MULTIPLE POSITIVE AND 2-NODAL SYMMETRIC SOLUTIONS
OF ELLIPTIC PROBLEMS WITH CRITICAL NONLINEARITY

ALFREDO CANO AND MONICA CLAPP

ABsTRACT. We consider the problem —Au + a(z)u = f(z) \u|2*72u in €,
u = 0 on 89, where Q a bounded smooth domain in RN, N > 4, 2* :=
13Y2 is the critical Sobolev exponent, and a, f are continuous functions. We
assume that Q, a and f are invariant under the action of a group of orthogonal
transformations. We obtain multiplicity results which contain information
about the symmetry and symmetry-breaking properties of the solutions, and
about their nodal domains. Our results include new multiplicity results for

the Brezis-Nirenberg problem —Au + \u = |u|2*72 win Q, u =0 on 9N.

1. INTRODUCTION
Consider the model problem

—Au+ \u = |u|2*_2u in
() { u=0 on 02

where € is a bounded smooth domain in RV, N > 4, 2* := % is the critical
Sobolev exponent and A\ € R.

This problem has been subject of extensive research for more than two decades.
It is well known that it does not have a nontrivial solution if 2 is strictly starshaped
and A > 0 [17]. In contrast with this situation Brezis and Nirenberg [4] showed that
there is a solution of (py) if N >4 and A € (—)\1,0), where Ay is the first Dirichlet
eigenvalue of —A on . Furthermore, Rey [18] and Lazzo [14] showed that there is
an effect of the domain topology on the number of low energy positive solutions of
this problem for A close enough to 0.

Cerami, Solimini and Struwe [6] showed the existence of a sign changing solution
if N > 6 and A € (—A1,0). This solution has precisely two nodal domains. If the
domain is invariant with respect to an orthogonal involution (for example, if it is
symmetric with respect to the origin) and N > 4 Castro and Clapp [5] showed
that there is an effect of the equivariant topology of the domain on the number of
solutions with precisely two nodal domains for A sufficiently close to 0.

Here we shall consider domains which are invariant under some group of sym-
metries. Our results will give information not only on the number of solutions, but
on their symmetry and nodal properties as well. To illustrate our results we state
here the following special case. We write Z/2-cat(2) for the equivariant Lusternik-
Schnirelmann category and cat(£2) for the usual one.
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Theorem 1. Let N > 4. If Q is symmetric with respect to the origen, i.e. 3 = —€),
then there exists a A\* < 0 for which the following holds:

(a) If0 € Q) then, for every A € (A*,0), problem (px) has at least cat(QQ) positive
solutions, one of which is an even function, and Z/2-cat(Q ~ {0}) > N pairs tu
of odd solutions with precisely two nodal domains.

(b) If 0 & Q and Q admits an odd map S¥=1 — Q then, for every A € (\*,0),
problem () has at least cat(Q)) > 2 positive solutions which are not even, one
even positive solution, and Z/2-cat(2) > k pairs u of odd solutions with precisely
two nodal domains.

A Dbetter result can be obtained if € is thin enough (see Theorem 9).

Theorem 1 improves a result of Castro and Clapp. For example, if {2 is symmetric
and starshaped with respect to the origin, Theorem 2 in [5] yields only one odd
solution with precisely two nodal domains, whereas the result above yields at least
N of them. Our methods should allow similar improvements of the results in
[11, 12].

For arbitrary domains Devillanova and Solimini [10] showed that, if N > 4 and
A € (—A1,0), problem (py) has at least & + 1 solutions with small energy. Similar
results for any A < 0 were obtained by Clapp and Weth [9]. But these results
provide no information on whether the solutions change sign or not.

We shall consider, in fact, a more general problem and arbitrary symmetries.
We give now a precise statement of our results.

2. STATEMENT OF RESULTS

Let I be a closed subgroup of the group O(N) of orthogonal transformations of
R¥. Consider the problem

—Au+ a(z)u = f(x) |u|2*_2 u in Q
(©a,1) u=0 on 99
u(yz) = u(z) VeeQ, yel
where Q is a I-invariant bounded smooth domain in RN, N > 4, 2* = % is the

critical Sobolev exponent and a, f : R — R are continuous I'-invariant functions.

Recall that a subset X of RY is I-invariant if yo € X for all z € X, v € T, and
a function h : X — R is T-invariant if h(yz) = h(z) for all z € X, v € I'. We write
I'w := {yz : v € T'} for the ['-orbit of a point € RV and denote its cardinality by
#Ix. We write X/T := {T'z : « € X} for the I'-orbit space of X with the quotient

topology.
Consider the set
_ r T
(2.1) M = yEQ:#7]3{2:min#71\9,672 .
fly) ™= =0 f(z)" 7

We shall assume that a, f satisfy the following.

(a1): minga > —A;, where Ay is the first Dirichlet eigenvalue of —A in €.

(a2): a(x) < 0 for every z € M.

(f1): f(z) > 0 for every z in Q.

(f2): f islocally flat at M, that is, there exist 7 > 0, v > N and A > 0 such
that |f(z) — f(y)| < Alz —y|” ify € M and |z —y| < r.
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Set
(22) = [ 9uls = [ (vl +at?).
Q Q

As usual, we denote by S the best Sobolev constant for the embedding D1>2(RN ) —
L (RYN), that is,
. f]RN |Vu|2
u€D1»21(1]11§N)\{0} 9+ 2/27
(S ™)

where DV2(RY) is the completion of the space C2°(RY) with respect to the norm
||U||2 = fRN ‘VU‘2, and define

(2.3) 0= (min #I:f2> CE

ved f(z)"

Our multiplicity results will require the following nonexistence assumption.
(A}): Problem

—Au = f(x) |u|2*72 u in Q
(pgyf) u=20 on 0f)
u(yz) = u(z) Veef, yeTl

does not have a positive solution u which satisfies [|u* < .

It is well known that this assumption holds for every domain €2 if I is the trivial
group and f is constant. Here we shall provide another condition for it to hold (see
Theorem 7). We write catx(A) for the Lusternik-Schnirelmann category of A in
X, that is, for the smallest number of open subsets of A which cover A and are
contractible in X. We shall prove the following results.

2.1. Existence and multiplicity of positive solutions.

Theorem 2. If N > 4, assumptions (ay), (az2), (f1), (f2) hold, and QN M # 0, then
problem (pgf) has at least one positive solution which satisfies ||u||z < ZE.

For § > 0 set
(2.4) My = {y € M :dist(y,00) > 6},  Bs(M) :={z € RY : dist(z, M) < §}.

Theorem 3. Let N > 4 and assume that (a1), (a2), (f1), (f2) and (AI}) hold. Given
9,0' > 0, there exists ag € (—A1,0) such that, if minga > ag, then problem (pgf)
has at least

catp,(ar)/r(Ms /T)
positive solutions which satisfy EIJ: - < ||u||z < KI]:.

If T is the trivial group, a = A € (—=A1,0) and f = 1, then (a1), (a2), (f1), (f2)
and (AE) clearly hold. Theorem 2 is the celebrated Brezis-Nirenberg theorem [4],
and Theorem 3 is due to Rey and Lazzo [18, 14] in this particular case.
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2.2. Existence and multiplicity of nodal solutions. Assume now that I' is the
kernel of an epimorphism 7 : G — Z/2 := {1, —1} defined on a closed subgroup G
of O(N) for which ©Q, a and f are G-invariant. A function u which satisfies

u(gz) =71(g)u(z) VreQ, geq,

will be called 7-equivariant. Every T-equivariant function is I-invariant. Moreover,
it satisfies u(gx) = —u(zx) for all x € Q, g € 7=1(—1). Thus, every T-equivariant
nontrivial solution of (pg ) changes sign.

Definition 1. A I'-invariant subset X of RN will be called I'-connected if it cannot
be written as the union of two open disjoint I'-invariant subsets, and a solution u
of (pgf) will be called (T, 2)-nodal if the sets

{zre:u(x) >0} and {xeQ:ulx)<0}
are nonempty and I'-connected.

Note that a I'-connected set is not necessarily connected, hence a (I', 2)-nodal
solution may have more than two nodal domains.

Theorem 4. Let N > 4 and assume that (a1), (a2), (f1),(f2) hold. If T is the
kernel of an epimorphism 7 : G — Z/2 defined on a closed subgroup G of O(N) for
which Q, a and f are G-invariant, and Gz # T'x for some x € QN M, then problem
(pgf) has at least one pair of T-equivariant (I',2)-nodal solutions +u which satisfy

p r
llull; < 205.
For each G-invariant subset X of RV, set
X" :={x e X :Gx =Tz}

Given § > 0, set
M= {y € M : dist(y, 00U Q") > 4},

T

and let Bs(M) be as in (2.4).

Theorem 5. Let N > 4 and assume that (a1), (a2), (f1), (f2) and (Al;) hold. As-
sume further that T is the kernel of an epimorphism 7 : G — Z/2 defined on a
closed subgroup G of O(N) for which Q, a and f are G-invariant. Given 6,8 > 0
there exists ag € (—A1,0) such that, if ming a > ag, then problem (@gf) has at least

cat(s, ()~ (1)) /6 (M 5/ G)
pairs u of T-equivariant (T, 2)-nodal solutions which satisfy 261;—6’ < Hu||3 < 26;.

Theorem 5 extends and improves Theorem 2 in [5]. Indeed, if a = A € (=1, 0),
f=1and 7 : G =2 Z/2 is an isomorphism, we obtain at least cat[(2 \ Q7)/G] =
Z/2-cat(Q \ Q7) pairs +u of T-equivariant 2-nodal solutions, instead of just Z/2-
catn (2 \ Q7) of them as asserted in [5]. For example, if  is symmetric and
starshaped with respect to the origin, then Q™ = {0} and Z/2-cat(Q2 \ {0}) = N,
whereas Z/2-catq(Q2 \ {0}) = 1. (See Section 7, Definition 4, for the definition of
Z./2-cat).
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2.3. Symmetry breaking properties of the solutions. The following result

restricts the symmetries of the solutions provided by Theorem 3.

Theorem 6. Let N > 4 and assume that (a1), (az), (f1), (f2) and (A}) hold. Let

T be a closed subgroup of O(N) which contains T, for which Q, a and f are I-

imwvariant, and the inequality

r

(2.5) min —5 < min # ]\9,672
x€Q f(x)"z  weQ f(z)7 2z

holds. Given 6,8 > 0 there exists ag € (—A1,0) such that, if minga > ag, then

problem (pgf) has at least

catp, (ary/r (M /T)
positive solutions which are not I'-invariant and satisfy 0y = < ||uH§ <ty

A similar result holds for T-equivariant solutions.

2.4. A nonexistence result. We now give some conditions on the domain {2
which guarantee that condition (Al;) holds for f = 1. Let ¢ : SV =1 — [1,2] be a

C*-function on the unit sphere S¥=1 in RY, and let S, := {p(2)z : 2 € SN~}
For k > 0 consider the annular domain
Ay ={z+tn,:z€8,, 0<t<k},

where n, is the outward unit normal to S, at z. Using a result of Ben Ayed, El
Mehdi y Hammami [2] we shall prove the following.

Theorem 7. For every I'-invariant C*-function ¢ : SN =1 — [1,2], N > 4, there
exists k > 0 with the following property: If Q C A, . and
2.6 in#l'x = mi Iz,
(2.6) inenﬁl#x Iin #Lz
then problem

—“Au=u *u inQ

(@g) u=0 on 0N)
u(yx) = u(z) Vee, yel

does not have a nontrivial solution u which satisfies ||u|® < (min, g #T'z) Sz,

3. THE VARIATIONAL PROBLEM

Let 7 : G — Z/2 be a homomorphism on a closed subgroup G of O(N), and let
I" := ker 7. Consider the problem

—Au+ a(z)u = f(x) |u|2*72 u in Q
(f@g,f) u=20 on 0N
u(gz) = 7(g)u(x) Ve, ge G

where (2 is a G-invariant bounded smooth domain in RV, and a, f : RY — R are
G-invariant continuous functions which satisfy (aq) and (f1).

If 7 = 1 is the trivial homomorphism then problems (e ;) and (g} ;) are the
same. If 7 is an epimorphism, then a solution of (7 ) is a solution of (pg ) with
the additional property that u(gx) = —u(x) for all z € Q, g € 771(—1). Thus,
every nontrivial solution of (] ;) is a sign changing solution of (pg ;) in this case.
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7 induces an action of G on HE(Q) as follows:

(3.1) (gu)(z) = 7(g)ulg~").
The fixed point space of this action,
HY Q)™ ={ue€ H}Q) :gu=u VYge G}
= {u € Hg(Q) : u(gz) = 7(g9)u(z) Vg€ G, = € Q},
is the space of T-equivariant functions. The fixed point space of the restriction of
this action to I' is the space
HI () :={u € H}(Q) : u(gz) =u(z) YgeT, =€}

of I-invariant functions. Note that HI(Q)™ C HE (). But, whereas H(Q)!
is always infinite dimensional, H}(Q)7 might be trivial. For example, if Q is a
ball or an annulus and 7 : O(N) — Z/2 is the determinant map, then kerr =
SO(N), H(Q)5°W) is the space of radial functions, and H}(Q)™ = {0}. As in
the Introduction (2.2) we set

= [ (Vo +a@p). ulfy = [ @l

Properties (a1) and (f1) guarantee that [[ul|, and |u[; ,. are equivalent to the usual

norms,
2 2 2% 2%
|ww=/wm, wy:/m|,
Q Q

of H}(Q) and L?" (Q) respectively. They are G-invariant with respect to the action
defined in (3.1). Therefore, the functional

1 1, o

2
Ba () i= 5 lull2 = 5 uf}-

is G-invariant and, by the principle of symmetric criticality [16], the critical points
of its restriction to H} ()7 are the solutions of problem (97, )- The nontrivial ones
lie on the Nehari manifold

Njpi=fue HYQ a0, uf? = fuly}

a

which is of class C? and radially diffeomorphic to the unit sphere in Hg (£2)™. Hence,

the nontrivial solutions of problem (o f) are precisely the critical points of the

restriction of E, § to the Nehari manifold NV, .- The radial projection is given by
N-2

(3:2) T s HY Q)T {0} = NIy, g (u) = ( lullg >

2*
|U|f,2*

Note that

w|Z

1 ull?
&Ammm:NQ$m> Vu € HY(Q)T ~ {0},
fi2*

Set N ;== N7 ;N Hy ()", and define
't (a, f) = Alfr;ff Eag,  w(a f):= j{/nff Eq.

It is easy to see that u”(a, f) > p!(a, f) > 0. Following Benci and Cerami [3] one
proves the following.
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Proposition 1. If u € ./\/ar’f is a critical point of Eq  such that Eq f(u) <
2% (a, f), then u >0 or u < 0.

Proof. Since u € J\/gjf is a critical point of E, y we have that
0= B, syt = [ (Vava® +afe)unt — ol = w) = ]} - ],
Q

where u™ = max{u,0} and v~ = min{u, 0}. Therefore, if ut # 0 and v~ # 0, then
u® e NT s and, consequently,

Bap(u) = By (ub) + Eq p(u”) 2 24" (a, ).
This is a contradiction. We conclude that, either u™ = 0 or u~ = 0. (]

Recall the definition of a (T",2)-nodal function given in the Introduction (Defin-
ition 1). The following holds.

Proposition 2. Let 7 : G — Z/2 be an epimorphism. If u € ./\/aT,f is a critical
point of E, ¢ such that Eq f(u) < 2u7 (a, f) then u is (I, 2)-nodal.

Proof. Assume there are two disjoint open I'-invariant sets U; and Uy such that
{z € Q:u(z) >0} = Uy UU,. Fix g € G such that 7(¢g) = —1, and set

‘ ] ou(z) if xeU;Ugl;)
ui() _{ 0 otherwise.

Then u; € H} ()7, i = 1,2. Since u is a critical point of E, f, we have
/ 2" -2 2 2"
0= FE, ;(u)u; = / <VuVui + a(z)uu; — |ul uuz) = ||| — |ui|f,2* )

Q
Therefore, if Uy # () and Us # (), then uy,ug € NaT,f and

Eqp(u) = Eq f(u1) + Eq,f(u2) > 247 (a, f),

contradicting our assumption. We conclude that {z € Q : u(z) > 0} and {z € Q:
u(z) < 0} are I'-connected. O

As usual, we denote by A; be the first Dirichlet eigenvalue of —A in €.
Lemma 1. For every —\1 < ap < min{0, a(z) : & € Q} the following holds:

A1
A1 +ag

N

>2 Eaj(u)  Vue HY(Q) ~ {0}

Eo, g (10,7 (u)) < (

In particular,

w|2

W< (20) W)

Proof. Let u € HE(Q). Since —\; < ap < min{0, a(z) : z € O}, we have that

A+a
full = [09ul + ) 2 (25520

Therefore, if u # 0,

(™ NI
u 1

E <

05 (To.s (W) = 5 (Iul%) - (Al +a0> N

[§]
—
>
::
T
S
N——
[
N
>
>
+ ¥
)
o
N——
N
~
—~
S
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as claimed. 0

We write G, := {g € G : gy = y} for the isotropy subgroup of y. Recall that
the G-orbit Gy is G-homeomorphic to the homogeneous space G/Gy. Let M be the
set defined in (2.1) and £} be the number defined in (2.3). We have the following
estimates.

Lemma 2. (a) If QN M # 0, then u'' (0, f) < %81;
(b) If there exists y € QN M with Ty # Gy, then u" (0, f) < %E?

Proof. Tf él; = oo there is nothing to prove. So assume E? <ooandletye QN M.
If 7 is an epimorphism, we also assume that I'y # Gy. Let s > 0 be such that
ly — gy| > 2s for every g € G with y # gy, and set fs := min{f(x) : dist(z, Gy) <
s}. Fix —A1 < A < 0 and let uy s be a positive least energy solution to the problem

—Au+ Ay = \u|2*_2u in B;(0), u=0 on 9B;(0),

where B(0) := {x € RY : |z| < s}, which Brezis and Nirenberg showed to exist
[4]. Define

up(x) := Z fszj‘NT(g)UA,s(x - 9y).

l9]eG/G,

Our assumptions on y guarantee that uy is well defined. Since supp(uy) C {z €
RY : dist(z, Gy) < s}, one has that

2 2* 2*
llually = lux fo2r = ‘U/\‘f,z* :

Therefore, using the previous lemma, we obtain

w|Z

I
A/~ =
>_>f>/
+|2
>
N N
w|2
/N -~
I
I Q
NN
N———
=
=
>
&
S

Letting s — 0 yields

N N
A1 2 #Gy L ony2 ( A1 )2 #(G/T) r
g 0, < N_2 95 = 14 s
Wi f)<>\1+/\) (f(y)2 )N A+ A N
and letting A — 0 we obtain p" (0, f) < #(?V/F)Zl;, as claimed. O

4. ESTIMATES FOR p!(a, f) AND u7(a, f)

We assume throughout this section that (a1),(a2), (f1),(f2) hold. We also as-
sume that 2 has a finite orbit. Hence, all I'-orbits in M are finite, where M is the
set defined in (2.1).



SYMMETRIC SOLUTIONS OF ELLIPTIC PROBLEMS WITH CRITICAL NONLINEARITY 9

For € > 0, y € RY, consider the Aubin-Talenti instantons [1, 21]

N-—-2

(4.1) U.,(z) = an <€2> , an:=[N(N —2)] N

e2 + |z —yl

They are the positive solutions to the limit problem
(poo) —Au = |u|2*72 u, u€ DL2(RY)

and satisfy [,n |VU€,y|2 = SN2 = Jan |U5,y|2*. Assumption (a3) allows us to
choose s > 0 such that

(4.2) max a < 0,
B, (M)

where By(M) := {y € RY : dist(y, M) < s}, as defined in (2.4). For such an s we
consider

M7 :={ye M: dist(y, 00) > s},

Ivy Y|
pL = inf{r, 1 ry €M, yel, vy #y},

where r > 0 is the constant appearing in assumption (f2). Since we are assuming
all orbits in M to be finite, our definition of M yields that p. > 0. Fix 0 < p < pf
and a radially symmetric cut-off function ¢ € C*°(R¥ [0, 1]) such that ¢(z) = 1 if
2| <1 and ¢(z) =0if [z] > 2. For z € RV, set ¢.(z) := ¢ (p~ (z — 2)).

For each y € M and € > 0, consider the multibump function

(4.3) Z fly = ‘va( 2)Ue ry ().
[V]ET/Ty

Note that w! , is T-invariant and supp(w! ) C Q. Thus, wl, € Hg(Q)". Let 61]; be
the number defined in (2.3).

Lemma 3. Fory € M, and € > 0 small enough, the function wgy satisfies
(4.4) [l ||* = €5 + 0=V 2),
(4.5) ’wg,y’fg* = E? +0(EM),
2 N-2 -
L \2 —ce? + 0(eV72), if N > 5,
<
(4.6) ‘/Qa(m) (wg,y) > { g2 |ln€| + 0(62) if N = 4,

for some positive constant c.

Proof. Estimates (4.4) and (4.6) follow immediately from the well known Brezis-
Nirenberg estimates [4] using (4.2). We prove (4.5). Let y € M, and ¢ > 0.
Then,

#Fy [z |<p ol
|ws,y’f,2* = / y Ey

_ #Fy </Usy| /f soy— )|U5y| >

#Tx f@)er = f(y)
= mlniN SZ s—dzr | .
<zen ()5 )( e /f(y)(€2+lwy| ) )
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Assumption (f2) yields

f@)ey ~ ) v—2N —2N
d d d .
/f(y)(€2+|my|2)N xéc/ﬂ@ || x+c/w|>p || T < 00

This finishes the proof. O

As before, let 7, ¢ denote the radial projection onto the Nehari manifold (3.2).

Proposition 3. Given s > 0 such that maxp_(rr)ya < 0, there exists €5 > 0 with
the property that, for each € € (0,e5), there exists 0. which satisfies

1
Ea,f(ﬂa,f(wgy)) <0, < Nf?
for every y € M. Hence, if M7 # 0, then u'(a, f) < %El;
Proof. Estimates (4.4) and (4.5) in Lemma 3 imply that there are constants ¢y, ca >
0 such that

N
2 2
L Hlweyll,
B f(ma,f(wz,)) = N Fiyg
iwe,y}f 2
N
1 2
2 _ 2
< N (£§)N JFClEN 24 CQ/Q(x) (wgy) =: 0.,
Q
for all y € M, and € small enough. Estimate (4.6) yields
eV % 4 ¢y /a(w) (wgy)2 <0
Q
for all y € M and € small enough. Hence,
1
/’LF(av f) S Ea,f(ﬂ-a,f(wg’y)) S 95 < NKF’
as claimed. g

Let 7 : G — 7Z/2 be an epimorphism with I' = kerr, and assume that €,
a and f are G-invariant. We shall now obtain some estimates for u”(a, f). Set
O :={y € Q:Ty =Gy} and define

M7 ={y € M :dist(y, 00U Q") > s},
roloy—ul

poi=inflpy, ==y e M, g€ G, gy #y},
with s and p. as before. Then p7 > 0, and we may choose p in the definition (4.3)
of wgyy to satisfy 0 < p < pI. Let g, € G be such that 7(g,) = —1. For each
y € M, €>0, we define
Wy =Wl — Wy,

Since wsry depends only on I'y and not on y itself, w , does not depend on our

choice of g,. Moreover, our choice of p guarantees that the supports of wg,y and
w! ,_, have disjoint interiors. Hence, w7, € Hj(Q)™ ~ {0} and

+ r - r
(4.7) (wl,)" =we,, (wly) =—we gy
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An immediate consequence of Proposition 3 is the following.

Corollary 1. Given s > 0 such that maxp_ (rr)a < 0, there exists €5 > 0 such that,
for each € € (0,¢e5), there exists 0. which satisfies

. 2
Ea,f(ﬂayf(ws,y)) S 296 < Nér‘a

for every y € M. Hence, if M_, # 0, then " (a, f) < %él;

Proof. It follows from (4.7) that ngsz =2 Hw};sz and |w;y{§2 =2 |w£y|i2* .
Hence,

B f(7a s (wl,)) = 2B f(Ta,f (wr,,))
and our claim follows with 6. as in Proposition 3. O

For every s > 0 such that maxp_ (3 a < 0, and every € > 0, we have maps

(4.8) o
(4.9) a

: MS_/F - N;fv aE(Fy) = ﬂ—a,f(wg,y)v
t ML /T — NGy, af(Py) = ma,r(wl,),

r
s

T
s

defined on the I'-orbit spaces
M;/T={Ty:yeM;}, M /T ={Ty:yeM}

of Mg and M respectively.

If 7: G — Z/2 is an epimorphism, then G/T" 2 Z/2. The action of G on R¥
induces an action of G/T on its I-orbit space RY /I in the obvious way. The fixed
point set of this action is the set {y € RY : T'y = Gy}/T. Since M, does not
intersect this set, we have that G/T" = Z/2 acts freely on M /T'. The map af is
7/2-equivariant, that is,

(4.10) a;(T(gy)) = (9)a;(Ty),  Vye M., geq.

5. A COMPACTNESS RESULT

Let 7 : G — Z/2 be a homomorphism with I' = ker 7. Assume that 2, a and
f are G-invariant and that (a;) and (f;) hold. A sequence (u,) in Hg () which
satisfies

Uy, € Hol(Q)T, E, r(un) —c, VE, ;(u,) — 0.

will be called a T-equivariant PS-sequence for E,y at c. If 7 = 1 we shall call
it a I'-invariant PS-sequence. And we shall say that E, ; satisfies (P.S)7 if every
T-equivariant PS-sequence for F, ¢ at c has a convergent subsequence. If 7 =1 we
say that it satisfies (P.S)L.

A complete description of all PS-sequences for Ey ; was given by Struwe [19,
20]. T-invariant PS-sequences have been described in [7]. We now describe the
T-equivariant ones. Let

1 1 .
Ew : DY*(RYN) =R, Eo(u)= 7/ Vul? - 7/ ful®
2 RN 2 RN

be the energy functional for problem (pu,). The following holds.
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Theorem 8. Let (uy,) be a T-equivariant PS-sequence for E, s at c. Then, up to
a subsequence, there exists a solution u of problem (pg’f), and, for some integer
m > 0, there exist m closed subgroups G1, ..., Gy, of finite index in G, m sequences
(Y1.n)s s WYm,n) in Q, m sequences (€1,n),...; (Em,n) i (0,00), and m nontrivial
solutions Uy, ..., Uy, of the limit problem (poo), with the following properties:

(i) Gy, ,, = Gi foralln>1, and y;, — y; asn — oo, for eachi=1,...,m,

(i) ; 1d15t(yi,n,8Q) — 00 and E;}L |9Yin — §'Yin] — 00 as n — oo for all [g] #
[q'] € G/GZ7 i=1,.

(iii) u;(gz) *T(g) ( ) for alze RN, g€ G,i=1,..,m,
2-N L ,
(i) |Jun —u— Z Yo fw) T e T(@)iilg e (- —gyin))l| = 0 in DY (RY)
g1eG/G;
as n — oo,
(v) Eq f(u +Z<#<G;/NG ) (@) = c.
(i) 2

The proof is completely analogous to the one given in [7] for 7 = 1. Here we shall
only need the following consequence of this theorem. Recall the definitions of M and
£ given in (2.1) and (2.3), and let U be the instanton U(z) = an (1 + |z|)@=M)/2,

Corollary 2. Let (u,) be a T-equivariant PS-sequence for E, ; at c¢. For some
subsequence of (u,) the following holds:
(a) If ¢ < w&; then (uy) converges in H}(Q)7.
(b) If c = W@ then, either (uy) converges in H} ()7, or there exist sequences
(yn) in Q and () in (0,00), and a point yo € M, with the following properties:
(b.1) yn, — yo asn — o0, and G, =Ty, =T, foralln>1,
(v-2) ey dist(yn, 0 — 00, it lgyn —g'yn| — 00 if (9] # (9] € G/Ty,,
(6:8) lfun— Y flyo) = 7(g)en® e (- — gyn))l| — 0, with &= +U.
[9]€G /Ty,

Proof. Assume that no subsequence of (u,) converges and that

(5.1) c< #(G/F)%é?

Then Theorem 8 implies that there exist a closed subgroup Gy of finite order in G,
sequences (y,,) in 2 and (&) in (0,00), and a nontrivial solution @ of problem ()
such that y, — yo in Q, G, = Go, &, dist(yn, ) — 00, €, |gyn — ¢'yn| —
if [g9] #1[9'] € G/Go, uis T |g,-equivariant, and
(5.2) c> %Em(a).

f(yo) ™=
If 7 |g,: Go — Z/2 is an epimorphism then @ is sign changing. Since @ # 0, this
implies that E(4) > 25V/2, and (5.2) yields

ex T p @2 TR p@ > 2
f(yo) 2 f(yo) ™2 N
contradicting (5.1). Consequently, Go = G, C I. It follows from (5.2) that
#L'yn ~ #L'yo T N2 1 r
c = #(G/T) (m) Eo(u) > #(G/T) <N—2> < SN2 > #(GT) L
fyo) = flyo)= ) N N
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Assumption (5.1) implies that yo € M, Ty, =Ty, = Go, and E(u) =
Replacing the sequence (e,,) by a positive multlple of it, if necessary, propert,
of Theorem 8 gives

= Y ) T r(@)en® ey (- gy)) + o(1)
[9]€G/Go
with & = +U, as claimed. a

Corollary 2(a) implies, in particular, that u™(a, f) is achieved if p"(a, f) <

Wﬂ;. This was proved by P.L. Lions [15] for 7 = 1, and by Hebey and Vaugon

[13] when 7 is an epimorphism. We use this fact to prove Theorems 2 and 4.

Proof of Theorem 2. Proposition 3 gives u!'(a, f) < %E? Hence there exists

u € Nrf with E, s(u) = pl(a, f). Proposition 1 asserts that either u > 0 or
—u > 0. [l

Proof of Theorem 4. Since Gz # T’z for some x € QN M, the set M # () for
s > 0 small enough. Corollary 1 gives u"(a, f) < %K? Hence there exists u € N ;
with E, (u) = u"(a, f). Proposition 2 asserts that u is (I', 2)-nodal. O

6. A LOCAL BARYORBIT MAP

Throughout this section we shall assume that condition (Al;) holds.

For every y € RY, v € T, the isotropy subgroups satisfy I, =~Lyy*. There-
fore, the set of isotropy subgroups of a I'-invariant subset consists of complete
conjugacy classes. We choose subgroups I';,...,I'y, of ', one in each conjugacy
class of an isotropy subgroup of M. Set

Mr, ={yeM: T, =T}

Then M is the union of closed disjoint subsets M = I'Mp, UI'Mp, U---UT'Mp, ,
where TMr, :={yy:v €T,y € Mr,}, and f is constant on each T'Mr,.
To simplify notation we write

Vie RN = {z e RY 1 y2 = 2 Vy € I}

for the subspace of I';-fixed points of RV . Fix ¢y > 0 such that
(6.1) ly =yl 200 ifyy#ye M,
(6.2) dist(TMr,, T'My,) 2 8y if i # j € {1,...,m},
and such that the isotropy subgroup of each point in (Mr,)s, = {z € V' :
dist(z, Mr,) < do} is precisely I';. Define

=y £ U, it 2e (Mp)s,

[gl€eT/T;

where Ue, is the instanton (4.1) and f; := f(I'Mr,) € R. Finally, for each ¢ €
(0,60), set (Mp,)s :={z € V*: dist(z, My,) <}, Ms := (Mr,)sU---U (Mr,,)s,

Os :={EW..:e€(0,8], 2 € Ms}, ©,:=0,.

As usual, we set Ej ;= {u € H{(Q) : Eo f(u) < n}. The following proposition will
be proved in the Appendix.
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Proposition 4. Assume that condition (A?) holds. Let § € (0,dp). There exists
n> %EE with the following properties: For each u € N&jf N Egyf the inequality

. 1 1—‘
25 = W1 < 565

holds, and there exist precisely one v € {—1,1}, one e € (0,00) and one I'-orbit 'z,
z € Ms,, such that

lw =vWe || = inf lu—W].
weo,
Moreover, € € (0,0) and z € Ms.

Fix ¢ € (0, dp) and choose n > %K? as in Proposition 4. Set Bs(M) := {z € RV :
dist(z, M) < d}.

Definition 2. The I'-bariorbit map B' : N({f NEg; — Bs(M)/T s defined as
follows:

def .
BYu) =Tz & |lux W .| = Jmin lu—W|.

This map is continuous and Z/2-invariant, that is, %' (u) = B (—u).

If T" is the kernel of an epimorphism 7 : G — Z/2 and u € N{j;, then u" (gz) =
—u~(x) for every g € 77 (—1). Hence [[u™|| = [[u™ ||, [ut|} 5o = [u" [} 4, v u” €
NG, and Eq g(u) = 2Eg f(u®). The following holds.

- - 2
Lemma 4. §"(ut) # ' (u™) for every u € N ; N Eg".
Proof. For every g € 77'(—1) and u € N ;, one has that

ot — oW = i (o W = ™ 4 W] = i [~ W]

that is, 8 (ut) = 'z if and only if ¥ (u~) = I'(g2) for each g € 771(—1). Assume
that B (ut) = BV (u™). Then W, 4. = W. .. By Proposition 4, we have that

ful| = |lut —vWe +u™ +vWe || < |Jut —vWe || + [Ju™ +vWe ||

= min ||u+ — W|| + min Hu7 — WH < (%1;)1/2.
Weo. Weo.

Since (Al;) holds, Eq f(u®) > %E? Hence,
2 T + - 1 2 2 r
88 < Bop(wh) + Bop(u”) = Bos(w) = 1 ul* < 245,
This is a contradiction. We conclude that 8% (u™) # g5 (u™). O
Set Bs(M)T :={z € Bs(M): Gz =Tz}.
Definition 3. The T-bariorbit map is defined as follows:
BT i NG NES" — (Bs(M) \ Bs(M)7) /T, B7(u) := BT (uh).

The previous lemma asserts that this map is well defined. It is also continuous
and Z/2-equivariant, that is,

B7(u) =Tz <= B7(~u) =T(gz) for any g € 7 1(-1).
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7. MULTIPLICITY OF SOLUTIONS

We start by recalling the notion of equivariant Lusternik-Schnirelmann category.
An involution on a topological space X is a map ox : X — X such that px o px =
idx. Providing X with an involution amounts to defining an action of Z/2 on X.
We shall consider the trivial action given by the identity pox = idx, the action
of G/T' = 7Z/2 on the orbit space R /T where G € O(N) and T is the kernel of
an epimorphism 7 : G — Z/2, and the antipodal action g(u) = —u on ./\/aT)f. A
map f : X — Y is called Z/2-equivariant (or a Z/2-map) if oy o f = f o ox,
and two Z/2-maps fo, f1 : X — Y are said to be Z/2-homotopic if there exists
a homotopy © : X x [0,1] — Y such that ©(z,0) = f(z), O(z,1) = fi(z) and
O(oxx,t) = oy O(z,t) for every x € X, t € [0,1]. A subset A of X is Z/2-invariant
if pxa € A for every a € A.

Definition 4. The Z/2-category of a Z/2-map f : X — Y is the smallest inte-
ger k =: Z/2-cat(f) for which there exists a cover of X by k open Z/2-invariant
subsets X1, ..., Xy such that the restriction f |x,: X; — Y is Z/2-homotopic to the
composition k; o a; of a Z/2-map «; : X; — {yi, 0vvi}, vi €Y, and the inclusion
kit {yi, 0vyi} — Y. If no such covering exists, we define Z/2-cat(f) := oo.

If Ais a Z/2-invariant subset of X and ¢ : A — X is the inclusion, we write
Z)2-catx (A) :==Z/2-cat(r) and  Z/2-cal(X) :=Z/2-catx(X).
Note that, if px = idx then
Z]2-catx (A) =: catx(A),  Z/2-cat(X) := cat(X)
is the usual Lusternik-Schnirelmann category [22, Definicién 5.4].
Lemma 5. a) For any Z/2-maps f : X - Y and h: Y — Z one has
Z/2-cat(h o f) < min{Z/2-cat(f),Z/2-cat(h)}.

In particular, Z/2-cat(f) < Z/2-cat(Y).
b) If fo, f1: X — Y are Z/2-homotopic, then Z/2-cat(fo) = Z/2-cat(f1).

The proof is straightforward, cf. [8, 2.2].

Proof of Theorem 5. Corollary 2 asserts that F, ; satisfies (PS)j for every

0 < %61; Thus, by Lusternik-Schnirelmann theory, F, s has at least Z/2-cat(N] ;N
Eg,f) pairs Fu of critical points in /\/:;f N Eif (cf., for example, [8]). We now es-
timate this category for an appropriate choice of 6.

Without loss of generality we assume that § € (0, §p) and that it satisfies maxp;(ar) a <
0. We choose n > %61; as in Proposition 4. We also assume that §' < 26?. Let

ap € (—A1,0) be given by

w|2

(7.1) (Alﬁa[)) = min {2, Nn/0}, 205 /(205 — &)} .

If ming a > ag then, for every 0 < %E?, Lema 1 yields
N

Eo,f(mo,5(u)) < A gE (u) < M TZrcon v € NI NE?
T u a, flU > u 5
0.7, /) =\ X ¥ ag f Mta) NS a.fl Ha,f
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where mo f : N7 ; N EJ ; — Nj; is the restriction of the radial projection (3.2).
Consequently, we may compose it with the 7-bariorbit map g7 : 0.5 N Eg'} —
(Bs(M) ~ Bs(M)7)/T" of Definition 3 to obtain a Z/2-map

BT omop: NI NES ; — (Bs(M) ~ Bs(M)7)/T.

By Corollary 1 we may choose € > 0 small enough and 6 := 20, < %6? with the
property that Eq ¢(mq,r(w?,)) < 0 for every y € M_;. Therefore, the map

aj MT_’é/F — Ny N Eg,f? o (Ty) := 7,5 (Wl ,),

is well defined and it is Z/2-equivariant, cf. (4.10). Moreover, (7 (mo,f(af(Ty))) =
I'y for every y € M ;. Hence Lemma 5 yields

Z)2-cat(Ny s NV Eq ) > Z[2-cat ;) Bs(an)7) (M 5/T).-
Since the action of G/T' = Z/2 on (Bs(M) ~\ Bs(M)7)/I is free, one has that
Z[2-cat(ps ()~ Bs(m)my o (M 5/T) = cat(ps ()~ Bs(a)mya (M 5/ G).
We conclude that problem (g}, /) has at least
cat(ps ()~ Bs () /G (M7 5/ G)

pairs +u of T-equivariant solutions which satisfy E, ¢(u) < 0. Now, Lemma 1 and
(7.1) yield

Y
o< 2i-wons () Wan <wiar)

Thus, Proposition 2 asserts that these solutions are (I, 2)-nodal. They also yield

N
Loor o AMtag)? 2 p 12
_ _ < — < u7 < = — .

This concludes the proof. O

Proof of Theorem 3. The proof of Theorem 3 is completely analogous to that
of Theorem 5. One uses the I'-barycenter map 3" of Definition 2 instead of 37, and
the map ol defined in (4.8) instead of a7. O

Proof of Theorem 6. Theorem 3 asserts the existence of a; € (—\1,0)
such that problem (pan) has at least catp(ar)/r(My /T) positive solutions u with
=0 < ||u||(2l < /{y if minga > a.
Obs~erve that %E? < uf(O, f)- Indeed, if uf(07f) is not achieved, then MF(O,f) =
vl
Noy C Ny satisfies Eg p(u) = p(0, f), then assumption (A}) implies that
©h(0, f) > L5
Let as € (—A1,0) be given by

<>\1 + a9

A1

and assumption (2.5) guarantees that E? < E;. On the other hand, if u €

N
2

) WE0.5) = 0],
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Lemma 1 asserts that uf(a, f) > %é? if ming @ > as. Set ag := max{ai, as}. Then,
since u!' (a, f) is the smallest energy of a [-invariant solution, the solutions provided
by Theorem 3 are not I'-invariant if minga > ao. ([l

Proof of Theorem 1. (a) Lazzo’s theorem [14] (or Theorem 3 with I' = {1})
yields cat(€2) positive solutions of (py) for A close to 0. If I' = Z/2 then QN M =
{0}, and Theorem 2 yields at least one positive even solution for A € (—Ay,0).
Let 7 : Z/2 — 7/2 be the identity homomorphism. Then I' = {1}, M = Q,
M_s={y¢€ Q : dist(y, 002 U {0}) > §}, and Bs(M) ~ Bs(M)™ = Bs(Q) ~ {0}.
So, for ¢ small enough, the inclusions M5 — Q \ {0} — B; (Q) ~ {0} are Z/2-
homotopy equivalences. Theorem 5 yields at least Z/2-cat(2 ~ {0}) pairs of odd
2-nodal solutions for A close to 0. Since 2 contains a small sphere centered at the
origin, one has that Z/2-cat(2 ~ {0}) > N.

(b) For X close to 0 Theorem 6, with I' = {1}, I' = Z/2, and § small enough,
yields at least cat(€2) positive solutions which are not even. If I' = Z/2 then
M = Q, and Theorem 2 yields at least one positive even solution for A € (—\y,0).
Let 7 : Z/2 — Z/2 be the identity homomorphism. Then Theorem 5 yields at
least Z/2-cat(2) pairs of odd 2-nodal solutions for A close to 0. Finally observe
that, since ) is symmetric with respect to the origin and 0 ¢ 2, one has that
cat(f2) > 2. And since, in addition, {2 admits an odd map S¥~! — Q, one has that
Z)2-cat(2) > k. O

8. A NONEXISTENCE RESULT

Let ¢ : SV~ — [1,2] be a I-invariant C*°-function and let S, := {p(2)z : z €
SN=11. For k > 0 set Ao ={z+1tn, : 2 € S,, 0 <t < Kk}, where n, is the
outward unit normal to S, at z. Ben Ayed, El Mehdi and Hammami [2] showed
that, for every C' > 0 and all ¥ > 0 small enough, problem

(8.1) —Au = |u|2*72 u in Ay, w=0 ondA,,

has no positive solution with [|u]*> < C. We use this result to prove Theorem 7.

Proof of Theorem 7. For C' := (min, g #Tz)SN/2 let x > 0 be such that
problem (8.1) has no positive solution with [|u* < C. Set

NT@) = fue HY@) ru o, ul’ =il pT@= jaf Eo.

Let 2 C A, . and assume, by contradiction, that Ey; has a nontrivial critical point
u e NT(Q) with ||lul|> < C. Using property (2.6) we obtain

1 1 .
(8:2) i (Ap) <01 (Q) < Boa(u) < 5O = S ( min #Ta)SN2.
xre @0,k

Proposition 1 and our choice of x imply that uF(A%K) is not achieved. Hence,
Corollary 2 asserts that equalities in (8.2) most hold, in particular, Ey1(u) =
pr(Ay ). This is a contradiction. O

Finally, we apply this result to the Brezis-Nirenberg problem (p) ).
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Theorem 9. Let ¢ : S¥~1 — [1,2] be an even C®-function, N > 4. Then there
exists k > 0 with the following property: If Q C Ay, . is symmetric with respect
to the origen and admits an odd map SF=1 — Q, then there exists \* € (—\1,0)
such that, for every A\ € (A\*,0), problem (px) has at least cat(2) > 2 positive
solutions which are not even functions, 7Z/2-cat(Q2) > k even positive solutions,
and 7Z/2-cat(Q) > k pairs u of odd 2-nodal solutions.

Proof. Let T' = 7Z/2. Since min g #I't = min,cgv-1 #I'z = 2, Theorem 7 asserts
that (A]) holds. If § is small enough, Theorem 3 yields at least cat g, (ar),r (M, /T) =
cat(Q2/T) = Z/2-cat(2) even positive solutions, for A close enough to 0. Since 0 & 2
and  admits an odd map S¥~1 — Q, one has that Z/2-cat(Q2) > k. The other so-
lutions are given by Theorem 1. O

APPENDIX A. THE PROOF OF PROPOSITION 4

We split the proof of this proposition into three lemmas.

Lemma 6. (a) |W..||* — ¢} as — 0.
(b) |We,» + WE/J/H2 > 2@ for all z, 2/ € Ms,, €,&' > 0.
(c¢) Ife), — 0 and either e, > 6 > 0 ordist(I'z,,T'z},) > 6, then ||W.
on(1) > 2%, where 0,(1) — 0 as n — oo.
(d) If HWan,zn - WE’,L,z
(enel)~tdist(T'z,,T2),)? — 0.

N-—2

Proof. Observe that U, . = e~ "2 U(*2%) with U(z) = an (1 + |2>)2-N)/2, Since
U is a solution of (p) one has that

(A1) (Us., U ) = (€)% /RN vu(t ; “ywu

2

_We +

!’ /
nsZn o

— 0 and g, — 0, then |e,(e,) ! — 1‘ — 0 and

= [ VUG-

(55) /N U(y)z*_15 U(Sy - ZI_,Z)dy

e ¢ €
. N-2_ € 2=z
/ T UG- Sy
U Ua re—1 (2! 7z)£—1>
So, for z; € (Mr,)s,, 22 € (ij)(;o, we obtain

<W€,Z7WE’,Z’> = Z Z f:ZN

[v]ler/r; [y']er/r;
2-N 2-N
(A.2) = Y D> T (UUaer (o —mye )
[v]ler/T; [v']er/Ty
In particular, (WE 2y Wer o) > 0 and
(A3) ||W7 Z f 2 ”U” + Z f 2 U Ul,(ﬂ/’zf'yz)efl> Z E;
[v]eT/T [v1#l]

Hence |[W.. + W ||? = [Weall® + |Wer o ||? 4+ 2 (We o, We i) > 205 as asserted
in (b). The equality in (A.3), together with (6.1), yields (a).

2-N
fj T Ueyz, Uer )
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If either €, > 6 > 0 and ¢}, — 0, or €, — 0 and dist(T'z,,I'z},) > 4, the identity
(A.2) yields (W, ., Wer . ) — 0. Since

n“n

[Weow = Wer o | 42 (We, o Wey ) = [We >,

I+ | Wey,

m

ni&n nis&n

we obtain (c).
2

If max{e,, e, } We, 2z, = Wer ||} — 0 then, applying (a) to HWsnzn - War or
2

Wz I+ [ Wer o |7 = 2( W, 20 We 21 ) we get that (We, o, Woy o) — £

It follows from (A.2) that ¢ = j, dist(I'z,,, '2},) = |2, — v2,,| for some [y] € T'/T;,

<U7 UE’T,,Eﬁl,('yz;lfzn)5;1> - SN/27 and <U7 Ue’nefll,('y’z;lfzn)6;1> — 0if [7/] 7é [’Y]

Hence, €/,e,;1 — 1 and (yz), — 2,)e,,;* — 0. This proves (d). O

Lemma 7. Given § € (0,d0), p € (0, (El;)l/Q) and R > 0, there exists n > %E?
such that, for every u € /\/'(}jf NEg 4, the following holds:

(i) infweo, |lu—W| < p and this infimum is achieved.

(ii) If Wy € O, satisfies ||lu — Wo|| = infwee, ||u — W/||, then Wy € Os.

(iii) If v;We, ., € Os satisfy Hu— l/jWEj’sz = infweo, lu—W]|, j = 1,2, then
21,22 € (Mp,)s for the same i € {1,...,m} and one has that

(A.4) m=vy, |eie;' =1 <R and (e1e2) 'dist(I'z1,T22)> < R.
Proof. (i) Observe that, since (u, U, ;) — 0 as ¢ — 0, there exists g9 € (0, Jp) such
that

u+ Weol” > Jull> > €5 Ve € (0,0], 2 € Ms,.
Since [eg, dg] X My, is compact, we have that infyco, |[u — W| must be achieved
if infyyeo, lu—WJ <p< (E?)I/Z. Assume, by contradiction, there is a sequence
(un) in Ny such that Eo f(u) < 105 4+ + and

. i — > p.
(A5) Jnf = W= p

By Ekeland’s variational principle we may assume that (u, ) is a I-invariant Palais-
Smale sequence. Since condition (AI}) holds, (u,) does not contain a convergent
subsequence. Thus, by Corollary 2, there exists W,, € ©5, with ||u, — W,| — 0
and 0, — 0, contradicting (A.5). Therefore, there exists n > %61]: such that (i)
holds.

(i) Assume there is a sequence (uy,) in N(}?f with Ep s(u) < %E? + L such that
lun, — W] = infweo, ||un — W] for some W) € O, \ Os. Arguing as in (i)
there is also a sequence W,, € O; with ||u, — W,|| — 0 and &, — 0. Since
lun = WE < |Jup — Wyl we obtain that ||W,, — W} || — 0, contradicting asser-
tion (¢) of Lemma 6. Therefore (ii) holds for some 1 > £}

(i4i) Without loss of generality we may assume that R < 1 and that 6 and p are small
enough to ensure that v; = vs, |51551 — 1| < R and (g162) 1dist(21,22)? < R
if |11 Wey 2y — 1aWey 20|l < 2p and 1,2 € (0, ], see Lemma 6(d). For these data
we choose 7 satisfying (i) and (ii). If w € Nj ;N Ef ; and v;W,, ., € O satisfy
|u—v;We, -, || = infwees lu— W, theney, ez € (0,6] and | W, ., — 1aWe, . || <
2p. Therefore, properties (A.4) hold. In particular, dist(I'zy,['29)? < Rejes < 2.
Hence (6.2) guarantees that z1, 22 € (Mr,)s for the same i € {1,...,m}. O
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Lemma 8. There exist § € (0,d0), p € (0, (€§)1/2) and R > 0 such that, if
vsWe., .. € ©5, s = 1,2, satisfy ||u— vsWe, ». || = infwee, [[u—W| < p, 21,22 €
(Mry,)s for the same i € {1,...,m}, |€1€§1 —1| < R, and (e162) 7 |21 — z|° <R,
then €1 = €9 and z1 = 2».

Proof. Consider the function y,, : (0,d9) X (Mr,)s, — R given by

0
2
Xu(€,2) = [lu—Weo||”.

Set ¢ = (,2) and W := W, ., and let h = (hg,h1,....,hq) € R x V' where
d := dim V*. The second derivative of x, is given by

1
5Xu(Q)(h k) = [ DWe(Ih|® = (u— We, DEW() (b h)) -
A straightforward computation shows that

/

(O3Uers s Ol (i) =2 [ Vi) VVialy = 22y,

where Jy := 0, 0j := 0., are the partial derivatives with respect to € and z;,

N — oUu .
Vo(y) == VU(y) - +7U() Vi) = 5-@), j=1..d
Yj
Therefore,
IDWe()n* = Z > (05Ue 2 (Vhy, OUz () hi)
J:k=0[],[v']€T/T;
d
I'/T;
= _2#( /2 ) Z ajkhjhk—l—og(l)
fi? 4.k=0

“2¢; (Ah - h +0.(1)),
where aj; = (V}, Vi), A= (a;i) and 0o.(1) — 0 as ¢ — 0. Similarly,
<u — WC’DCWC )(h,h > < Ju— We|| HDgVVg h,h)”
=& %; (Jlu— Well Ah - b+ 0.(1))

Hence there exist 6 € (0,dp), p > 0 and ¢ > 0 such that

1 ~
Q) (k) = e (A b~ = Wl AR -+ 0.(1)
>ce 2 |h)? if lu—We¢|| < pande <.
Assume that ¢ = (e1,21), (2 = (€2,22) € (0,9) x (Mr,)s are minima of x,, and
that ||u — vsWe_ .|| < p, s = 1,2. Taylor’s formula yields

(A6)  xulG +h) — xulG) = XU (R ) +7(R) > =2 B + ()

Let h:= (s — (1. If h # 0 we obtain from (A.6) that

r(h)
AT 0>c+ .
e S P
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A straightforward computation shows that

h
% —0 as g16; " — 1and (e180) ! |z — 2> — 0.
€1 |h|
Hence there exists R > 0 such that
h
% <c if |51551 — 1} <R and (g182) |21 — 22|2 <R,
1 1Al
contradicting (A.7). We conclude that h = 0, that is, (g1, 21) = (€2, 22) as claimed.

O

Proof of Proposition 4. Let § € (0,40), p € (0, (EIJ:)l/Q) and R > 0 be as in
Lemma 8. We assume that this ¢ is smaller that the given one. For these data let
n > %E? be as in Lemma 7. This n has the desired properties. [
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