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NILS ACKERMANN, MONICA CLAPP, AND FILOMENA PACELLA

ABSTRACT. Let M be a smooth k-dimensional closed submanifold of RV, N >
2, and let Qr be the open tubular neighborhood of radius 1 of the expanded
manifold Mg := {Rz :x € M}. For R sufficiently large we show the existence
of positive multibump solutions to the problem

—Au+ du = f(u) in Qg, u =0 on INR.

The function f is superlinear and subcritical, and A > —X\1, where A is the
first Dirichlet eigenvalue of —A in the unit ball in RN,

1. INTRODUCTION

Let M be a compact k-dimensional smooth submanifold of R without boundary,
1<k<N-1,N >2. For R > 0 define

Qr = U {Ra:—l—v:ve (T,M)™, |v] < 1},
xeM
where T, M is the tangent space of M at z, and (T, M )J‘ is its orthogonal comple-
ment in RY. Thus, for R large enough, Qg is the open tubular neighborhood of
radius 1 of the expanded manifold Mg := {Rz : x € M }.
We consider the problem

(1.1) —Au+ Au= f(u) in Qpg,
’ u =0 on 0g,

for A > —\1, where Ay is the first Dirichlet eigenvalue of —A in the unit ball in
RNk,

Equation (1.1) appears in nonlinear optics and models standing waves in optical
waveguides. The most interesting variant for applications that aspire to exploit the
nonlinear properties of the material is the self-focusing case where f(u)/u — oo as
|u| — oo. A typical example is given by f(u) = u?, modelling Kerr’s effect. For
more information on the physical background see for example [13].

Geometrically, if £ = 1 then Qp is a tubular guide, i.e., an optical fiber. If k > 2
then we say that Qg is a slab, or, more specifically, a shell if k = N — 1.

For expanding annular shells, i.e., tubular neighborhoods of expanding spheres,
there is a considerable body of existence results for multiple solutions that are
symmetric with respect to some subgroup of O(N), cf. [4-6,10-12,14]. The first
existence result for multiple solutions we are aware of that does not depend on
symmetries of the domain was given by Dancer and Yan [8] for expanding shells
that bound convex domains, in the case of A = 0.
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Inspired by the article of Dancer and Yan we are interested in finding positive
multibump solutions to (1.1) for large R, extending their result to more general
domains and to the case of A # 0.

Set

F(u):z/ouf(s)ds ifueR

and assume the following hypotheses on f:
(H1) f e C'0,00) N C?(0,00).
(H2) 7(0) = f'(0) = 0.
(H3) There are a > 0 and p1,p2 > 1, p1,p2 < (N +2)/(N —2) if N > 3, such that
p1 < p2 and
|f"(w)] < a(juPr=2 +|ufP272)  for all u > 0.

(H4) f(uw) > 0 for u > 0.
(H5) There are b > 0 and « € (1/2,1] such that for |ul,|v| small

£ ) — Fu) — F(0)] < blun®
and
|F(u+v) = F(u) = F(v) = f(u)v = f(v)u| < bluv[**.
It is convenient to write a point in RY as (£,7), where £ € RF and n € RV,
Moreover, we denote by

L:={(&mn) e R* xRV ™"+ |n| <1}

the open cylinder or slab which is, locally, the limit of 2z as R — co. Ground state
solutions of the limit problem

—Au+ Au = f(u),
(1.2) { we HY(L).

will serve as building blocks for multibump solutions. Assume that the following
holds:

(H6) Problem (1.2) has a positive solution U which is radially symmetric in £ and
71 separately, and which is nondegenerate, in the sense that the kernel of the space
of solutions to the problem

—Au+ = f'(U)u, u € HY(L),

has dimension k.

Some examples of nonlinearities which satisfy (H6) are given in [7]. Note that
every positive solution of (1.2) is radially symmetric in 7 and strictly decreasing in
In|, by [3, Theorem 1.2].

For each x € Mg we choose a linear isometry A, € O(N) which maps the
tangent space T, M onto R* x {0} and (T, M)" onto {0} x RV=* and we set

(1.3) L, :={z+A;'(2): 2 €L}
We consider U to be extended by 0 to all of R, and for each R > 0 we define
(1.4) Usr(y) =U(Az(y — 2)) for y € RV,

Since U is radially symmetric in £ and in 7, the function U, r does not depend on
the choice of A, € O(N) as long as it satisfies A, (T, M) = RF x {0}.
Our result is the following.
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Theorem 1.1. Assume that (H1)-(H6) hold. Then, for each n € N there exists
R, > 0 such that for every R > R,, there are n points *r1,...,Trn € Mp and a
positive solution ur of (1.1) of the form

(15) ur =3 Usg o+ o(1)

i=1
in HY(RY) as R — oo. Moreover, |xg,; — xR ;| — 00 as R — oo, if i # j.

In contrast to the results on expanding annular shells mentioned above, where
in general the variational problem is considered in subspaces of functions that are
symmetric with respect to a subgroup of O(N), the proof of Theorem 1.1 rests on
gluing rotated translates of the positive ground state solution whose existence is
demanded by condition (H6). As R — oo the possible number of bumps becomes
arbitrarily large. This basic idea is the same as the one used by Dancer and Yan
in [8]. Nevertheless, our proof is slightly different and simpler, and at the same
time more detailed.

To prove our result we use a Lyapunov-Schmidt reduction argument and follow
closely the approach of our previous paper [1]. As is typical for this method, the
proof of existence of solutions with n bumps reduces to finding critical points of
the natural variational functional Jg restricted to a finite dimensional manifold X g
with boundary, which can be understood as the subset of the configuration space of
n points in M one obtains when subtracting a closed neighborhood of the collision
set. An element of this manifold roughly marks the centers of mass of the n bumps
to be glued together. The boundary of X i consists of tuples that contain at least
two centers of mass at a prescribed minimum distance. It turns out that the value
of Jr decreases near the boundary of ¥, i.e. where two masses interact, so that
Jr possesses an interior maximum on X g, a global critical point.

In [1] instead we take k = 1 and build solutions out of bumps that are lined up
along M with alternating signs. In that setting Jgr increases near the boundary of
YR, so that a minimum exists in the interior. We also consider manifolds M with
boundary and define ¥ to consist of those elements from M™ that have centers
of mass that stay clear of each other and of the boundary of M. Since Jgr also
increases as one bump approaches the boundary of M, there still exists a minimum
of Jg in the interior of X .

When the domain is an annulus, i.e. it is a tubular neighborhood of the unit
sphere, there is always a positive radial solution, which is obviously different from
the multibump solutions that we find and which exists for all values of the exponent
p > 1. It is natural to ask whether a similar solution exists also in the case of
domains which are expanding annular shells, but different from the annulus. A
positive answer in this direction is given by Bartsch, Clapp, Grossi and Pacella [2].
Moreover, an interesting open question is whether similar solutions exist in tubular
neighborhoods of expanding k-dimensional manifolds (0 < k < N).

The outline of the paper is as follows: In Section 2 we compute the required
estimates and in Section 3 we describe the finite dimensional reduction and prove
Theorem 1.1.

2. PRELIMINARY ESTIMATES

We recall some inequalities from [1].
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Lemma 2.1. Assume that p, > > 0 for k =1,2,3. Then there is C > 0 such
that

/ e~ Hlz—ai] g—palz—z2| g, < Ce M-z
RN

and
3
e tlr—zilg—pole—wa| o= pglr—zs| go. < Cexp | —p min 3|z — 2]
RN z€RN 7

for all x1,x9, x5 € RV,
Proof. See [1, Lemma 2.1]. I

Lemma 2.2. Let o and b be the constants from condition (H5). Given C > 1 and
n € N there is a constant C = C(a,n,C) > 0 such that for ui,ua,...,u, € R with
lu;| < C the following inequalities hold:

S b Z‘UZUJ |a

1<j

and

F (Z Uz) = > Flui) = 32 flui)u;
i=1 i=1 i#j

Proof. See [1, Lemma 2.2]. 1

<C (Z_uiuﬂm + 2 |uiujuk|2/3> :

1<J i<j<k

Set B? := {z € R™ : |z|] < s}. Let Ay 5 be the first Dirichlet eigenvalue of —A
in BY =% and 9; 5 be the corresponding L?-normalized positive eigenfunction. For
the solution of the limit problem (1.2) the following decay estimates hold.

Lemma 2.3. There are constants c1,co > 0 such that

kE—1

a7 T e g, () < U )| < eolé] T e 9y 1 (n)  for all (€,7) € L,
where =/ + A1.

Proof. This follows in the same way as Eq. (7) in [7, Theorem 4]. I

Let Ly := {(&,7) € R* x RV=* . |5| < s}. The bottom of the spectrum of —A in
L?(Ls) with Dirichlet boundary conditions coincides with A g, cf. [1, Lemma 2.5],
whose proof extends to the present case.

We fix r > 1 such that Ay, + A > 0. For R >0, z € Mg and s € [1,7], let

Lgq:={z+ A (2): 2 € Ls}

with A, as in (1.3). Note that the first eigenvalue of —A in H}(Qr NL; ) satisfies
M(QrNLs,) + A > 0 for large R, since g N L, , is an open bounded subset of
L, .. We write V g for the unique solution to the problem

{ —Au—l—)\u:f(Uw,R) in QRmLs,xv

(2.1) uw=0 on 0 (QrNLgy,),

with U, g asin (1.4). Assumption (H4) and the maximum principle, which applies
by the argument in [1, Remark 2.8], yield that V,, ; g is positive for R large enough.
We consider V,, ; r as extended by 0 to RN. When s = 1 we omit it from the
notation and write A1, L, V; g instead of Ay 1, L1z, Vo1 R

The following decay estimates hold.
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Lemma 2.4. For each s € [1,r) there are positive constants cs,cq and Ry, inde-
pendent of x € Mg, such that all quantities

Ue,e@)]s  [VUe @], Vas,r@W), [VVisr(@)],
are bounded by cse=*v=*| for all R > Ry and almost all y € RN . Moreover,
|D*Usr(y)|  and  [D*Vasr(y)]
are bounded uniformly in L, and Qr NLs , respectively, independently of R > Ry.

Proof. Lemma 2.3, together with standard regularity estimates, yields the estimates
for U, g and its derivatives.
To prove the estimates for V, s r we assume without loss of generality that = 0
and that R* x {0} is the tangent space to Mg at 0. Then there exists ¢; > 0 such
that 9¥1,.(n) > & for all n € BY k. We write y € Ly as (£,7) with £ € R¥ and
n € BYN=* and set

W(y) = e Ely . (n)
where v is a small positive constant, independent of R, which will be fixed next. A
straightforward computation gives

(N-1)v
[3
> (>\1,r + A - 1/2) ée Vel

—AW (y) + \W (y) = ( — V2 A+ >\> W(y)

Since A1+ A > 0 we have that A\, + A — v2 > 0 if v is small enough. On the other
hand, assumption (H3) on f together with Lemma 2.3 yield that

f(Uz,R) < 516*MP1|5|,

for some large enough ¢; > 0. By comparison with equation (2.1) we obtain that
Va,s,p < C2W with & := 616;1 ()‘1,7“ + A= 1/2)71 and, hence, the exponential bound
on Vs r. Regularity estimates using the results in [9] yield the estimates for its
derivatives. Note that the boundary of Qg N L, is Lipschitz and satisfies an
exterior ball condition, uniformly as R — oco. I

Lemma 2.5. If s € [1,7) and p € (0,00) then we have the following asymptotic
estimates as R — oo, independently of x € Mg :

(2.2) /R Vason = UslPdy = O(R™ (1),
(2.3) /R |VVarsn = VUL pl*dy = O(R™Y),
(2.4) [ JFVa) = FUldy = 0GR,
(25) | Ve = FU)Pdy = O™t

Proof. Let x be a point on the manifold M. After translation and rotation we may
assume that x = 0 and that R* x {0} is the tangent space to M at 0. Since M is
compact we may find d, p > 0, independent of z, and a smooth map h : IB%’; — ]B%év_k
such that

M N (B x BY %) = {(&,h(€)) : € € B}
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whose derivatives up to the order 3 are bounded independently of £ &€ IB%’; and
x € M. Setting hr(§) := Rh({/R) we have that

Mp := Mg N (BEg x B *) = {(&,hr(€)) : £ € Bz}

Following the argument given in [1, Lemma 3.2] one shows that there is a constant
C, independent of x, such that

Cl¢?

|hR(€)| < T

for all £ € BﬁR, and
{€} x BY *(hr(€)) € ({&} x RN ") n Qg C {¢} x Biv+_c{€(1+\g\2)/32(hR(£))
for all £ € IB%’; r_1 and R large enough, where Qp is the tubular neighborhood of
Mg of radius 1. Consider the set
Qr =B, x BY % C L,
and decompose RY as the union of the sets
RYNQr  QrN(Qr~L),  QrN(ILN2), QrNLNQR.

Note that the integrals over Qg (L U Q) are zero. Using Lemma 2.4 and following
closely the proof of [1, Lemma 3.2], with the obvious modifications, one obtains
(2.2), (2.3), (2.4), (2.5). 1

Let
1
Jr(u) := 5/9 <|Vu|2 + )\u2> dx — /Q F(u)dz, u € Hy(Qr),
R R
1
Jp(u) == §/L (\VUF + )\u2) dx — /H‘F(u)da:, u € H}(L),

be the energy functionals associated to problems (1.1) and (1.2) respectively.

Lemma 2.6.

(2.6) sup ||Va,r = Us,rll i @y) = O(R™'/?),
xEMR
(2.7) sup |Jr(Va,r) — JL(U)| = O(R™Y),
rzeEMp
(2.8) sup [|[VJIr(Va,r)ll 51 (0p) = O(R™'/2),
rEMp
as R — oo.

Proof. The first two asymptotic estimates follow immediately from Lemma 2.5. To
prove the third one we choose s € (1,7) and a cut-off function y € C(RN~F) with
x(n) =1if|n| <1land x(n) =0if |n| > s. Fix R and € Mp. Assuming that z = 0
and that R* x {0} is the tangent space to Mg at 0, we write v € Hg(Qr) as v =
v1+ve where v1(&,n) := x(n)v(€,m). Then v1 € H} (QrNLs ), supp(ve) C Qp L,
and there exists a constant c,, independent of R and x, such that [[vy ||z gy) <
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¢s [|vll g1 (gavy for all v € H{(S2r). Applying the definition of V,, s g and Lemma 2.5
we obtain

|DJR(Va,r)v| = [DJR(Ve,r)v1|
<|DIr(Vy,s,r)v1| + |DIr(Vy.r)v1 — DIR(Vy,s. 1) 01|

[ 0 = FVe ) va| + OB ) oy

<OR™Y2) [0l gz

<

as claimed. 1

For m = 1,2 we consider functions g,,: Rt — RT (to be fixed later) satisfying

(2.9) 92 < g1,
(2.10) gm(R) — oo as R — oo,
(2.11) gm(R) = o(R) as R — oc.

Let D,, g be the set of all points (x1,...,z,) € (Mg)™ such that there exist i,j €
{1,...,n} with i # j and |z; — ;| < gm(R), and let

u’m,R = (MR)” AN Dm,R-
Then Uy r and Us g are open subsets of (Mg)™ with Uy g C Us g. For X =
(T1,...,2y) € Uz, g we define g : Us g — H(2R) by
(2.12) op(X) = ;Vmi’g.

Proposition 2.7. Let « be as in (H5) and fiz v € (1/2,a). Then

sup [[VIr(@r(X) |y = O™ ) + O(R™/?)
XeUa r

as R — oo.
Proof. Fix X = (z1,...,xy,) € Uz, g. To simplify notation we write U; := Uy, r and

Vi =V, r. If v € H}(QRr) satisfies ||vHH3(QR) = 1, using Lemmas 2.6, 2.2, 2.5, 2.3
and 2.1, in this order, we obtain

IDanlen(X))0l = | £ Ditenvo+ [ (£ s00-1(E W)

i=1 =1

2>1/2

< ;HVJR(VE,R)HH%(QR) + (/Q

f:f(vnf(i m)

i=1 i=1

R

1/2
<OR V) +CY (/ vivjﬁa)
Qr

i<j
1/2
=OR V) 4+ (/ Uin|2“>
1<J Qr
= O(R™Y/?) 4 O(e~mo2(R)y,

These estimates are independent of the choice of X. i
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Set

and define

E :=J.(U)

g93(R) == g1 (R)*%e*“gl(m for R > 0.

Proposition 2.8. There exists § > 0 such that
sup  Jr(p(X)) < nE — Bgs(R) + o(g3(R)) + O(R™'/?)

X€eour,r

as R — oo.

P?“OOf. If X e 8U1,R

then |z; — ;| > g1(R) for all 4,5 € {1,...,n} and there
exist {9 # jo with |x;, —zj,| = ¢1(R). We write U; := U,, gr and V; = V,, g.
By Lemma 2.3 we may choose €, p > 0 such that f(U,,) > ¢ and Uj;, > Cg3(R)
in By(zi,) == {y € RY : |y—ua;,| < p} for R large enough, independently of

X € 0Uy . Hence, for some 5 > 0 and large enough R we have that

(2.13)

Since U; and V; are uniformly bounded, using Lemma 2.2, estimate (2.2) and Lem-

RN

mas 2.3 and 2.1 we obtain, as in the proof of [1, Prop. 3.5],

(2.14)

<cy

1<j

=Ccy

i<j

Ll

cv-srw| - [ swy

i#jJ QR

Viv;[*+C % ViV, Vi
Qr i<j<kJQgr

U +C Y UU,; U |””® + O(R™2/3)
Qr 1<j<kJQp

= 0(g3(R)) + O(R™?/3).

Therefore, using estimates (2.7), (2.14), (2.2), (2.5) and (2.13) we conclude that

Jr(pR(X))

as claimed. J

1
=Y Jr(Vi)+ 5> (VVi-VV; + AViV;)
5 2izjJan

K2

3 DRG]

—nB+ 3 [ -3 [ i
i#j QR i#j J QR
+ olga(R) + O(R™1?)
=nFE — % > [ fU)U; +o(gs(R)) + O(R™V?)
i#j J QR
<nB o [ P, + olgs(R) + O(R™1?)
Qr

< nE — Bgs(R) + o(gs(R)) + O(R™'/?),
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Proposition 2.9. As R — oo,

sup Jr(pp(X)) > nE +o(gs(R)) + O(R™'/?).
XeUi,r
Proof. We fix n distinct points 21, ..., 2, € M and set Xg := (Rxy, ..., Rz,). Then
Xr € Uy, g for R large enough because of (2.11). As in the proof of Proposition 2.8
we have that

Jr(pr(X)) =nk — % ; ; FU)U; + o(gs(R)) + O(R™Y/?).

Let 0 € (0, min;»; |z; — z;|) and i € (0, ). Lemmas 2.3 and 2.1 yield

f(Uz)Uj = O(efﬂéR) _ O(efﬂgl(R))
Qr

for all ¢ # j, and our claim follows.

3. FINITE DIMENSIONAL REDUCTION AND PROOF OF THEOREM 1.1

Let Xg := @r(Uz.r). The map ¢p is a C%-immersion of Us p into Hi(QR)
(cf. [1, Lemma 4.1]) but it is not injective if n > 1. Two points in Us r have the
same image under ¢ if and only if one of them is obtained from the other by a
permutation of coordinates in M7. Since the group of permutations acts freely on
Us g, the set Sg is a C?-submanifold of HJ (Qr).

For uw € ¥ r we denote by P, r the orthogonal projection onto the normal space
N,Yg := (T,XRr)* to X at u. For each u € H}(Qg) we consider D?Jg(u) as an
element of L(H}(QR)), i.e. as the derivative of the map VJg : H} (Qr) — Hg(QR)
at the point u.

The next two lemmas are proved in the same way as the analog statements in [1].

Lemma 3.1. There are rq > 0 and Ry > 1 such that for R > Ry and for every
u € X g there is a unique v, € u+ N X g which satisfies ||[u — quHé(QR) < ro and
P, rVJr(v,) = 0. Moreover,

(3.1) ||U*’Uu||H5(szR) = O(||VJR(U)||H5(QR))
and
(3:2) [ Tr(u) = Jr(va)| = OV IR(W) |31 (0 )

as R — oo independently of u € g, and the operator P, pD*Jg(vy)|N, s, 8
invertible in L(N,XR).

Proof. See [1, Lemma 4.3]. I

We now fix ro > 0 and R; > 1 as in Lemma 3.1. For R > R; let ¥ : Up g —
H}(QRr) be given by ¢ x(X) := v,, where u := p(X) and v, is given by Lemma
3.1. Define Gr: Us r — R by

Gr:=JrovYp.

Lemma 3.2. For R > Ry the map Gg is of class C'. If X € Uz r 15 a critical
point of Gr then Yr(X) is a critical point of Jg.

Proof. See [1, Lemma 4.4]. I
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Proof of Theorem 1.1. By Lemma 3.2 it suffices to show that G has a local
maximum in Us g. Propositions 2.7, 2.8 and 2.9, together with estimate (3.2), yield
the following inequalities:

max Gr(8Uy g) < nE — Bgs(R) + o(g3(R)) + O(R™Y/?) + O(e~21r92(R)),
max Gr(Uy g) > nE + o(gs(R)) + O(R™Y/?) 4 O(e~2192(R)),

with 8 > 0 and v > 1/2. We choose

1 1 1
a1 (R) := @ log R and g2(R) := (2 + 4’y> 91(R).

They clearly satisfy (2.9), (2.10) and (2.11). Note that
RV =o0(gs(R))  and e 2192 = o(gy(R)).

Therefore,
max GR(ULR) > max GR(é)Z/{l,R)

for large R. Hence G has a local maximum Xp in Uy g. Estimate (3.1), together
with Lemma 2.6, proves (1.5). Finally, Xr = (zr1,...,Trn) € Ui,r and (2.10)
yield |zr; — zr,;| = 00 as R — 00, if i # j. 11
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