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1 Introduction

We consider the stationary nonlinear Schrédinger equation

u € H' (RN) (Pe)

{ —2Au+ a(z)u = [ulf 2w
where p > 2 and p < 2* := 2N/(N —2)if N > 3, a : RV — R is bounded and uniformly
continuous, and ag := inf g~ a(z) > 0. We are especially interested in the existence of bound
states in the semiclassical case € — 0.

Equations of this kind have been the subject of extensive research in the last two decades.
They are motivated by various problems from mathematical physics, and present mathematically
interesting and challenging problems.

There are many papers which investigate existence, multiplicity and shape of positive small
energy solutions. We mention, in particular, the work of Floer and Weinstein [20] which started
this research, and the more recent results of X. Wang [28], del Pino and Felmer [16, 17],
Ambrosetti, Badiale and Cingolani [4], and Y. Li [22]. They establish the existence of one-peak
or multipeak solutions with each peak concentrating at a different bounded connected component
of the critical set of a. Cingolani and Lazzo [12] (see also Ambrosetti et al. [5]) showed that
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there might be more than one solution concentrating at the same component. In fact, they showed
that, if the set of global minima of « is bounded, then there is an effect of its topology on the
number of positive one-peak solutions concentrating at this set. A similar result for problems with
symmetries was proved in [13].

Whereas there are many results on positive solutions, little is known about sign changing
solutions. An exception is the case where a is radial and one looks for radially symmetric
solutions with a prescribed number of nodal domains. This case is substantially simpler and it
allows methods, like the shooting method or Nehari’s method, which do not work in the nonradial
setting considered here.

We propose a new approach to the existence of 2-nodal solutions of (P ), that is, solutions with
precisely two nodal domains. There are a number of recent papers about this type of solutions on
bounded domains, see [6,7,14]. On RY we are only aware of the paper [3] by Alves and Soares
who obtained one such solution u. for £ > 0 small, whose positive part v} = max{u.,0} and
negative part u_ = min{u., 0} concentrate near a given bounded component of the set

M° = {y e RY : a(y) = ao}

of minima of a.

Our approach is based on a dynamical systems point of view applied to the negative gradient
flow on H'(R") of the energy functional associated to (P.). The main ingredients are as follows:
Given a compact and isolated subset C' of M and a neighborhood V' of C in RY we construct,
for € > 0 small,

1) asymmetric subset Z. (V') of H'(R™) which is positively invariant for the negative gradient
flow, such that the energy functional satisfies the Palais-Smale condition on Z(V), and the
critical points in Z. (V') are 2-nodal solutions of (PP;) whose positive and negative parts are
concentrated at different points in V,

2) a map 7. in cohomology from the set
C. = {(z,y) € RN x RN : dist(z, ), dist(y, C) < Ve, |z —y| > 2/c}

to Z.(V),and amap 6, : Z.(V) — F(V) = {(z,y) € V xV : & # y} such that
the composition 7. o 6} is the homomorphism induced by the inclusion C. — F(V') in
cohomology.

In fact, the whole construction is symmetric with respect to the action of the group G = 7Z/2
on Z.(V) given by u — —u and the actions on C. and F'(V') given by (z,y) — (y,z). The
cohomology mentioned in 2) is Hj(X,Y) := H*(X/G,Y/G) where H* stands for Alexander-
Spanier cohomology with coefficients in the field of two elements and X /G is the G-orbit space
of X. Thus we have homomorphisms

HE(F(V)) 2 HE(2.(V)) 25 HE(CL)

such that 7. o 7 = ¢* where ¢ : C, — F (V). The homomorphism 7. is not induced by an actual
map C. — Z.(V). Rather, it is constructed only on the cohomology level using a version of
Dold’s fixed point transfer.



As an immediate consequence we obtain a lower bound for the number of solutions of (P;)
lying in Z,.(V') in terms of the H.-cuplength of C. in F'(V'). We define this concept in Section 2
below and provide some computations of it. In particular, this number is at least NV, even if V is
a contractible neighborhood of an isolated minimum of a. Thus we always obtain at least NV pairs
+uj, j = 1,..., N, of solutions of (P.) whose positive and negative parts concentrate near any
compact isolated subset of the set M/° of minima of a. Via a similar construction we also obtain
solutions whose positive and negative parts concentrate near different components of M.

It is an interesting feature of our construction that we can localize the concentration points
of the solutions near prescribed compact isolated subsets of A/° without using finite-dimensional
reductions, penalization techniques, or other modifications of the functional as in the references
mentioned above. Instead, this localization is done by means of a generalized barycenter map as
defined in [6,9]. As a result, we can also treat unbounded sets M° of minima of a, and in some
cases we obtain infinitely many solutions for fixed small €. Results of this type can not be obtained
via a priori modifications or artificial constraints. In fact, they require a study of compactness
questions for the original energy functional, and in the past this has been found difficult to
pursue for bounded potentials a without a prescribed behaviour as |z| — oco. We provide a
rather simple and unified approach to these questions under the (apparently crucial) assumption
that a is uniformly continuous. Another interesting feature is that we obtain information on the
cohomology of the set Z.(V) itself, not just on its Conley index.

The approach we present here can be extended to a variety of other situations. First, one may
consider other classes of potentials and more general nonlinearities f : R — R, not just the
homogeneous nonlinearity f(¢) = [t|P~2t, and one can use it for problems on bounded domains.
It is not essential for our approach that the limit equation —Au + apu = f(u) has a unique,
nondegenerate positive radial solution. It is essential however, that f is odd. In order to keep
technicalities to a minimum and to present the main ideas in rather simple setting we only consider
the homogeneous nonlinearity. Second, one may consider flows other than the negative gradient
flow, most importantly the parabolic semiflow associated to u; — e2Au + a(z)u = |u[P~2u.
In additon to the existence of a certain type of stationary 2-nodal solutions we can analyze
the dynamics in Z.(V) to some extent and obtain heteroclinic orbits connecting the 2-nodal
solutions in Z.(V). Third, one may use the flow invariant sets Z.(V") to construct a Morse
decomposition associated to low energy solutions of (P.). This is important for analyzing the
dynamics further and for finding connecting orbits between the flow invariant sets and the set of
positive or negative solutions, for instance. It is essential here that we do not need to make any
modifications of the nonlinearity. Again the dynamics is especially interesting for the parabolic
semiflow. Working with the parabolic semiflow requires however different techniques for proving
appropriate compactness properties and it is therefore not treated here. The interested reader is
referred to the papers [1,2] for results on the parabolic semiflow with superlinear nonlinearity.

The paper is organized as follows. In Section 2 we introduce some notation and present
our main results. In Section 3 we construct a flow invariant set of sign changing functions in
H'(RY), and we state some crucial technical results concerning energy bounds, compactness and
localization of functions in this set, see Propositions 3.3-3.5. These propositions are proved in
Section 4, where we also generalize the usual representation lemma for Palais-Smale sequences
to families of functionals. In Section 5 we complete the proof of our main theorems. Section 6
contains new lower bounds on the equivariant cuplength of certain configuration spaces. These



bounds are of independent interest beyond our application. In the appendix we discuss a version
of Dold’s fixed point transfer for vector bundles which is a main ingredient in our construction.

2 The main results

Let a : RN — R be bounded and uniformly continuous with ag = inf g~ a(z) > 0. Fore > 0
let

S H'RY) SR, L(w) =2 / (2|Vul? + a(2)u?) - - / [ul?,
RN P JrN

be the energy functional associated to (P:). It is well known that J. is of class C? and that the
critical points of .J. are the solutions of (P-). We consider the scalar product

(u,v), = /]RN (e*VuVv + a(z)uv)

ol = ([ @9 + o))

for the corresponding norm. Clearly, || - || is equivalent to the standard norm

i = ([ e+

The gradient of .J. with respect to (-, -). is denoted by V..J. and is given by

on H*(RY), and write

Vede(u) = u— (—e?A+a) 7 ([uf ).

Our main theorems deal with the flow (. associated to the negative gradient vector field —V ./,
defined by

©e (0, u) =u

In order to state our results we need some notation. For a subset A of RY and ¢ > 0 set
B.(A) := {z e RY : dist(z, A) < ¢},
Ac = {(z,y) 12,y € B (A), [z —y| > 2V},
F(A) ={(z,y) e Ax Az #y}.

F(A) is the configuration space of ordered pairs in A. The group G = Z/2 acts on F(A) via
permutation of the coordinates (x,y) — (y, x). The orbit space

F(A)/G={z,y} C Az Fy}

is the configuration space of unordered pairs in A. For example, if A = {xz(} is a point, then
B.(A) = Bg(x0) is the closed ball of radius ¢ around zg, A. = {(z¢ + z, 20 — ) : |z| = e}

4



is equivariantly homeomorphic to the unit sphere SV ! in R" with the antipodal action z +— —,
and the inclusion A. — F(Bs(zp)), d > 4/, is an equivariant homotopy equivalence whose
inverse is given by
@) (0 + VB0 - VEEZL).
|z -yl |z -y

Let H* denote Alexander-Spanier cohomology [24, 27] or Cech cohomology [18] with
coefficients in the field of two elements. Both cohomology theories are the same on locally closed
subsets of an AN R. They coincide with singular cohomology on ANR’s, in particular on Banach
manifolds. The definition and the properties of the cup product in H* can be found in [24]. For a
space X with a free action of G we set

H{(X) := H*(X/QG).
We shall apply this cohomology, in particular, to configuration spaces X = F(A) and to

symmetric subsets A = —A of H'(RY) ~ {0} where G acts via the antipodal map u — —u.
For the example above,

HE(F(Bs(xo))) = H*(SY7/G) = H*(RPY ) 2.1

is the cohomology of the real projective space RPY~1 which is a polynomial ring with Z/2-
coefficients on one generator w subject to the relation w?’ = 0.

Finally we need a generalized barycenter map. By this we mean a continuous map 3 :
L*(RY) < {0} — RY which is equivariant with respect to the action of the group of euclidian
motions in RY, that is, for every z € R, every orthogonal N x N-matrix © and every
u € L2(RY) < {0}, one has

Blx*xu) =z + [(u) and BluoO® 1) =0(B(u)), (2.2)

where (zxu)(£) = u(§—x). Such amap has been constructed in [6,9]. For matters of convenience
we also assume equivariance with respect to scaling, that is

Bluoe) =e ' B(u) (2.3)
foru € L2(RY) ~ {0}, € > 0, where (u o €)(z) = u(ex). This property is easily built into the

construction. Indeed, if 3y satisfies (2.2), then (3 defined by F(u) = ]u\g/ N Bo(uo \u|§/ N) satisfies
(2.2) and (2.3) where | - |2 denotes the L2-norm. Note that the map

-1
U u? zu?
RN RN

has the invariance properties (2.2) and (2.3), but it is neither well defined on L2(R") ~ {0} nor
on HY(RN) < {0}.
As before we set
ap = inf a(x), MY = {z e RY : a(z) = ap}.
z€RN

Moreover, if Z C H'(RY), we say that the functional .J. satisfies the Palais-Smale condition
on Z if every sequence (u,) in Z for which J(u,) is bounded and V.J.(u,) — 0 is relatively
compact.



Theorem 2.1. Let C be a nonempty compact isolated subset of M°. Let V be a compact
neighborhood of C' in RN such that V.0 M° = C, and let 3 : L*(RY) ~ {0} — RY be a
generalized barycenter map. Then there exists €y > 0 and, for each ¢ € (0,¢¢), a subset Z.(V')
of HY(RN), with the following properties:

(i) 2.(V) = —2Z2.(V) is positively invariant under the negative gradient flow p..
(ii) The functional J. satisfies the Palais-Smale condition on Z.(V).

(iii) Every u € Z.(V') changes sign and, if u is a critical point of J., then it has precisely two
nodal domains.

(iv) For u € Z.(V) the barycenters 3(u") and 3(u™) are different and lie in 'V, so there is a
continuous map

O : Z.(V) = F(V),  0:(u) = (B(u”), B(u7)).
(v) There exists a homomorphism
7ot He(2:(V)) — He(C)
such that the composition
e 00 Ho(F(V)) — He(C)
is the homomorphism induced by the inclusion C; — F(V).

(vi) eg only depends on the difference rg‘i/n a — ag > 0.

In order to obtain explicit lower bounds on the number of solutions of (P.) in Z.(V) we
introduce the H,-cuplength. For a topological space B with a free action of G and a G-invariant
subspace A # () of B, H}.-cuplz(A) is the smallest integer & > 1 such that for any k£ cohomology
classes (1,...,(k € fIg(B) the cup-product (¢; ~ -~ (x)|a =0 € fIé(A) Here .FNIE(X) =
H*(X/G) is the reduced Alexander-Spanier cohomology of X /G, and (|4 € H &(A) is the image
of ( € H{(B) under the homomorphism * : H(B) — H/(A) induced by the inclusion
i:A— B.If A/G or B/G is contractible then I;TE‘;(A) =0or ﬁz‘;(B) = 0, respectively, and
H¢.-cuplp(A) = 1. We will also write

H¢~cupl(i) for Hf-cuplz(A), and  Hg-cupl(A) for H-cupl 4(A).

Compared with the cuplength C'L(X) of a topological space X as defined in [11, p. 9] we have
H¢-cupl(A) = CL(A/G) + 1. We then get a lower bound for the number of solutions contained
in Z.(V).

Corollary 2.2. Let C be a nonempty compact isolated set of minima of a, and let V be a
neighborhood of C in RYN. Then, for ¢ € (0,e), there exist at least H,-cupl r(v)(Ce) pairs
of 2-nodal solutions +u to problem (P.) such that 3(u™) and 3(u~) are different and lie in V,
where g and 3 are as in Theorem 2.1.



Going back to our example, if C = {zo} and V' = Bs(zg), § > 4/, then the inclusion
C. — F(V) is an equivariant homotopy equivalence and (2.1) yields

H-cupl gy (Ce) = Hg-cupl (RPN 1) = N.
We shall prove the following estimate.

Proposition 2.3. Let C C RY be a nonempty compact set, and let V be a neighborhood of C' in
RN, Then He-cuplpyy(Ce) = N for 0 < e < dist(C, RN V).

This estimate can be improved if C' has some topology. Configuration spaces play an important
role in algebraic topology and the additive structure of HA(F'(V)) = H*(F(V)/G) has been
computed for a number of topological spaces V. Surprisingly, not much is known on the
multiplicative structure. In Section 6 we provide some computations for the cuplength.

We now turn to 2-nodal solutions of (P:), such that 3(u™) and 3(u ™) lie near disjoint compact
subsets C' and C’ of M.

Theorem 2.4. Let C,C’ be disjoint nonempty compact subsets of M° which are isolated in MP.
Let V, V' be disjoint compact neighborhoods of C and C" in RN with VAM° = C and V'NM° =
C', andlet 3 : L*(RV) . {0} — RY be a generalized barycenter map. Then there exists g > 0
and, for each ¢ € (0,¢0), a subset Z.(V, V") of H'(RN) with the following properties:

(i) Z.(V,V') = —=Z.(V, V') is positively invariant under the negative gradient flow ..
(i) The functional J. satisfies the Palais-Smale condition on Z.(V,V').

(iii) Everyu € Z.(V,V') changes sign and, if u is a critical point of J., then it has precisely
two nodal domains.

(iv) The barycenter map (3 induces a map
0. : Z.(V, V') = [V x VU [V x V], 0-(u) = (B(u™),B(u")).
which is well defined and continuous.

(v) There exists a homomorphism
et HG(2:(V, V') = H([B2(C) x B z(CN] U [B z(C) x B z(C)])
such that the composition
Te00:  HG([V x VUV x V]) — HE‘;([B\/E(C) X Bﬁ(C’)] U [B\/E(C’) X B\/E(C)])
is the homomorphism 1% induced by the inclusion

ic 1 [B(C) x B z(C)]U[B£(C") x B g(C)] — [V x VUV x V].

(vi) €g only depends on the difference min a — ag > 0.
ovuov’



Here g9 > 0 is so small that B z;(C) C V and B z(C") C V'. Since V NV’ = () we must
have dist(C,C") > 2,/¢. If C and C" are not too irregular, we may take V and V" to be such that
the inclusions C' < V and C’ < V' are homotopy equivalences. In this case the cohomology

H([V x VUV x V]) 2 H;([C x C'TU[C x C))
is a direct summand of H},(Z.(V,V’)).

Corollary 2.5. Fix C,C",V,V' and 3 as in Theorem 2.4. Then, for ¢ € (0,gq), there exist
at least H,-cupl(ic) pairs of 2-nodal solutions +u to problem (Pe) such that f(u") € V and
B(u~) € V', where £y and i are as in Theorem 2.4.

Observe that we always have H.-cupl(ic) > 1, so that we always have at least one pair F-u
of 2-nodal solutions with B(u™) € V and S(u~) € V. If C or C’ have nontrivial topology we
obtain more solutions. The following result is helpful for computations.

Proposition 2.6. H¢,-cupl(i.) = H*-cuply (B z(C)) + H*-cuply/ (B £(C")) — L.

Thus, if the inclusions C' — V and C’" — V' are homotopy equivalences, then we have at
least H-cupl(C) + Hf-cupl(C’) — 1 pairs of solutions +u to problem (P.) with precisely two
nodal domains. These solutions satisfy 3(u™) € V and S(u~) € V.

We close this section with a result yielding infinitely many solutions for fixed small € > 0.

Corollary 2.7. Suppose that there exist an infinite collection of nonempty compact subsets C; C
MDY, i € N, and compact neighborhoods V; of C; such that V; N M° = C; and V; N V; = @ for
i # j. Moreover, suppose that

inf a(|_J OV;) > ao. (2.4)

1€N

Then, for fixed small € > 0, problem (P-) has infinitely many pairs of solutions +u. More
precisely, given a generalized barycenter map (3, there exist €9 > 0 and, for each ¢ € (0,¢¢),
solutions £u;,,1 € Nk =1,..., N and *v;;,1,5 € N,i < j, such that

Buf) €Vi, Bl eV, Blug) €V, (2.5)
fori,jeNi<jandk=1,..., N.

This follows easily from our results above. Indeed, the differences infyy, @ — ap and
infav,usv; @ — ag are bounded away from zero independently of 4,5 by (2.4). Hence, by
Theorem 2.1(vi) and Theorem 2.4(vi) there is €9 > 0 such that the assertions of Corollary 2.2
resp. Corollary 2.5 hold for each € € (0,¢0) and each C;, V;, i € Nresp. C;, C;, Vi, Vj, 4,5 € N,
1 < j. Consequently, Proposition 2.3 and Proposition 2.6 guarantee the existence of solutions u;
and v;; which safisfy (2.5).



3 A flow invariant subset of sign changing functions

For ¢ > 0 we take

(u,0), = /RN(eSQVqu +a(@)w), |ull = </RN(521vu\2 + a(x)u2)>1/2,

as the scalar product and the corresponding norm in H'(RY). We write
dist.(u, D) := inf{||lu — v||s : v € D}

for the distance to a subset D of H'(RY) with respect to this norm, and | - |, for the norm in
LP(RY). Set
[EE

S, = inf{ cu e HYRY) < {0}}

Jul}

so that Sz */? is the norm of the embedding (H'(R™), || - ||) — LP(RY).
The solutions of (P.) are the critical points of the C?-functional

1 1
SR =R ) = gl = S

Nontrivial solutions lie on the Nehari manifold

N ={ue H'RY) :u+#0, J.(u)u =0}
={ue H'RY) :u#0, ul? = |ulb},

which is a C?-manifold, radially diffeomorphic to the unit sphere in H'(RY). The radial
projection onto A is given by

. ufj2) V/®?)
pet HY®Y) {0} = N, pelu) = u,

Julp

and an easy computation shows

. p—2 -
b{lff J. = ng/(p 2).

In the following V..J. denotes the gradient of J. with respect to the scalar product (-, -)..
We consider the negative gradient flow . : G. — H'(RY) of .J. defined by

%Sos(tv u) = —VEJE(SDE(t7 u))

0e(0,u) =u

Here G. = {(t,u) : v € HY(RY), 0 < t < T:(u)}, where T.(u) € (0,00] is the maximal
existence time for the trajectory ¢ — . (t,u). A subset D of H'(RY) is called strictly positively
invariant for the flow . if

e(t,u) € int(D) forevery u € D andevery t € (0,7-(u)),



where int(D) denotes the interior of D in H'(RY). If D is strictly positively invariant, then the
set
A(D) = {u e HYRY) : p.(t,u) € D forsomet € (0,7 (u))},

is an open subset of H'(RY). Let P := {u € HY(RY) : v > 0} be the convex cone of
nonnegative functions in H'(R"), and let
1
B(e, +P) := {u e H'(RN) : dist. (u, £P) < 255/2(1’—2)} .
Consider the set
E={uec H'RY):u",u™ e M.},
where u™ = max{u,0} and v~ = min{u, 0}. The following holds.

Proposition 3.1. a) [B(¢,P) U B(e,—P)|NE&:. = 0.
b) B(e,P) and B(e, —P) are strictly positively invariant for ¢..

Proof. Note that

[ lp = min u — vl < S7V2min [lu — vl = S diste (u, P). 3.1)
In order to prove a) let us assume that there exists u € B(e, P) N E.. Then
_ - , /2 4 1 ,
0.< S22 < um|I2 = [u”lp < S 2diste(u, P)” < 552/,

which is a contradiction. Hence, B(e, P) N & = (. Similarly, B(e, —P) N & = 0.

We now prove assertion b) for B(e, P). The proof for B(e, —P) proceeds analogously. The
gradient V..J. : HY(RY) — HY(RY) is given by V..J. = Id — K. where K.(u) € H*(RY) is
uniquely determined by the relation

(Ke(u),v), :/ luP~2uv  forallv € HY(RY).
RN

Using (3.1) we obtain

dist. (K- (u), P) || Ko (u)~||. < || Ke(w)~||? = (K(u), Ko(u) ") e = /RN P 2u kK (1)

< / [P Ke(u) ™ < Ju” B Ko (u) ™| < SoPPdiste (u, )P Ke(u) ||
RN p €

Thus dist. (K. (u), P) < Sz */*dist.(u, P)P~L forall u € H(RY), and therefore, if u € B(e, P),
then dist. (K. (u), P) < 2,,%155/2(1"2) hence, K.(u) € intB(e, P). Since B(e, P) is convex, this
implies that

u+ A(=VeJe(u)) = (1 = Nu+ AK(u) € B(e, P)

for every u € B(e, P),0 < A < 1. It follows from [15, Theorem 5.2] that

ve(t,u) € B(e,P) forevery u € B(e,P), 0 <t < T.(u). (3.2)
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Now assume, by contradiction, that there are v € B(e,P) and 0 < t < T.(u) such that
ve(t,u) € OB(e, P). By Mazur’s separation theorem, there exists a continuous linear functional
¢ € H'(RM)* and an o > 0 such that £(¢-(t,u)) = a and £(v) > « for v € intB(e,P). It
follows that

0

s S:te(sos(s,u)) = U(=VeJ(p(t,u)) = UK (p=(t, 1)) — a > 0.

Hence there exists ¢; < t such that £(p.(s,u)) < a fort; < s < t. This implies that o (s, u) ¢
B(e,P) for t; < s < t, contradicting (3.2). Therefore, ¢.(t,u) € intB(e,P) for every u €
B(e,P),0 <t < T.(u), as claimed. O

For £ > 0 define
D, := B(e,P) U B(e,~P) U J?. (3.3)

Here we write, as usual, J¢ := {u € HYR"Y) : J.(u) < ¢} for ¢ € R. Since J.(u) > 0 for
every nontrivial critical point of .J;, the set J? ~. {0} is strictly positively invariant for (.. Thus,
by Proposition 3.1, D is strictly positively invariant for ¢, and

D-Né&E =0.
We define
Z.:= HYRY) <\ A(D.).
Clearly Z. is a closed symmetric set (£, = —Z.) containing only sign-changing functions, and it

is positively invariant for the flow ., that is,
@:(t,u) € Z. forevery u € Z. andevery t € (0,7:(u)).

We shall see that Z. is an appropriate constraint for finding sign changing solutions to problem
(P-). Note that, by definition of B(e, P),
1
|ut e = |lu — uTe > 555/2(1”*2) for every u € Z.. (3.4

The following version of Ekeland’s variational principle holds on Z..

Lemma 3.2. Lete > 0, ¢ > 0 and u € Z, be such that

Jo(u) < i}zlf Je +c.

Then there exists v € Z, such that J.(v) < Jz(u),

u—vle <6 and |V J-(v)]. < Ve

Proof. Let
to := inf{t > 0 : ||pc(t,u) — ull- > +/c} € (0, 0]

and assume, by contradiction, that

Vede(pe(t, )|, > Ve forallt e (0,1).

11



Then, since J. is bounded below on Z, it follows immediately from the definition of ¢. that
to < oo. Moreover,

Ve = llgelto.n) = ull < [ 90 (pe(t)

< 7o ) It B = 2 20 = Tl )] < VE

This is a contradiction. O
Associated to the problems (P;), € > 0, is the limiting problem
—Au+ agu = |[ulP2u, uwe HY(RY),
where ag = infg~ a(x). The solutions to this problem are the critical points of the C2-functional

1 1
L H'EY) =R, Lg(w) = /RN(\VUF +agu) — ul},

All nontrivial critical points of I, lie on the Nehari manifold
N(ap) = {u € HY(RM) :u #0, / (|Vul? + apu?) = \ulg} ,
RN

which is radially diffeomorphic to the unit sphere in H(RY). We write p,, : H'(RV) \ {0} —
N (ayp) for the radial projection. It is well known that the infimum

clag) := inf I,
(0) Nao) 0

is achieved at a unique positive radial function Wy = Wy(ag). We fix a radial cut-off function
x € C®RN) with0 < x < 1, x(x) = 1if |2| < I, and x(x) = 0if |z| > 1. For s > 0, we
define

Ws(x) == x(sx)Wy(z).

Then Wy — Wy as s — 0 and therefore
Loy (pay(Ws)) — c(ag) ass — 0.

Let
ML= {(,y) 12,y € Be(MO), v —y| = 2VE},

where M? is the set of minima of a and B z(M°) = {z € RY : dist(z, M?) < \/e}. For
zeRY, yeRandu: RY — Rwedefinez*u:RY - Randuo~y: RY — Rby

(z*u)(§) ==u(—z) and (uo~)(§) = u(vf),
and we consider the radial functions

wE::W\/EOeS*leHl(RN), e>0.

12



Note that the support of w, is contained in the ball B \/5(0) of radius /¢ centered at 0. Hence the
map
ge s M2 = & ge(wy) = pelxwe) = pe(y + we) (3.5)

is well defined and satisfies g-(y, z) = —g-(z,y).

The following technical results are fundamental for the proof of the main theorems. They will
be proved in the following section. We recall that 3 : L*(R™) \ {0} — RY is a generalized
barycenter map if it satisfies the properties (2.2) and (2.3) stated in Section 2.

Proposition 3.3.  a) igf J. > 2c(ag)e™ for every e > 0.

b) If u € 2. is a critical point of J. such that J.(u) < 3c(ag)e’ then u has precisely two
nodal domains.

Proposition 3.4. Let 3 be a generalized barycenter map. Let € > 0 and let (uy,) be a sequence in
Z. such that

) Jgg;k(un)<Zkia@5N,
(i) lim (V-] = 0
(iii) the sequences (B(ul)) are bounded in RY.
Then (uy,) is relatively compact in H*(RY).

Proposition 3.5. Given a generalized barycenter map 3 and § > 0, there exist g = £o(3,6) > 0
and d € (2c(ag), Sc(ag)) such that, for every 0 < & < e, we have:

a) But) # B(u~) and a(B(u™)) < ag + 6 forall u € Z. N JgEN.
b) g:(M?) C &.nJE=Y.
Note that Proposition 3.5 does not assert that Z. N JEdEN is nonempty. This, however, will

follow from the results in Section 5 below.

4 Compactness for sequences of functionals

Throughout this section, || - | stands for the standard norm on H'(RY), i. e. [|u||? = [on (|Vul? +
u?). Moreover, if I : H'(RY) — R is a C''-functional, then VI denotes the gradient with respect
to the corresponding scalar product. The change of variable (u o €)(x) = wu(ex), transforms

problem (P,) into the equivalent problem
~A(uoe)+ (aoe)(uoe) = |luoeP2(uoe), woee H'(RY),

which turns out to be more suitable for studying compactness. So we turn our attention to problems
of this type.

13



For a € L>®°(RY) with inf a(z) > 0 we consider the C?-functional

z€RN
1N 1 2 2y 1
I,: H(R") = R, In(u) = = (IVu]* + a(z)u®) — - |ulP.
2 RN P JrN
Critical points u € H'(R™) of I,, are weak solutions of the equation
—Au+ afz)u = [ulPu. 4.1)

All nontrivial critical points of I, lie on the Nehari manifold
N(a) = {uec H (RY) < {0} : I (u)u = 0},

which is a C'-manifold radially diffeomorphic to the unit sphere in H'(R™). The radial projection
po : HY(RN) < {0} — N (a) is given by

wl? + a2\ Y2

Julp

(4.2)

N () is a natural constraint in the sense that u € N () is a critical point of I, if and only if it is
a critical point of the restricted functional Io[x(q). We set

cla) == uei/{lff(a) I (u). 4.3)

Lemma 4.1. Let o € L®(RY) be such that inf ,cpn () > 0. If u is a sign changing critical
point of 1, then I,(u) > 2c(«). If, moreover, I,(u) < 3c(«), then u has precisely two nodal
domains.

Proof. If u is a sign changing critical point of I, then I’ (u*)u®™ = I’ (u)u®* = 0. Hence,
u® € N(a) and

In(u) = I(ut) + In(u™) > 2¢(a).
Assume, by contradiction, that I,(u) = 2¢(a). Then I,(u™) = c¢(a). In particular, ™ is a
minimizer of I,,| N(«) and, hence, a solution of (4.1). By the maximum principle, ut > 0on RV,
This implies that u~ = 0, contradicting the fact that w is sign changing. Therefore, I, (u) > 2¢(a).

Now assume that u has at least three nodal domains €21, {25, 23 and let xq, be the corresponding
characteristic functions. Then uyxq, € H*(R") and

I;(UXQi)UXQi = I;(U)UXQz‘ =0.
Hence, uxq, € N («) and, therefore, I, (u) > I (uxq,) + Ia(uxa,) + La(uxas) > 3c(a). O

Lemma 4.2. Let 1,0 € LOO(RN) be such that inf gy a1(x) > 0 and oy > oy almost
everywhere on RN, Then c(az) > c(an) and, if In,(u) = c(oy) for some u € N(ow), then
a1 = ag almost everywhere on R,

14



Proof. An easy calculation shows that

‘ p—2 fRN \Vu|2 + a(x)u2 p/(p—2)
cla) = inf 5 :
0£ucH(RN) 2p |ul3

Therefore, c(az) > c¢(aq). Let u € N(ag) satisfy I, (u) = ¢(a1). By the maximum principle
we may assume that u > 0 on R, Setting v = pq, (u) € N'(ay) we obtain

() < oy (v) =

p=2 o p=2 (fen |Vul +ar(@u\"P
‘U|p: ’ |U’|p

2p 2p |ulp

_ <fRN IVuP+a1<:c>u2>”/ )= (fRN VP +oz1(x)u2>p/(p_2) .
Jon VUl + o (2)u? e Jen [Vul? + az(z)u? :

We conclude that a; = a3 almost everywhere on RV, OJ

We now prove a representation lemma for Palais-Smale sequences of a sequence of functionals
I, . Fix constants 0 < ag < as < 00, and set

C(RYN [ag, aoo]) == {a € C(RY) : ag < () < aso}-

A subset S € C(RY) is called uniformly equicontinuous if, for any v > 0 there exists § > 0 such
that |f(y) — f(z)| < 7 for every z,y € RY with |y — x| < § and every f € S. Recall that for
z € RV and v : RN — R we defined (z * u)(§) := u(€ — ).

Lemma 4.3. Let (o) be a uniformly equicontinuous sequence of functions in C(RY , [ag, aso)),
and let u,, € H'(R™) be such that

I, (up) — b, Vi, (up) — 0.

Then b > 0, and there exists a subsequence, which we continue to denote by (u,,), and, for some

0<k< C(Tbo)’ there exist functions o, ..., a% € C(RY,|ag, aso]), nontrivial weak solutions
vl oF € HY(RY) of the equations

—AVF 4 oF(z)ok = [oFP20k,
and sequences ('), i =1,...,k, such that, as n — oo,

a) |x§1—x7]1| — o0 fori # j,

b) zi, * ay, — o uniformly on bounded subsets of RY,

o) |Jun — Y (=28) % v¥|| = 0asn — oo,
i=1

k
d b= L.
=1
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Proof. We have as n — oo

p—2 2 2 1
b+o(l)=1,,(up) = — Vup|* + an(z)uy,) + =1, (up)un
(1) = Touln) = 22 [ (Ve + @il + 12, ()

p—2

> min{ag, 1} ||Un||2+0(1)||un“

2p
Hence, (uy,) is bounded in H*(RY) and b > 0. Moreover, b = 0 if and only if u,, — 0 in
H 1(RN ). We now assume that u,, /4 0. Then, by a standard argument (cf. [23, Lemma I.1]),

there exist a subsequence which we continue to denote by (uy,), a sequence () in RY and a
vt € HY(RN) . {0} such that

zk s u, — vl weakly in HY(RY),
x}l * Uy — v ae onRY.

Since the sequence (x) * a,) is equicontinuous, the Arzela-Ascoli theorem allows us to assume
that z} * o, — o' € C(RY, [ag, as)) uniformly on bounded subsets of RY. Then, for every
Y € CE°(RY),

/ (2L % o) (@) * up ) — atoly as n — oo.
RN RN

Consequently,
/ (Vo' Vi + alv'y) —/ o P2 vty
RN RN

— Jim ( /R (k) VY + (@ + o) (h e un)0) - / (x;*un)\p—Q(x}l*unm)

n—o00 RN

= lim < /R N(vunV((—x;)*¢)+anun((—wi)*¢)— /

n—oo R

= lim I, (un)((—2p) *¢) = 0.

PP ((ad) <)

Thus, v is a weak solution of the equation
—Av' +al(z)v! = [l P20l

We claim that, as n — oo,

Ix}l*an (‘T}m *Up — vl) —b— Ial (Ul)’ (44)
VI, (@) % un —v') =0 in H(RY). (4.5)

In order to see (4.4) note that, since ), * u,, — v! weakly in H'(R"),

/ (IV(xp, * up — 0N)[* = [V (2, % un)|* + |V ) — 0. (4.6)
RN
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1

Moreover, since x;,

%oy, — o' uniformly on bounded subsets and (z), *u, )v! — (v1)?in LY(RY),

/]RN () * o) (zh % un — v1)? = (zh * o) (2 % un)® + ot (v1)?) — 0. 4.7)
Finally, by the Brezis-Lieb lemma [8],
/]RN (Jzh * un — P — [z] % up P + [0F) — 0. (4.8)
Combining (4.6), (4.7) and (4.8) we obtain

lim (I

1
*
n—oo \ Ta*an

(;(;}L * Uy — vl) — Iz%*an(xi * un) + 1, (’Ul)) = 0.

Since 1,1 4q,, (w} xu,) = I, (up) — b, this yields (4.4). To establish (4.5) it suffices to show that,
for ¢ € HY(RY),

(Zosa, @t = 01) = Ly (1) + L (0)) ¥ = o(D) [ 4.9)

‘We have

2

/ ((33711 * 0471)(%711 * Uy, — vl) — (93711 * 0471)(%,11 * Up ) + alvl)w
RN
2
/ (041 — (a:,ll * an))vlw
RN

< o' = (% an)| - [0 ol — (@ * an)| - Y
(s ) (/. )

2 U () way)| - [0t 2
<axlvlf [ lo' = (@hran)l- o'
= o)yl

Moreover, a standard argument yields

/N (e % wn = 0 P72y % un — 01) = Jag, * up P72 (2 % wn) + [0 P7200) 9| = o(1)|¢]
R

(see e.g. [10, p. 84]). We conclude that (4.9), hence (4.5) holds.
By translation, (4.4) and (4.5) are equivalent to

I, (up — (—33711) * vl) —b— Ial(’Ul),

Vi, (un — (—z) % 0') = 0 in HY(RY).

n

Now, if u, — (—z}) xv! — 0in H'(RY), then the assertion of the lemma is true with k = 1.

On the other hand, if wu,, — (—z.) * v! £ 0, we repeat the argument given above replacing u,, by

up — (—zL) *v! and bby b — I1(v!). In at most [C(#bo)} steps we obtain the assertion. O
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The following compactness lemma for a sequence of functionals I, is the key step in the
proofs of Propositions 3.3, 3.4 and 3.5.

Lemma 4.4. Let 5 be a generalized barycenter map, let (avy,) be a uniformly equicontinuous
sequence in C(RYN [ag, aso]), and let (uy,) and (vy,) be two sequences in H'(R™) such that, as
n — oo,

(@) [[un —vnl =0,

(i) I, (vn) — b < 3c(ap),
(iii) Vg, (vy) — 0,
(iv) liminf |[vF| > 0.

Thenb > 2c(ay), and the sequences ((—B(u,}))*u,}) and ((—B(u,;,))*u;, ) are relatively compact
in HY(RN). Moreover; ifb = 2c(ag), then |3(u})—B(u;;)| — oo and B(ur)*a,, — ag uniformly
on bounded subsets of RV .

Proof. We apply Lemma 4.3 to the sequence (v,,). The number k given by Lemma 4.3 is then
either 1 or 2. We first consider the case & = 1. Then there exists a sequence (x,,) in R"V such
that, passing to a subsequence, x,, * v, — v in H*(RY) and z,, * o, — o' € C(RY, [a, aso])
uniformly on bounded subsets, where v is a critical point of I,,1 and 1,1 (v) = b. Since x,, * v;F —
v*, it follows from assumption (iv) that v changes sign, so Lemmas 4.2 and 4.1 yield

b > 2¢(at) > 2¢(ay). (4.10)

Moreover, since 3 is a generalized barycenter map, z,, + B(v) = B(z, * vi) — B(v*).
Therefore,
(—ﬂ(ui)) s ur — (—B(vi)) s« v in HY(RM).

n

Thus, the sequences (( — 3(u)) * u) are relatively compact.
In the case k = 2 there are sequences (z}), (22) in R, functions o', a? € C(RV, [ag, axo)),

and critical points v' and v? of the functionals 7,1 and I, respectively, such that, as n — oo,
a) |zl — 22| — oo,

b) z! * o, — o' uniformly on bounded subsets of R,

0) flun — (=a7) x vl = (=a3) # v*| = 0,

d) b=1, (Ul) + 1.2 (U2).

>From assumption (ii) we obtain that 1,1 (v!), I,2(v?) < 2¢(agp). So, by Lemma 4.1, v! and v? do
not change sign. By c) and assumption (iv), we may assume that v! is positive and v? is negative.

We claim that
Jr

lzl xub — vl — 0 and 22 % u, —v?y — 0. (4.11)
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Indeed, using a) and ¢) we obtain

1
n

ul — ((_53711) x vt 4+ (—xi) * v2)+‘

Juy = (=) ']

1
2

, + ‘((—x}l) ol + (—xi) * 1)2)+ - (—ac},L) * U
< Jun — (=) * v + (—22) * v?) |, +o(1)

< Hun — ((—:n,ll) s ol 4 (—22) * ’UQ) H +o(1) = o(1),

and similarly for the minus sign case. It follows from (4.11) that

B(v") = lim f(a) *w)) = lim (2} + Blu)),
B(w?) = lim B(zp *uy,) = lim (z] + Buy,))

Hence, (—8(u))) * uf — (—=B(v!)) *v! and (—B(u,)) *u, — (—B(v?)) * v2. Moreover, a)
yields |3(u;") — Blu; )| — o,

It remains to consider the case b = 2¢(ag) which, by (4.10), can only occur for k£ = 2. In this
case we deduce from d) that I,1 (v!) = c(ag) = I,2(v?). Hence, Lemma 4.2 forces a! = ag = o?
on RY. We conclude, by b), that 2! * v, — ag and 22 * o, — ag uniformly on bounded subsets
and, hence, that 3(u;) * a;, — ag uniformly on bounded subsets, as claimed. U

We come back to the variational setting introduced in section 3. The rescaling operation
u +— uoe has the following properties, for every u,v € H'(RY), every € > 0:

/RN (V(uoe)Vu+ (aoe)(uoe)v) = e Nu,voet),,
oelP2(uoe)y =N ulP2u(voe™t).
[ Jwoeluocyo = [ juptu(wo )

We deduce that I,c (uog) = e~V J.(u), where J. is the functional defined in Section 3. Moreover,
w is a critical point of J; if and only if u o ¢ is a critical point of [,... Setting

ap = inf a(x),and Uoo 1= sup a(x).
zeRN zeRN

we also deduce that

2 2
E*N(P*Q)/pss > inf fRN(’vu| + apu )

=: 5 . 4.12
weH(RN)~{0} |u\% (a0) (4.12)

Recall that V. denotes the gradient of a functional on H'(R) with respect to the scalar
product (-, -). introduced in Section 3 for ¢ > 0, whereas V stands for the gradient with respect to
the standard H'(R")-scalar product.

Lemma 4.5. Let (¢,,) be a sequence of positive numbers and let (u,,) be a sequence in H'(RN)
such that 5;N/2]\V€nJgn (un)||e,, — 0. Then ||VIgoe, (un 0 €y)|| — 0.
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Proof. Put v, := u, 0 &y, Ay := a0 &y, and let v € H'(RY). Then we have

‘I;n(vn)v‘ = 5;N|Jén(un)(v 05;1)‘ < sgNHvanjan(un)Han v o 87;1H5n

1/2
= )l ([ (V0 + a0
< 7NV T ) e /T T 0] = o))

We conclude that ||V, (v,)|| — 0 as claimed. O

Proof of Proposition 3.3. Let (u,,) be a sequence in Z; be such that J.(u,) — infz_J. =: c..
By Lemma 3.2 we may assume that ||V.J.(u,)||: — 0. As pointed out in (3.4), since u,, € Z.

we have [uf|. > %Sﬁ’/z“"”. Put v, := upoeand o, := aoe. If c. < 3c(ap), using

Lemma 4.5, we conclude that the sequences (v,,) and («,) satisfy assumptions (ii), (iii) and (iv)
of Lemma 4.4, with b = e Ne¢.. Lemma 4.4 yields b > 2c¢(agp), which proves claim a). Claim b)
follows immediately from Lemma 4.1. U

Proof of Proposition 3.4. Let ¢ > 0 and let (u,,) be a sequence in Z. such that

lim e NJ.(un) < 3c(ag), lim ||VoJe(un)|l- =0, and (B(uy)) are bounded.

n
n—oo

Since u,, € Z. we have |juf|. > ésg’/z(’"”. Set a, := ao¢ and v, := u, oe. Using
Lemma 4.5, we see that the sequences («,) and (v,,) satisfy the assumptions (ii), (iii) and (iv) of
Lemma 4.4. Therefore, the sequences ((—B(v;})) * v;7) and ((—B(v,)) * v, ) are relatively
compact in H*(RY). Since B(uif) = eB(v) as a consequence of (2.3), the sequences (3(v;"))

n

are bounded. It follows that (uy,) is relatively compact in H*(R™Y). O

Proof of Proposition 3.5. Lete, > 0, &, — 0, and u,, € Z,, be such that
Je, (un) — 2c(ag)ey = o(ey)).

In order to prove assertion a) via an indirect argument it suffices to show that

1 + - +

E—‘B(un) — By, )| = 00 and a(B(uy)) — ao. (4.13)

n
By Lemma 3.2 there exist v, € 2. such that
Jen (Un) S Jan(””)’ Hun - Un||5n = 0(55/2)7 and Hvanjfn(vn)ugn = O(E;]’LV/Q)'

Set Uy := Uy © €y, Up := Uy © Ep, and a, := a o €,. Using Lemma 4.5 we obtain

I, (Un) — 2¢(ag), ||un —Unl] — 0, and ||V, (vn)|| — 0, asn — oo.

Moreover, (3.4) and (4.12) yield

—_

E_NSg{p_z

max{L, aso} 7 * > /R VIR + alenn) [5) = 2™ 012, > e

4
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Hence, by Lemma 4.4, |3(u,}) — B(u;, )| — oo and B(u;) * a;, — ag uniformly on bounded
subsets. By property (2.3), this yields (4.13), and the proof of assertion a) is finished.

We now prove assertion b). Let 7 > 0 and d € (2c(ap), 3¢(ap)) be given, and set ¢ :=
% — ¢(ap). By definition (3.5) of g, it suffices to show that there exists 9 > 0 such that

d N
Jo(t(zxwe)) < ET forevery € € (0,¢9), = € B\/g(MO), t>0. (4.14)

Note first that, since W JE Wy as € — 0, there exists tg > 0 such that, for every ¢ > ¢y and
every € € (0,1],
I, (tW. \/g) <0.

Hence, for every t > tg, e € (0,1], and x € RY,
Jo(t(z % w2)) = N Lpoe (t (f * W\/g)) <o0. 4.15)
£

Now fix a1 > ag such that

/ (a1 — ao)(t0W0)2 < g
RN

Since a is uniformly continuous, we can choose 0 < ¢ < 1 such that
a(y) <a; foreveryy € Bz\/;O(MO)
c
Lo (pag (W z)) < c(ao) + 3 for every ¢ € (0, ¢0).

Here we recall that p,, is the radial projection on the Nehari manifold as defined in (4.2) for
a = ag. Hence, for every t < tg, e € (0,¢), and = € B\/a(MO),

Jo(t(z % w2)) = e Lnoe (t (g X Wﬁ))
T T 2
=l (Iao (t <E * W\/g)) + /RN(a(&?y) —ap) (t (g * Wﬁ)) dy)
_ N <Ia0 (W ) + /B \/E(O)(a(ez ) —ag) (1W ﬁ)z dz)

<l <Iao (Pae (W ) + /RN(al - a0>(t0W0)2>

deN
< N ( ¢ E) - =
<e” (c(ag) + 5 + 5 5
This, together with (4.15), proves (4.14). The proof of assertion b) is finished. [l

S The proofs of the main results

5.1 The proof of Theorem 2.1

Recall that ag = inf,cg~ a(x). Let C be a nonempty compact isolated subset of M? = a=!(ay),
and let V be a compact neighborhood of C'in R" such that V. N M? = C. Let

0= 1 (min a(z) — a0> > 0. (5.1)

zedV
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Since a is uniformly continuous, there is a constant £ = £(J) such that a(z) < ag + J for
every x € B (M ). Now let 3 be a generalized barycenter map, and let d and gy be as in
Proposition 3.5 for these 3, 6. We may assume that g9 < £(9), so that B =(C) C V. We
note that £y depends only on ¢ and therefore only on the difference mingy a — ag, as claimed in
Theorem 2.1(vi). Fix 0 < € < ¢¢ and set

Z.(V):= {u €Z.N JEdEN :Bu™),Bu”) € V}.

Lemma5.1. a) Z.(V) = —2.(V) is a closed subset of H'(RY)) which is positively invariant
under the negative gradient flow ..

b) Je satisfies the Palais-Smale condition on Z.(V').

c) Every u € Z.(V') changes sign and, if u is a critical point of J, then it has precisely two
nodal domains.

d) Foru € Z.(V) the barycenters 3(u™) and 3(u™) are different and lie in int(V'), so there is
a continuous map

b : Z.(V) = F(V), 0-(v) = (B(u’),Bu")).

Proof. Assertion b) follows from Proposition 3.4 and the fact that V' is bounded. Assertion c)
follows from Proposition 3.3, and d) is a consequence of Proposition 3.5 and (5.1). We now prove
a). Since 0 is equivariant with respect to the antipodal action u — —u on H'(R") and the action
(z,y) = (y,7) on F(V), we have that Z.(V) = —Z.(V). Moreover, Z.(V) C H'(R"Y) is
closed, since Z. N JEdEN is closed and §3 is continuous. Now let u € Z.(V). Since Z. N JEdEN
is positively invariant under (., Proposition 3.5 guarantees that a(3(p.(t,u)*)) < ag + & for
every t > 0. Hence 3(.(t,u)) ¢ OV for every t > 0. Since B(u*) € int(V), we conclude by
continuity that 3(pe(t,u)*) € int(V) for every t > 0. Hence . (t,u) € Z-(V) for every t > 0.
So Z.(V) is positively invariant under ¢., as claimed. O

Recall that
C. = {(x.) : 2.y € B(C), o —y| = 2VE).

Let H* be Alexander-Spanier or Cech cohomology with coefficients in the field with two elements.
Let G = Z/2 and, for G-spaces Y C X, define H},(X,Y) = H*(X/G,Y/G) as in Section 2,
where X /G is the G-orbit space of X. Since we only deal with free actions, H}(X,Y) is
isomorphic to the Borel cohomology H*(EG é X, EG é Y). In order to conclude the proof

of Theorem 2.1 we need to prove the following.
Proposition 5.2. There exists a homomorphism
et HG(2:(V)) — Hg(Ce)

such that the composition
Te00:: Hg(F(V)) — Hg(Ce)

is the homomorphism induced by the inclusion C, — F(V').
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In order to prove this, we first express a certain subset of Z.(V) as a fixed point set and then
use the fixed point transfer to define 7.. The definition and properties of the transfer are given in
the Appendix. We keep on using the e-dependent notation of the preceeding sections, but omit the
€ in the new notation we introduce from now on. Define 7 : H'(RY) — R by

) = 4 —1 ifu 0
-1 ifu=0

This function is continuous because Se|ul? < ||ul|? for all u € H'(RM) and p > 2. Note that
~(u) = 0 if and only if u € N;. Therefore,
y(wt)=0=~(u") ifandonlyif wu € &..

For u € H'(R") we denote by e(u) € (0, oc] the entrance time of w into the set D. defined in
(3.3). That is,
e(u) := inf{t € (0,00] : :(t,u) € D.}.

Since D. is strictly positively invariant, a standard argument shows that ¢ : H'(RY) — [0, oc] is
continuous. Moreover, e(u) = oo if and only if u € Z.. Consider the retraction

0: Hl(RN) N Z. = D.y o(u) = pe(e(u),u),
and define ¢ : H'(R") — R? by

() { 0 if ue Z.
u) = _ .

e (o)) A (e(w))) if ue H'(RV) N 2.
Since D, N &, = (), 1 satisfies

Y(u) = 0if and only if u € Z.. (5.2)

We claim that 1) is a continuous function. In order to see this we observe that for a sequence
un € HY(RN) N Z. with u,, — u € Z. we have e(u,,) — co. Now

e(un) e(un) 1/2
HWW—%MSA \wwwmmmﬁgwmm<é Hﬁmwwmﬁﬁ

= Velun) - (J(un) = T(o(un))"? < V/elun) - T (un) 2
Since ||u,|| = ||u|| + o(1) and J(u,) = J(u) + o(1) we get
lo(un)|l < lJull + o(1) + Ve(un) - (VT (u) + o(1)),

hence [|o(us)*| = O(\/e(un)) asn — oc. It follows that v(o(u,)*) = O ([e(un)]P=2/2), so
Y(un) — 0.

Let g. : M0 — &. be the map defined in (3.5). Since C. C M2 is compact we may choose
R > 1 such that

Jg(R()\gg(:E,y)Jr + pge(z,y)7)) <0 if (z,y) € C: and max{\, u} > 1,
For (z,y) € C. we define
gx,y : [07 1] X [07 1] - R27 gx,y(A7 M) = w(R(AgE(x7 y)+ + Mg&‘(xv y)i))
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Lemma 5.3. Let (z,y) € C..
) If 9oy (A, 1) = 0 then R(Age(z,y)* + pge(z,y)~) € Z(V).
b) If (A, 1) € 0([0,1]?) then gpy(A, 1) = ((RA)P2 — 1, (Ru)P~% — 1).

Proof. By Proposition 3.5, g.(x,y) € £&- N JgeN and, therefore, R(Ag:(z,y)" + pg=(z,y)”) €
JgEN. If g2,y (A, 1) = 0 then, by (5.2), R(Age(z,y)* + pg-(z,y)~) € Z.. Since 3 is invariant
under rotations and g.(x,y)" and g-(z,y)~ are radial around = and y respectively, we have that
B(R)\gs(x, y)“‘) = r and ﬁ(R,ugE(:E, y)_) = y. So, since z,y € B zC C V, we conclude that
R(Age(z,y)* + pge(z,y)~) € Z-(V). This proves a).

In order to see b) observe that, if (X, ) € 9([0, 1]?), then R(Age(z,y)* + pg-(z,y)~) € D..
Therefore

gry(A 1) = (V(RAG=(z,9) ), v (Rpge(,9) 7)) = (RA)P72 = 1, (Rp)P 2 — 1),
as claimed. O

Next we define

f : CE X [03 1]2 - CS X RQ? f(:l:ay7)‘a/~/“) = (x,y, (A’/‘L) - gﬂ?,y()"/‘b))

This map is equivariant with respect to the action

(z, 9, A, ) = (Y, 2, 1, A). (5.3)

The projection 7 : C. x R? — (. is also equivariant and, since the action is free, the induced map
of orbit spaces
7:(C. xR?)/G — C./G

is a vector bundle. The map f : (C: x [0,1*)/G — (C: x R?)/G induced by f satisfies the
following.

Lemma 5.4. a) To f: %|(CE><[O,1]2)/G'

b) Fix(f) = Fix(f)/G c (C: x (0,1)%) /G,

¢) The fixed point transfer 7 : H*(Fix(f)/G) — H*(C./QG) satisfies Ty o T =id.
Proof. Property a) is immediate, and b) follows from Lemma 5.3b) and the fact that ? > 1. These
properties say that f is compactly fixed in the sense defined in the Appendix, so it has a fixed point
transfer s The equivariant version of Tietze’s extension theorem [26, Proposition 6.10] provides

a map
g:C:x (0,1 x (0,1] — R?

such that g(z,y, A, 1, 0) = gz y (A, 1),

g(@,y, A i) = (L= ) (RAVP7? = 1, (Ru)P 2 = 1) +t(A = R, u = R™Y)
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if either (A, ) € 9([0,1]?) or ¢t = 1, and g; := g(-,¢) is equivariant with respect to the action
(5.3) forevery t € (0,1]. Since R > 1,

g 1(0) C C. x (0,1)% x (0,1]. (5.4)
Now we define h : C. x (0,1]2 x (0,1] — C. x R? x (0, 1] by
h(x7y7 )‘),U’ut) = (gjvyv ()" /’L) - g(xvya Avu)t))

Then h(z,y, A\, 11,0) = f(x,y, X\, 1), h(x,y, X\, 1, 1) = (2,5, R7", R™"), and hy := h(-,1) is
equivariant for every t € (0, 1]. By (5.4) the induced map

b ((Ce x (0,1]%)/G) x (0,1] — ((C. x R)/G) x (0,1]

is compactly fixed over (C:/G) x (0, 1]. Propositions 7.2 and 7.3 in the Appendix yield

TFO Tt = T, © ™ =1d.
This proves c). 0

Proof of Proposition 5.2. For (z,y, \, i) € Cz x [0, 1]?, Lemma 5.3a) yields:
fla,y hp) = (zy ) = RAge(,y)" +pge(z,y)7) € Z(V).
Thus the map
viFix(f) = Z(V), @y, M 1) = R(Age(z,9) " + pge(z,y)”)

is well defined, it is equivariant and satisfies 0. o . = 7 o T|giy(), Where i : Cc — F(V) is the
inclusion. Define 7. to be the composition

s Hy(2.(V)) - Hy(Fix(f) 75 H5(Co).
Using Lemma 5.4c¢) we obtain
T 007 :TfOL*OH: :T];OTT*OZ'* ="

and our claim follows. U

This completes the proof of Theorem 2.1.

5.2 The proof of Corollary 2.2

We first define a suitable version of the equivariant Lusternik-Schnirelmann category for spaces
with an action of a group GG. Recall that a subset A C X of a topological space X is said to be
locally closed if it is the intersection A = C N O of a closed subset C' C X and an open subset
O CX.
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Definition 5.5. The equivariant Lusternik-Schnirelmann category catg(X) of a G-space X is the
smallest integer k such that X can be covered by k locally closed G-invariant subsets X1, . .., Xy,
X = Xj U---UXy, where each X can be equivariantly deformed to an orbit Gz in X. If no
such covering exists then catg(X) := oc.

The use of locally closed instead of open or closed subsets is essential because we apply it
to the spaces Z. (V') which may not be ANRs. It is especially suitable for applications in critical
point theory; see the proof of Proposition 5.6 below. If X is an ANR then one may replace locally
closed in Definition 5.5 by open or closed. We shall only deal with free actions of G = 7Z/2,
so catg(X) is the category of the orbit space X/G defined with locally closed sets, of course.
Clearly, one can also define various relative versions of catg.

Proposition 5.6. Z.(V') contains at least catc;(Z-(V')) pairs of critical points of Je.

Proof. Suppose Z.(V') contains precisely & pairs -uyq, . .., +uy of critical points of J.. We may
assume that J(u;) < --- < J(ug). By Lemma 5.1, Z.(V') is symmetric and positively invariant
for the negative gradient flow ¢ of J;, and J. satisfies the Palais-Smale condition on Z. (V). It
follows that for each u € Z. (V') there exists j with (¢, u) — Fu; as t — oo. Thus the sets

Xj:={ue Z(V): p:(t,u) — tuj ast — oo}

are pairwise disjoint and cover Z.(V'). Since . is equivariant, X; is a symmetric subset of
Z.(V). Using the Palais-Smale condition for J. on Z.(V') once more it is easy to see that for
every j = 1,...,k the union X; U --- U Xj is an open subset of Z.(V"). This implies that X is
a locally closed subset of Z.(V). Finally, using the flow ¢. one sees that X; can be equivariantly
deformed to +u; in Z.(V'), in fact, even in itself. It follows that cate (Z-(V)) < k. O

Remark 5.7. Let cat.(X) denote the equivariant category of X using open coverings. Then
catq(X) < caty(X) and equality holds if X is an ANR. The same is true for the equivariant
category defined via closed coverings. However, we do not know whether Z.(V') is an ANR. Thus
it may be that catg(X) < cat%(X). We do not know whether Proposition 5.6 is true with catZ (X )
instead of catg(X).

Proposition 5.8. For every metric free G-space X we have catg(X) > H-cupl(X).

Proof. Let X = X, U---U X}, be a covering of X as in Definition 5.5. Consider k£ cohomology
classes (1,...,(x € f[é(X) We have to show that their cup product is trivial: {; ~ - -+~ ( = 0.
Since X;/G is contractible in X /G the restriction (j|x; € H(X;) of ¢, that is the image of ¢;
under the homomorphism induced by the inclusion X; < X, is trivial. Now X; = C; N O; is the
intersection of a closed subset C'; C X and an open subset O; C X. We may assume that C; and
O; are symmetric. Now X is arelatively closed subset of the metric space O;. Then the continuity
property of Alexander-Spanier cohomology yields an open symmetric neighborhood U; C O; of
X such that (j|y;, =0 € ff@(U ;). The exact sequence of the pair (X, U;) implies that ¢; is the
image of some element {; € H (X, Uj;). It follows that the cup product (; ~ --- « (j is the
imageof {1 « -~ § € HEL(X, Uy U...,Uy) = H5H(X, X) = 0. O
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Proof of Corollary 2.2. Set k := H¢-cuplp)Ce, and let Gi,..., (-1 € I;TE‘;(F(V)) be
cohomology classes such that i*(¢; ~ -+~ (p—1) # 0 € HA(C:). Herei : C. — F(V)
is the inclusion. By Theorem 2.1 there exists a homomorphism 7. : Hj(2.(V)) — HE(C:) such
that 7. o 87 = ¢*. It follows that

02(C1) ~ oo 02(CGe—1) = 0Z(C1 -+~ o) # 0 € HG(Z2:(V)).

This implies Hf-cupl(Z.(V)) > k and the corollary follows from Theorem 2.1 and the
Propositions 5.6 and 5.8. 0

We have to work with Alexander-Spanier cohomology because the homomorphism 7. has only
been defined for this cohomology. We could pass to singular cohomology if Z.(V') would be an
ANR.

5.3 The proof of Theorem 2.4 and Corollary 2.5

Let C and C’ be disjoint nonempty compact isolated subsets of M, and let V and V"’ be disjoint
compact neighborhoods of C' and C” respectively with VN M? = C and V' N MY = C’. Let

. 1 3
§ = B (xegl/glawa(x) - ao) > 0.
As in the proof of Theorem 2.1, let £ = £(0) be such that a(z) < ag + 0 for every x € B\@(MO).
Now let 3 be a generalized barycenter map, and let d and ¢( be as in Proposition 3.5 for these
B, 6. We may assume that g9 < £(0), so that B z(C) C V and B (C’') C V'. We note
that 9 depends only on § and therefore only on the difference mingy gy’ @ — ag, as claimed in
Theorem 2.4(vi). Fix 0 < € < ¢q and set

ZWV V)= {+ueZnJE" ) eV, flu) e V')

The proof of Theorem 2.4 is now completely analogous to that of Theorem 2.1.
The proof of Corollary 2.5 is completely analogous to that of Corollary 2.2 using Theorem 2.4
instead of Theorem 2.1.

6 The cuplength of configuration spaces

Due to their many applications, configuration spaces have been extensively studied during the last
fifty years. However, not much is known about the multiplicative structure of their cohomology. In
this section we obtain lower bounds for the cuplength of configuration spaces of unordered pairs
in some special cases. Let us recall again the definitions.

F(A) :={(z,y) e Ax Az #y}

is the configuration space of ordered pairs in a topological space A. The group G = 7Z/2 acts on
F(A) via permutation of the coordinates (x,y) — (y, x). The orbit space

K(A)=F(A))G={{z,y} e AxA:z#y}
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is the configuration space of unordered pairs in A.

Since in this section we shall mostly work with singular cohomology we write H* for singular
cohomology and H* for Alexander-Spanier cohomology, both with coefficients in the field of two
elements. The reason for the use of singular cohomology is that we use characteristic classes
and the x-product which are well known for singular cohomology and are more complicated in
Alexander-Spanier cohomology; cf. [24]. Recall that the cuplength H*-cupl of a continuous map
f : X — Y is the smallest integer k such that for any k£ cohomology classes (1,...,(; € H* (Y)
one has f*((; ~ -+ < (z) = 0 € H*(X). For an equivariant map f : X — Y between free
G-spaces we define Hf-cupl(f) = H*-cupl(f/G) where f/G : X/G — Y/G is the induced
map on the orbits spaces.

Proposition 6.1. Let C' # () be a closed subset of RN and let V be a neighborhood of C. Then
there is a continuous map o : C x RPN~V < K (V), where RPN~V is the (N — 1)-dimensional
real projective space, such that

H*-cupl(K(V)) > H*-cupl(a) > N.

In particular, H},-cupl(F(V')) = H*-cupl(K (V') > N for every subset V of RN with int(V') #
0.

Proof. Choose a continuous map v : C' — (0, 00) with y(z) < dist(z, RV . V) forevery x € C.
The map
k:CxSNTL S BV, (2,2) — (x+y(x)z,2 —v(2)2) (6.1)

is G-equivariant for the action (x, z) — (2, —z) on C' x S¥ 1. Hence it induces a map of the orbit
spaces o : C' x RPN~1 — K(V), which maps the first Stiefel-Whitney class @ € H' (K (V)) of
the O-sphere bundle F(V) — K (V) to the first Stiefel-Whitney class of the bundle C' x S¥~! —
C x RPN=1[21], that is, a*(©) = 1 x w, where w € H'(RPY~1) is the generator. Therefore
o*(@)N~1 # 0 and, consequently, &V =1 #£ 0. O

Proof of Proposition 2.3. Tf 0 < § := /g < dist(C, RN ~\ V), the image of the embedding (6.1)
with y(x) = d is contained in C; = {(z,y) : ,y € B z(C), |z —y| > 2\/e}. Therefore

He-cuplpyy(C:) = H-cuply (1) (Ce/G) > H-cupl(a) > N.

where o : € x RPN=1 < K (V) is the embedding from Proposition 6.1. We need this estimate
also for H*. For this we may assume that V' is a regular neighborhood so that H}(F(V)) =
H:(F(V)). Let Cy..v Qo1 € f[*(K(V)) be cohomology classes with n := a*({; ~ -+ «
Coe1) # 0 € H(C x RPN, Then ) := &((; ~ --- ~ (_1) # 0 € H*(C x RPN-1)

because it maps onto 7 under the natural homomorphism H* — H*. O

The estimate given by Proposition 6.1 is not optimal as the following proposition shows. Its
proof uses the Leray-Serre spectral sequence. For details on this and other spectral sequences we
refer to [25].
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Proposition 6.2. Let C # ) be a closed subset of RN which is a deformation retract of a
neighborhood V. RN. If H(C) = 0 for 0 < i < m, some m < N, and if there are k
cohomology classes (1, . .., € H™(C) whose cup-product is nontrivial then

H*-cupl(K(V')) > H*-cupl(a) > k + N.
where a : C x RPN~V — K (V) is the map from Proposition 6.1.

Proof. We consider the map x : C x S¥~! — F(V) and the Stiefel-Whitney classes & €
HY(K(V)) and w € HY(RPN™') from the proof of Proposition 6.1 above. Recall that
a*(w) =1 x w. We shall show that there are cohomology classes (; € H™ (K (V')) such that

a*(() = ¢ x 1.

If this is true then a*(gl o e o Zk e N = (¢ v - v ) x WV £ 0, and therefore
(i~ o G~ @V £ 0, which proves our claim.
We consider the diagram

CxsN-1 P g
e ol
C ., v —L-C

where the vertical arrows are the projections onto the first factor, 7 is the inclusion, r the retraction,
roi ~ id. The diagram commutes up to homotopy. For ( € H*(C) let { := pj, o r*((¢) €
H*(F(V)), so that

K*(C) = phoi*or*(¢) = pe(¢) =¢ x 1€ H*(C x SV71). (6.2)

We shall show that, if ( € H™(C), then ( is in the image of 7* : H™(K(V)) — H™(F(V));

>

here 7 : F(V) — K (V) is the natural projection. We consider the Leray-Serre spectral sequences
of the Borel fibrations

F(V) x EG — BG
G

(C x SV x EG — BG

Note that, since G acts freely on F'(V) and on C' x SV, the projections F(V) x EG — F(V)
and C' x SN~ x EG — C x S¥~1 induce homotopy equivalences between the G-orbit spaces

F(V)x EG~K(V), (CxS" 1 xEG~CxRPN"1
G G

The map x : C x S¥~1 — F(V) induces a map of spectral sequences

K*: EPY — EPY.
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The E»-term of the spectral sequence associated to F'(V') x EG — BG is
G

EPY = HP(BG; HY(F(V))).

Our assumptions on C' imply that HY(F(V')) = 0if 0 < ¢ < m. Indeed, using excision and the
suspension isomorphism we have

HYV xV,F(V) = HIV x BN,V x (BY < {0}) 2 H"N(V)=0 forq< N,
so from the exact cohomology sequence of the pair (V' x V, F'(V')) we conclude that
HYF(V)) 2 HI(V x V) 2 HY(C x C) forq < N.

We conclude that HY(F'(V)) = 0if 0 < ¢ < m, as claimed. It follows that

H™F(V)) = Ey™ = ... = E)Y,
Hm+1(BG) o~ E;’”‘JFLO — E:gill’o.

Now we fix ¢ € H™(C), ¢ = pi, or*(¢) € H™(F(V)) = ES™, and recall that £*(C) = ¢ x 1 €
H™(C x SN—1) =~ Eg’m. Since ¢ x 1 is a permanent cycle,

K 11(0) = dms1(¢ x 1) = 0.

Now «* is the identity on H™+1(BG) = EJ™0 = EI'H0 hence d,y, 41 (C) = 0 and, therefore,
( is a permanent cycle too. Thus, there exists ( € H™(F(V) x EG) = H™(K(V)) which
G

restricts to ¢ € H™(F(V)) and, from (6.2), we obtain
a*(C)=¢x1e H™(M x RPN7Y),
This finishes the proof. O
Special cases where the assumptions of Proposition 6.2 hold are the following.

Corollary 6.3. Let C C RY be homeomorphic to a sphere S™, or to a torus (S™)¥, or to a product
of projective spaces H?ZlRPmJ, H;‘?:lCij, H;?:lHPmJ'. If V is a tubular neighborhood of C
in RN with C — V a homotopy equivalence, then

H*-cupl(K(V')) > H*-cupl(c) > H*-cupl(C) + N — 1.

Here oo : C x RPN~ — K (V) is the map from Proposition 6.1.
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7 Appendix: The fixed point transfer

We discuss a version of Dold’s fixed point transfer [19] for vector bundles, which we use in
Section 5. Let m : E — B be an n-dimensional real riemannian vector bundle over a metric space
B. We denote by 0 C FE its zero section. Let H*( - ) be singular cohomology with coefficients in
the field F of two elements. A Thom class for 7 is an element 6, € H"(E, E ~. 0) whose image
under the inclusion generates H" (7~ 1(b), 7=1(b) \ {0}) = H™(R™,R™ \ {0}) = F for every
b € B. Since we use Fa-coefficients, a Thom class exists for every vector bundle. The following
result is classical, see for example [21, Theorem 10.3].

Theorem 7.1 (Thom isomorphism). The homomorphism
H'(B) — HYE,EN0), (0~ 7),
is an isomorphism.

The pullback of ™ over amap n : X — B is defined as
E x X ={(y,z) € Ex X :m(y) =n(x)}.

We write
T:ExX—X and n:ExX —F
B B

for the projections. 7 is again an n-dimensional vector bundle. If 6, is a Thom class for 7 then
07 := n*(0,) is a Thom class for 7.

Amap f : U — E is compactly fixed over B if U is an open subset of E, w o f = 7|y,
Fix(f) :={z € U : f(x) = z} is closed in E, and there is a continuous function ¢ : B — (0, c0)
such that

Fix(f) C{zx € E: |z| < o(m(x))} =: E,.

Here | - | stands for the riemannian metric of 7. This last property is equivalent to saying that
T|rix(s) * Fix(f) — B is a proper map [19]. Following Dold [19] we define the fixed point
transfer 7; of a compactly fixed map f over B as follows. Let X C U be an open neighborhood
of Fix(f) and consider the following sequence of maps:
(i—f,id) . 4 .
(EEX,EEX\OEX) <— (X, X N Fix(f)) % (E, E N\ Fix(f)) a1
& (E,E~E,) < (E,E~0),

where (i — f,id)(z) = (z — f(z),x). Note that the difference x — f(z) makes sense because
7(z) = w(f(z)) and 7~ 1(b) is a vector space for every b € B. Note also that, by excision, the
inclusion 7; induces an isomorphism in cohomology. The homotopy and exactness properties of
cohomology ensure that the inclusion i3 is an isomorphism too. Therefore, applying H*( - ) and
composing both ends with the Thom isomorphism we obtain a homomorphism

T H*(X) — H*(B)
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called the trace of f. If Y is an open subset of X and j : Y — X is the inclusion, then 7’}/ oj* =
Tf . Passing to the direct limit

H(Fix(f)) 2 im{H*(X) : X openin E, X D Fix(f)}
(cf. [18, VIIL6], [19]) we obtain a homomorphism
7+ H(Fix(f)) — H*(B)

called the fixed point transfer of f. It has many useful properties [19]. We mention only those
which we need for our purposes.

Proposition 7.2 (Units). Ifv : B — Eisasectionofm(i.e. mod =id)and f =97 : E — F,
then Fix(f) = 9(B) and 74 = 9* : H*(¥(B)) — H*(B).

Proof. The restriction to (E, E \ E,) of the map id — V7 : (E,E \9(B)) — (E,E ~\0) is
homotopic to the inclusion i3 : (E,E \ E,) — (E,E ~ 0). Moreover, if X = {z € E :

|z — I (z)| < y(mw(z))} for some continuous function v : B — (0,00), then (i — I, id) is
homotopic to (i — I, I7) : (X, X N 9(B)) — (F x X, E x X ~ 0 x X). This last map can be
B B B

written as the composition

(X, X ~0(B) =2 (B,E~0) "7 (Ex X,E x X <0 x X).
B B B

Therefore the sequence of maps (7.1) induces the same homomorphism in cohomology as (id, V)
does. Setn := w|x : X — B. Thennod = id and njo(id, I7) = id. Hence, forevery ( € H*(X),

(id, 97)* (0 ~ 7(C)) = (id, 9)* (i7" (0x) © 7*(C)) = (05 ~ 7*(9°C)).

In other words, the trace homomorphism is T}X = v* : H*(X) — H*(B). Since every
neighborhood of Fix(f) = ¥(B) contains a neighborhood of the form {z € F : |z — ¥ (x)| <
v(7(z))} for some continuous function y : B — (0, 00), our claim follows. O

Proposition 7.3 (Homotopy). Let 7w : F' — B x (0, 1] be a vector bundle and let h : W — F be a
compactly fixed map over B x (0,1]. For eacht € [0,1] set F; :== 7= (B x {t}), W; := WN F,
and let my : F; — B x {t} = B and hy : Wy — F; be the restrictions of w and h respectively, and
Jji : Fix(hg) < Fix(h) be the inclusion. Then the following diagram commutes:

H*(Fix(ho)) ——  H*(Fix(h)) —2— H*(Fix(h1))
H*(B) —— H*(Bx(0,1) ——  H*(B)

Consequently,
The © T0 = Thy © T1.

The proof is straightforward.
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