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Abstract

We give a precise description of all G-invariant Palais-Smale se-
quences for the variational problem associated with an elliptic Dirich-
let problem at critical growth on a bounded domain which is invariant
under the action of a group G of orthogonal transformations.

1 Introduction and statement of results

Lack of compactness in elliptic problems which are invariant under transla-
tions or dilations has been extensively studied. It is known to produce quite
interesting phenomena. In particular, it gives rise to an effect of the topology
of the domain on the number of solutions of suitable perturbations of such
problems (for a detailed discussion see for example [2], [11], [13]). If the
domain is invariant under the action of some group of orthogonal transfor-
mations of RV then there is an influence of these symmetries as well. The
purpose of this note is to give a precise description of the way the symmetries
of the domain affect the lack of compactness.
We consider the problem

~Au=Q()|u|*2u inQ
(P) { u=20 on 0N2
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where ) is a bounded smooth domain in RV, N > 3, 2* = ]\QI—JXQ is the critical
Sobolev exponent, @ is continuous and strictly positive in Q.

M. Struwe [10] gave a global compactness result for this problem when
@ = 1. That is, he gave a complete description of the Palais-Smale sequences
of the associated variational problem. He showed that the lack of compact-

ness is produced by solutions of the limiting problem

~Au=|ul*?u inRV
(Pc) { W) =0 as |z =0

concentrating at points of the domain.

Here we shall consider domains 2 which are invariant under the action
of some closed subgroup G of the group O(N) of orthogonal transformations
of RY, that is, domains € such that gz € € for each z € Q, g € G. We also
assume that the function @) is G-invariant, that is, Q(gz) = Q(z) for each
x € (), g € G, and consider the problem

—Au=Q(x) |ul*2u in Q
(P%) u(z) =0 on 0f)
u(gzr) = u(x) forallg e G

Our aim is to give a global compactness result for this problem. Roughly
speaking, we will show that lack of compactness is produced by solutions of
limiting problems of the form

—Au=|ul|*2u in RY
(PL) u(z) =0 as |z| =0
u(gz) =u(z) forallgeTl

concentrating at G-orbits of 2 with orbit type G//T for some closed subgroup
' of finite index in G.

Before giving a precise statement we recall some basic notions. The
G-orbit of a point y € RY is the set

Gy:={gyeR" : g G}
and the G-isotropy group of y is the subgroup

Gy:={9€G:gy=y}



of G. The G-orbit Gy is G-homeomorphic to the homogeneous G-space
of right cosets G/G,. Observe that isotropy subgroups satisfy that Gy, =
9G,g*. Therefore, the set of isotropy subgroups of the points of the G-orbit
Gy is the whole conjugacy class of the subgroup G, in G. The G-isomorphism
class of G/G, is called the G-orbit type of the G-orbit Gy [7]. We denote
by |G/G,| the index of G, in G, that is, |G/G,| = #Gy is the cardinality of
Gy.

The action of G' on 2 induces an orthogonal G-action on the Sobolev
space Hy(f2) given by

(gu)(2) == u(g~'@).

The energy functional

1 1
B = [ 1Vl =5 [ Qu

defined on H{ () is G-invariant, that is, E(gu) = E(u) for every u € H{(2),
g € G. The weak solutions of problem (P%) are the critical points of the
restriction of F to the subspace of G-fixed points

2%

Hy ()% := {u € H)(Q) : u(gz) = u(z) for all g € G}
of H}(Q). A sequence (u;) such that
up € HY(Q)C,  E(ug) —¢, and ||DE(ug)|| — 0in H()

will be called a G-invariant Palais-Smale sequence for E, or a G-PS-sequence
for short. We shall prove the following.

Theorem 1 Let (uy) be a G-PS-sequence for E. Then, replacing (ug) by a
subsequence if necessary, there ezist a solution u of problem (P%), m closed
subgroups I'y, ..., Ty, of finite index in G and, for eacht=1,...,m, a sequence
(yik) in 2, a sequence (&) in (0,00), and a T';-invariant solution (u;) of the
limiting problem (PL?), such that,

(i) Gy, =T forallk >1, and yix — y; as k — oo,

(1) si_,kldist(yi,k,aﬁ) — oo and 6Z_k1 |9Yik — §'Yir| = 00 ask — oo for
all [g] # [¢'] € G/T},



2-N 9_ . . —aus
w-u-3 T el Q) (o ()| —o

=1 [geG/r; o
leZ(RN) as k — oo,

(iii)

(iv) E(uy) = E(u)+ 2 (Q('Zf' ) E(W;) ask — oo.

Let us look at some consequences of this result. We write

G . #Gz 1
po = (1:16151762( ) ) NS <0

where #Gx is the cardinality of the G-orbit of z, and S is the best Sobolev
constant for the embedding of Hi(2) in L* (). So LS% is the least energy
of a nontrivial solution of the limiting problem (P,,).

We say that E is satisfies the G-Palais-Smale condition (PS)¢ at c if every
G-PS-sequence for E such that E(ug) — ¢ has a convergent subsequence.
An immediate consequence of Theorem 1 is the following.

w2

Corollary 2 E satisfies (PS)Y at every ¢ < ,ug. In particular, if every
G-orbit in Q) is infinite, then E satisfies (PS)S at every c € R.

For @ = 1 this result is due to P.L. Lions [8]. For arbitrary @ this has
been shown in [4]. Corollary 2 says, in particular, that lack of compactness
can only occur if {2 contains some finite G-orbit. It implies that problem
(PY) has infinitely many solutions if every G-orbit of € is infinite.

Let us take a closer look at the level ug. The nontrivial least energy
solutions of (Px), up to sign, are the instantons

N-—2
2 9
Ue.(z) =ay (%) . ay=[N(N-2)]"7,e>0, zeRV.
e2 + |z — z|

cf. [1],[12]. They satisfy

/ |VU’ e —/ |U5,z
RN RN

Theorem 1 implies, in particular, the following.

2%




Corollary 3 Let (uy) be a G-PS-sequence for E such that E(ug) — pg.
Then a subsequence of (uy) either converges strongly to a nontrivial solution
of u of problem (P%), or there exist v = %1, and sequences (yx) in Q and &y
in (0,00), such that

(i) yo >y €Q ask — oo, Gy, =G, for all k, and
#Gy . #Gx

N—z — min = < 090,
e 2

Qy) = Q(z)

(ii) ey ' dist(y, 0Q) — oo and €3 |gyr — g'yr| — o0 as k — oo for all
l9] # [9'] € G/G,,

— 0 i DY2(RY) as k — oo.

up— (=1 Y QW)T Uspye

l9]eG/Gy

(iii)

Corollary 3 says that least energy nonconvergent G-PS-sequences must
concentrate at G-orbits of the set
— G ) Gz
M := {yEQ:#iNy_Z:mlg#iH}.
Qy) = 20 Q(x) 2

This hints towards the fact that the topology of M must have an effect on the
number of low energy solutions of suitable perturbations of problem (P¢%).
This is, in fact, true. Examples of this behavior can be found in [4] and [6].
But it says more than that: It says that concentration occurs along G-orbits
Gy with the same orbit type as Gy. This has proved to be quite useful in
applications, see for example [5], [6].

The main step in the proof of Theorem 1 consists in showing that con-
centration occurs along G-orbits with the same orbit type. This allows us to
proceed inductively to obtain a global compactness result for problem (P¢),
that is, to give a description of all G-invariant PS-sequences, and not only of
G-minimizing sequences as was done in [4].

2 Proof of Theorem 1

As in the non-symmetric case [11], [13], Theorem 1 follows inductively from
the following proposition.



Proposition 4 Let (uy) be a G-PS-sequence for E such that up, — 0 weakly
in H} (Q)Y and E(uy) — ¢ > 0. Then, replacing (uy) by a subsequence if
necessary, there exist a closed subgroup I' of finite index in G, a sequence
(yx) in Q, a sequence e in (0,00), a [-invariant solution u of the limiting
problem (PL), and a G-PS-sequence (vg) for E such that

(i) Gy, =T forallk, and y, —y as k — oo,

(i) €. ' |lgyr — g'yx| — oo and &, ' dist(yx, 0Q) — 0o as k — oo for all
l9] #[¢'] € G/T,

(iii) ve = w— 3 £,7 Q)T (g7 (<22)) +o(1) in DE(RY),

[g]eG/T *

Qy) 2

(iv) E(vg) = ¢ — (%) E@) ask — oo.

Proof. The proof will follow in several steps:
1) Since PS-sequences for E are bounded in H (1),

% N
/ Q(z) |up|” dz = NE(uy) — EDE(uk)uk — Nc¢ > 0.
Q

Let 6 := min{ZE, (maxﬁQ)¥(§)%} where S is the best Sobolev constant
for the embedding of H}(2) in L? (). Let B(z,r) denote the closed ball in
RN with center z and radius r. The Levy concentration function

2*

®y(r) :=sup @ |u

z€RN J B(z,r)

satisfies that @, (0) = 0 and ®x(c0) > § for k large enough. Hence we may
choose & € Q2 and ¢, > 0 such that

s [ Q= [ Qu
z€RN J B(xz,e1) B(&k.er)

Observe that, since €2 is bounded, the sequence (&) is bounded.
2) Let V = RY and, for each closed subgroup H of G, let

Y =4 (1)

Vi={z eV .gzr=gxgforalge H}

be its H-fixed point subspace. If £ € V we write £¥ for the orthogonal
projection of £ onto V.



We shall show that there is a closed subgroup I' of G such that, up to a
subsequence,

a) ' has finite index in G,
Ger =T for all £,

b)
)Ekl‘gfk—g'§k‘—>oo as k — oo for all [¢g] # [¢'] € G/T,
d) e;' & — &| < C < oo for all k.

If 5,:1 ‘fk — §,?| < C < oo for all k, then I' = G has the desired properties.
If e,:l |§k — fﬂ — 00, let V1 be the orthogonal complement of V¢ in V
and write & = 5 + &;. Slnce £, |€4] = oo, up to a subsequence, &} # 0 and

L&
LT

Let G' := G,. For every closed subgroup H of G*, (n})®¥ — (n')¥ = n'.
Hence,

—>77 e V.

G§H=G(§1)H=G(1HCG1:Gl.

for k large enough and, in particular, G e = G'. We now show that |G/G| <

oo. For every finite subset {gi,.. ,gm} of G representing distinct cosets
[g1] 5 ---, [gm] € G/G" let p > 0 be such that

\gml — gj771| >2p fori #j.
Then, for every closed subgroup H of G,
l9i(ng)™ — gi(mp)™| > p  for i # j and k large enough
and, since ¢, ' |£}] — oo,
o &k p < ext g€ — g (&) | = &t |9ibl — 968 | 00 for i # j.

In particular, B(g:&x,ex) N B(gjék,ex) = 0 for i # j and k large enough so,
since u and () are G-invariant,

2* 2
mé Z/ Q ug) S/QQ|uk| — Ne+o(1).

B(g;&k-ex)
It follows that |G/G'| < oo and that
e g™ — gi(&)" | = e |9l — 9'E!| = 00 if [9] # (4] € G/G!

7



for every closed subgroup H of G'. So, if £, ‘fk I

then I' = G* has the desired properties.
If not, we proceed inductively as above to obtain a set of closed subgroups
G=G">G'D---D>G" =T, a set of linear subspaces V =V, DV} D
= V,, and a set of pomts & = &, &, -, £, such that |G'/G"™| < oo,
VE VT V=V @ Vi, §7 =6 - (§)7 € Vin,
1 _ i _ (yi+l
Glgr = Glgryr = Glan
et |0 — €| > oo for [g] £[4] € GG,

< C < oo for all k&,

)

and 5,;1 ‘gk — f,?m‘ — 00, foreach i =0,...,n—1, but 6,;1 ‘fk — {ﬂ <(C<
for all k. Therefore, I' has the desired properties.
3) We write y;, := & and define

N-2

Ug(2) =€, ” uglenz +yp)  and  Qu(2) = Qlexnz + yr)-

Thus, U and Q, are [-invariant,

/|Vﬂk|2:/‘vuk‘2 and /Qk |Hk|2* Z/Q‘uk‘T

In particular, (u) is a bounded sequence in DY?(RY ). Hence, up to a sub-
sequence, U, — U weakly in DV2(RV)' 7%, — uw a.e. on RY and u, — U in
L2 (RYN). If w = 0 then, for every z € RY and every h € C*(B(z,1)),

loc
S (/ |hﬂk|2*) /|v hug)|” =
= /Vuk vV (h*uy,) /|Vh| uy
= /hZQk | — DE(uy) ( (

S(maXQ)NT< Qi [T )
Q B(z,1)

) ([

< (maxQ)'~ 6% </|hak|2) +o(1)

2
5%

) e

)%’“Hu)

2l




where the first inequality is Sobolev’s inequality, the second one follows from
the fact that (uy) is a PS-sequence and from Hoélder’s inequality, and the
third one uses (1). It follows that 7 — 0 in L2 _(RY). On the other hand,
since ;" & — yx| < C < oo for all £,

5 = / Q\ukf*s/ Q Juy
B(ﬁk,{'?k) B(yk,Ek(C+1))

=/ Qe lml? < (maxQ) / o
B(0,C+1) Q B(0,C+1)

This is a contradiction. Therefore, @ Z 0.

4) Since  is bounded and uy — 0 weakly in H}(f2), up to a subsequence,
v =y € Q and g, — 0.

If (e}, 'dist(yx, 09)) is bounded, we may assume that

2%

2%

lim ¢, 'dist(yy, 052) = d.
k—o0

It is then easy to verify that, up to a rotation of RV, the sets ) := {z €
RY : epz + yp € Q} satisfy

A ( U Qk> =HY = {(21, ..., 2n) €ERY : 2y > —d}.

n=1 \k=n

Hence, @ is a solution of the autonomous equation
_ 22 . N
—Au=Q(y) |u|" "u inH

and, by Pohozaev’s identity [9], w = 0. This is a contradiction.
Therefore,
e 'dist(yg, 0) — oo

and u = Q(y)¥E is a nontrivial solution of the limiting problem (PL)
in RY. Moreover, since ;' | — yx| < C < oo for all k, it follows also that
yr € L.

5) We define v, € H}(Q)C as follows: Let ¢ € C®°(RY) be radially
symmetric and such that 0 < ¢ <1, ¢ =1 on B(0,1) and ¢ = 0 outside of
B(0,2). Let

4py, := min{dist(yx, 0Q), |gyx — g'vk| : [g] # [¢'] € G/T'}.



Thus, 5,;1 pr — 00. Since Gy, =I" and since u is I-invariant, the function

wei= 3 6 Q)T dertg (- — gwe)) w(or (- — guk)) € HA(R)
loleG/T

does not depend on the choice of g in [g], and it is G-invariant. We define
Vg = U — W € H&(Q)G

Property iii) above follows from the fact that e,;l pr — 00. We verify property

iv). We write
2 2
Jull = [ 1P

Let G/T = {[g1], -, [gn]}- Since &} |givk — gjyx| — 00 as k — oo for each
i#j, up = u=Q(y) T & weakly in DY2(RY), and u; is G-invariant, it
follows that

n
= 2N~ g 0 Gillk
35 (<2
i=1

2

n
s ow G1Yk — Gilk
= ey’ ukler - +91yk)_ZQ(y) b 1( - +157kz)

2

_ _ 2-N _ _ 2-N _ _ 91Yk — GiYk
= |[mg —Qy) * Tg "= Qy) ugil(- +7’)

€k

€k
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and, inductively,
2

2
el = +

o 2-N © T Gk
up— Y g’ Qy) T g (TZ)
=1

+W [ul]” + o(1)
\G/ |
(y) 7

Similarly, using the Brézis-Lieb Lemma [3], we obtain
- lG/rp F

and property iv) follows. A similar argument using Lemma 8.9 in [13] shows
that ||DE(vg)||z-» — 0. W

As in [10], [11], [13], Theorem 1 follows inductively from this proposition.
We sketch the proof for the reader’s convenience.

= ol + —— =5 [Ell® +o(1)

Proof of Theorem 1.
Since PS-sequences for E are bounded in H (),

N -2
/ \Vug|* dz = NE(uy,) — TDE(uk)uk — Nec.

Therefore ¢ > 0. We may assume that uy — u weakly in H3(Q)¢ and uy, — u
a.e. in Q. It is easy to see that DE(u) = 0 and that u; := uy, — u is a G-PS-
sequence such that ui — 0 weakly in H}(Q)¢ and E(u}) = E(ug) — E(u) =
¢ — E(u) + o(1). The result now follows inductively from Proposition 4. W
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