, b} if a,b € [0, 1] yields that the right hand side of
(3.49) is larger than or equal to

1 _ _ 1 _ ;
fmax{e 2ur’e 2#5} = e 2um1n{7’,s}'

Together with (3.46) we obtain (3.48), and the proof is complete. O

Lemma 3.8. There are constants C3,Cy > 0, independent of R > 1 and x € I'r, such that
the quantities |V (y)| and [DV:5(y)| are bounded by Cse=C1W==l for almost all y € RY.

Moreover, ]D2inR(y)| is bounded uniformly on Qg, independently of R.
Proof. The proof is analogous to that of Lemma 3.1, with one notable change: If © denotes

the tubular projection Qp — I'gp and if d: I'g — Rg denotes, for fixed xz € I'g, the distance
to x in the natural Riemannian metric of I'g, then one uses

W (y) == e Wy, (jy — 7 (y))),

as a supersolution on Qr\771(x), instead of W as defined previously. Of course, v and r
have to be chosen appropriately in the same way as before. ]

The error of replacing VwiR by WiR will be estimated by

xT

Lemma 3.9. If p > 0 then we have the following asymptotic estimates as R — oo, inde-
pendently of x € T'p:

/R Vi~ Wil dy = O(R™ ™m0 ), (3.50)
/ IVVE, — VW2 dy = O(R™), (3.51)
RN ’ ’
[PV = POV dy = O(R ), (35)
f(ViR) — FWoR) P dy = O(R™™mp 1)), (3.53)
RN ' '
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Proof. The proof is similar to the proof of Lemma 3.2 in many parts, but it requires some
new geometric considerations that need to be explained in detail. To do this it seems
clearer to work with sequences, as the location of x on I'g is more important now. Suppose
therefore that R, — oo and x,, € I',. Passing to a subsequence it suffices to consider the
following two cases:

a) |zn, — Rpy(0)| > 2RrY/* and |z, — Rpy(1)] > 2RY* for all n. In view of Lemma 3.8
the proof of (3.50)—(3.53), replacing x by z, and R by R,, is the same as for Lemma 3.2.

b) For each n either |z, — R,v(0)| < 2R or |z, — Rpy(1)] < 2RL/* holds. We consider
the second case, as the first one is analogous. Therefore we assume from now on that

|2 — Ray(1)] < 2RY* for all n € N. (3.54)

We fix € > 0 such that there is a regular C3-extension 7: [—¢,1] — RY of v without
self-intersection. If ¢, € [0, 1] is such that =, = R,7y(t,) then we set

Vn(t) = Atn (V(t) - V(tn))v te [07 1]a
Tn(t) := Ag, (Y(t) — 7(tn)), te[-e1],

and

Iy := {Rn7n(t) | le [O> 1]}7
fn = {Rnyn(t) | t € [-¢,1]}

Hence I', is obtained from I'p, by translating x,, to 0 and transforming I'r,, — z,, with A;,
such that ToI',, = R x {0}V ~!. Moreover, r n contains I'), as a submanifold. We define €,
and §~2n as in (1.1) using, respectively, =, and 7, in place of v, and letting ¢ range over
[—¢,1] in the case of ,. We also denote

Ln = LRy (@)~ | Rav(1)—2al

and _
Qn = (=R% Ry/%) x BY 5 (0).

Let yn, := (&n, M) := Rpyn(1) and set 1y, := |yn| = |25, — Rpy(1)|. By the definition of ~,
we have £, > 0. Denote by h,: [— 71/3, ,1/3] — RN~ the map such that T, N @n is the
graph of h,. Note that equations (3.11) and (3.14) still hold for h,, instead of h. Moreover,
as in (3.27) it holds that

sup R (t)] =0 (3.55)
te[—RY/3,R1/3]
asn — oo, for k=0,1,2,3.
From 0 < &, <7, and 72 — &2 = n2 = h,(£,)? we obtain, using (3.11),

hn(ﬁn)Q an Tn
< < (C— .
ot &l =282 = OR2 (3:50)

|Tn - gn’ =
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for all n. Note also that
ry < 2R711/ 4

by (3.54).
Now we set

Va) =V, p (@n+A'y)  and  Waly) =W, o (w0 + A;'y)

Tn,Rn

for y € RY. To prove (3.50) we need to show that

n

[ Vo= W dy = 08, (3.57)
RN
as n — oo. From Lemma 3.8 it follows as in the proof of (3.17) that

/ ~ ]f/n—WnP?dy:O(R;l)'
RN\Qn

To take care of the remaining set @nﬂ (©, UL,,) where the integrand is nonzero we consider
its partition into the sets

D} :=Q, N (Q,AL,) N (Q,AL)

D? := Qn N (Q,AL,) N (2, NL)

D} :=Q,NQ,NL,
and treat them individually.

Since D! C Q, N (Q,AL) we can apply the same argument as in the proof of (3.19) and
(3.20) to obtain

/ [V — Wl dy = O(RY). (3.58)

n

To handle D2 let o, denote the angle between (Tynfn)l and {0} x RV~ It holds that

tan ap = | (&n)| < c%" (3.59)
by (3.14). Since diam(BJ' 1) = 2 it follows that
Di C [&n — 2tanay,, ry + 2 tan ay] X B{V_l C [rn — SnyTn + S| X B{V_l (3.60)
where s,, > 0 satisfies . ., .,
s <C— + O < C—-. (3.61)

RZ "R, R,
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Here we have used (3.56) and (3.59). Hence

/ IV, — WP dy
2

<C e Pkl g (g, n) by (3.60) and Lemma 3.8
[7‘71_57177‘71“1‘571})(3{\771

Tn+Sn
=C e Uit d¢

Tn—5Sn

= Ce P sinh(pCysy,)
< C’e’pc‘“’”;—" by (3.61)

n

= O(R,").
The integral over the set D3 is taken up next. If (£,1) € 9D3 N JL then

dist((€, ), 90,) < L EE

n

as in (3.22). Similarly, if (&,7) € D3 N 0%, then

dist((€m).01) < C1EE

n

If (¢,m) € OD3 N 9Q, N Q,, then

. T £+ s, &+ rn/Ry 1+¢&2
< < (CO—< < < .
dist((&,n), 0L, NL) < 2s, < CRn <C T C R, <C .

Similarly, if (¢,1) € 0D3 N 0L, NL then

. 2
dist((€. ) 02,1 ) < 1S

mn

Since V,, = 0 in RM\Q,, and W, =0 in RM\L,, we find, using Lemma 3.8, that

~ o~ 1 2
|V, — Wy| < Oe—¢‘4|£|%‘5 on D3,

n

From D3 C L it follows as in the proof of (3.23) that

|V Wal?dy = O(R").

(3.62)

(3.63)

(3.64)

Now (3.57) is a consequence of (3.58), (3.62) and (3.64). This finishes the proof of (3.50).

29



To show (3.51) we need to prove that
/ IVV,, = VW, dy = O(R; ).
RN

By (3.55) the proof of this fact is analogous to the proof of (3.8), using the refined partition
of @, N (2, UL,) introduced in the present setting, and (3.63). Equations (3.52) and (3.53)
follow from (3.50) as in the proof of Lemma 3.2. O

The functions g,,, m = 1,2, from Section 3.1 will also be used in the present setting. To
account for the new boundary part near OI'r we need to change the definition of D), r in
comparison with Section 3.1. Here we define D,,, g as the set of points (z1,22,...,2,) in
("'r)™ such that either there are 4,5 € {1,2,...,n} with i # j and |z; — z;| < gm(R) or
there is 4 € {1,2,...,n} with 2dist(z;,0I'r) < gm. The manifolds U, r are then defined
as before.

Proposition 3.10. It holds that

sup [V = Wigll gy = O(R™?), (3.65)
zel'p ’ ’
sup [Jar (Vig) — LW, )| = O(R™Y), (3.66)
x€l' R
sup IV Jen (Vi) 3 (o) = O(R™Y?) + O(e™ mintpr2hue2(R)/2) - (3.67)

zel'p
dist(z, 8F3)>g2(R)/2

as R — oo.

Proof. The asymptotic estimates (3.65) and (3.66) are immediate from Lemma 3.9. To
prove (3.67) we first observe that [tU* + (1 — t)Urs\ < |U#| for every t € [0,1] by (3.43).
Moreover, (H4) implies that |f/(u)| < C|u[P*~!, where C depends only on an upper bound
for |u|. Therefore Lemma 2.9 and (3.44) imply

[l = 7GR s
/(/ |f(tU* + (1 —t)U; )dt> U+ — UL da
e / e 21 n (o 2m(rtletrl) | o mCstle—sD) g (3:68)
R
_ O(e—2 min{p1,2}p min{r,s})

as r, s — 0o. The last asymptotic estimate follows from a straightforward calculation.
Now consider any v € H&(QR) such that ||v ||H1 (@m) = 1. A partial integration and the

uniform boundedness of U fR, V R and W R Lipschitz continuity of f on bounded subsets
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of R, (3.68), and (3.50) imply

IDJa, (VE)[v]| = ‘ / (f(UR) — F(V,R)vdy

<N fWUR) — FOW, plc2m + I Wog) — (Vi) 2@
=O(e *mm{m,?}ugg(R)/?) +O(R™ 1/2)‘

O

For n and k as defined in the statement of Theorem 1.1 define ET as in Section 3.1 and
put
E,=k(ET+E7)+ (n—2k)E™"

Define pr: Us g — HE(QR) by

Rr(X) = Z(V;; kT Ve r) (= 20)V,] b
i=1

Proposition 3.11. Choose o € (1/2, min{a, p1/2,1}). Then

sup HVJQR(SOR(X))HH&(QR) = O(e*alﬂgz(R)) + O(R71/2)
XGUQ’R

as R — oo.

Proof. For fixed X = (z1,22,...,2,) € OUs r we define U;t and V?E as in the proof of
Proposition 3.4 and set

S if i is odd

Z'i W, r if 7 is even.
Similarly as before, using Lemma 2.2, (3.67), (3.50) with p = 2«, (3.43), and Lemmas 2.9
and 2.1 we obtain

IDJay, (9r(X))[V]|

—_ 2

1<j

_ O(R—1/2) +0(e” min{pl,Q}ug2(R)/2) +C Z </
Q

i<j R

1

- 2
W W % dy>

= O(R*1/2) + O(e*a’ugz(R))_
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Proposition 3.12. There is § > 0 such that

inf  Jo,(pr(X)) > E, + Be 1B 4 o(e 91 (R)) 4 O(R™/3)
XEaZ/{l’R

as R — oo.
Proof. As r,s — oo consider the functions
Ufs —-U*

~%
1Urs = UEll g

Urs !

i H& (L). By (3.44) and (3.45) we may estimate for (§,n) € L
[vrs(€,17)] < C(e7MEFT] 4 ommlE=sl).

Since | f/(U*(€,7))| < Ce™P1=DrlEl it follows easily that
/ f’(Ui)vf’s dz — 0 as r,s — 00.
L
This implies, recalling that J{ (U*) = 0 and using (3.45), the following behavior:

~ 1 ~
JL(UR) = JLU*) + SIUF) s vrs] U7 = Ul 0

T o(|TE — U2
105 - U*T40) g0

- ~
= B* 4 ST = Ul ) + o0 = U1 )
> B +Ce72umin{r,s}

as r,s — oo.
Fix X = (z1,22,...,2,) € OU; r and reuse the notation U;, V;, and W; from the proof
of Proposition 3.11. Similarly as in the proof of Proposition 3.5 we obtain

/QR <F (Z Vi) - Z E (V”‘) de—) | f(Vi)V;da

i#j VSR

= o(e " () 4 O(R™2/3).

Here we need to use W; instead of U; in the intermediate step, and we make use of the
fact that by (3.43) the functions W; decay with exponent yu, as the functions U; do.

We need to provide some extra estimates for the replacement of W;tR by U ;t - We claim
that for ¢ # j it holds that 7 7

(f(W3) = f(U:))W; dy = o(e () (3.70)

[ AT =T dy = ofe) (3.1)
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as R — oo. We only prove (3.70), the proof of the second estimate is similar. For clarity
we work with sequences. Suppose therefore that Ry — oo, ys, 20 € I'g,, dist(ye, OT'r,) >
g1(Ry)/2, dist(z¢,0T'R,) > g1(Re¢)/2, and |y — z¢| > g1(Re). We need to show that

/RN (f(Wy:;R[) - f(UiaRﬁ))W;;,Rg dy = o(e_'“‘gl(RZ))

as £ — oo. It is convenient to make this calculation in a rotated coordinate system.
Therefore set rp := |ys — Ryy(0)], s¢ := |ye — Rey(1)]. We assume without loss of generality
that 7, = dist(ye, 0I'g,) and hence that s, > CR; for some C' > 0 and all £. Choose
t; € (0,1) such that yp = Ryy(te) for all £ and set zy := Ay, (2¢ — y¢). Since |W§,R4 ()] <
Ce Hle=2l (see (3.43) and Lemma 2.9) it remains to show that

/Llf(Ui(w)) — (U35 o, (@) e dar = ofe7rr (1)) (3.72)

as £ — oo. Passing to a subsequence we have may encounter the following cases:
(a) info(|ze|/Re) > 0,
(b) xy = o(Ry) and, writing zy = (&, 1¢), one of
(i) & < 0 for all ¢,
(ii) & > 0 for all ¢.

In case (a) we use |f(u)| < ClulP* on bounded subsets, and obtain by Lemma 2.1 and
(3.34)

/\f(Ui(x)) _ f(ﬁi,w(x))’ e Hlz—ze| 44 <C e~ Piulzlg—plz—ze| 1,
L RN

— O(e_CR’f) — 0(e—ug1(Re))

as £ — oo. In case (b) we can say in general that 7, = o(§y) because z; € I'g,. Geometric
considerations imply that always —rp < &. We estimate, using the Lipschitz continuity of
f on bounded sets and (3.44):

+ Tt —plz—z
J 1) = 1T e
< C/(e—ﬂ(re+|€+rz|) +e—u(s[+\£—sg|))e—u|§—§e\dg
R

< C((rg + &)e Hretleetre) o (g, — gp)e=rlsetlée=sel)y
= C(rf + gé)ei'u(réJr‘gZ{Frél) —|— O(efﬂgl (Rl))

The last equality follows from & = o(Ry), sy > C Ry, and (3.34). Now in sub-case (b)(i) we
have r¢ > 3g1(R¢)(1+4 o(1)), and in sub-case (b)(ii) we have & +r¢ > 3g1(R¢)(1+ o(1)) as
¢ — oo. This proves (3.72) and therefore (3.70).
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It holds that 4
|z; — x| > ggl(R) for large R, if |i — j| > 2. (3.73)
Here we do not need to account for circular shifts and therefore use |-| instead of d,, to
measure the distance of indices.
Following the proof of Proposition 3.11 we obtain the analogue of (3.42), replacing

U; by W; and using (3.43) and Lemma 2.9. Moreover, we estimate, using Lemma 3.9,
Proposition 3.10, (3.70), (3.71), (3.69), Lemma 2.1, and Lemma 2.9:

Jar (Pr(X))

= Ja, (Vi) Z/ f(U defz fVde
i=1 i#j i
+o(e” ”91<R>) +O(R™%3)

n

g SRR Z/f de—Z W)W, du

+ o(e—m(R)) +O(R™%/3)

1 o
Z m Ry(0)|, |z —Rry(1 )|)_2; - fU)U;dx
=1 oy

0(6 MQI(R))+O(R—2/3)

> B, +CZ —2p dist(z;,0T'R) Z / U ‘di[f

=1 \z Jl=1
+ o(e 1 (B)y L O(R™2/3).

Since X € 0U; r and by (3.73), at least one of the following is true: There is iy such that
dist(x;, OT'r) = g1(R)/2 or there are iy, jo such that |ig — jo| = 1 and |z, — zj,| = g1(R).
Recalling the proof of Proposition 3.5, in any case the claim of the proposition follows. [

Proposition 3.13. It holds that

inf  Jo,(¢r(X)) < E,+ o(e*“gl(R)) + O(RiQ/S)
Xel r

as R — oo.

Proof. Define Xr := (zgr1,ZR2,-..,TRn) exactly as in the proof of Proposition 3.6.
Reusing the definition of U; we obtain from (3.45) and (3.69) as in the proof of Proposi-
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tion 3.12 that

n . 1 L
+
Jor(er(X)) = 3 Uy mv) ~ 5 2 [, FOIT;de
i=1 i

+ o(e M () L O(R™2/3)

n
< By b O e ditlenadln) 4 05 / Tl da

=1 z;ﬁj
+ o(e M9 (B)y L O(R™2/3),

The claim follows as in the proof of Proposition 3.6, taking into account that
dist(x;, 0T'r) > CR for some C' > 0 and all R and 3. O

4 Proof of the Main Results

4.1 The Finite Dimensional Reduction

Recall the definition of ¢r from Section 3.
Lemma 4.1. The map g is a C?-immersion of Us R in H&(QR).

Proof. By (H2) and (H4) it is sufficient to show that for fixed R the map h: I'r — L?(RY),
x— US o 18 in C?. Since U* € HY(RY), the C'-differentiability of h is obvious. For C?-
dlfferentlabmty one has to keep in mind that only directions tangential to I'r have to be
considered.

That pp is an immersion is immediate. O

Denote Yp = @r(Usr). If OI' # @ or n < 2 then pp is injective, and hence ¥p
is a submanifold of H}(Qg). If O = @ and n > 4 then pp is not injective because
it is invariant under the nontrivial permutation subgroup generated by the coordinate
permutation z; — z;42, acting on (I'g)". Nevertheless, since this subgroup acts freely, also
in this case X is a submanifold of H}(Qg).

For u € ¥ denote Sy r := (TuER)l and let PSu,R, denote the orthogonal projection onto
Su,r. Also denote Ly g := Ps, ;D*Jo,(u)|s, .- Here, for any u € Hg(€2g) we consider
D?Jq, (u) as an element of £(H}(2R)), as the differential of V.Jq,, (u).

Lemma 4.2. If R is large enough and v € X, then L, g is invertible in L(Sy r) and

limsup sup
R—oo u€eXp

L1 H < 0.
u,R L(Su.r) oo

Proof. The proof of this fact is standard, see [7,13,16] or the proofs of (3.19) and
Lemma 3.8(v) in [1]. O
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Lemma 4.3. There are rg > 0 and Ry > 1 such that for R > Ry and for every u € X
there is a unique v, € u+ Sy r that satisfies ||u — UuHHg(QR) <o and Ps, ,VJa,(v,) = 0.
It holds that

[ = vull i gy = OUIVIag (W)l mip) (4.1)
and
[ Jap (u) — Jog(vu)] = O(IIVJQR(U)I@(%(QR)) (4.2)

as R — oo, independently of u € Xr. Moreover, the operator
PSu,RDZJQR(UU) ’Su,R
is invertible in L(Sy R)-

Proof. In this proof we denote by B,Z the open ball of radius r» and with center 0 in a
normed space Z, and by B, Z its closure.
Using Lemma 4.2 pick some M > 1 satisfying

M > limsup sup
R—oco u€¥p

L;}Hﬁ(&ﬁ) . (4.3)

It is clear that

Co := limsup sup HUHHl(QR) < o0
R—oo u€elxl

By Condition (H4)

limSup”JQRHC2’&(BzcoH6(QR)) < o0 (44)
R—o0

for some & € (0, 1].
By Lemma 4.2 and (4.4) there is 79 > 0 such that R large enough, u € g, v € H}(QR),
and [|u — v[| <7y imply that
D20, () ~ D2 () gy < 517 (4.5)
and Ps, ,D?Jq, (v)|s, » is invertible in £(Sy R).
Suppose now that R is large enough such that

.
sup ||V Jag (W)l o < 51 (4.6)

UEX R 0 2M

This is possible because of Propositions 3.4 and 3.11. Fix u € X and define the auxiliary
map g: Su.r — Sur by g(w) = w — L;%PSU’RVJQR(U +w). If w € By, Sy r it follows
from (4.5) and (4.6) that

lg(w)|| < M||D*Jo, (u)w — Vo, (u+w)|

_ M H—VJQR(U) _ /Ol(DQJQR(u +tw) — DQJQR(u))wdtH

< 01 (19 n(w)+ 121

< 7.

(4.7)
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Hence g maps By, S, g into itself. Moreover, by (4.3) and (4.5) we have

g’ (w) | < |1 L5 &lIID* Jo (u) — D Joy (u+ w)]| <

N | =

Hence g is a strict contraction on B, Su,r and has a unique fixed point w,,, by Banach’s
fixed point theorem. Clearly v, := u + w,, is then the only zero v of Ps, nVay such that
lw = vl g1 g < 7o-

Inserting g(w,) = wy, in (4.7) yields |wy| < 2M||VJqy,(u)| and hence (4.1). Moreover,
since DJq, (vy,)[wy] =0

[Jag (1) = Jag (vu)| < [DJag (vu)[w.]]

" /t(l - t)|D2JQR(U + (1 = wy) [wy, wi]| At < Cllwy||® (4.8)
0

with some constant C' that is independent of R and uw. Now (4.1) and (4.8) imply (4.2).
Finally, if R is large enough (4.1) implies the stronger inequality ||u — v, || Hi(Qp) < T0; as
stated in the lemma.

We now fix rg and Ry as in Lemma 4.3. If R > Ry, and X € Uy g then set u := pr(X)
and define ¥ g(X) := v, where v, is given by Lemma 4.3. Moreover, define Gr: Up p — R
by

GR = ‘]QR e} dJR‘

Lemma 4.4. For R > Ry the map Gg is in CI(Z/[ZR,R). If X € Us R 1s a critical point of
GR then Yr(X) is a critical point of Jo,.

Proof. Denote by I1: Us g x H}(2r) — Us g the projection of the trivial Hilbert bundle
over Uy g with fiber H}(Qg). For every X € Us g and u := pr(X) consider the subspace
T,% g of H&(QR). Since g is a C?-immersion, the collection of these subspaces forms a
C'-vector subbundle of II with total space T and projection Il;: T — Us g. Define the
C'-subbundle N := T+ of II with projection II,,. Then II; is the pullback of the tangent
bundle of X and N is the pullback of the normal bundle of ¥, both with respect to g.

Set U := N'N (Uz,r X BryH} (QR)), an open neighborhood of the zero section of A/, and
consider the C'-map

qg: U—)Z/[Q,RXH&(QR),
(X, 0) = Vg (¢r(X) +v).
If (X,v) € U and u := ¢g(X) then (Dg(X,v)(Su.r)) ® TuXr = Hi(Qr) by Lemma 4.3.
Hence g is transverse to the submanifold 7 of Us g x H} (QR), g71(T) is a C''-submanifold

of N/, and it is the image of a Cl-cross section h: Us p — N. If ®: N' — H}(QpR) is the
C'-map ®(X,v) := pr(X) + v, then g = ® o h and hence G is C*.
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Now let X € Uy p be a critical point of Gr and set u := ¢r(X). The linear map
L := Pr,»,DyYr(X) € L(TxUsz,r,T,XR) is bijective, and VJq,(¢Yr(X)) € T,Xr. Let
v =L 'VJq,(¥r(X)). Then

190 (Er () Bys ) = (Vo2 (B (X)), L) ) = DGR(X 0 = 0,

so Yr(X) is a critical point of Jq,,. O

4.2 The proof of Theorems 1.1 and 1.2

Recall Propositions 3.4, 3.5, and 3.6 that apply to the closed tube setting v(0) = ~(1 )
and Propositions 3.11, 3.12, and 3.13 that apply to the open ended setting v(0) # ~(1). 1
both cases we obtain from Lemma 4.3

min Gr(0Us g) > En + Be=r91(F) 4 o(e=ho(B)y 4 O(R™%/3) 4 O (e~ 2 1o2(R))
and

min Gr(Uy g) < Ep + o(e 1)) + O(R™2/3) 4+ O(e= 2 192(1))

With the choices

1 1

g1(R) := ﬂlogR and 92(R) = (2 + 4> g91(R)

we satisfy (3.32), (3.33), and (3.34), since &’ > 1/2. Moreover, it holds that
R™2/3 = g(e~r91(R)) and e~ 20" ng2(R) _ o(e H91(R)y,
Therefore
min GR(ULR) < min GR(aULR)

if R is large enough. Hence G has a critical point X in U g, and ¥r(Xpr) is a critical
point of Jq, by Lemma 4.4. By (4.1) we have that ¥r(Xg) = pr(Xr) + o(1) in H}(Qr)
as R — oo. Together with (3.29) this proves (1.6), and together with (3.65) and (3.45) this
proves (1.7).

Finally, Xr € U g and (3.33) imply that |zr; —x g j| — oo if i # j and dist(zp;, OI'r) —
oo for all 4, as R — oo. The proofs of Theorems 1.1 and 1.2 are complete.
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