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1 Introduction

We consider the stationary nonlinear Schrödinger equation{
−ε2∆u+ a(x)u = |u|p−2 u
u ∈ H1(RN )

(Pε)

where p > 2 and p < 2∗ := 2N/(N − 2) if N ≥ 3, a : RN → R is bounded and uniformly
continuous, and a0 := infx∈RN a(x) > 0. We are especially interested in the existence of bound
states in the semiclassical case ε→ 0.

Equations of this kind have been the subject of extensive research in the last two decades.
They are motivated by various problems from mathematical physics, and present mathematically
interesting and challenging problems.

There are many papers which investigate existence, multiplicity and shape of positive small
energy solutions. We mention, in particular, the work of Floer and Weinstein [20] which started
this research, and the more recent results of X. Wang [28], del Pino and Felmer [16, 17],
Ambrosetti, Badiale and Cingolani [4], and Y. Li [22]. They establish the existence of one-peak
or multipeak solutions with each peak concentrating at a different bounded connected component
of the critical set of a. Cingolani and Lazzo [12] (see also Ambrosetti et al. [5]) showed that
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there might be more than one solution concentrating at the same component. In fact, they showed
that, if the set of global minima of a is bounded, then there is an effect of its topology on the
number of positive one-peak solutions concentrating at this set. A similar result for problems with
symmetries was proved in [13].

Whereas there are many results on positive solutions, little is known about sign changing
solutions. An exception is the case where a is radial and one looks for radially symmetric
solutions with a prescribed number of nodal domains. This case is substantially simpler and it
allows methods, like the shooting method or Nehari’s method, which do not work in the nonradial
setting considered here.

We propose a new approach to the existence of 2-nodal solutions of (Pε), that is, solutions with
precisely two nodal domains. There are a number of recent papers about this type of solutions on
bounded domains, see [6, 7, 14]. On RN we are only aware of the paper [3] by Alves and Soares
who obtained one such solution uε for ε > 0 small, whose positive part u+

ε = max{uε, 0} and
negative part u−ε = min{uε, 0} concentrate near a given bounded component of the set

M0 := {y ∈ RN : a(y) = a0}

of minima of a.
Our approach is based on a dynamical systems point of view applied to the negative gradient

flow on H1(RN ) of the energy functional associated to (Pε). The main ingredients are as follows:
Given a compact and isolated subset C of M0 and a neighborhood V of C in RN we construct,
for ε > 0 small,

1) a symmetric subsetZε(V ) ofH1(RN ) which is positively invariant for the negative gradient
flow, such that the energy functional satisfies the Palais-Smale condition on Zε(V ), and the
critical points in Zε(V ) are 2-nodal solutions of (Pε) whose positive and negative parts are
concentrated at different points in V ,

2) a map τε in cohomology from the set

Cε = {(x, y) ∈ RN × RN : dist(x,C), dist(y, C) ≤
√
ε, |x− y| ≥ 2

√
ε}

to Zε(V ), and a map θε : Zε(V ) → F (V ) = {(x, y) ∈ V × V : x 6= y} such that
the composition τε ◦ θ∗ε is the homomorphism induced by the inclusion Cε ↪→ F (V ) in
cohomology.

In fact, the whole construction is symmetric with respect to the action of the group G = Z/2
on Zε(V ) given by u 7→ −u and the actions on Cε and F (V ) given by (x, y) 7→ (y, x). The
cohomology mentioned in 2) is H∗

G(X,Y ) := H∗(X/G, Y/G) where H∗ stands for Alexander-
Spanier cohomology with coefficients in the field of two elements and X/G is the G-orbit space
of X . Thus we have homomorphisms

H∗
G(F (V ))

θ∗ε−→ H∗
G(Zε(V )) τε−→ H∗

G(Cε)

such that τε ◦ θ∗ε = i∗ where i : Cε ↪→ F (V ). The homomorphism τε is not induced by an actual
map Cε → Zε(V ). Rather, it is constructed only on the cohomology level using a version of
Dold’s fixed point transfer.
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As an immediate consequence we obtain a lower bound for the number of solutions of (Pε)
lying in Zε(V ) in terms of the H∗

G-cuplength of Cε in F (V ). We define this concept in Section 2
below and provide some computations of it. In particular, this number is at least N, even if V is
a contractible neighborhood of an isolated minimum of a. Thus we always obtain at least N pairs
±uj , j = 1, . . . , N , of solutions of (Pε) whose positive and negative parts concentrate near any
compact isolated subset of the set M0 of minima of a. Via a similar construction we also obtain
solutions whose positive and negative parts concentrate near different components of M0.

It is an interesting feature of our construction that we can localize the concentration points
of the solutions near prescribed compact isolated subsets of M0 without using finite-dimensional
reductions, penalization techniques, or other modifications of the functional as in the references
mentioned above. Instead, this localization is done by means of a generalized barycenter map as
defined in [6, 9]. As a result, we can also treat unbounded sets M0 of minima of a, and in some
cases we obtain infinitely many solutions for fixed small ε. Results of this type can not be obtained
via a priori modifications or artificial constraints. In fact, they require a study of compactness
questions for the original energy functional, and in the past this has been found difficult to
pursue for bounded potentials a without a prescribed behaviour as |x| → ∞. We provide a
rather simple and unified approach to these questions under the (apparently crucial) assumption
that a is uniformly continuous. Another interesting feature is that we obtain information on the
cohomology of the set Zε(V ) itself, not just on its Conley index.

The approach we present here can be extended to a variety of other situations. First, one may
consider other classes of potentials and more general nonlinearities f : R → R, not just the
homogeneous nonlinearity f(t) = |t|p−2t, and one can use it for problems on bounded domains.
It is not essential for our approach that the limit equation −∆u + a0u = f(u) has a unique,
nondegenerate positive radial solution. It is essential however, that f is odd. In order to keep
technicalities to a minimum and to present the main ideas in rather simple setting we only consider
the homogeneous nonlinearity. Second, one may consider flows other than the negative gradient
flow, most importantly the parabolic semiflow associated to ut − ε2∆u + a(x)u = |u|p−2u.
In additon to the existence of a certain type of stationary 2-nodal solutions we can analyze
the dynamics in Zε(V ) to some extent and obtain heteroclinic orbits connecting the 2-nodal
solutions in Zε(V ). Third, one may use the flow invariant sets Zε(V ) to construct a Morse
decomposition associated to low energy solutions of (Pε). This is important for analyzing the
dynamics further and for finding connecting orbits between the flow invariant sets and the set of
positive or negative solutions, for instance. It is essential here that we do not need to make any
modifications of the nonlinearity. Again the dynamics is especially interesting for the parabolic
semiflow. Working with the parabolic semiflow requires however different techniques for proving
appropriate compactness properties and it is therefore not treated here. The interested reader is
referred to the papers [1, 2] for results on the parabolic semiflow with superlinear nonlinearity.

The paper is organized as follows. In Section 2 we introduce some notation and present
our main results. In Section 3 we construct a flow invariant set of sign changing functions in
H1(RN ), and we state some crucial technical results concerning energy bounds, compactness and
localization of functions in this set, see Propositions 3.3–3.5. These propositions are proved in
Section 4, where we also generalize the usual representation lemma for Palais-Smale sequences
to families of functionals. In Section 5 we complete the proof of our main theorems. Section 6
contains new lower bounds on the equivariant cuplength of certain configuration spaces. These
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bounds are of independent interest beyond our application. In the appendix we discuss a version
of Dold’s fixed point transfer for vector bundles which is a main ingredient in our construction.

2 The main results

Let a : RN → R be bounded and uniformly continuous with a0 = infx∈RN a(x) > 0. For ε > 0
let

Jε : H1(RN )→ R, Jε(u) =
1
2

∫
RN

(ε2|∇u|2 + a(x)u2)− 1
p

∫
RN

|u|p,

be the energy functional associated to (Pε). It is well known that Jε is of class C2 and that the
critical points of Jε are the solutions of (Pε). We consider the scalar product

〈u, v〉ε =
∫

RN

(ε2∇u∇v + a(x)uv)

on H1(RN ), and write

‖u‖ε =
(∫

RN

(ε2|∇u|2 + a(x)u2)
)1/2

for the corresponding norm. Clearly, ‖ · ‖ε is equivalent to the standard norm

‖u‖ =
(∫

RN

(|∇u|2 + u2)
)1/2

.

The gradient of Jε with respect to 〈·, ·〉ε is denoted by ∇εJε and is given by

∇εJε(u) = u− (−ε2∆ + a)−1(|u|p−2u).

Our main theorems deal with the flow ϕε associated to the negative gradient vector field −∇εJε,
defined by 

d

dt
ϕε(t, u) = −∇εJε(ϕε(t, u))

ϕε(0, u) = u

In order to state our results we need some notation. For a subset A of RN and ε > 0 set

Bε(A) := {x ∈ RN : dist(x,A) ≤ ε},
Aε := {(x, y) : x, y ∈ B√ε(A), |x− y| ≥ 2

√
ε},

F (A) := {(x, y) ∈ A×A : x 6= y} .

F (A) is the configuration space of ordered pairs in A. The group G = Z/2 acts on F (A) via
permutation of the coordinates (x, y) 7→ (y, x). The orbit space

F (A)/G = {{x, y} ⊂ A : x 6= y}

is the configuration space of unordered pairs in A. For example, if A = {x0} is a point, then
Bε(A) = Bε(x0) is the closed ball of radius ε around x0, Aε = {(x0 + x, x0 − x) : |x| =

√
ε}
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is equivariantly homeomorphic to the unit sphere SN−1 in RN with the antipodal action x 7→ −x,
and the inclusion Aε ↪→ F (Bδ(x0)), δ ≥

√
ε, is an equivariant homotopy equivalence whose

inverse is given by

(x, y) 7→
(
x0 +

√
ε
x− y
|x− y|

, x0 −
√
ε
x− y
|x− y|

)
.

Let H∗ denote Alexander-Spanier cohomology [24, 27] or Čech cohomology [18] with
coefficients in the field of two elements. Both cohomology theories are the same on locally closed
subsets of an ANR. They coincide with singular cohomology on ANR’s, in particular on Banach
manifolds. The definition and the properties of the cup product in H∗ can be found in [24]. For a
space X with a free action of G we set

H∗
G(X) := H∗(X/G).

We shall apply this cohomology, in particular, to configuration spaces X = F (A) and to
symmetric subsets A = −A of H1(RN ) r {0} where G acts via the antipodal map u 7→ −u.
For the example above,

H∗
G(F (Bδ(x0))) ∼= H∗(SN−1/G) = H∗(RPN−1) (2.1)

is the cohomology of the real projective space RPN−1 which is a polynomial ring with Z/2-
coefficients on one generator ω subject to the relation ωN = 0.

Finally we need a generalized barycenter map. By this we mean a continuous map β :
L2(RN ) r {0} → RN which is equivariant with respect to the action of the group of euclidian
motions in RN , that is, for every x ∈ RN , every orthogonal N × N -matrix Θ and every
u ∈ L2(RN ) r {0}, one has

β(x ∗ u) = x+ β(u) and β(u ◦Θ−1) = Θ(β(u)), (2.2)

where (x∗u)(ξ) = u(ξ−x). Such a map has been constructed in [6,9]. For matters of convenience
we also assume equivariance with respect to scaling, that is

β(u ◦ ε) = ε−1β(u) (2.3)

for u ∈ L2(RN ) r {0}, ε > 0, where (u ◦ ε)(x) = u(εx). This property is easily built into the
construction. Indeed, if β0 satisfies (2.2), then β defined by β(u) = |u|2/N

2 β0(u ◦ |u|2/N
2 ) satisfies

(2.2) and (2.3) where | · |2 denotes the L2-norm. Note that the map

u 7→
(∫

RN

u2

)−1 ∫
RN

xu2

has the invariance properties (2.2) and (2.3), but it is neither well defined on L2(RN ) r {0} nor
on H1(RN ) r {0}.

As before we set

a0 = inf
x∈RN

a(x), M0 = {x ∈ RN : a(x) = a0}.

Moreover, if Z ⊂ H1(RN ), we say that the functional Jε satisfies the Palais-Smale condition
on Z if every sequence (un) in Z for which Jε(un) is bounded and ∇εJε(un) → 0 is relatively
compact.
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Theorem 2.1. Let C be a nonempty compact isolated subset of M0. Let V be a compact
neighborhood of C in RN such that V ∩ M0 = C, and let β : L2(RN ) r {0} → RN be a
generalized barycenter map. Then there exists ε0 > 0 and, for each ε ∈ (0, ε0), a subset Zε(V )
of H1(RN ), with the following properties:

(i) Zε(V ) = −Zε(V ) is positively invariant under the negative gradient flow ϕε.

(ii) The functional Jε satisfies the Palais-Smale condition on Zε(V ).

(iii) Every u ∈ Zε(V ) changes sign and, if u is a critical point of Jε, then it has precisely two
nodal domains.

(iv) For u ∈ Zε(V ) the barycenters β(u+) and β(u−) are different and lie in V , so there is a
continuous map

θε : Zε(V )→ F (V ), θε(u) = (β(u+), β(u−)).

(v) There exists a homomorphism

τε : H∗
G(Zε(V ))→ H∗

G(Cε)

such that the composition

τε ◦ θ∗ε : H∗
G(F (V ))→ H∗

G(Cε)

is the homomorphism induced by the inclusion Cε ↪→ F (V ).

(vi) ε0 only depends on the difference min
∂V

a − a0 > 0.

In order to obtain explicit lower bounds on the number of solutions of (Pε) in Zε(V ) we
introduce the H∗

G-cuplength. For a topological space B with a free action of G and a G-invariant
subspaceA 6= ∅ ofB, H∗

G-cuplB(A) is the smallest integer k ≥ 1 such that for any k cohomology
classes ζ1, . . . , ζk ∈ H̃∗

G(B) the cup-product (ζ1 ` · · · ` ζk)|A = 0 ∈ H̃∗
G(A). Here H̃∗

G(X) =
H̃∗(X/G) is the reduced Alexander-Spanier cohomology ofX/G, and ζ|A ∈ H∗

G(A) is the image
of ζ ∈ H∗

G(B) under the homomorphism i∗ : H∗
G(B) → H∗

G(A) induced by the inclusion
i : A ↪→ B. If A/G or B/G is contractible then H̃∗

G(A) = 0 or H̃∗
G(B) = 0, respectively, and

H∗
G-cuplB(A) = 1. We will also write

H∗
G-cupl(i) for H∗

G-cuplB(A), and H∗
G-cupl(A) for H∗

G-cuplA(A).

Compared with the cuplength CL(X) of a topological space X as defined in [11, p. 9] we have
H∗

G-cupl(A) = CL(A/G) + 1. We then get a lower bound for the number of solutions contained
in Zε(V ).

Corollary 2.2. Let C be a nonempty compact isolated set of minima of a, and let V be a
neighborhood of C in RN . Then, for ε ∈ (0, ε0), there exist at least H∗

G-cuplF (V )(Cε) pairs
of 2-nodal solutions ±u to problem (Pε) such that β(u+) and β(u−) are different and lie in V ,
where ε0 and β are as in Theorem 2.1.
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Going back to our example, if C = {x0} and V = Bδ(x0), δ ≥
√
ε, then the inclusion

Cε ↪→ F (V ) is an equivariant homotopy equivalence and (2.1) yields

H∗
G-cuplF (V )(Cε) = H∗

G-cupl(RPN−1) = N.

We shall prove the following estimate.

Proposition 2.3. Let C ⊂ RN be a nonempty compact set, and let V be a neighborhood of C in
RN . Then H∗

G-cuplF (V )(Cε) ≥ N for 0 < ε < dist(C,RN r V ).

This estimate can be improved ifC has some topology. Configuration spaces play an important
role in algebraic topology and the additive structure of H∗

G(F (V )) = H∗(F (V )/G) has been
computed for a number of topological spaces V . Surprisingly, not much is known on the
multiplicative structure. In Section 6 we provide some computations for the cuplength.

We now turn to 2-nodal solutions of (Pε), such that β(u+) and β(u−) lie near disjoint compact
subsets C and C ′ of M0.

Theorem 2.4. Let C,C ′ be disjoint nonempty compact subsets of M0 which are isolated in M0.
Let V, V ′ be disjoint compact neighborhoods ofC andC ′ in RN with V ∩M0 = C and V ′∩M0 =
C ′, and let β : L2(RN ) r {0} → RN be a generalized barycenter map. Then there exists ε0 > 0
and, for each ε ∈ (0, ε0), a subset Zε(V, V ′) of H1(RN ) with the following properties:

(i) Zε(V, V ′) = −Zε(V, V ′) is positively invariant under the negative gradient flow ϕε.

(ii) The functional Jε satisfies the Palais-Smale condition on Zε(V, V ′).

(iii) Every u ∈ Zε(V, V ′) changes sign and, if u is a critical point of Jε, then it has precisely
two nodal domains.

(iv) The barycenter map β induces a map

θε : Zε(V, V ′)→ [V × V ′] ∪ [V ′ × V ], θε(u) = (β(u+), β(u−)).

which is well defined and continuous.

(v) There exists a homomorphism

τε : H∗
G(Zε(V, V ′))→ H∗

G

(
[B√ε(C)×B√ε(C

′)] ∪ [B√ε(C
′)×B√ε(C)]

)
such that the composition

τε ◦ θ∗ε : H∗
G

(
[V × V ′]∪ [V ′× V ]

)
→ H∗

G

(
[B√ε(C)×B√ε(C

′)]∪ [B√ε(C
′)×B√ε(C)]

)
is the homomorphism i∗ε induced by the inclusion

iε : [B√ε(C)×B√ε(C
′)] ∪ [B√ε(C

′)×B√ε(C)] ↪→ [V × V ′] ∪ [V ′ × V ].

(vi) ε0 only depends on the difference min
∂V ∪∂V ′

a − a0 > 0.
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Here ε0 > 0 is so small that B√ε0
(C) ⊂ V and B√ε0

(C ′) ⊂ V ′. Since V ∩ V ′ = ∅ we must
have dist(C,C ′) > 2

√
ε0. If C and C ′ are not too irregular, we may take V and V ′ to be such that

the inclusions C ↪→ V and C ′ ↪→ V ′ are homotopy equivalences. In this case the cohomology

H∗
G

(
[V × V ′] ∪ [V ′ × V ]

) ∼= H∗
G

(
[C × C ′] ∪ [C ′ × C]

)
is a direct summand of H∗

G(Zε(V, V ′)).

Corollary 2.5. Fix C,C ′, V, V ′ and β as in Theorem 2.4. Then, for ε ∈ (0, ε0), there exist
at least H∗

G-cupl(iε) pairs of 2-nodal solutions ±u to problem (Pε) such that β(u+) ∈ V and
β(u−) ∈ V ′, where ε0 and iε are as in Theorem 2.4.

Observe that we always have H∗
G-cupl(iε) ≥ 1, so that we always have at least one pair ±u

of 2-nodal solutions with β(u+) ∈ V and β(u−) ∈ V ′. If C or C ′ have nontrivial topology we
obtain more solutions. The following result is helpful for computations.

Proposition 2.6. H∗
G-cupl(iε) = H∗-cuplV (B√ε(C)) +H∗-cuplV ′(B√ε(C

′))− 1.

Thus, if the inclusions C ↪→ V and C ′ ↪→ V ′ are homotopy equivalences, then we have at
least H∗

G-cupl(C) +H∗
G-cupl(C ′) − 1 pairs of solutions ±u to problem (Pε) with precisely two

nodal domains. These solutions satisfy β(u+) ∈ V and β(u−) ∈ V ′.
We close this section with a result yielding infinitely many solutions for fixed small ε > 0.

Corollary 2.7. Suppose that there exist an infinite collection of nonempty compact subsets Ci ⊂
M0, i ∈ N, and compact neighborhoods Vi of Ci such that Vi ∩M0 = Ci and Vi ∩ Vj = ∅ for
i 6= j. Moreover, suppose that

inf a(
⋃
i∈N

∂Vi) > a0. (2.4)

Then, for fixed small ε > 0, problem (Pε) has infinitely many pairs of solutions ±u. More
precisely, given a generalized barycenter map β, there exist ε0 > 0 and, for each ε ∈ (0, ε0),
solutions ±uik, i ∈ N, k = 1, . . . , N and ±vij , i, j ∈ N, i < j, such that

β(u±ik) ∈ Vi, β(v+
ij) ∈ Vi, β(v−ij) ∈ Vj , (2.5)

for i, j ∈ N, i < j and k = 1, . . . , N .

This follows easily from our results above. Indeed, the differences inf∂Vi
a − a0 and

inf∂Vi∪∂Vj
a− a0 are bounded away from zero independently of i, j by (2.4). Hence, by

Theorem 2.1(vi) and Theorem 2.4(vi) there is ε0 > 0 such that the assertions of Corollary 2.2
resp. Corollary 2.5 hold for each ε ∈ (0, ε0) and each Ci, Vi, i ∈ N resp. Ci, Cj , Vi, Vj , i, j ∈ N,
i < j. Consequently, Proposition 2.3 and Proposition 2.6 guarantee the existence of solutions uik

and vij which safisfy (2.5).
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3 A flow invariant subset of sign changing functions

For ε > 0 we take

〈u, v〉ε =
∫

RN

(ε2∇u∇v + a(x)uv), ‖u‖ε =
(∫

RN

(ε2|∇u|2 + a(x)u2)
)1/2

,

as the scalar product and the corresponding norm in H1(RN ). We write

distε(u,D) := inf{‖u− v‖ε : v ∈ D}

for the distance to a subset D of H1(RN ) with respect to this norm, and | · |p for the norm in
Lp(RN ). Set

Sε := inf
{
‖u‖2ε
|u|2p

: u ∈ H1(RN ) r {0}
}

so that S−1/2
ε is the norm of the embedding (H1(RN ), ‖ · ‖ε) ↪→ Lp(RN ).

The solutions of (Pε) are the critical points of the C2-functional

Jε : H1(RN )→ R, Jε(u) =
1
2
‖u‖2ε −

1
p
|u|pp.

Nontrivial solutions lie on the Nehari manifold

Nε = {u ∈ H1(RN ) : u 6= 0, J ′ε(u)u = 0}
= {u ∈ H1(RN ) : u 6= 0, ‖u‖2ε = |u|pp},

which is a C2-manifold, radially diffeomorphic to the unit sphere in H1(RN ). The radial
projection onto Nε is given by

ρε : H1(RN ) r {0} → Nε, ρε(u) =
(
‖u‖2ε
|u|pp

)1/(p−2)

u,

and an easy computation shows

inf
Nε

Jε =
p− 2
2p

Sp/(p−2)
ε .

In the following ∇εJε denotes the gradient of Jε with respect to the scalar product 〈·, ·〉ε.
We consider the negative gradient flow ϕε : Gε → H1(RN ) of Jε defined by

d

dt
ϕε(t, u) = −∇εJε(ϕε(t, u))

ϕε(0, u) = u

Here Gε = {(t, u) : u ∈ H1(RN ), 0 ≤ t < Tε(u)}, where Tε(u) ∈ (0,∞] is the maximal
existence time for the trajectory t 7→ ϕε(t, u). A subset D of H1(RN ) is called strictly positively
invariant for the flow ϕε if

ϕε(t, u) ∈ int(D) for every u ∈ D and every t ∈ (0, Tε(u)),
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where int(D) denotes the interior of D in H1(RN ). If D is strictly positively invariant, then the
set

Aε(D) := {u ∈ H1(RN ) : ϕε(t, u) ∈ D for some t ∈ (0, Tε(u))},

is an open subset of H1(RN ). Let P := {u ∈ H1(RN ) : u ≥ 0} be the convex cone of
nonnegative functions in H1(RN ), and let

B(ε,±P) :=
{
u ∈ H1(RN ) : distε(u,±P) ≤ 1

2
Sp/2(p−2)

ε

}
.

Consider the set
Eε = {u ∈ H1(RN ) : u+, u− ∈ Nε},

where u+ = max{u, 0} and u− = min{u, 0}. The following holds.

Proposition 3.1. a) [B(ε,P) ∪B(ε,−P)] ∩ Eε = ∅.
b) B(ε,P) and B(ε,−P) are strictly positively invariant for ϕε.

Proof. Note that

|u−|p = min
v∈P
|u− v|p ≤ S−1/2

ε min
v∈P
‖u− v‖ε = S−1/2

ε distε(u,P). (3.1)

In order to prove a) let us assume that there exists u ∈ B(ε,P) ∩ Eε. Then

0 < Sp/(p−2)
ε ≤ ‖u−‖2ε = |u−|pp ≤ S−p/2

ε distε(u,P)p ≤ 1
2p
Sp/(p−2)

ε ,

which is a contradiction. Hence, B(ε,P) ∩ Eε = ∅. Similarly, B(ε,−P) ∩ Eε = ∅.
We now prove assertion b) for B(ε,P). The proof for B(ε,−P) proceeds analogously. The

gradient ∇εJε : H1(RN ) → H1(RN ) is given by ∇εJε = Id −Kε where Kε(u) ∈ H1(RN ) is
uniquely determined by the relation

〈Kε(u), v〉ε =
∫

RN

|u|p−2uv for all v ∈ H1(RN ).

Using (3.1) we obtain

distε(Kε(u),P)
∥∥Kε(u)−

∥∥
ε
≤
∥∥Kε(u)−

∥∥2

ε
=
〈
Kε(u),Kε(u)−

〉
ε =

∫
RN

|u|p−2uKε(u)−

≤
∫

RN

|u−|p−2u−Kε(u)− ≤ |u−|p−1
p

∣∣Kε(u)−
∣∣
p
≤ S−p/2

ε distε(u,P)p−1
∥∥Kε(u)−

∥∥
ε
.

Thus distε(Kε(u),P) ≤ S−p/2
ε distε(u,P)p−1 for all u ∈ H1(RN ), and therefore, if u ∈ B(ε,P),

then distε(Kε(u),P) ≤ 1
2p−1S

p/2(p−2)
ε hence, Kε(u) ∈ intB(ε,P). Since B(ε,P) is convex, this

implies that
u+ λ(−∇εJε(u)) = (1− λ)u+ λKε(u) ∈ B(ε, P )

for every u ∈ B(ε, P ), 0 ≤ λ ≤ 1. It follows from [15, Theorem 5.2] that

ϕε(t, u) ∈ B(ε,P) for every u ∈ B(ε,P), 0 ≤ t < Tε(u). (3.2)
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Now assume, by contradiction, that there are u ∈ B(ε,P) and 0 < t < Tε(u) such that
ϕε(t, u) ∈ ∂B(ε,P). By Mazur’s separation theorem, there exists a continuous linear functional
` ∈ H1(RN )∗ and an α > 0 such that `(ϕε(t, u)) = α and `(v) > α for v ∈ intB(ε,P). It
follows that

∂

∂s

∣∣∣
s=t
`(ϕε(s, u)) = `(−∇εJε(ϕε(t, u))) = `(Kε(ϕε(t, u)))− α > 0.

Hence there exists t1 < t such that `(ϕε(s, u)) < α for t1 < s < t. This implies that ϕε(s, u) /∈
B(ε,P) for t1 < s < t, contradicting (3.2). Therefore, ϕε(t, u) ∈ intB(ε,P) for every u ∈
B(ε,P), 0 < t < Tε(u), as claimed.

For ε > 0 define
Dε := B(ε,P) ∪B(ε,−P) ∪ J0

ε . (3.3)

Here we write, as usual, Jc
ε := {u ∈ H1(RN ) : Jε(u) ≤ c} for c ∈ R. Since Jε(u) > 0 for

every nontrivial critical point of Jε, the set J0
ε r {0} is strictly positively invariant for ϕε. Thus,

by Proposition 3.1, Dε is strictly positively invariant for ϕε and

Dε ∩ Eε = ∅.

We define
Zε := H1(RN ) rAε(Dε).

Clearly Zε is a closed symmetric set (Zε = −Zε) containing only sign-changing functions, and it
is positively invariant for the flow ϕε, that is,

ϕε(t, u) ∈ Zε for every u ∈ Zε and every t ∈ (0, Tε(u)).

We shall see that Zε is an appropriate constraint for finding sign changing solutions to problem
(Pε). Note that, by definition of B(ε,P),

‖u±‖ε = ‖u− u∓‖ε >
1
2
Sp/2(p−2)

ε for every u ∈ Zε. (3.4)

The following version of Ekeland’s variational principle holds on Zε.

Lemma 3.2. Let ε > 0, c > 0 and u ∈ Zε be such that

Jε(u) ≤ inf
Zε

Jε + c.

Then there exists v ∈ Zε such that Jε(v) ≤ Jε(u), ‖u− v‖ε ≤
√
c, and ‖∇εJε(v)‖ε ≤

√
c.

Proof. Let
t0 := inf{t > 0 : ‖ϕε(t, u)− u‖ε ≥

√
c} ∈ (0,∞]

and assume, by contradiction, that

‖∇εJε(ϕε(t, u))‖ε >
√
c for all t ∈ (0, t0).
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Then, since Jε is bounded below on Zε, it follows immediately from the definition of ϕε that
t0 <∞. Moreover,

√
c = ‖ϕε(t0, u)− u‖ε ≤

∫ t0

0

∥∥∇εJε(ϕε(t, u))
∥∥

ε
dt

<
1√
c

∫ t0

0
‖∇εJε(ϕε(t, u))‖2εdt =

1√
c

[
Jε(u)− Jε(ϕε(t0, u))

]
≤
√
c.

This is a contradiction.

Associated to the problems (Pε), ε > 0, is the limiting problem

−∆u+ a0u = |u|p−2u, u ∈ H1(RN ),

where a0 = infRN a(x). The solutions to this problem are the critical points of the C2-functional

Ia0 : H1(RN )→ R, Ia0(u) =
1
2

∫
RN

(|∇u|2 + a0u
2)− 1

p
|u|pp.

All nontrivial critical points of Ia0 lie on the Nehari manifold

N (a0) =
{
u ∈ H1(RN ) : u 6= 0,

∫
RN

(|∇u|2 + a0u
2) = |u|pp

}
,

which is radially diffeomorphic to the unit sphere in H1(RN ). We write ρa0 : H1(RN ) r {0} →
N (a0) for the radial projection. It is well known that the infimum

c(a0) := inf
N (a0)

Ia0

is achieved at a unique positive radial function W0 = W0(a0). We fix a radial cut-off function
χ ∈ C∞(RN ) with 0 ≤ χ ≤ 1, χ(x) = 1 if |x| ≤ 1

2 , and χ(x) = 0 if |x| ≥ 1. For s > 0, we
define

Ws(x) := χ(sx)W0(x).

Then Ws →W0 as s→ 0 and therefore

Ia0(ρa0(Ws))→ c(a0) as s→ 0.

Let
M0

ε :=
{

(x, y) : x, y ∈ B√ε(M
0), |x− y| ≥ 2

√
ε
}
,

where M0 is the set of minima of a and B√ε(M
0) = {x ∈ RN : dist(x,M0) ≤

√
ε}. For

x ∈ RN , γ ∈ R and u : RN → R we define x ∗ u : RN → R and u ◦ γ : RN → R by

(x ∗ u)(ξ) := u(ξ − x) and (u ◦ γ)(ξ) := u(γξ),

and we consider the radial functions

wε := W√
ε ◦ ε−1 ∈ H1(RN ), ε > 0.
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Note that the support of wε is contained in the ball B√ε(0) of radius
√
ε centered at 0. Hence the

map
gε : M0

ε → Eε, gε(x, y) = ρε(x ∗ wε)− ρε(y ∗ wε) (3.5)

is well defined and satisfies gε(y, x) = −gε(x, y).
The following technical results are fundamental for the proof of the main theorems. They will

be proved in the following section. We recall that β : L2(RN ) r {0} → RN is a generalized
barycenter map if it satisfies the properties (2.2) and (2.3) stated in Section 2.

Proposition 3.3. a) inf
Zε

Jε ≥ 2c(a0)εN for every ε > 0.

b) If u ∈ Zε is a critical point of Jε such that Jε(u) < 3c(a0)εN then u has precisely two
nodal domains.

Proposition 3.4. Let β be a generalized barycenter map. Let ε > 0 and let (un) be a sequence in
Zε such that

(i) lim
n→∞

Jε(un) < 3c(a0)εN ,

(ii) lim
n→∞

‖∇εJε(un)‖ε = 0,

(iii) the sequences (β(u±n )) are bounded in RN .

Then (un) is relatively compact in H1(RN ).

Proposition 3.5. Given a generalized barycenter map β and δ > 0, there exist ε0 = ε0(β, δ) > 0
and d ∈ (2c(a0), 5

2c(a0)) such that, for every 0 < ε < ε0, we have:

a) β(u+) 6= β(u−) and a(β(u±)) ≤ a0 + δ for all u ∈ Zε ∩ JdεN

ε .

b) gε(M0
ε ) ⊂ Eε ∩ JdεN

ε .

Note that Proposition 3.5 does not assert that Zε ∩ JdεN

ε is nonempty. This, however, will
follow from the results in Section 5 below.

4 Compactness for sequences of functionals

Throughout this section, ‖ · ‖ stands for the standard norm on H1(RN ), i. e. ‖u‖2 =
∫

RN (|∇u|2 +
u2). Moreover, if I : H1(RN )→ R is a C1-functional, then∇I denotes the gradient with respect
to the corresponding scalar product. The change of variable (u ◦ ε)(x) = u(εx), transforms
problem (Pε) into the equivalent problem

−∆(u ◦ ε) + (a ◦ ε)(u ◦ ε) = |u ◦ ε|p−2(u ◦ ε), u ◦ ε ∈ H1(RN ),

which turns out to be more suitable for studying compactness. So we turn our attention to problems
of this type.
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For α ∈ L∞(RN ) with inf
x∈RN

α(x) > 0 we consider the C2-functional

Iα : H1(RN )→ R, Iα(u) =
1
2

∫
RN

(|∇u|2 + α(x)u2)− 1
p

∫
RN

|u|p.

Critical points u ∈ H1(RN ) of Iα are weak solutions of the equation

−∆u+ α(x)u = |u|p−2u. (4.1)

All nontrivial critical points of Iα lie on the Nehari manifold

N (α) = {u ∈ H1(RN ) r {0} : I ′α(u)u = 0},

which is aC1-manifold radially diffeomorphic to the unit sphere inH1(RN ). The radial projection
ρα : H1(RN ) r {0} → N (α) is given by

ρα(u) =
(∫

RN |∇u|2 + α(x)u2

|u|pp

)1/(p−2)

u. (4.2)

N (α) is a natural constraint in the sense that u ∈ N (α) is a critical point of Iα if and only if it is
a critical point of the restricted functional Iα|N (α). We set

c(α) := inf
u∈N (α)

Iα(u). (4.3)

Lemma 4.1. Let α ∈ L∞(RN ) be such that infx∈RN α(x) > 0. If u is a sign changing critical
point of Iα, then Iα(u) > 2c(α). If, moreover, Iα(u) < 3c(α), then u has precisely two nodal
domains.

Proof. If u is a sign changing critical point of Iα, then I ′α(u±)u± = I ′α(u)u± = 0. Hence,
u± ∈ N (α) and

Iα(u) = Iα(u+) + Iα(u−) ≥ 2c(α).

Assume, by contradiction, that Iα(u) = 2c(α). Then Iα(u±) = c(α). In particular, u+ is a
minimizer of Iα|N (α) and, hence, a solution of (4.1). By the maximum principle, u+ > 0 on RN .
This implies that u− = 0, contradicting the fact that u is sign changing. Therefore, Iα(u) > 2c(α).
Now assume that u has at least three nodal domains Ω1,Ω2,Ω3 and let χΩi be the corresponding
characteristic functions. Then uχΩi ∈ H1(RN ) and

I ′α(uχΩi)uχΩi = I ′α(u)uχΩi = 0.

Hence, uχΩi ∈ N (α) and, therefore, Iα(u) ≥ Iα(uχΩ1) + Iα(uχΩ2) + Iα(uχΩ3) ≥ 3c(α).

Lemma 4.2. Let α1, α2 ∈ L∞(RN ) be such that infx∈RN α1(x) > 0 and α2 ≥ α1 almost
everywhere on RN . Then c(α2) ≥ c(α1) and, if Iα2(u) = c(α1) for some u ∈ N (α2), then
α1 = α2 almost everywhere on RN .
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Proof. An easy calculation shows that

c(α) = inf
0 6=u∈H1(RN )

p− 2
2p

(∫
RN |∇u|2 + α(x)u2

|u|2p

)p/(p−2)

.

Therefore, c(α2) ≥ c(α1). Let u ∈ N (α2) satisfy Iα2(u) = c(α1). By the maximum principle
we may assume that u > 0 on RN . Setting v = ρα1(u) ∈ N (α1) we obtain

c(α1) ≤ Iα1(v) =
p− 2
2p
|v|pp =

p− 2
2p
·
(∫

RN |∇u|2 + α1(x)u2

|u|pp

)p/(p−2)

|u|pp

=
(∫

RN |∇u|2 + α1(x)u2∫
RN |∇u|2 + α2(x)u2

)p/(p−2)

Iα2(u) =
(∫

RN |∇u|2 + α1(x)u2∫
RN |∇u|2 + α2(x)u2

)p/(p−2)

c(α1).

We conclude that α1 = α2 almost everywhere on RN .

We now prove a representation lemma for Palais-Smale sequences of a sequence of functionals
Iαn . Fix constants 0 < a0 ≤ a∞ <∞, and set

C(RN , [a0, a∞]) := {α ∈ C(RN ) : a0 ≤ α(x) ≤ a∞}.

A subset S ⊂ C(RN ) is called uniformly equicontinuous if, for any γ > 0 there exists δ > 0 such
that |f(y) − f(x)| < γ for every x, y ∈ RN with |y − x| < δ and every f ∈ S. Recall that for
x ∈ RN and u : RN → R we defined (x ∗ u)(ξ) := u(ξ − x).

Lemma 4.3. Let (αn) be a uniformly equicontinuous sequence of functions in C(RN , [a0, a∞]),
and let un ∈ H1(RN ) be such that

Iαn(un)→ b, ∇Iαn(un)→ 0.

Then b ≥ 0, and there exists a subsequence, which we continue to denote by (un), and, for some
0 ≤ k ≤ b

c(a0) , there exist functions α1, . . . , αk ∈ C(RN , [a0, a∞]), nontrivial weak solutions

v1, . . . , vk ∈ H1(RN ) of the equations

−∆vk + αk(x)vk = |vk|p−2vk,

and sequences (xi
n), i = 1, . . . , k, such that, as n→∞,

a) |xi
n − x

j
n| → ∞ for i 6= j,

b) xi
n ∗ αn → αi uniformly on bounded subsets of RN ,

c) ‖un −
k∑

i=1
(−xi

n) ∗ vi‖ → 0 as n→∞,

d) b =
k∑

i=1
Iαi(vi).
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Proof. We have as n→∞

b+ o(1) = Iαn(un) =
p− 2
2p

∫
RN

(
|∇un|2 + αn(x)u2

n

)
+

1
p
I ′αn

(un)un

≥ min{a0, 1}
p− 2
2p
‖un‖2 + o(1)‖un‖.

Hence, (un) is bounded in H1(RN ) and b ≥ 0. Moreover, b = 0 if and only if un → 0 in
H1(RN ). We now assume that un 6→ 0. Then, by a standard argument (cf. [23, Lemma I.1]),
there exist a subsequence which we continue to denote by (un), a sequence (x1

n) in RN and a
v1 ∈ H1(RN ) r {0} such that

x1
n ∗ un ⇀ v1 weakly in H1(RN ),

x1
n ∗ un → v1 a.e. on RN .

Since the sequence (x1
n ∗ αn) is equicontinuous, the Arzelà-Ascoli theorem allows us to assume

that x1
n ∗ αn → α1 ∈ C(RN , [a0, a∞]) uniformly on bounded subsets of RN . Then, for every

ψ ∈ C∞0 (RN ), ∫
RN

(x1
n ∗ αn)(x1

n ∗ un)ψ →
∫

RN

α1v1ψ as n→∞.

Consequently,∫
RN

(
∇v1∇ψ + α1v1ψ

)
−
∫

RN

∣∣v1
∣∣p−2

v1ψ

= lim
n→∞

(∫
RN

(
∇(x1

n ∗ un)∇ψ + (x1
n ∗ αn)(x1

n ∗ un)ψ
)
−
∫

RN

|(x1
n ∗ un)|p−2(x1

n ∗ un)ψ
)

= lim
n→∞

(∫
RN

(∇un∇((−x1
n) ∗ ψ) + αnun((−x1

n) ∗ ψ)−
∫

RN

|un|p−2un((−x1
n) ∗ ψ)

)
= lim

n→∞
Iαn(un)((−x1

n) ∗ ψ) = 0.

Thus, v1 is a weak solution of the equation

−∆v1 + α1(x)v1 = |v1|p−2v1.

We claim that, as n→∞,

Ix1
n∗αn

(x1
n ∗ un − v1)→ b− Iα1(v1), (4.4)

∇Ix1
n∗αn

(x1
n ∗ un − v1)→ 0 in H1(RN ). (4.5)

In order to see (4.4) note that, since x1
n ∗ un ⇀ v1 weakly in H1(RN ),∫

RN

(
|∇(x1

n ∗ un − v1)|2 − |∇(x1
n ∗ un)|2 + |∇v1|2

)
→ 0. (4.6)
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Moreover, since x1
n∗αn → α1 uniformly on bounded subsets and (x1

n∗un)v1 → (v1)2 inL1(RN ),∫
RN

(
(x1

n ∗ αn)(x1
n ∗ un − v1)2 − (x1

n ∗ αn)(x1
n ∗ un)2 + α1(v1)2

)
→ 0. (4.7)

Finally, by the Brezis-Lieb lemma [8],∫
RN

(
|x1

n ∗ un − v1|p − |x1
n ∗ un|p + |v1|p

)
→ 0. (4.8)

Combining (4.6), (4.7) and (4.8) we obtain

lim
n→∞

(
Ix1

n∗αn
(x1

n ∗ un − v1)− Ix1
n∗αn

(x1
n ∗ un) + Iα1(v1)

)
= 0.

Since Ix1
n∗αn

(x1
n ∗un) = Iαn(un)→ b, this yields (4.4). To establish (4.5) it suffices to show that,

for ψ ∈ H1(RN ),(
I ′x1

n∗αn
(x1

n ∗ un − v1)− I ′x1
n∗αn

(x1
n ∗ un) + I ′α1(v1)

)
ψ = o(1)‖ψ‖. (4.9)

We have ∣∣∣∣∫
RN

(
(x1

n ∗ αn)(x1
n ∗ un − v1)− (x1

n ∗ αn)(x1
n ∗ un) + α1v1

)
ψ

∣∣∣∣2
=
∣∣∣∣∫

RN

(
α1 − (x1

n ∗ αn)
)
v1ψ

∣∣∣∣2
≤
(∫

RN

|α1 − (x1
n ∗ αn)| · |v1|2

)(∫
RN

α1 − (x1
n ∗ αn)| · |ψ|2

)
≤ a∞‖ψ‖2

∫
RN

|α1 − (x1
n ∗ αn)| · |v1|2

= o(1)‖ψ‖2.

Moreover, a standard argument yields∣∣∣∣∫
RN

(
|x1

n ∗ un − v1|p−2(x1
n ∗ un − v1)− |x1

n ∗ un|p−2(x1
n ∗ un) + |v1|p−2v1

)
ψ

∣∣∣∣ = o(1)‖ψ‖

(see e.g. [10, p. 84]). We conclude that (4.9), hence (4.5) holds.
By translation, (4.4) and (4.5) are equivalent to

Iαn(un − (−x1
n) ∗ v1)→ b− Iα1(v1),

∇Iαn(un − (−x1
n) ∗ v1)→ 0 in H1(RN ).

Now, if un − (−x1
n) ∗ v1 → 0 in H1(RN ), then the assertion of the lemma is true with k = 1.

On the other hand, if un − (−x1
n) ∗ v1 6→ 0, we repeat the argument given above replacing un by

un − (−x1
n) ∗ v1 and b by b− Iα1(v1). In at most

[
b

c(a0)

]
steps we obtain the assertion.
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The following compactness lemma for a sequence of functionals Iαn is the key step in the
proofs of Propositions 3.3, 3.4 and 3.5.

Lemma 4.4. Let β be a generalized barycenter map, let (αn) be a uniformly equicontinuous
sequence in C(RN , [a0, a∞]), and let (un) and (vn) be two sequences in H1(RN ) such that, as
n→∞,

(i) ‖un − vn‖ → 0,

(ii) Iαn(vn)→ b < 3c(a0),

(iii) ∇Iαn(vn)→ 0,

(iv) lim inf ‖v±n ‖ > 0.

Then b ≥ 2c(a0), and the sequences ((−β(u+
n ))∗u+

n ) and ((−β(u−n ))∗u−n ) are relatively compact
inH1(RN ). Moreover, if b = 2c(a0), then |β(u+

n )−β(u−n )| → ∞ and β(u±n )∗αn → a0 uniformly
on bounded subsets of RN .

Proof. We apply Lemma 4.3 to the sequence (vn). The number k given by Lemma 4.3 is then
either 1 or 2. We first consider the case k = 1. Then there exists a sequence (xn) in RN such
that, passing to a subsequence, xn ∗ vn → v in H1(RN ) and xn ∗ αn → α1 ∈ C(RN , [a0, a∞])
uniformly on bounded subsets, where v is a critical point of Iα1 and Iα1(v) = b. Since xn ∗ v±n →
v±, it follows from assumption (iv) that v changes sign, so Lemmas 4.2 and 4.1 yield

b > 2c(α1) ≥ 2c(a0). (4.10)

Moreover, since β is a generalized barycenter map, xn + β(v±n ) = β(xn ∗ v±n ) → β(v±).
Therefore, (

− β(u±n )
)
∗ u±n →

(
− β(v±)

)
∗ v± in H1(RN ).

Thus, the sequences (
(
− β(u±n )

)
∗ u±n ) are relatively compact.

In the case k = 2 there are sequences (x1
n), (x2

n) in RN , functions α1, α2 ∈ C(RN , [a0, a∞]),
and critical points v1 and v2 of the functionals Iα1 and Iα2 respectively, such that, as n→∞,

a) |x1
n − x2

n| → ∞,

b) xi
n ∗ αn → αi uniformly on bounded subsets of RN ,

c) ‖un − (−x1
n) ∗ v1 − (−x2

n) ∗ v2‖ → 0,

d) b = Iα1(v1) + Iα2(v2).

>From assumption (ii) we obtain that Iα1(v1), Iα2(v2) < 2c(a0). So, by Lemma 4.1, v1 and v2 do
not change sign. By c) and assumption (iv), we may assume that v1 is positive and v2 is negative.
We claim that

|x1
n ∗ u+

n − v1|2 → 0 and |x2
n ∗ u−n − v2|2 → 0. (4.11)
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Indeed, using a) and c) we obtain

|u+
n − (−x1

n) ∗ v1|2

≤
∣∣∣u+

n −
(
(−x1

n) ∗ v1 + (−x2
n) ∗ v2

)+∣∣∣
2
+
∣∣∣((−x1

n) ∗ v1 + (−x2
n) ∗ v2

)+ − (−x1
n) ∗ v1

∣∣∣
2

≤
∣∣un −

(
(−x1

n) ∗ v1 + (−x2
n) ∗ v2

)∣∣
2
+ o(1)

≤
∥∥un −

(
(−x1

n) ∗ v1 + (−x2
n) ∗ v2

)∥∥+ o(1) = o(1),

and similarly for the minus sign case. It follows from (4.11) that

β(v1) = lim
n→∞

β(x1
n ∗ u+

n ) = lim
n→∞

(x1
n + β(u+

n )),

β(v2) = lim
n→∞

β(x2
n ∗ u−n ) = lim

n→∞
(x2

n + β(u−n )).

Hence, (−β(u+
n )) ∗ u+

n → (−β(v1)) ∗ v1 and (−β(u−n )) ∗ u−n → (−β(v2)) ∗ v2. Moreover, a)
yields |β(u+

n )− β(u−n )| → ∞.
It remains to consider the case b = 2c(a0) which, by (4.10), can only occur for k = 2. In this

case we deduce from d) that Iα1(v1) = c(a0) = Iα2(v2). Hence, Lemma 4.2 forces α1 ≡ a0 ≡ α2

on RN . We conclude, by b), that x1
n ∗ αn → a0 and x2

n ∗ αn → a0 uniformly on bounded subsets
and, hence, that β(u±n ) ∗ αn → a0 uniformly on bounded subsets, as claimed.

We come back to the variational setting introduced in section 3. The rescaling operation
u 7→ u ◦ ε has the following properties, for every u, v ∈ H1(RN ), every ε > 0:∫

RN

(
∇(u ◦ ε)∇v + (a ◦ ε)(u ◦ ε)v

)
= ε−N 〈u, v ◦ ε−1〉ε,∫

RN

|u ◦ ε|p−2(u ◦ ε)v = ε−N

∫
RN

|u|p−2u(v ◦ ε−1).

We deduce that Ia◦ε(u◦ε) = ε−NJε(u), where Jε is the functional defined in Section 3. Moreover,
u is a critical point of Jε if and only if u ◦ ε is a critical point of Ia◦ε. Setting

a0 = inf
x∈RN

a(x), and a∞ := sup
x∈RN

a(x).

we also deduce that

ε−N(p−2)/pSε ≥ inf
u∈H1(RN )r{0}

∫
RN (|∇u|2 + a0u

2)
|u|2p

=: S(a0). (4.12)

Recall that ∇ε denotes the gradient of a functional on H1(RN ) with respect to the scalar
product 〈·, ·〉ε introduced in Section 3 for ε > 0, whereas∇ stands for the gradient with respect to
the standard H1(RN )-scalar product.

Lemma 4.5. Let (εn) be a sequence of positive numbers and let (un) be a sequence in H1(RN )
such that ε−N/2

n ‖∇εnJεn(un)‖εn → 0. Then ‖∇Ia◦εn(un ◦ εn)‖ → 0.
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Proof. Put vn := un ◦ εn, αn := a ◦ εn, and let v ∈ H1(RN ). Then we have

|I ′αn
(vn)v| = ε−N

n |J ′εn
(un)(v ◦ ε−1

n )| ≤ ε−N
n ‖∇εnJεn(un)‖εn · ‖v ◦ ε−1

n ‖εn

= ε−N/2
n ‖∇εnJεn(un)‖εn

(∫
RN

(|∇v|2 + a(εnx)v2)
)1/2

≤ ε−N/2
n ‖∇εnJεn(un)‖εn

√
max{1, a∞}‖v‖ = o(1)‖v‖.

We conclude that ‖∇Iαn(vn)‖ → 0 as claimed.

Proof of Proposition 3.3. Let (un) be a sequence in Zε be such that Jε(un) → infZε Jε =: cε.
By Lemma 3.2 we may assume that ‖∇εJε(un)‖ε → 0. As pointed out in (3.4), since un ∈ Zε

we have ‖u±n ‖ε > 1
2S

p/2(p−2)
ε . Put vn := un ◦ ε and αn := a ◦ ε. If cε < 3c(a0), using

Lemma 4.5, we conclude that the sequences (vn) and (αn) satisfy assumptions (ii), (iii) and (iv)
of Lemma 4.4, with b = ε−Ncε. Lemma 4.4 yields b ≥ 2c(a0), which proves claim a). Claim b)
follows immediately from Lemma 4.1. �

Proof of Proposition 3.4. Let ε > 0 and let (un) be a sequence in Zε such that

lim
n→∞

ε−NJε(un) < 3c(a0), lim
n→∞

‖∇εJε(un)‖ε = 0, and
(
β(u±n )

)
are bounded.

Since un ∈ Zε we have ‖u±n ‖ε ≥ 1
2S

p/2(p−2)
ε . Set αn := a ◦ ε and vn := un ◦ ε. Using

Lemma 4.5, we see that the sequences (αn) and (vn) satisfy the assumptions (ii), (iii) and (iv) of
Lemma 4.4. Therefore, the sequences

(
(−β(v+

n )) ∗ v+
n

)
and

(
(−β(v−n )) ∗ v−n

)
are relatively

compact in H1(RN ). Since β(u±n ) = εβ(v±n ) as a consequence of (2.3), the sequences
(
β(v±n )

)
are bounded. It follows that (un) is relatively compact in H1(RN ). �

Proof of Proposition 3.5. Let εn > 0, εn → 0, and un ∈ Zεn be such that

Jεn(un)− 2c(a0)εNn = o(εNn ).

In order to prove assertion a) via an indirect argument it suffices to show that

1
εn

∣∣β(u+
n )− β(u−n )

∣∣→∞ and a(β(u±n ))→ a0. (4.13)

By Lemma 3.2 there exist vn ∈ Zεn such that

Jεn(vn) ≤ Jεn(un), ‖un − vn‖εn = o(εN/2
n ), and ‖∇εnJεn(vn)‖εn = o(εN/2

n ).

Set ũn := un ◦ εn, ṽn := vn ◦ εn, and αn := a ◦ εn. Using Lemma 4.5 we obtain

Iαn(ṽn)→ 2c(a0), ‖ũn − ṽn‖ → 0, and ‖∇Iαn(ṽn)‖ → 0, as n→∞.

Moreover, (3.4) and (4.12) yield

max{1, α∞}
∥∥ṽ±n ∥∥2 ≥

∫
RN

(|∇ṽ±n |2 + a(εnx)
∣∣ṽ±n ∣∣2) = ε−N

n

∥∥v±n ∥∥2

εn
≥ 1

4
ε−N
n Sp/p−2

εn

≥ 1
4
S(a0)p/p−2.
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Hence, by Lemma 4.4, |β(ũ+
n ) − β(ũ−n )| → ∞ and β(ũ±n ) ∗ αn → a0 uniformly on bounded

subsets. By property (2.3), this yields (4.13), and the proof of assertion a) is finished.
We now prove assertion b). Let r > 0 and d ∈

(
2c(a0), 5

2c(a0)
)

be given, and set c :=
d
2 − c(a0). By definition (3.5) of gε, it suffices to show that there exists ε0 > 0 such that

Jε(t(x ∗ wε)) ≤
dεN

2
for every ε ∈ (0, ε0), x ∈ B√ε(M

0), t > 0. (4.14)

Note first that, since W√
ε → W0 as ε → 0, there exists t0 > 0 such that, for every t ≥ t0 and

every ε ∈ (0, 1],
Ia∞(tW√

ε) ≤ 0.

Hence, for every t ≥ t0, ε ∈ (0, 1], and x ∈ RN ,

Jε(t(x ∗ wε)) = εNIa◦ε

(
t
(x
ε
∗W√

ε

))
≤ 0. (4.15)

Now fix a1 > a0 such that ∫
RN

(a1 − a0)(t0W0)2 <
c

2
.

Since a is uniformly continuous, we can choose 0 < ε0 ≤ 1 such that

a(y) ≤ a1 for every y ∈ B2
√

ε0
(M0)

Ia0(ρa0(W√
ε)) < c(a0) +

c

2
for every ε ∈ (0, ε0).

Here we recall that ρa0 is the radial projection on the Nehari manifold as defined in (4.2) for
α ≡ a0. Hence, for every t ≤ t0, ε ∈ (0, ε0), and x ∈ B√ε0

(M0),

Jε(t(x ∗ wε)) = εNIa◦ε

(
t
(x
ε
∗W√

ε

))
= εN

(
Ia0

(
t
(x
ε
∗W√

ε

))
+
∫

RN

(a(εy)− a0)
(
t
(x
ε
∗W√

ε

))2
dy

)
= εN

(
Ia0(tW√

ε) +
∫

B√
ε(0)

(a(εz + x)− a0)
(
tW√

ε

)2
dz

)

≤ εN
(
Ia0(ρa0(W√

ε)) +
∫

RN

(a1 − a0)(t0W0)2
)

≤ εN
(
c(a0) +

c

2
+
c

2

)
=
dεN

2
.

This, together with (4.15), proves (4.14). The proof of assertion b) is finished. �

5 The proofs of the main results

5.1 The proof of Theorem 2.1

Recall that a0 = infx∈RN a(x). Let C be a nonempty compact isolated subset of M0 = a−1(a0),
and let V be a compact neighborhood of C in RN such that V ∩M0 = C. Let

δ :=
1
2

(
min
x∈∂V

a(x)− a0

)
> 0. (5.1)
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Since a is uniformly continuous, there is a constant ε̃ = ε̃(δ) such that a(x) ≤ a0 + δ for
every x ∈ B√ε̃(M

0). Now let β be a generalized barycenter map, and let d and ε0 be as in
Proposition 3.5 for these β, δ. We may assume that ε0 ≤ ε̃(δ), so that B√ε0

(C) ⊂ V . We
note that ε0 depends only on δ and therefore only on the difference min∂V a − a0, as claimed in
Theorem 2.1(vi). Fix 0 < ε < ε0 and set

Zε(V ) :=
{
u ∈ Zε ∩ JdεN

ε : β(u+), β(u−) ∈ V
}
.

Lemma 5.1. a) Zε(V ) = −Zε(V ) is a closed subset of H1(RN ) which is positively invariant
under the negative gradient flow ϕε.

b) Jε satisfies the Palais-Smale condition on Zε(V ).

c) Every u ∈ Zε(V ) changes sign and, if u is a critical point of Jε, then it has precisely two
nodal domains.

d) For u ∈ Zε(V ) the barycenters β(u+) and β(u−) are different and lie in int(V ), so there is
a continuous map

θε : Zε(V )→ F (V ), θε(u) =
(
β(u+), β(u−)

)
.

Proof. Assertion b) follows from Proposition 3.4 and the fact that V is bounded. Assertion c)
follows from Proposition 3.3, and d) is a consequence of Proposition 3.5 and (5.1). We now prove
a). Since θε is equivariant with respect to the antipodal action u 7→ −u on H1(RN ) and the action
(x, y) 7→ (y, x) on F (V ), we have that Zε(V ) = −Zε(V ). Moreover, Zε(V ) ⊂ H1(RN ) is
closed, since Zε ∩ JdεN

ε is closed and β is continuous. Now let u ∈ Zε(V ). Since Zε ∩ JdεN

ε

is positively invariant under ϕε, Proposition 3.5 guarantees that a(β(ϕε(t, u)±)) < a0 + δ for
every t ≥ 0. Hence β(ϕε(t, u)±) /∈ ∂V for every t ≥ 0. Since β(u±) ∈ int(V ), we conclude by
continuity that β(ϕε(t, u)±) ∈ int(V ) for every t ≥ 0. Hence ϕε(t, u) ∈ Zε(V ) for every t ≥ 0.
So Zε(V ) is positively invariant under ϕε, as claimed.

Recall that
Cε =

{
(x, y) : x, y ∈ B√ε(C), |x− y| ≥ 2

√
ε
}
.

LetH∗ be Alexander-Spanier or Čech cohomology with coefficients in the field with two elements.
Let G = Z/2 and, for G-spaces Y ⊂ X , define H∗

G(X,Y ) = H∗(X/G, Y/G) as in Section 2,
where X/G is the G-orbit space of X . Since we only deal with free actions, H∗

G(X,Y ) is
isomorphic to the Borel cohomology H∗(EG ×

G
X,EG ×

G
Y ). In order to conclude the proof

of Theorem 2.1 we need to prove the following.

Proposition 5.2. There exists a homomorphism

τε : H∗
G(Zε(V ))→ H∗

G(Cε)

such that the composition
τε ◦ θ∗ε : H∗

G(F (V ))→ H∗
G(Cε)

is the homomorphism induced by the inclusion Cε ↪→ F (V ).
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In order to prove this, we first express a certain subset of Zε(V ) as a fixed point set and then
use the fixed point transfer to define τε. The definition and properties of the transfer are given in
the Appendix. We keep on using the ε-dependent notation of the preceeding sections, but omit the
ε in the new notation we introduce from now on. Define γ : H1(RN )→ R by

γ(u) =

{
|u|pp
‖u‖2ε
− 1 if u 6= 0

−1 if u = 0

This function is continuous because Sε|u|2p ≤ ‖u‖2ε for all u ∈ H1(RN ) and p > 2. Note that
γ(u) = 0 if and only if u ∈ Nε. Therefore,

γ(u+) = 0 = γ(u−) if and only if u ∈ Eε.

For u ∈ H1(RN ) we denote by e(u) ∈ (0,∞] the entrance time of u into the set Dε defined in
(3.3). That is,

e(u) := inf{t ∈ (0,∞] : ϕε(t, u) ∈ Dε}.
Since Dε is strictly positively invariant, a standard argument shows that e : H1(RN ) → [0,∞] is
continuous. Moreover, e(u) =∞ if and only if u ∈ Zε. Consider the retraction

% : H1(RN ) r Zε → Dε, %(u) = ϕε(e(u), u),

and define ψ : H1(RN )→ R2 by

ψ(u) =
{

0 if u ∈ Zε
1

1+e(u)p

(
γ(%(u)+), γ(%(u)−)

)
if u ∈ H1(RN ) r Zε

Since Dε ∩ Eε = ∅, ψ satisfies

ψ(u) = 0 if and only if u ∈ Zε. (5.2)

We claim that ψ is a continuous function. In order to see this we observe that for a sequence
un ∈ H1(RN ) r Zε with un → u ∈ Zε we have e(un)→∞. Now

‖%(un)− un‖ε ≤
∫ e(un)

0

∥∥J ′ε(ϕε(t, un))
∥∥

ε
dt ≤

√
e(un) ·

(∫ e(un)

0

∥∥J ′ε(ϕε(t, un))
∥∥2

ε
dt

)1/2

=
√
e(un) ·

(
J(un)− J(%(un))

)1/2 ≤
√
e(un) · J(un)1/2

Since ‖un‖ = ‖u‖+ o(1) and J(un) = J(u) + o(1) we get

‖%(un)‖ ≤ ‖u‖+ o(1) +
√
e(un) ·

(√
J(u) + o(1)

)
,

hence ‖%(un)±‖ = O
(√

e(un)
)

as n → ∞. It follows that γ
(
%(un)±

)
= O

(
[e(un)](p−2)/2

)
, so

ψ(un)→ 0.
Let gε : M0

ε → Eε be the map defined in (3.5). Since Cε ⊂ M0
ε is compact we may choose

R > 1 such that

Jε

(
R(λgε(x, y)+ + µgε(x, y)−)) ≤ 0 if (x, y) ∈ Cε and max{λ, µ} ≥ 1,

For (x, y) ∈ Cε we define

gx,y : [0, 1]× [0, 1]→ R2, gx,y(λ, µ) = ψ
(
R(λgε(x, y)+ + µgε(x, y)−)

)
.
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Lemma 5.3. Let (x, y) ∈ Cε.

a) If gx,y(λ, µ) = 0 then R(λgε(x, y)+ + µgε(x, y)−) ∈ Zε(V ).

b) If (λ, µ) ∈ ∂
(
[0, 1]2

)
then gx,y(λ, µ) =

(
(Rλ)p−2 − 1, (Rµ)p−2 − 1

)
.

Proof. By Proposition 3.5, gε(x, y) ∈ Eε ∩ JdεN

ε and, therefore, R
(
λgε(x, y)+ + µgε(x, y)−

)
∈

JdεN

ε . If gx,y(λ, µ) = 0 then, by (5.2), R
(
λgε(x, y)+ + µgε(x, y)−

)
∈ Zε. Since β is invariant

under rotations and gε(x, y)+ and gε(x, y)− are radial around x and y respectively, we have that
β
(
Rλgε(x, y)+

)
= x and β

(
Rµgε(x, y)−

)
= y. So, since x, y ∈ B√εC ⊂ V , we conclude that

R
(
λgε(x, y)+ + µgε(x, y)−

)
∈ Zε(V ). This proves a).

In order to see b) observe that, if (λ, µ) ∈ ∂
(
[0, 1]2

)
, then R

(
λgε(x, y)+ +µgε(x, y)−

)
∈ Dε.

Therefore

gx,y(λ, µ) =
(
γ
(
Rλgε(x, y)+

)
, γ
(
Rµgε(x, y)−

))
=
(
(Rλ)p−2 − 1, (Rµ)p−2 − 1

)
,

as claimed.

Next we define

f : Cε × [0, 1]2 → Cε × R2, f(x, y, λ, µ) = (x, y, (λ, µ)− gx,y(λ, µ)).

This map is equivariant with respect to the action

(x, y, λ, µ) 7→ (y, x, µ, λ). (5.3)

The projection π : Cε×R2 → Cε is also equivariant and, since the action is free, the induced map
of orbit spaces

π̃ : (Cε × R2)/G −→ Cε/G

is a vector bundle. The map f̃ :
(
Cε × [0, 1]2

)
/G → (Cε × R2)/G induced by f satisfies the

following.

Lemma 5.4. a) π̃ ◦ f̃ = π̃|(Cε×[0,1]2)/G.

b) Fix(f̃) = Fix(f)/G ⊂
(
Cε × (0, 1)2

)
/G.

c) The fixed point transfer τ ef : H∗(Fix(f)/G)→ H∗(Cε/G) satisfies τ ef ◦ π̃∗ = id.

Proof. Property a) is immediate, and b) follows from Lemma 5.3b) and the fact thatR > 1. These
properties say that f̃ is compactly fixed in the sense defined in the Appendix, so it has a fixed point
transfer τ ef . The equivariant version of Tietze’s extension theorem [26, Proposition 6.10] provides
a map

g : Cε × (0, 1]2 × (0, 1]→ R2

such that g(x, y, λ, µ, 0) = gx,y(λ, µ),

g(x, y, λ, µ, t) = (1− t)
(
(Rλ)p−2 − 1, (Rµ)p−2 − 1

)
+ t
(
λ−R−1, µ−R−1

)
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if either (λ, µ) ∈ ∂
(
[0, 1]2

)
or t = 1, and gt := g( · , t) is equivariant with respect to the action

(5.3) for every t ∈ (0, 1]. Since R > 1,

g−1(0) ⊂ Cε × (0, 1)2 × (0, 1]. (5.4)

Now we define h : Cε × (0, 1]2 × (0, 1]→ Cε × R2 × (0, 1] by

h(x, y, λ, µ, t) =
(
x, y, (λ, µ)− g(x, y, λ, µ, t)

)
.

Then h(x, y, λ, µ, 0) = f(x, y, λ, µ), h(x, y, λ, µ, 1) =
(
x, y,R−1, R−1

)
, and ht := h( · , t) is

equivariant for every t ∈ (0, 1]. By (5.4) the induced map

h̃ :
(
(Cε × (0, 1]2)/G

)
× (0, 1]→

(
(Cε × R2)/G

)
× (0, 1]

is compactly fixed over (Cε/G)× (0, 1]. Propositions 7.2 and 7.3 in the Appendix yield

τ ef ◦ π̃∗ = τeh1
◦ π̃∗ = id.

This proves c).

Proof of Proposition 5.2. For (x, y, λ, µ) ∈ Cε × [0, 1]2, Lemma 5.3a) yields:

f(x, y, λ, µ) = (x, y, λ, µ) =⇒ R
(
λgε(x, y)+ + µgε(x, y)−

)
∈ Zε(V ).

Thus the map

ι : Fix(f)→ Zε(V ), ι(x, y, λ, µ) = R
(
λgε(x, y)+ + µgε(x, y)−

)
is well defined, it is equivariant and satisfies θε ◦ ι = i ◦ π|Fix(f), where i : Cε ↪→ F (V ) is the
inclusion. Define τε to be the composition

τε : H∗
G(Zε(V )) ι∗−→ H∗

G(Fix(f))
τ ef−→ H∗

G(Cε).

Using Lemma 5.4c) we obtain

τε ◦ θ∗ε = τ ef ◦ ι∗ ◦ θ∗ε = τ ef ◦ π̃∗ ◦ i∗ = i∗

and our claim follows. �

This completes the proof of Theorem 2.1.

5.2 The proof of Corollary 2.2

We first define a suitable version of the equivariant Lusternik-Schnirelmann category for spaces
with an action of a group G. Recall that a subset A ⊂ X of a topological space X is said to be
locally closed if it is the intersection A = C ∩ O of a closed subset C ⊂ X and an open subset
O ⊂ X .
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Definition 5.5. The equivariant Lusternik-Schnirelmann category catG(X) of a G-space X is the
smallest integer k such thatX can be covered by k locally closedG-invariant subsetsX1, . . . , Xk,
X = X1 ∪ · · · ∪Xk, where each Xj can be equivariantly deformed to an orbit Gxj in X . If no
such covering exists then catG(X) :=∞.

The use of locally closed instead of open or closed subsets is essential because we apply it
to the spaces Zε(V ) which may not be ANRs. It is especially suitable for applications in critical
point theory; see the proof of Proposition 5.6 below. If X is an ANR then one may replace locally
closed in Definition 5.5 by open or closed. We shall only deal with free actions of G = Z/2,
so catG(X) is the category of the orbit space X/G defined with locally closed sets, of course.
Clearly, one can also define various relative versions of catG.

Proposition 5.6. Zε(V ) contains at least catG
(
Zε(V )

)
pairs of critical points of Jε.

Proof. Suppose Zε(V ) contains precisely k pairs ±u1, . . . ,±uk of critical points of Jε. We may
assume that J(u1) ≤ · · · ≤ J(uk). By Lemma 5.1, Zε(V ) is symmetric and positively invariant
for the negative gradient flow ϕε of Jε, and Jε satisfies the Palais-Smale condition on Zε(V ). It
follows that for each u ∈ Zε(V ) there exists j with ϕ(t, u)→ ±uj as t→∞. Thus the sets

Xj := {u ∈ Zε(V ) : ϕε(t, u)→ ±uj as t→∞}

are pairwise disjoint and cover Zε(V ). Since ϕε is equivariant, Xj is a symmetric subset of
Zε(V ). Using the Palais-Smale condition for Jε on Zε(V ) once more it is easy to see that for
every j = 1, . . . , k the union X1 ∪ · · · ∪Xj is an open subset of Zε(V ). This implies that Xj is
a locally closed subset of Zε(V ). Finally, using the flow ϕε one sees that Xj can be equivariantly
deformed to ±uj in Zε(V ), in fact, even in itself. It follows that catG

(
Zε(V )

)
≤ k.

Remark 5.7. Let catoG(X) denote the equivariant category of X using open coverings. Then
catG(X) ≤ catoG(X) and equality holds if X is an ANR. The same is true for the equivariant
category defined via closed coverings. However, we do not know whether Zε(V ) is an ANR. Thus
it may be that catG(X) < catoG(X). We do not know whether Proposition 5.6 is true with catoG(X)
instead of catG(X).

Proposition 5.8. For every metric free G-space X we have catG(X) ≥ H∗
G-cupl(X).

Proof. Let X = X1 ∪ · · · ∪Xk be a covering of X as in Definition 5.5. Consider k cohomology
classes ζ1, . . . , ζk ∈ H̃∗

G(X). We have to show that their cup product is trivial: ζ1 ` · · · ` ζk = 0.
Since Xj/G is contractible in X/G the restriction ζj |Xj ∈ H̃∗

G(Xj) of ζj , that is the image of ζj
under the homomorphism induced by the inclusion Xj ↪→ X , is trivial. Now Xj = Cj ∩Oj is the
intersection of a closed subset Cj ⊂ X and an open subset Oj ⊂ X . We may assume that Cj and
Oj are symmetric. NowXj is a relatively closed subset of the metric spaceOj . Then the continuity
property of Alexander-Spanier cohomology yields an open symmetric neighborhood Uj ⊂ Oj of
Xj such that ζj |Uj = 0 ∈ H̃∗

G(Uj). The exact sequence of the pair (X,Uj) implies that ζj is the
image of some element ξj ∈ H∗

G(X,Uj). It follows that the cup product ζ1 ` · · · ` ζk is the
image of ξ1 ` · · · ` ξk ∈ H∗

G(X,U1 ∪ . . . , Uk) = H∗
G(X,X) = 0.
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Proof of Corollary 2.2. Set k := H∗
G-cuplF (V )Cε, and let ζ1, . . . , ζk−1 ∈ H̃∗

G(F (V )) be
cohomology classes such that i∗(ζ1 ` · · · ` ζk−1) 6= 0 ∈ H∗

G(Cε). Here i : Cε ↪→ F (V )
is the inclusion. By Theorem 2.1 there exists a homomorphism τε : H∗

G(Zε(V ))→ H∗
G(Cε) such

that τε ◦ θ∗ε = i∗. It follows that

θ∗ε(ζ1) ` · · · ` θ∗ε(ζk−1) = θ∗ε(ζ1 ` · · · ` ζk−1) 6= 0 ∈ H∗
G(Zε(V )).

This implies H∗
G-cupl(Zε(V )) ≥ k and the corollary follows from Theorem 2.1 and the

Propositions 5.6 and 5.8. �

We have to work with Alexander-Spanier cohomology because the homomorphism τε has only
been defined for this cohomology. We could pass to singular cohomology if Zε(V ) would be an
ANR.

5.3 The proof of Theorem 2.4 and Corollary 2.5

Let C and C ′ be disjoint nonempty compact isolated subsets of M0, and let V and V ′ be disjoint
compact neighborhoods of C and C ′ respectively with V ∩M0 = C and V ′ ∩M0 = C ′. Let

δ :=
1
2

(
min

x∈∂V ∪∂V ′
a(x)− a0

)
> 0.

As in the proof of Theorem 2.1, let ε̃ = ε̃(δ) be such that a(x) ≤ a0 + δ for every x ∈ B√ε̃(M
0).

Now let β be a generalized barycenter map, and let d and ε0 be as in Proposition 3.5 for these
β, δ. We may assume that ε0 ≤ ε̃(δ), so that B√ε0

(C) ⊂ V and B√ε0
(C ′) ⊂ V ′. We note

that ε0 depends only on δ and therefore only on the difference min∂V ∪∂V ′ a − a0, as claimed in
Theorem 2.4(vi). Fix 0 < ε < ε0 and set

Zε(V, V ′) :=
{
± u ∈ Zε ∩ JdεN

ε : β(u+) ∈ V, β(u−) ∈ V ′}.
The proof of Theorem 2.4 is now completely analogous to that of Theorem 2.1.

The proof of Corollary 2.5 is completely analogous to that of Corollary 2.2 using Theorem 2.4
instead of Theorem 2.1.

6 The cuplength of configuration spaces

Due to their many applications, configuration spaces have been extensively studied during the last
fifty years. However, not much is known about the multiplicative structure of their cohomology. In
this section we obtain lower bounds for the cuplength of configuration spaces of unordered pairs
in some special cases. Let us recall again the definitions.

F (A) := {(x, y) ∈ A×A : x 6= y}

is the configuration space of ordered pairs in a topological space A. The group G = Z/2 acts on
F (A) via permutation of the coordinates (x, y) 7→ (y, x). The orbit space

K(A) := F (A)/G = {{x, y} ∈ A×A : x 6= y}
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is the configuration space of unordered pairs in A.
Since in this section we shall mostly work with singular cohomology we writeH∗ for singular

cohomology and Ȟ∗ for Alexander-Spanier cohomology, both with coefficients in the field of two
elements. The reason for the use of singular cohomology is that we use characteristic classes
and the ×-product which are well known for singular cohomology and are more complicated in
Alexander-Spanier cohomology; cf. [24]. Recall that the cuplength H∗-cupl of a continuous map
f : X → Y is the smallest integer k such that for any k cohomology classes ζ1, . . . , ζk ∈ H̃∗(Y )
one has f∗(ζ1 ` · · · ` ζk) = 0 ∈ H̃∗(X). For an equivariant map f : X → Y between free
G-spaces we define H∗

G-cupl(f) = H∗-cupl(f/G) where f/G : X/G → Y/G is the induced
map on the orbits spaces.

Proposition 6.1. Let C 6= ∅ be a closed subset of RN and let V be a neighborhood of C. Then
there is a continuous map α : C ×RPN−1 ↪→ K(V ), where RPN−1 is the (N − 1)-dimensional
real projective space, such that

H∗-cupl(K(V )) ≥ H∗-cupl(α) ≥ N.

In particular, H∗
G-cupl(F (V )) = H∗-cupl(K(V )) ≥ N for every subset V of RN with int(V ) 6=

∅.

Proof. Choose a continuous map γ : C → (0,∞) with γ(x) < dist(x,RN rV ) for every x ∈ C.
The map

κ : C × SN−1 → F (V ), (x, z) 7→ (x+ γ(x)z, x− γ(x)z) (6.1)

isG-equivariant for the action (x, z) 7→ (x,−z) on C×SN−1. Hence it induces a map of the orbit
spaces α : C × RPN−1 → K(V ), which maps the first Stiefel-Whitney class ω̃ ∈ H1(K(V )) of
the 0-sphere bundle F (V )→ K(V ) to the first Stiefel-Whitney class of the bundle C × SN−1 →
C × RPN−1 [21], that is, α∗(ω̃) = 1 × ω, where ω ∈ H1(RPN−1) is the generator. Therefore
α∗(ω̃)N−1 6= 0 and, consequently, ω̃N−1 6= 0.

Proof of Proposition 2.3. If 0 < δ :=
√
ε < dist(C,RN r V ), the image of the embedding (6.1)

with γ(x) ≡ δ is contained in Cε = {(x, y) : x, y ∈ B√ε(C), |x− y| ≥ 2
√
ε}. Therefore

H∗
G-cuplF (V )(Cε) = H∗-cuplK(V )(Cε/G) ≥ H∗-cupl(α) ≥ N.

where α : C × RPN−1 ↪→ K(V ) is the embedding from Proposition 6.1. We need this estimate
also for Ȟ∗. For this we may assume that V is a regular neighborhood so that Ȟ∗

G(F (V )) ∼=
H∗

G(F (V )). Let ζ1, . . . , ζk−1 ∈ H̃∗(K(V )) be cohomology classes with η := α∗(ζ1 ` · · · `
ζk−1) 6= 0 ∈ H∗(C × RPN−1). Then η̌ := α̌(ζ1 ` · · · ` ζk−1) 6= 0 ∈ Ȟ∗(C × RPN−1)
because it maps onto η under the natural homomorphism Ȟ∗ → H∗. �

The estimate given by Proposition 6.1 is not optimal as the following proposition shows. Its
proof uses the Leray-Serre spectral sequence. For details on this and other spectral sequences we
refer to [25].
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Proposition 6.2. Let C 6= ∅ be a closed subset of RN which is a deformation retract of a
neighborhood V ⊂ RN . If H i(C) = 0 for 0 < i < m, some m < N , and if there are k
cohomology classes ζ1, . . . , ζk ∈ Hm(C) whose cup-product is nontrivial then

H∗-cupl(K(V )) ≥ H∗-cupl(α) ≥ k +N.

where α : C × RPN−1 → K(V ) is the map from Proposition 6.1.

Proof. We consider the map κ : C × SN−1 → F (V ) and the Stiefel-Whitney classes ω̃ ∈
H1(K(V )) and ω ∈ H1(RPN−1) from the proof of Proposition 6.1 above. Recall that
α∗(ω̃) = 1× ω. We shall show that there are cohomology classes ζ̃j ∈ Hm(K(V )) such that

α∗(ζ̃j) = ζj × 1.

If this is true then α∗(ζ̃1 ` · · · ` ζ̃k ` ω̃N−1) = (ζ1 ` · · · ` ζk) × ωN−1 6= 0, and therefore
ζ̃1 ` · · · ` ζ̃k ` ω̃N−1 6= 0, which proves our claim.

We consider the diagram

C × SN−1 β−−−−→ F (V )

pC

y pV

y
C

i−−−−→ V
r−−−−→ C

where the vertical arrows are the projections onto the first factor, i is the inclusion, r the retraction,
r ◦ i ' id. The diagram commutes up to homotopy. For ζ ∈ H∗(C) let ζ := p∗V ◦ r∗(ζ) ∈
H∗(F (V )), so that

κ∗(ζ) = p∗C ◦ i∗ ◦ r∗(ζ) = p∗C(ζ) = ζ × 1 ∈ H∗(C × SN−1). (6.2)

We shall show that, if ζ ∈ Hm(C), then ζ is in the image of π∗ : Hm(K(V )) → Hm(F (V ));
here π : F (V )→ K(V ) is the natural projection. We consider the Leray-Serre spectral sequences
of the Borel fibrations

F (V )×
G
EG→ BG

(C × SN−1)×
G
EG→ BG

Note that, since G acts freely on F (V ) and on C × SN−1, the projections F (V )× EG→ F (V )
and C × SN−1 × EG→ C × SN−1 induce homotopy equivalences between the G-orbit spaces

F (V )×
G
EG ' K(V ), (C × SN−1)×

G
EG ' C × RPN−1.

The map κ : C × SN−1 → F (V ) induces a map of spectral sequences

κ∗ : Ep,q
r → Ẽp,q

r .
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The E2-term of the spectral sequence associated to F (V )×
G
EG→ BG is

Ep,q
2 = Hp(BG;Hq(F (V ))).

Our assumptions on C imply that Hq(F (V )) = 0 if 0 < q < m. Indeed, using excision and the
suspension isomorphism we have

Hq(V × V, F (V )) ∼= Hq(V × BN , V × (BN r {0})) ∼= H̃q−N (V ) = 0 for q ≤ N,

so from the exact cohomology sequence of the pair (V × V, F (V )) we conclude that

Hq(F (V )) ∼= Hq(V × V ) ∼= Hq(C × C) for q < N.

We conclude that Hq(F (V )) = 0 if 0 < q < m, as claimed. It follows that

Hm(F (V )) ∼= E0,m
2 = · · · = E0,m

m+1,

Hm+1(BG) ∼= Em+1,0
2 = · · · = Em+1,0

m+1 .

Now we fix ζ ∈ Hm(C), ζ = p∗V ◦ r∗(ζ) ∈ Hm(F (V )) ∼= E0,m
2 , and recall that κ∗(ζ) = ζ × 1 ∈

Hm(C × SN−1) ∼= Ẽ0,m
2 . Since ζ × 1 is a permanent cycle,

κ∗dm+1(ζ) = d̃m+1(ζ × 1) = 0.

Now κ∗ is the identity on Hm+1(BG) ∼= Em+1,0
2 = Ẽm+1,0

2 , hence dm+1(ζ) = 0 and, therefore,
ζ is a permanent cycle too. Thus, there exists ζ̃ ∈ Hm(F (V ) ×

G
EG) ∼= Hm(K(V )) which

restricts to ζ ∈ Hm(F (V )) and, from (6.2), we obtain

α∗(ζ̃) = ζ × 1 ∈ Hm(M × RPN−1).

This finishes the proof.

Special cases where the assumptions of Proposition 6.2 hold are the following.

Corollary 6.3. LetC ⊂ RN be homeomorphic to a sphere Sm, or to a torus (Sm)k, or to a product
of projective spaces Πk

j=1RPmj , Πk
j=1CPmj , Πk

j=1HPmj . If V is a tubular neighborhood of C
in RN with C ↪→ V a homotopy equivalence, then

H∗-cupl(K(V )) ≥ H∗-cupl(α) ≥ H∗-cupl(C) +N − 1.

Here α : C × RPN−1 → K(V ) is the map from Proposition 6.1.
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7 Appendix: The fixed point transfer

We discuss a version of Dold’s fixed point transfer [19] for vector bundles, which we use in
Section 5. Let π : E → B be an n-dimensional real riemannian vector bundle over a metric space
B. We denote by 0 ⊂ E its zero section. Let H∗( · ) be singular cohomology with coefficients in
the field F2 of two elements. A Thom class for π is an element θπ ∈ Hn(E,E r 0) whose image
under the inclusion generates Hn(π−1(b), π−1(b) r {0}) ∼= Hn(Rn,Rn r {0}) ∼= F2 for every
b ∈ B. Since we use F2-coefficients, a Thom class exists for every vector bundle. The following
result is classical, see for example [21, Theorem 10.3].

Theorem 7.1 (Thom isomorphism). The homomorphism

H i(B)→ H i+n(E,E r 0), ζ 7→ θπ ` π∗(ζ),

is an isomorphism.

The pullback of π over a map η : X → B is defined as

E ×
B
X :=

{
(y, x) ∈ E ×X : π(y) = η(x)

}
.

We write
π̃ : E ×

B
X → X and η̃ : E ×

B
X → E

for the projections. π̃ is again an n-dimensional vector bundle. If θπ is a Thom class for π then
θπ̃ := η̃∗(θπ) is a Thom class for π̃.

A map f : U → E is compactly fixed over B if U is an open subset of E, π ◦ f = π|U ,
Fix(f) := {x ∈ U : f(x) = x} is closed in E, and there is a continuous function % : B → (0,∞)
such that

Fix(f) ⊂ {x ∈ E : |x| ≤ %(π(x))} =: E%.

Here | · | stands for the riemannian metric of π. This last property is equivalent to saying that
π|Fix(f) : Fix(f) → B is a proper map [19]. Following Dold [19] we define the fixed point
transfer τf of a compactly fixed map f over B as follows. Let X ⊂ U be an open neighborhood
of Fix(f) and consider the following sequence of maps:

(E ×
B
X,E ×

B
X r 0×

B
X)

(i−f,id)←− (X,X r Fix(f))
i1
↪→ (E,E r Fix(f))

i2←↩ (E,E r E%)
i3
↪→ (E,E r 0),

(7.1)

where (i − f, id)(x) = (x − f(x), x). Note that the difference x − f(x) makes sense because
π(x) = π(f(x)) and π−1(b) is a vector space for every b ∈ B. Note also that, by excision, the
inclusion i1 induces an isomorphism in cohomology. The homotopy and exactness properties of
cohomology ensure that the inclusion i3 is an isomorphism too. Therefore, applying H∗( · ) and
composing both ends with the Thom isomorphism we obtain a homomorphism

τX
f : H∗(X)→ H∗(B)
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called the trace of f . If Y is an open subset of X and j : Y ↪→ X is the inclusion, then τY
f ◦ j∗ =

τX
f . Passing to the direct limit

Ȟ(Fix(f)) ∼= lim
→

{
H∗(X) : X open in E, X ⊃ Fix(f)

}
(cf. [18, VIII.6], [19]) we obtain a homomorphism

τf : Ȟ(Fix(f))→ H∗(B)

called the fixed point transfer of f . It has many useful properties [19]. We mention only those
which we need for our purposes.

Proposition 7.2 (Units). If ϑ : B → E is a section of π (i. e. π ◦ ϑ = id) and f = ϑπ : E → E,
then Fix(f) = ϑ(B) and τf = ϑ∗ : H∗(ϑ(B))→ H∗(B).

Proof. The restriction to (E,E r E%) of the map id − ϑπ : (E,E r ϑ(B)) → (E,E r 0) is
homotopic to the inclusion i3 : (E,E r E%) ↪→ (E,E r 0). Moreover, if X = {x ∈ E :
|x − ϑπ(x)| ≤ γ(π(x))} for some continuous function γ : B → (0,∞), then (i − ϑπ, id) is
homotopic to (i− ϑπ, ϑπ) : (X,X r ϑ(B))→ (E ×

B
X,E ×

B
X r 0×

B
X). This last map can be

written as the composition

(X,X r ϑ(B)) i−ϑπ−→ (E,E r 0)
(id,ϑπ)−→ (E ×

B
X,E ×

B
X r 0×

B
X).

Therefore the sequence of maps (7.1) induces the same homomorphism in cohomology as (id, ϑπ)
does. Set η := π|X : X → B. Then η◦ϑ = id and η̃◦(id, ϑπ) = id. Hence, for every ζ ∈ H∗(X),

(id, ϑπ)∗(θeπ ` π̃∗(ζ)) = (id, ϑπ)∗
(
η̃∗(θπ) ` π̃∗(ζ)

)
= (θπ ` π∗(ϑ∗ζ)).

In other words, the trace homomorphism is τX
f = ϑ∗ : H∗(X) → H∗(B). Since every

neighborhood of Fix(f) = ϑ(B) contains a neighborhood of the form {x ∈ E : |x − ϑπ(x)| ≤
γ(π(x))} for some continuous function γ : B → (0,∞), our claim follows.

Proposition 7.3 (Homotopy). Let π : F → B×(0, 1] be a vector bundle and let h : W → F be a
compactly fixed map over B× (0, 1]. For each t ∈ [0, 1] set Ft := π−1(B×{t}), Wt := W ∩Ft,
and let πt : Ft → B ×{t} ≡ B and ht : Wt → Ft be the restrictions of π and h respectively, and
jt : Fix(ht) ↪→ Fix(h) be the inclusion. Then the following diagram commutes:

Ȟ∗(Fix(h0))
ǰ0←−−−− Ȟ∗(Fix(h))

ǰ1−−−−→ Ȟ∗(Fix(h1))

τh0

y τh

y τh1

y
H∗(B)

∼=−−−−→ H∗(B × (0, 1])
∼=−−−−→ H∗(B)

Consequently,
τh0 ◦ π̌0 = τh1 ◦ π̌1.

The proof is straightforward.
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