UPPER ESTIMATES FOR THE ENERGY OF SOLUTIONS OF
NONHOMOGENEOUS BOUNDARY VALUE PROBLEMS

ALFONSO CASTRO AND MONICA CLAPP

ABSTRACT. We establish upper bounds for the energy of critical levels of the
functional associated to a perturbed superlinear elliptic boundary value prob-
lem. We show that the perturbed problem satisfies the estimates obtained by
Bahri and Lions in [3] for the symmetric problem. We use these estimates to
prove the existence of nonradial solutions to a radial elliptic boundary value
problem. Our results fill a gap and extend a result in [1].

1. INTRODUCTION AND STATEMENT OF RESULTS

Let  be a bounded smooth domain in RY with N > 3, and H = H}(Q)
the Sobolev space of square integrable functions in  having first order partial
derivates in L2(f2). In [3] A. Bahri and P.L. Lions proved that for p € (2, 2Y=2)

) N—2
and f € C°(Q) the elliptic problem

—Au=ufPu+f inQ
() {uzO on 00

has a sequence of solutions {uy} which satisfy
J(uk) > C1k”

for some positive constant C; and v = where J : H — R is the functional

defined by

2p
N(p—2)’

=5 [1vuf = [fur= [ ru

The proofs in [3] are based on ideas developed in [2] combined with the semiclassical
inequality due to M. Cwickel [6], E.H. Lieb [10] and Rosenbljum [11]. Actually, in
[2] the existence of the uy’s was established for further restricted values of p. The
arguments in [2] and [3] rely on the analysis of the symmetric case f = 0 for which
J has a sequence (ci) of critical values which satisfy

(1) CQk’Y <c < Cgk"y.

If the boundary condition in (g) is replaced by u = ug, with ug € C?(Q2) and
Aug = 0, the existence of an unbounded sequence of solutions (uy) was established
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by P. Bolle, N. Ghoussoub and H. Tehrani in [5] under the additional restriction

p < 2% In this case problem (p) is equivalent to problem

u=0 on 0f)
and the solutions of (p’) are the critical points of the functional J : H — R given

by
1 , 1 )
J(u):—/|Vu| ——/|u+u0| —/fu.
2 Ja pJa Q

Here we prove that (1) also holds for the nonsymmetric problem (p'). Namely, we
prove the following.

(¥ {_Au=|“+uO|p_2(U+uO)+f in 0

Theorem 1. Ifug =0 and p < QI{JV—__;, or ifup #0 and p < 1\2[_1:{17 then J has an

unbounded sequence of critical values (¢) which satisfy
(2) & < CK7,
where C is a positive constant and v = 2p/N(p — 2).

Theorem 1 fils a gap in the proof of Theorem 3 in [1] where ( 2) was used. As
an application of the existence of exactly two radial solutions of problem (p') with
k nodal domains for large enough k (see proof of Theorem 3 in [1]) we obtain the
following.

Theorem 2. If Q is a ball or an annulus, ug and f are constant functions, and

p< Jg—fl, then problem (p') has infinitely many nonradial solutions.

The reader is refered to [8, 9], and references therein, for recent results on the
existence of nonsymmetric solutions for symmetric problems.

The proof of Theorem 1 requires some precise knowledge of the topology of the
sublevel sets of the functional

1 1
1) = [ 1Vl = [

associated to the symmetric problem. Let
IF={ueH:I(u) <c}

and let 7 (I¢,1I° \ {0}) be the k-th relative homotopy group (or homotopy set if
k = 1) with any base point in I° \ {0} (for the definition of these groups see for
example [12, Chapter 7]). We shall prove the following.

Theorem 3. There exist a, > 0, depending only on Q and p, such that for every
¢ > 0 the homomorphism induced by the inclusion

(1%, 10\ {0}) = m (1247, 1°\ {0})
is trivial for all k > 1.

In other words, given a map ¢ : B¥ — I° such that (S*¥=1) c I°\ {0}, there
exists a homotopy © : B¥ x [0,1] — I**# such that O(x,0) = ¢(z) for all x € B*
and O(S*1 x [0,1]UB* x {1}) Cc I°\ {0}.

Here B* = {z € R : |z| < 1} is the unit ball and S¥~! = {z € RF : |z| = 1} is
the unit sphere in euclidean k-space R¥.

This paper is organized as follows. In section 2 we derive Theorem 1 from
Theorem 3 and apply it to prove Theorem 2. Section 3 is devoted to the proof of
Theorem 3.
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2. CRITICAL VALUES OF PERTURBED SYMMETRIC FUNCTIONALS

We start by recalling a critical point result due to Bolle, Ghoussoub and Tehrani.
Let X be an infinite-dimensional Hilbert space and let & : X x [0,1] — R be a
C?-functional. We think of & as being a path of functionals

3 :X o R, By(u) =d(u,t), 0<t<1,

and denote by ®j(u) = %@(u,t) the derivative of ®;. Assume that & has the
following properties.

(P1) Every sequence (up,t,) € X x [0,1] such that (®;, (u,)) is bounded and
| @} (un)|| = 0 has a convergent subsequence.

(P2) For every b € R there is a constant C' such that

0 .
E‘I’(U;t)‘ <Oyl + D(llull +1)  if [$e(u)] <.
(P3) There exist two continuous functions 8,65 : [0,1] x R = R, 6; < 02, which

are Lipschitz continuous on the second variable and such that

el(t, <I>t(u)) S %@(u,t) S 02(t, @t(u)) if @;(u) =0.

(P4) ¥4 is even and, for every finite dimensional subspace W of X,

sup ®;(w) = —o0 asw eW, ||w|]| = oo.
0<t<1

Fix a sequence of linear subspaces X; C --- C Xy C - - - of X with dim X = &,
and define

e =inf  sup Po(p(z))
vel' zeXx;,

where
I'={peC(X,X):¢isodd and IR > 0 such that p(z) =z for ||z|| > R}.
Let ¢; : [0,1] x R —» R, i = 1,2, be defined by
®) {9005
56t s) = 0(t, (¢, 5))
The following result was proved in [5] (see Proof of Theorem 2.2).

Theorem 4. (Bolle, Ghoussoub, Tehrani). Assume that ® satisfies (P1)-
(P4). If &(1, e +€) < (1(1,cpq1) for some e > 0, then for every ¢ € T such
that SUP,(xy) Dy < ¢ + € there is a critical value ¢y of ®1 which satisfies

(4) G1er) <Gl epp1) <& < (1, sup Bo(p(x))).

$€Xk+1

Moreover, if the sequence

(5) Ck+1 — Ck,
1
2ax 161 (¢, 1) + oA |0a(t, cx )| +

is unbounded, then () is unbounded.
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We shall apply this result to the path of functionals

1 1
It(u)z§/Q|Vu|2—§/9|u+tuo|p—t/gfu, u € Hy ().

Note that Iy = I and I; = J. We write

lull = ( /Q |Vu|2)1/2, ful, = ( /Q |u|p)””.

for the norm in the Sobolev space Hg () of square integrable functions in { having
first order partial derivatives in L2(f2), and the norm in LP(Q) respectively. The
following corollary of Theorem 3 will be proved in the following section.

Corollary 5. There are constants o, 8 > 0, depending only on Q and p, with the
following property: For every pair of finite dimensional subspaces V. C W of H}(Q)
with dim W = dimV + 1, every odd map ¢ : V — H} () and every R > 0 such
that p(v) = v if |[v|| > R, there is an R > R and an odd map @ : W — HE(RQ)
which satisfies:

(i) @(v) =) for everyv e V.

(ii) @(w)=w for every w € W with |lw|| > R.

(i) maxwew I($(w)) < amaxyey I(p(v)) + B

We apply this result to prove Theorem 1.

Proof of Theorem 1. Bolle, Ghoussoub and Tehrani [5] showed that I
satisfies properties (P1)-(P4) with 0s(t,s) = A(s*> + 1)/4 = —6,(t,s) if ug # 0.
If up = 0 it is easy to see that I, satisfies these properties with 6(t,s) = A(s® +
1)1/27 = —6,(t,s). Let X} C HE(Q) be the space spanned by the first k Dirichlet
eigenfunctions of —A and let

cp =inf  sup I(p(u))
pel’ u€E Xy
where T' = {¢p € C(H(Q),H}(Q)) : ¢ is odd, ¢(u) = u for ||lu|| large enough}.
Using the estimate

(6) C1Ek" < ¢,

with v = 2p/N(p — 2) [3, 13], Bolle, Ghoussoub and Tehrani [5] showed that the
sequence (5) is unbounded, provided up = 0 and p < 213’:22, orug # 0and p < %
Hence J has an unbounded sequence of critical values in those cases.

If (e +€) < G(1,ck41) for some 0 < & < 1, choose ¢ € T such that
sup I(p(X)) < ¢ + € and apply Corollary 5 to obtain an odd map & : X1 —

H} () such that @(u) = ¢(u) for u € Xy, ¢(u) = u for ||u|| > R, and
sup I(p(Xpy1)) < aler +€) + 8 < ack + 6.

By Tietze’s extension theorem ¢ can be extended to an odd map ¢ : H}(Q) —
H} () which satisfies @(u) = u for ||u|| > R. It follows from inequality (4) in
Theorem 4 that J has a critical value ¢; which satisfies

¢k < G(1,sup I(9(Xk41))) < G2(1, ack +6).
By definition of (> (see (3)),
|8 - Cz(t,3)| S Cl |02(8)| S 02(82 + 1)1/4.
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On the other hand, Bahri and Lions [3] showed that
cr, < Cok7

with v = 2p/N(p — 2). It follows that
cp, < CK"

for some positive constant C. O

Remark 6. Note that, since (3(t,c) is nondecreasing in t, inequalities ( 4) and (6)
immediately imply that

C'k" <¢

for some positive constant C'.

Proof of Theorem 2. From the proof of Theorem 3 in [1] it follows that
problem (p') has at most two radial solutions with & interior nodal hypersurfaces,
for each k large enough. Theorem 1 above, together with Theorem 1 in [1] (or
Theorem 4 in [7]), imply that (p') has infinitely many nonradial solutions. O

3. EXTENSIONS OF ODD MAPS WITH LINEAR ENERGY ESTIMATES

The purpose of this section is to prove Theorem 3. We split the proof into several
lemmas.

Lemma 7. Let Q be a bounded smooth domain in RY. Then there exists a € R
with the following properties:

(i) There exists ' € RN~ such that (z',a) € Q.

(i) If (',b) € Q and b > a, then (z',t) € Q for alla <t <b.

Proof. Let ey = (0,...,0,1) € RN, let M = max{z-ey:2 € Q} and let K = {z €
Q:z-ey = M}. Then K is a compact subset of Q. Let v : 92 — RY be the outer
unit normal vector field, and let O = {z € 0Q : v(z) - ex > 0}. Then O is an open
neighborhood of K in 0f2 and, since K is compact, there is an a < M such that the
set A={z € 0Q:z-ey > a} CO. Thus, for every (z',t) € A there exists € > 0
such that (z',s) ¢ Qift <s<t+eand (2',s) € Vift —e < s < t. It follows that,
for every (z',t) € A,

({z'} x [a, M) N Q= {(2',t)} and {z'} X [a,t) C N
as claimed. O

Set

I#(u):2/ |Vu|2—1/ luf? .
Q pJa

Lemma 8. There exists an even continuous function T : H} () — [0, 00) with the
following properties:
(i) I([(1—s)+st(uw)]u) <I(u) for everyu e HL(Q),0<s< 1.
(ii) If T#(u) <0 then 7(u)=1.
(ii1) If 2I(u) < max>o I(tu) then I#(r(u)u) <O0.
() I*# (1(u)u) < max{al(u),0} with a = 2(3r=2)/(r=2),
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Proof. For every v € HL(Q) with |jv]| = 1, define 0 < t; <, <t < T, < oo as
follows:

I(tyv) = I?Zagcl(tv),
2I(tv) > r?%cl(tv) = telt,,t],
=
2T,)? = > P (T,)P.
For t > 0 set
0 if 0<t<ty
to(t—t7) /(b — 1) if t; <t<t,
p(tv) =< (Ty, —ty)(t — to)/(tF —to) + 1 if t, <t <tF
T, if tF<t<T,
t if T, <t
and, for u = tv € H}(Q) with |[v]| =1, ¢t > 0, set
t
() = 220

t
Then p(tv) < tif 0 <t < t,, and p(tv) > t if t, < t. Therefore (i) holds. Property
(i) follows immediately from the definition. If 2I(tv) < max,>oI(su) = I (t,v)
then either 0 < ¢t < t, or tf <t In the first case p(tv) = 0. In the second one
p(tv) > T,,. Hence, in both cases,

5 5 1 1
2||Ir(u)ul]” = 2|lp(tv)v]]” < s lp(tv)vl, = ’ |7 (u)uly.
This proves (iii). Finally, it is easy to see that
max I (tu) = 227/~ max I (tu).
£>0 >0

Hence

I*#(r(u)u) < 26P=2/=21(y) if r£1>ach(tu) < 2I(uw).

This, combined with (iii), yields (iv). O
For any subspace V of H}(Q) and any R > 0 we write
BrV ={veV:|v| <R}, SrV={veV:|u| =R}

Lemma 9. Let V be a finite dimensional subspace of Hi () and let R > 0 be such
that I(v) < 0 for those v € V with ||v|| > R. Then, for every map ¢ : BRV — I°¢
such that ¢ > 0 and p(SgV') C I°\ {0}, there exists a homotopy © : BRV x[0,1] —
I¢ such that

(i) ©(v,0) = p(v) for every v € BRV,

(i) O(z,1) = z for every z € SRV,

(iii) ©(SrV x [0,1]) C I°\ {0}.
Proof. Since I° \ {0} is homotopy equivalent to the unit sphere in Hg(f), it is

contractible. Hence there is a homotopy ¥ : SgV x [0,1] = I°\ {0} with ¥(z,0) =
p(z) and ¥(z,1) = z. Define ¥ : Bp41V — I¢ as follows:

sy = { 20 it [loll < R
= TRyl - B) if R<|pll < R+1
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Now define © : BRV x [0,1] — I by

@(v,t)zﬂ(R;;tv).

It is easy to see that © has the desired properties. |

Lemma 10. There exist o, 8 > 0, depending only on Q and p, with the following
property: Given a finite dimensional subspace V of H}(Q), a map ¢ : V — H}(Q)
and an R > 0 such that p(v) = v if ||v|| > R, there exist o map ¢ : V x [0,00) —
H(Q) and an R' > R which satisfy:

(i) ¥ (v,0) =p(v) for everyv e V.

(i) b(o,r) € P\{0} if [[o]l > B or >R

(iii) I(¢(v,r)) < amax{I(p(v)),0} + B for everyv € V, r > 0.

Proof. Let a be as in Lemma 7. We may assume without loss of generality that a =
0.Let 7 : H(Q) — R be as in Lemma 8. We write z = (z/,zx) € RV ! xR = R,
Given u € H} () and 0 < s < 2 define

{ [(1—5) +sT(w)]u(z) if 0<s<1
2
2

T(u)u(z', sTN) ifeny >0,1<s

us(x) = <
T(u)u(z', zN) if zxv<0,1<s

<
<

Then us € Hg () for every 0 < s < 2, and

/|ws <s/ V(r@))® and /|us|1’zs*1/ il f1<s<2.
Q Q

Hence

2
sT(uy) < & / V(@) - 1 / el f1<s<2
2 Ja pJa
This inequality and Lemma 8 yield
I(u) if0<s<1
™ T(us) < { I#(r(u)u) f1<s<2

Let O = {(z/, 32n) : 2 € Q, 2y > 0} U {2z € Q: 2y < 0}. Since 2y & O because
of Lemma 7, we may choose w € C*(2\ Q2), w # 0, with

(8) /Q|Vw|2:/9\w|p.

Given a map ¢ : V — H}(Q) and an R > 0 such that ¢(v) = v if ||v|| > R, define
YV x[0,00) = HE(2) by

— SO(U)T‘ UGVaOSTS2
w(v,r)—{ P2 +(r—2w veV,2<r

Then 1 is an extension of ¢, and (7) yields

I{p(v)) ifo<r<i
9) I((v,r)) < { I#(7(p(v))p(v)) if1<r<2
I#(1(p(v)p()) + I((r = 2)w) if 2< 7

The third inequality follows because ¢(v)2 and w have disjoint supports. Hence,
Lemma 8 yields

I(¢(v,r)) < amax{I(p(v)),0} +p foreveryv eV, r >0,
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with a =2(»=2/(P=2) and B = I(w). Finally, let R’ > R be such that

Iv) <0, 7(v) =1, and I#(v)<-I(w) ifveV, |v|>R
I((r — 2)w) < —max,cy I#(1(p(v))p(v)) ifr >R

Since (v) = v if ||v|| > R' > R, and since I(tw) < I(w) for every t > 0 by (8), it
follows that

I()(w,1) <0 if [[v] >R or 7> R.
O

Proof of Theorem 3. Let o : B* — I° be a map such that o(S¥~1) C
I°\ {0}. Composing this map with a homeomorphism ¥ : BgV = B* and applying
Lemma 9, we may assume that o o ¢ is the restriction to BRV of amap ¢ : V —
I°¢ defined on a k-dimensional subspace V of H{(f2) which satisfies p(v) = v if
lv]| > R. Let ¢ : V x [0,00) = H}(2) and an R' > R be as in Lemma 10. Define
O : BRV x [0,1] = H} () by

o([(1 = 25) +2s& ) if 0
(') 5 = ' R
(v,3) { (v, (2s - 1)R') if 1
Then O(v,0) = ¢(v) for all v € BRV, O(SgV x [0, 1]UBgV x {1}) c I°\ {0}, and
I(O(v,8)) <ac+f for all (v,s) € BRV x [0,1]
as claimed. O
Proof of Corollary 5. For the given ¢ and R, let ¢ : V x [0,00) — H}(Q)

and R’ > R be as in Lemma 10. Fix e € W orthogonal to V with |le|| = 1, and
extend ¢ to the half space Wt ={v+re:v eV, r >0} by

p(v+re)=v(v,r) ifveV,r>0.

Then there exists R” > R’ such that p(w) € I°\{0} for all w € W+ with ||Jw|| = R".
Since I°\ {0} is homotopy equivalent to the unit sphere in H] (f2) , it is contractible.
Hence, there is a homotopy

U:{weW":|w|=R"} x[0,1]— I°\ {0}

such that ¥(w,0) = @(w), ¥(w,1) = w, and ¥(v,t) = v for v € V, t € [0,1]. Let
R = R" +1 and define

o) it we Wt Jull <R

B(w) = Pelorr o lwl - R") i we W, R' <lw|| < R
w if weWt, R<||w|
—o(—w) if —weWwt

Since ¢ is odd, ¢ is well defined and it is, by definition, an odd extension of ¢ to
W which satisfies (w) = w if ||w|| > R. Note that ru € I°\ {0} if u € I°\ {0} and
|r| > 1. Hence I(¢(w)) < 0if ||w|| > R" and, by Lemma 10,

I(§(v +re)) = I(¥(v, |r])) < amax{I(p(v)),0} + B if [jv+rel < R,

as claimed. O
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