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ABSTRACT. We consider the Dirichlet problem Au+ut| u |22 u
=0in Q, u = 0 on O where Q is a bounded smooth domain in RV,
N >4, and 2* = 2N/(N — 2) is the critical Sobolev exponent. We
show that if € is invariant under an orthogonal involution then,
for A > 0 sufficiently small, there is an effect of the equivariant
topology of Q on the number of solutions which change sign exactly
once.

1. INTRODUCTION

Consider the problem

(03) Au+du+ | u]? 2u=0 inQ
ox u=20 on 02

where € is a bounded smooth domain in RY, N > 3, 2* = %, and
A € R We are interested in solutions to this problem which change
sign exactly once, that is, solutions u such that Q\ u~1(0) has exactly
two connected components, u is positive in one of them and negative
in the other.

Let us first recall some well known facts. If A = 0 this problem
does not have a least energy solution, and it does not have a nontrivial
solution if Q is strictly starshaped and A < 0 [10]. In contrast with
this situation Brézis and Nirenberg [2] showed that there is at least one
positive solution of (py) if N > 4 and 0 < A < A;(f2), where A;(f2)
is the first eigenvalue of —A on ) with boundary condition v = 0.
Furthermore, it was shown by Rey [11] for N > 5 and by Lazzo [9] for
N > 4 that there is an effect of the domain topology on the number of
low energy positive solutions of this problem, namely, they showed that
there is a 0 < A < A\ () such that (p,) has at least cat(f2) positive
solutions for all 0 < A < X, where cat((2) is the Lusternik-Schnirelmann
category of €.
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The first result about sign changing solutions is due to Cerami, Soli-
mini and Struwe [5] who showed the existence of a pair of least energy
sign changing solutions if N > 6 and 0 < A < A\;(2). These solutions
change sign exactly once. Similar results were obtained by Zhang [17]
and Tarantello [15].

Some multiplicity results for sign changing solutions are also known.
Cerami, Solimini and Struwe [5] showed the existence of infinitely many
radially symmetric solutions on a ball for N > 7 and 0 < A < A\(2).
For domains with some special kind of symmetries Fortunato and Jan-
nelli [8] showed the existence of solutions with arbitrarily large energy
for N > 4 and A > 0. However, these solutions change sign many times.

Here we shall obtain a multiplicity result for solutions which change
sign exactly once. We shall consider symmetric domains and prove
that, as for positive solutions, there is also an effect of the domain
topology on the number of such solutions. More precisely, we consider
the problem

Au+du+t [u|*2u=0 inQ
(03) u=0 on 052
u(rx) = —u(x) for all z €

where 7 is a nontrivial orthogonal involution, that is, an orthogonal
linear transformation of RY such that 7 # I and 72 = I, I being the
identity of RV, and Q is a bounded smooth domain in RY which is
T-invariant, that is, 7o € Q if x € ). This includes, for example,
domains 2 which are symmetric with respect to the origin (that is,
such that x € Q iff —x € Q), as well as cylindrical or rotationally
invariant domains as those considered by Fortunato and Jannelli. We
shall prove the following.

Theorem 1. If N > 4 then, for every 0 < XA < A\(2), problem (p7)
has at least one pair of solutions which change sign ezxactly once.

Theorem 2. If N > 4 then there is a 0 < X\* < A\{(Q) such that, for
each 0 < XA < X*, problem (p}) has at least T-catq(Q\ Q7) pairs of
solutions which change sign exactly once.

Here Q7 = {x € Q : 7z = x} is the set of fixed points of the involution
7, and 7-cat is the G, -equivariant Lusternik-Schnirelmann category
for the group G, = {I,7}. In many cases the equivariant category
turns out to be larger than the nonequivariant one. For example, for
the unit sphere S¥~" in RY and 7 = —I, 7-cat(SV~!) = N whereas
cat(SN1) = 2. Thus, Theorem 2 provides many solutions for some
domains like the following.
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Corollary 3. Let Q2 be symmetric with respect to the origin and such
that 0 ¢ Q. Assume further that there is an odd map ¢ : S¥=1 — Q.
Then if N > 4 thereis a 0 < \* < \(Q) such that, for each 0 < X\ < A,
problem (p)) has at least N pairs of odd solutions which change sign
ezxactly once.

The solutions provided by Theorems 1 and 2 concentrate at sym-
metric points of the domain as A — 0. We shall show the following to
hold.

Theorem 4. Let N > 4, let (\y) be a sequence of positive numbers
such that A\, — 0. The solutions uy, to the problem (¢ ) provided by
Theorems 1 and 2 satisfy the following: There is a sequence of points
(yx) in Q2 and a sequence of positive real numbers (ey) such that

(i) (ex)~tdist(yg, 0Q) — 00 as k — oo,

(i) yx # Ty for all k €N, and e |yx — Tyx| = o0 as k — oo,

N—-2 N-2

. R . 5
(i) ue = an [(ﬁ) - (gmr) } +ol)
where ay = [N(N — 2)|¥=2/* and o(1) — 0 in D?(RY) as k — oo.

This paper is organized as follows: In Section 2 we describe the
variational setting for problem (p}). In Section 3 we state a global
compactness result for this problem, deduce some consequences of it,
and prove Theorem 1. Section 4 is devoted to the proof of Theorems
2 and 4. Finally, in Section 5 we prove the global compactness result
stated in Section 3 which provides a precise description of all Palais-
Smale sequences for the variational problem associated to (7).

2. THE VARIATIONAL PROBLEM

We assume throughout that 0 < A < A;(€2). We write p = 2* = %’
and denote

2 2
||u||)\:/\Vu| —?  and \u|5:/ lul”.
Q Q

Observe that, since 0 < A < A1(2), ||u]|, is a norm in the Sobolev space
H; () which is equivalent to the usual one.

The (classical) solutions of problem (gp,) are the critical points of
the energy functional

1

E)\(’LL) = 5

1
llly ~ 5 vl
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defined on H{(f2). The nontrivial critical points of Ey lie in the Nehari
manifold

Ny = {ue HyQ) :u#0, DE\(u)u =0}
= {ue Hy(Q):u#0, |lull} = |uf}.

p

This is a manifold of class C' which is radially diffeomorphic to the
unit sphere in Hj(Q) [16, Lemma 4.1].

The involution 7 of € induces an orthogonal involution of H} (1),
which we also denote by 7, as follows: For each u € H} () we define
Tu € Hy(Q) by

(tu)(z) = —u(rz).
The solutions of problem (p3) are the critical points of E) which lie in
the closed linear subspace

HI Q)™ ={ue HiQ):Tu=u}

of H}(Q). Observe that E)(tu)=FE\(u) and that VE,(tu) =7V E\(u).
Thus 7VE)(u) = VE)(u) if Tu = u. Therefore the nontrivial solutions
of (p}) are the critical points of the restriction of Ey to the 7-invariant
Nehari manifold

T={ueN,:tu=u}=N,NHy(Q)".
Let
pa = pa(Q2) = inf By and gy = pi(Q2) = inf B
A A

If A\ =0 then po(Q2) = %S% where S is the best Sobolev constant for
the imbedding of HZ(Q) into L?"(Q). In particular, po is independent
of €2 and, due to the maximum principle, it is not achieved by Ej on
N if Q© # RY. On the other hand, if N > 4 Brézis and Nirenberg [2]
showed that, for 0 < A < A;(2) and any bounded domain €,

1 .~
Q) <po= 552
:U')\( ) Ho N 2,
and that p(Q) is achieved by Ey on N,. Moreover,

1
li =_97.
m = S

Proposition 5. Let N > 4. For every 0 < A < A\(Q) the following
holds

o 2N
QMASMA<.U0:NSQ-

S% is not achieved by Ey on N.

Moreover py = %
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Proof. Let u* = +max{4wu,0}. Observe that, if u = 7u, then
|ut]|3 = |lu~||5 and [t = [u”|). So, if u € N then ut,u™ € N,
and

E,\(U,) = E,\(U+) + E,\(u_) 2 2/,1,)\

This shows that 2u, < u} for every 0 < A < A(Q2). To prove the
second inequality, choose x €  with 72 # x, and r > 0 so that
B,(z) € Q and B,(z) N B.(1z) = (), where B,(§) denotes the open ball
in RV with center ¢ and radius r. For 0 < A < A\{(Q) let uy, be the
positive ground state solution of the problem

(02) Au+du+ |u | 2u=0 in B,(0)
Orr u=0 on 0B,(0)

Then ||“M||i = |uy,[; and, since u,, is radially symmetric,
u=uy,(-—x) —ur, (- —7x) € NY.

Thus,

N

2
/,L; < E,\(U,) = QE)\(U,\,T) < NSE

To show that uf < %S 7 we take a minimizing sequence for problem
(p0,r) consisting of positive functions, that is,

. 1 ~
ue € HY(B0),  Ihwall® = [uel, we =i, Jim Bom) = 5%

Then v, = ug(- — z) — ug(- + ) € N and

2
w < lim Ep(vy) = klggo 2FEy(ug) = NS%

k— 00

To prove the last assertion we argue by contradiction. If u € Nj

were such that Fy(u) = %S% then, since u™,u™ € Ny and Ey(u) =

Eo(u™) + Ey(u™), it would follow that Ey(u™) = Eg(u™) = %S%. But
) % is not achieved by Ey on Nj. Therefore 2s % is not achieved by
E() on N(;r |

Let u be solution of problem (p,). Then it is of class C?. One
says that u changes sign n times if the set {x € Q : u(z) # 0} has
n+ 1 connected components. If u is a solution of problem (p}) then it

changes sign an odd number of times.

Proposition 6. If u is a solution of problem (%) which changes sign
2m — 1 times, then E\(u) > muj.
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Proof. The set {x € Q : u(x) > 0} has m connected components
Aty ey A Let ui(z) = u(zx) if 2 € A; UTA; and u,;(x) = 0 otherwise.
Since u is a critical point of E},

DE; (u)u; = / (VuVu; — Mg — [l ) = [Jus]|2 = Jus? = 0.
Q
Thus, u; € Ny for all i = 1,...,m, and

E)\(U,) = E)\(Ull) +---+ E)\(U,m) 2 m,u;

3. A COMPACTNESS CONDITION
We recall that a sequence (ug) in H}(2) such that
E)\(ug) = ¢, [ DEx(ug)l gy-1(0) = 0,

as k — oo is called a Palais-Smale sequence (PS-sequence for short)
for E), at the level c. Struwe has given a complete description of all PS-
sequences for F [12] [13, Theorem 3.1]. For PS-sequences in Hj ()" a
more precise description may be given as follows.

Theorem 7. Let (uy) be a PS-sequence for Ey such that u, € Hy(Q)".
Then, after replacing (ug) by a subsequence if necessary, there erist
a solution u of problem (p}), two numbers my, my > 0 and, for each
1 <i<m = my+my, asequence (Yir) in 2, a sequence (g;) in
(0,00), and a solution (u;) of the limiting problem
(920) Aut [u|*2u=0 inRY
Boo u(z) =0 as |z| =0
such that
(i) si_,,idist(yi,k,aﬂ) — 00 ask — oo foreachi=1,..,m,
(it) TYir # yix and 61_161 Yik — TYir| = 00 as k — oo for each
1= 1, ey My,
(111) TYig = yir and Tu; =u; fori=my+1,...,m, for all k € N,

(iv)
w3 () ()

Eik Eik

m
£ > arn () o

€ik

where o(1) — 0 in DY2(RY) as k — oo,
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m1 m

(v) Ex(ug) = Ex(u)+2 Y Eo(u)+ >, Eo(u;) ask — oo.

=1 i=mi1+1

The proof goes along the lines of [3, Theorem 1]. We postpone it to
Section 5. Now we point out some consequences which are relevant to
our purposes.

We say that F satisfies the 7-Palais-Smale condition (PS)? at the
level ¢ if every sequence (uy) such that

up € Hy(Q),  E\(ux) — ¢ and | DEx(ug)]| -1y = 0 as k — oo

has a convergent subsequence. An immediate consequence of Theorem
7 is the following.
Corollary 8. E, satisfies (PS)T at every c < %S%.
Proof. If % is a nontrivial solution of problem (ps) then Eq(u) >
L8% . If, furthermore, 70 = @ then Eo(u) > 25%. So, if (uy) is a PS-
sequence at the level ¢ such that u, € H}(2)7, both numbers m; and
msy provided by Theorem 7 must be cero. Hence, up to a subsequence,
U — u. N

Recall that, up to sign, the nontrivial least energy solutions of the
limiting problem (p.,) are the instantons

N-2

U ( ) ( e >2
X = a —_— s
£,2 N 62+‘.’L‘—Z|2

ay = [NN-2)]7,e>0, zeR".
cf. [1],[14]. They satisfy

/ VU, .[> =57 = / U...|% .
RN RN

Another consequence of Theorem 7 is the following.

Corollary 9. If (uy) is a PS-sequence for Ey in Hy(2)" such that
Eo(ug) — %S% then there is a sequence of points (yi) in Q and a
sequence of positive real numbers (y) such that

(1) (ex) ‘dist(yg, 0Q) — 00 as k — oo,

(ii) yx # Ty for all k € N, and e, " |yx — Tyx| — 00 as k — oo,

(i3) ||uk — Usp yp + Ueprgill = 0 in DY*(RY) as k — oo.

€k

kYK

Proof. If there were a solution u of (ps) such that 74 = u and
Eo(u) = 25 then

/|vaﬂ2:s%=/ i
RN RN

2%
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Thus, u* and %~ would be solutions of (p.,) which vanish in some
open subset of RY. This is a contradiction. Therefore every solution
U of (poo) such that 70 = & must satisfy Eo(@) > 25>. On the other
hand, we have shown (Proposition 5) that problem (pf) does not have
a nontrivial least energy solution in 2. So Theorem 7 implies the result.
|

Proof of Theorem 1. Take a minimizing sequence (uy) for F)
on Ny . By Ekeland’s variational principle [7] [16, Theorem 8.5] we may
assume that it is a PS-sequence. Proposition 5 and Corollary 8 yield
the existence of a minimum of E\ on N7, and Proposition 6 asserts
that it changes sign exactly once. B

4. THE EFFECT OF THE DOMAIN

We recall some facts about equivariant Lusternik-Schnirelmann the-
ory. If G is a compact Lie group, then a G-space is a topological space
X with a continuous G-action G x X — X, (g,z) — gz. A G-map is
a continuous function f : X — Y between G-spaces X and Y which is
compatible with the G-actions, that is, f(gz) = ¢gf(z) for all z € X,
g € G. Two G-maps fy, f1 : X — Y are G -homotopic if there is a ho-
motopy © : X x [0,1] — Y such that O(z,0) = fo(z), O(z,1) = fi(z)
and ©(gz,t) = gO(x,t) forallz € X, g € G, t € [0,1]. A subset A of
a X is G-invariant if ga € A for every a € A, g € G. The G-orbit of
a point x € X is the set Gx = {gz : g € G}. A detailed discussion on
G-spaces may be found for example in [6].

In our applications G will be the group with two elements, acting
as G, = {I,7} on Q, and as Z/2 = {1, —1} by multiplication on the
Nehari manifold VY. The energy functional Ey : Ny — Ris a Z/2-map
for this action, in other words, it is an even functional.

Definition 10. The G-category of a G-map f : X — Y is the smallest
number k = G -cat(f) of open G-invariant subsets Xy, ..., Xy of X
which cover X and which have the property that, for each i =1, ..., k,
there is a point y; € Y and a G-map «; : X; — Gy; CY such that the

restriction of f to X; is G-homotopic to o; . If no such covering exists
we define G-cat(f) = oo.

If Aisa G-subset of X and ¢ : A — X is the inclusion map we write
G-catx(A) = G-cat(t) and  G-cat(X) = G-catx(X).

The following properties can be easily verified.
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Lemma 11. o) If f : X =Y and h: Y — Z are G-maps then
G-cat(ho f) < min{G-cat(f),G-cat(h)}.

In particular, G-cat(ho f) < G-cat(Y).
b) If fo, f1 : X = Y are G-homotopic then G-cat(fy) = G- cat(f).
|

Equivariant Lusternik-Schnirelmann category provides a lower bound
for the number of critical G-orbits of a G-invariant functional. The
following result is well known, see for example [4, Theorem 1.1], [13,
Theorem 5.7].

Theorem 12. Let ¢ : M — R be an even C'-functional on a complete
CYl-submanifold M of a Banach space which is symmetric with respect

to the origin. Assume that ¢ is bounded below and satisfies the Palais-
Smale condition (PS). for every ¢ < d. Then ¢ has at least Z/2-cat(¢?)
antipodal pairs {u, —u} of critical points with critical values ¢(+u) < d.

Here ¢¢ stands, as usual, for the sublevel set
¢’ ={ue M: ¢(u) < d}
and the group Z/2 = {1, —1} acts by multiplication on V. There is a
similar result for arbitrary group actions [4, Theorem 1.1].
Coming back to our problem, we assume from now on that N > 4
and 0 < A < A(€2). Given 7 > 0 let
Q, = {zeQ:dist(z,00UQ7) >r}
Qf = {zeRY :dist(z,Q) <r}
where Q7 = {z € Q : 72 = z}. Fix r > 0 such that the inclusion

maps 2, — Q\Q7 and Q — Q} are G, -homotopy equivalences where
G, = {I,7}. We shall start by proving the following.

Proposition 13. Let N > 4. There is a 0 < X\* < A\{() and, for each
0 <A< A, there is a p < dy < %S% and two maps

Q, 25 NTNED 2y qf

r

such that ay(tx) = —ay(x), Ba(—u) = 76x(u), and By o ay is G-
homotopic to the inclusion map S, — QF.

For the proof we need the following lemmas. Consider the baricenter
map 3 : H(Q)\{0} - RY,

_ Jan [u(@)? zdx
Jen [u(@)[ dz

B(u)
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Lemma 14. Given r > 0 there ezists k > 0 such that, if u € N and
Ey(u) < %S% + 2k, then

But) € Qf.

Proof. We argue by contradiction. Assume that for every & € N there
is a up € N such that B(uf) € Q@ and Ey(uy) < %S% + 7. Then
(uf) is a minimizing sequence for Ey in Nj. By Ekeland’s variational
principle [7], [16, Theorem 8.5] we may assume that (u]) is a PS-
sequence. Thus, by Struwe’s theorem [12] [13, Theorem 3.1], there are
sequences (yx) in  and (ex) in (0, 00) such that

|uf = Uepe|| = 0 in DY*(RY) as k — oco.
Therefore

|B(uk+) - ﬁ(UEk,yk)| = |ﬁ(u2—) - yk‘ —0 ask — o0,

contradicting our assumption that S(u;) € QF. W
Let px : H}(2)\{0} — N, be the radial projection onto the Nehari
manifold, that is,

N—-2)/2
I

pa(u) = e Y
[ul,

Lemma 15. For every k > 0 there is a 0 < A* < A{(§2) such that, for
each 0 < XA < X\*, the following holds:

(a) Ifu € N is such that Ex(u) < pl+ £ then py(u) € N is such
that Eq(po(u)) < 25% + 2.

() ST < pf+k.

Proof. (a)If u € N, then

N
Jul| Y72 lull ) =
po(u) = N2 Y=

|u|p [Jull
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Let 6§ > 0 be such that (1 +0)%(%S% + k) < %S% + 2k. Then, if
A < (%) M(Q) and Ex(u) < pf + &,
Boputw) = 0 (Y e
[l
N
N A\ [ully *
N
A1(2) 21 9
< _
< (smrts) ik
< (1+0)7 Ex(u)
2
< NS% + 2k.
(b) By Proposition 5, 2uy < p} < %S%. Since py — %S% as A — 0
there exists 0 < \* < (lia) A1(92) such that
2 N ,
NSQ — Uy <K

if0< A< A 1
We are ready to prove Proposition 13.

Proof of Proposition 13. For k > 0 as in Lemma 14 choose
A* as in Proposition 15. Fix 0 < A < A* and let u,, be the positive
ground state solution of the problem

(o) Au+du+ |u | 2u=0 in B,(0)
P u=0 on 0B, (0)

Choose dy such that 2E)(uy,) < d) < %S% and define

ay : QT = NINEP, ax@)=un,( - —z) —un,( - —7x),
By + NMINEP = Qf, Bi(u) = Blpo(u)™) = Bu™).

These maps have obviously the desired properties. W

Proof of Theorem 2. Let 0 < A* < A1(€2) and, for 0 < A < A%,
let p < dy < %S% be as in Proposition 13 above. Since E) : N7 — R
is even, bounded below and satisfies (PS)] for ¢ < S 2 it follows
from Theorem 12 that Ej has at least Z/2-cat(N7 N EP) pairs +u
of critical points in Ny with E)(+u) < d) where Z/2 = {1, -1} acts
by multiplication on Ny N E*. On the other hand, Lemma 11 and
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Proposition 13 imply that
G-catq(Q\ Q) = Gr-cat(Q, — QF)
= G,-cat(Byoay) < Z/2-cat(Ny N E;\iA).

Taking A* even smaller if necessary we may assume that dy < 2u3.
Thus, by Proposition 6, these solutions change sign exactly once. B

Proof of Corollary 3. If {I,—TI}-cat(2) = k, then there exists
an odd map 2 — S*!. Indeed: Given an open covering {X1, ..., X} } of
2 and odd maps «; : X; — {e;, —e;}, where {ey, ..., ex} is the canonical
orthonormal basis of R¥, let {m; : X; — [0,1]} be a partition of unity
subordinated to the covering consisting of even functions. Then

(z)ai(x)

(z)ai(x)

o
Q;

>
@) = 5

> i

=1

defines an odd map ¢ : 2 — S*¥~1. Composing it with ¢ gives an odd
map o ¢ : S¥~! — S*¥~! and the Borsuk-Ulam theorem implies that
N > k. The result now follows from Theorem 2. W

Proof of Theorem 4. The solutions uy to problem (pf ) pro-
vided by Theorems 1 and 2 satisfy u; € NJ and pf < Ey (u) <

%S%. As in Lemma 15 above

w2

2 .~ A1(€2) 2 n
—S2 < F, <|~——%*—) E —

25% < Batu)) < (o 2y ) ) - 55°

as k — oo, where pq is the radial projection onto Ny. By Corollary 9
the sequence (po(ug)) has the desired form. On the other hand,

N-2

luell )
[lpo (k) = wll = ( — 1| [Jug]| =0

[l

ask —oc0. N

5. PROOF OF THEOREM 7

As in Struwe’s global compactness result [12], [13], [16], Theorem 7
follows inductively from the following proposition (cf. [3]).
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Proposition 16. Let (ug) be a PS-sequence for Ey such that uy €
H} (), up — 0 weakly in H ()™ and Eo(ux) — ¢ > 0. Then, replac-
ing (ux) by a subsequence if necessary, there exist a sequence (yg) in €2,
a sequence € in (0,00), a solution u of the limiting problem

(0) Aut [ul|* 2u=0 inRY

o0 u(z) =0 as x| =0

and a PS-sequence (vy) for Eq such that vy € HE(Q)7, ;. dist(yy, 0Q) —
o0 as k — oo and one of the following two assertions holds:

(D) vk # Tk, 8;;N1 [Yx — TYx| = 00 as k — oo,
2-N
D ) S G e
in DY2(RV),
and
Eo(vg) = ¢ —2Ey(u) as k — oo.

(Il) yx = Ty, UoOT = —1,
2-N
= v +e,? @ (—Z) +o(l) in DIARY),

£k
and

Eo(vg) — ¢ — Eo(u) as k — oo.

Proof. The proof will follow in several steps:
1) Since PS-sequences for E, are bounded in Hj (1),

* N
/ |ulc|2 dx = NEo(Uk) — EDEO(uk)uk — Nc¢ > 0.
Q

Let § = min{%¢, (%)%} where S is the best Sobolev constant for the

embedding of H}(2) in L?" (). Let B(xz,r) denote the closed ball in
RY with center z and radius r. The Levy concentration function

®y(r) := sup / |uk
z€RN J B(zx,r)

satisfies that ®4(0) = 0 and ®,(c0) > ¢ for k large enough. Hence we
may choose & € €2 and €, > 0 such that

2*
sup / ‘U'k = / |Ulc
z€RYN J B(z,ep) B(&gyer)

Observe that, since 2 is bounded, the sequence (&) is bounded.
2) Let & be the orthogonal projection of & onto the fixed point set
{z € RN : 7z = x}. We distinguish two cases and define y;, as follows:
() we=& if (5" |6 — &) is unbounded,

2%

Y =4 ()
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1) ye=¢& if (55" |& — &) is bounded.
Taking a subsequence if necessary we may assume that, in case (I),
yr # Ty for all k. Let 1, € D»?(RY) be given by

ﬂk(Z) = EkTUk(SkZ + yk)

Notice that in case (II) Uy o 7 = —uy. Since

/\Vﬂk|2:/|Vuk|2 and /'|ﬂk|2)k =

up to a subsequence, ur — U weakly in DY2(RY), U, — U a.e. on RY
and Uy — U in L2 (RY). If u = 0 then, for every z € RN and every
h € C(B(z,1)),

)

*‘M

(f\huk| )

< [1vwar = [ vin-ver + [ onti

- o (s ()] ) e
< ([ mr )_ (/\hw*)%ntou)

< o% ([ )*+0(1)

< 5([var)” +ow.

where the first inequality is Sobolev’s inequality, the second one follows
from the fact that (uy) is a PS-sequence and from Holder’s inequality,
the third one uses (x) and the fourth one our definition of 4. It follows
that 4, — 0in L2 (RY). On the other hand, since e ' |§, — yx| < C <

oo for all &,
0<6:/ |uk|2*g/ 2*:/ ~
B(k€r) B(yk.ex(C+1)) B(0,C+1)

This is a contradiction. Therefore, u # 0.

3) Since Q is bounded and uy — 0 weakly in Hy(€2), up to a subse-
quence, ¥, — y € Q and g, — 0.

If (g, 'dist(y, 0S2)) were bounded then % would be a solution of
—Au = |u|* “?win a half space and, by Pohozaev’s identity [10], 7 = 0.
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This is a contradiction. Therefore,
e 'dist(yg, 02) — oo

and U is a nontrivial solution of the limiting problem (p.,) in RY.
Moreover, since &, ' [ — yx| < C < oo for all k, it follows that y; € Q.

4) We define v, € H} ()" as follows: Let ¢ € C°(RY) be radially
symmetric and such that 0 < ¢ < 1, ¢ =1 on B(0,1) and ¢ = 0
outside of B(0,2). Let

Ao — min{dist(yg, OQ), |yr — Tyr|} in case (I)
P = dist(y, 0N2) in case (II) -

Thus, £, pr, — co. In case (I) we take

Wy =
2

e luler" (-—uw) elor (-—uye))—uley ' 7(-—7yr)) ©(pp' (-—Tuk))]

and in case (II)

wp =g ” e (-~ u) @lop (- — wi))-
In both cases wi o 7 = —w;. We define
v = up — wy € Hy (Q)".
As in [13], [16], [3] one verifies that vy, has the desired properties. B

Proof of Theorem 7. Since PS-sequences for E are bounded
in Hj (),

N -2
\|uglls = NEj(uy) — TDE)\(uk)uk — Ne.

Therefore ¢ > 0. We may assume that uy — u weakly in Hj(Q)"
and uy — w a.e. in Q. It is easy to see that DFE,(u) = 0 and that
uy := u — u is a PS-sequence for Ey such that u; € Hj(Q)7, up — 0
weakly in H}(2)™ and Ep(uy) = Ex(ux) — Ex(u) = ¢ — Ex(u) + o(1).
The result now follows inductively from Proposition 16 above. W
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