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ABSTRACT. We prove the existence of a sign changing solution to the semilinear
elliptic problem —Au+u=|u [P72 u, u € H}(Q), in an exterior domain Q having
finite symmetries.
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1. INTRODUCTION

Consider the problem
—Au+u=|u|P%u
oo { e
where @ C RY ~ {0} is an unbounded smooth domain such that RY < Q is bounded,
N23,and2<p<2*:zj\2,—iv2.

This problem has a variational structure, but it is well known that the usual varia-
tional methods cannot be applied to it in a straightforward manner, due to the lack of
compactness caused by the unboundedness of 2. This fact which, roughly speaking, origi-
nates from the invariance of RY under the action of the noncompact group of translations,
makes problems like (pg) interesting and challenging. Indeed, in the last two decades,
there has been a considerable amount of research on this subject.

The main difficulty, which is technically expressed in the fact that the variational
functional J : H}(Q) — R,

J(u) = %/Q(|Vu|2+u2) _%/QW’

associated to the problem does not satisfy the basic Palais-Smale condition, has been
deeply investigated and the behaviour of Palais-Smale sequences has been fully described
(see [4], [2]), allowing to conclude that the only obstructions to compactness are the
solutions of the "problem at infinity" related to (pg), that is, the infinitely many solutions
of problem (pg~).

As a consequence, the question of existence of a solution to (pq) was successfully ap-
proached in [4], under some restriction on the size of the complement of 2, and completely
settled in [2], where it was shown that (pq) has at least one positive solution, without
any restriction on the complement of € (other than it being bounded).

Concerning the existence of more than one solution, less progress has been made.
If Q is the complement of a ball or, more generally, if Q is invariant under a group of
symmetries whose orbits are all infinite, then compactness is restored, and standard vari-
ational arguments, together with the symmetric criticality principle, yield the existence
of infinitely many solutions to problem (pq) (see, for example, [9, Theorem 1.28]).
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It is also worth mentioning, that many multiplicity results for positive solutions of the
singularly perturbed problem —e?Au+u =| u [P~2 u, € small, have been obtained, and that
the existence of infinitely many solutions for the non autonomous problem —Au+a(x)u =|
u [P=2 u, under appropriate growth assumptions on a, has been recently proved (see, for
example, [6] for a survey on these results).

As far as we know, the question of existence of sign changing solutions for the au-
tonomous problem (pg) is still largely open. The results we present here are a contribution
to this question.

In what follows we assume that € is invariant under the action of some (possibly finite)
closed subgroup G of the group O(N) of orthogonal transformations of RY. Recall that
a function u : @ — R is G-invariant if u(gz) = u(zx) for every g € G, x € Q. We denote
by Gz := {gz : g € G} the G-orbit of z, by #Gx its cardinality, and by

¢ =((G) := min{#Gz : + € RY < {0}}.

A G-orbit of RY \ {0} of cardinality precisely ¢ will be called a minimal G-orbit.
As usual, we put Bg(0) := {z € RY : || < R}. Our first result concerns exterior
domains with small complement.

Theorem 1. Assume that RY \ {0} contains a minimal G-orbit Gz with
lz| > min{|y — x| : y € Gz, y # z}. (1)

Then there exists Ry > 0 such that, if Q) is G-invariant and R \ Q C Bg,(0), problem
(pq) has at least one G-invariant sign changing solution.

The condition on the size of the complement can be dropped by making an additional
assumption on the symmetries. Namely, assume now that G is the kernel of a homomor-
phism ¢ : I' — Z/2 := {1, -1}, where I" is a closed subgroup of O(N). Assume also that
Q is T-invariant. We look for solutions of problem (pgq) which satisty

u(yz) = p(y)u(z) forallz e Q, veT. (2)

Note that, if ¢ = 1 is the trivial homomorphism, then I' = G and w is simply G-invariant.
If ¢ is an epimorphism, then w is not only G-invariant, but it has the additional property
that u(yx) = —u(x) for allz € Q, v € ¢~1(—1). In particular, it is sign changing, provided
it is nontrivial. We shall prove the following result.

Theorem 2. Assume there is a minimal G-orbit Gz of RN ~ {0} such that
dist(yz,Gz) > min{|z —y| : y € Go,y #a} fory € ¢~ ' (~1). (3)

Then, if Q is T-invariant, problem (pq) has at least one sign changing solution which
satisfies (2).

Note that assumption (3) implies that 'z # Gz. An example which ilustrates assump-
tions (1) and (3) is the following: If N is even, we identify RY with CN/2? and consider the
group of rotations G = {62’”"“/” : k=0,...,n—1} acting by multiplication on each complex
coordinate. If n > 7, then assumption (1) holds for every z € RY \ {0}. Moreover, if T
is the group generated by G and the reflection (21, 22, 23, ..., 2n/2) = (22, 21, 23, .-+, ZN/2)5
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z; € C, and if ¢ : T' — {1,—1} is the determinant homomorphism and n > 5, then
assumption (3) holds for z = (1,0, ..., 0).

The proof of Theorem 2, which is given in section 5, rests on a quite natural argument:
The Nehari manifold of the subspace of H} () which consists of those functions satisfying
(2) is a natural constraint for this problem. It consists of sign changing functions, and the
functional J is bounded from below on it. A careful estimate of J on some test functions,
combined with the representation theorem of symmetric Palais-Smale sequences allows to
conclude that J achieves its infimum on this Nehari manifold.

The proof of Theorem 1 requires more subtle tools, which are developed in sections 2,
3 and 4. In this case we look at the restriction of the functional J to the Nehari manifold
of G-invariant functions. J is bounded from below on this manifold and the infimum is
also achieved, but this time by a positive function. We develop a variational principle
for sign changing solutions, which combined with a compactness argument and careful
estimates on test functions gives the existence of the desired sign changing solution.

2. THE VARIATIONAL SETTING
Given u € H}(Q) we denote by

]| := (/ﬂ (VU2+U2))1/2 and  Jul, = </Q u|p)1/p.

The action of G on  induces an orthogonal action on HE () as follows: For g € G and
u € H}(Q) define gu € HL(Q) by

(gu)(z) :=u(g~"2).
The fixed point space of this action is the space

H}Q)Y ={uc H}Q):gu=u Vg€ G}
={u e H}(Q) :u(gr) =u(z) Vg€ G, xe}.

The functional J : H}(2) — R given by
1, o 1.,
Jw) =g llull” = Zluly

satisfies J(gu) = J(u) for all g € G and u € HZ(£2). So, by the principle of symmetric
criticality [9, Theorem 1.28], the G-invariant solutions of problem (pq) are the critical
points of the restriction of J to the space Hg(92)“. The nontrivial ones lie on the Nehari
manifold
NG ={uec H}(Q):u+#0, J'(u)u=0}
= {u e HY () :u#0, |lul® = [ulp},

which is of class C2. We denote by

7 Hi ()Y ~ {0} — N, m(u) := (u”2>wu,

Jul,

the radial projection onto the Nehari manifold. Note that

_ ull? =2
J<w<u>>=prz<”u|”2> ~
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Set
c§ :=inf J.
NG

Let w be the unique positive radially symmetric solution to the problem (pp~). It is well
known that s
| llim |DYw(z)||z| = exp|z| =a, >0, v=1,2, (4)
(see [8, 5]). Let
222 ool = 22

o = J(w) = —— .
¢ (w) 5 w 5 »

Observe that cg > Coo- One has the following representation lemma for G-invariant Palais-
Smale sequences.

Lemma 3. Let (u,) be asequence in H3 ()% such that J(u,) — ¢ < 2lco, and VJ (uy,,) —
0. Then (u,,) contains a subsequence, still denoted by (u.,), for which one of the following
holds: Either (u,,) converges in H3(Q), or there exists a G-invariant solution uq of (pg)
and a sequence of minimal G-orbits Gx,, in Q such that |z,| — oo,

Up — UQ — Z W('—y) —>07

yeGan,
and ¢ = J(ug) + leoo.

Proof. This follows from the representation result for Palais-Smale sequences given in
[4], taking the symmetries into account. W
We need the following numerical lemma.

Lemma 4. (i) If p > 2, and a4, ..., a,, > 0, then

m

Pom
| 2D ad+ -1 e (5)
i=1

i=1 i#j

(ii) If p > 2, and a,b > 0, then
la —b" > aP + b — pab(aP~? + bP~2).

Proof. (i) Let a,b,c > 0. Then

d d , ,
a£(sa +th+c)? = p(p — 1)(sa + tb + c)P 2ab.

Integrating we obtain

/1/1d i( +tb+ ¢)P | dtd —/1 i( +b+ )P—i( +c)f|d
o o dt | ds sa Cc s = o ds sa Cc ds sa C S

=(a+b+c)’ —(b+c)’ —(a+c)P + P,
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11
/ / (sa +tb + c)P~2ab dsdt = //(sa + th + ¢)P"2ab dsdt + / /(sa +tb + )P 2ab dsdt
0o Jo
t<s s<t

1 s 1 t -
2/ /(sa)pfzab dtds—|—/ /(tb)pdab dsdt
0o Jo o Jo
1 1
= / (sa)P~'b ds + / (th)P~'a dt
0 0
= 1 (apflb—i—bp*la).
p

Hence,
(a+b+c)P > (b+c)’+(a+c)’ =+ (p—1) (a" b+ b "a).

If m = 2 the above inequality with ¢ = 0 yields (5) (see also [7]). If m > 3 we argue by
induction to obtain

m p m p
=1 =3

m p m P m p

> (az + Z%‘) + (al + Z%) - (Z az‘) +(-1) (a’fl@ + agilal)
i=3 i=3 i=3

ZZaf+Zaf— Z af

i#£1 i#2 i#1,2

+(p-1) Z a?ta; + Z a?ta; — Z a’la; +a ag +ah

i1 i572 i1
i ot %]
m
-1
=> al+(p-1)) dta;.
i1 i)

The proof of (i) is straightforward. W
The following lemma was proved in [1, Proposition 1.2].

Lemma 5. Let f € C(RY) N L(RY) and h € C(RY) be radially symmetric functions
and let a,b > 0, ¢ € R be such that

lim f(z)|z|"exp(alz|) =¢ and /|h(m)| (1+ |2|") exp(a|z])dz < co.

|z| =00

Then

lim (/f(x—l—y)h(x)dx) ly|” exp(a|y|) :c/h(x) exp(—axy)dz. W

ly|—o0

Let ¢ : RN — [0, 1] be a radially symmetric smooth cut-off function such that (z) = 0
if |z] < R and 9(z) = 1 if |[z| > 2R, where R satisfies RY <\ Q C Bg(0). Let Gz =
{Y1, -, ym} be a G-orbit in RY \ {0}, and consider the function

m

op(z) =Y wlx—py;) € H' (RV)C.
=1
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Then o, € H}(2)¢ and the following holds.

Lemma 6. If m > 2, there exists pg > 0 such that

p=2 (o, P\
J(m(vo,)) = o W <MCsx  Yp 2> po.
Plp

In particular, if £ := min{#Gz : 2 € RN ~ {0}} > 2, then c§ < lco.
Proof. First note that, for every u € H*(RY),
ol = [ (10w +uvol + o)
= [ (vul + 1) + [ 96+ 5 [ V@AY @)
= [ (vu ) + [ |l - 3a02)]
<l - [ wav)e,
vl = ul} + [0 = )l

Without loss of generality we assume that |y;| = 1. For p > 0, i,5 € {1,...,m}, i # j, we
set

Cpi = / w(@ — pyilP (e — pyj)de

- / Veola — pyi) Vol — pu) + w( — pys)w(a — py;)] de,

€p = E :sl’ﬂvj'

i#]

Lemma 5 together with (4) yield
I dijp| T exp(d 0
. . 2 .. —
Jim e, (Idisel = expldin)) =0 >
where d; ; := |y; — y;|, and

lim </ h(z)w(z — pyi)qu> |qp|¥ exp(gp) =0 if h € C.(RY) and ¢ > 1.

p—00

Since d; ; <2 < p and YA, YP — 1 € C.(RY), using Lemma 4 we obtain
2 2 2
[Ya,ll” < llopll —/(1#&/)) a5 =m|wl” + ¢, + olep),

woull = loaly + [ = Dol 2 mulf + (= Do+ ofz,).
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Therefore, since ||w|” = |w|z, there are positive constants Cp, py such that

2 2 e
‘|¢gp||2 < mllwl||” +¢e, + o(e,) < (m ”ng) " —Coe, for p> py.
|1/J‘7p|p (m ||w||2 + (-1, + o(sp)>

We conclude that

P

p—2 (lvo,*\ "
J(m(po,)) = TS (m) <mcy  for p > po,
Plp

as claimed. W

Proposition 7. Assume that { := min{#Gz : € RY ~\ {0}} > 2. Then c,, < c§ < fcoe
and c§ is attained by J at some uy € N'¢ which does not change sign.

Proof. Let (u,) be a minimizing sequence for J on N'¢. By Ekeland’s variational
principle we may assume that it is a Palais-Smale sequence. The previous lemma implies
that ¢§ < fcoo. Thus, by Lemma 3, (u,,) converges strongly to ug € N¢. B

3. A VARIATIONAL PRINCIPLE FOR SIGN CHANGING SOLUTIONS
The aim of this section is to prove the following result.

Theorem 8. Let £ := min{#Gy : y € RY ~ {0}}. If there exist vi,vy € Hi(Q)¢ \ {0}
such that vy,vy > 0, v1 # Avs for all A € R, and

max{J(sv; — tvg) : 8, > 0} < c§ + leoo,
then problem (pq) has a G-invariant sign changing solution.
The proof is based on the following lemmas.

Lemma 9. Let v1,vo € HY(Q)Y \ {0} be such that v; # vy for all A € R. Then there
exists ro > 0 such that

J(svy —tve) <0 forall s,t >0, s+t >r.

Proof. Set u¢ == (1 — Q)v1 — Cva, ¢ € [0,1]. By assumption u¢ # 0, hence 1 :=
mingeo,1) [[ucl| > 0. Let ro > 0 be such that

J(svy —tvg) <0 if ||svq — tug]| > ra.

If s,t > 0 and s+t > 1o := ro/ry then, setting ¢ := /(s + t), we get that ||sv; — tvs|| =
(s +t) |luc|]| > re, and hence that J(sv; —tve) < 0. W
Next, consider the negative gradient flow ¢ : G — H} ()€ of J defined by

{ Lo(t,u) = —VJ(p(t,u))
e(0,u) =u

where G := {(t,u) : v € H} (), 0 <t < T(u)} and T(u) € (0,00] is the maximal
existence time for the trajectory t — @(t,u). A subset D of H}(Q)€ is called strictly
positively invariant for the flow ¢ if

p(t,u) € int(D) for every u € D and every t € (0,T(u)),



SIGN CHANGING SOLUTIONS OF SEMILINEAR ELLIPTIC PROBLEMS IN EXTERIOR DOMAINS 8

Here int(D) denotes the interior of D in H}(Q)¢. Let P¢ := {u € HY(Q) : u > 0} be
the convex cone of nonnegative functions in H} ()¢, and let

Bo(£PC) = {u € HJ(Q)% : dist(u, £PY) < a}.

Consider the set
EG = {ue H Q) :ut,u™ e NCY,

where ut = max{u,0} and v~ = min{u, 0}. The following holds.

Lemma 10. There exists o > 0 such that
a) [Ba(PY)UB.(-PY)]| NEY =0, and
b) B.(PY) and B,(—PC) are strictly positively invariant for .

The proof is identical to that of Proposition 3.1 in [3]. Define
D := B,(P®) U B,(-P%)u J",

where J¢ := {u € H}(Q)Y : J(u) < ¢} for ¢ € R. Since J(u) > 0 for every nontrivial
critical point of .J, the set J°\.{0} is strictly positively invariant for ¢. Thus, by Lemma 10,
D is strictly positively invariant for ¢ and

DNES = . (6)

Lemma 11. Ifc < c§ + lco, and J has no G-invariant sign changing critical point in J¢,
then there exists a continuous map o : H3(2)% N J¢ — D such that o(u) = u for every
uecDnNJC.

Proof. For u € H}(Q) we consider the entrance time e(u) of u into the set D, that
is,
e(u) := inf{t € (0,00] : p(t,u) € D}.

Since D is strictly positively invariant, a standard argument shows that e : H}(Q)¢ —
[0, 0] is continuous. Lemma 3 guarantees that there are no non-convergent G-invariant
Palais-Smale sequences in J¢\. D and, since we are assuming that J has no critical points
in J¢\ D, we have that e(u) < oo for all u € HZ(Q)% N Je. Tt follows that the map

0: Hy()“NJe—D o(u) = p(e(u),u)

u for every u e DN J°. M

is well defined, and o(u) = ¢(0,u) =
t > 0}. We need the following topological lemma.

Set Q:={z=(s,t) eR?:s,

Lemma 12. Let f: Q — @ be continuous. Assume there exist q,r9 > 0 such that
i) f(s,0) =(s9,0) and f(0,t) = (0,t7) for all s,t >0,

ii) f(As,At) = Nif(s,t) if s+t >rgand A > 1,

iii) f(s,t) #0 if s+t =ro.

Then f is surjective.

Proof. Assume, by contradiction, that f is not surjective. Then there exists zg =
(s0,to) € int(Q) which is not in the image of f. Fix r1 > sg +to, and consider the triangle
T:={(s,t) € Q: s+t <r1}. Thus, zg € int(T) and there is a retraction 8 : T\ {z0} — T
given by

{0(2)} =0T N{zo+ Mz — z0) : A > 0}.
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One has also a retraction n : Q — T given by n(z) = zif 2 € T and n(s,t) = r1(s+t) " (s, 1)
if s+t > 7. Set |(s,t)]; := s+1, and fix A\g > 1 such that |f(Aoz)|; > r1 if |2]; = ro. The
map h: T — 0T given by

h(z) :=0ono f(Aorory '2)
is the identity on the vertices of T" and maps each side of T into itself. Therefore, h |7 is
homotopic to the identity map idgr : 0T — OT. This implies that idgr is nullhomotopic,

which is false. W
Finally, define v : H} ()¢ — R by

lulz .

Eoifuz#0
w) =< Tulz !
() { if =0

By Sobolev’s embedding theorem this function is continuous. Note that y(u) = 1 if and
only if u € N'¢. Therefore,

y(ut)=1=~(u") ifandonlyif ue&®. (7)
We are ready to prove Theorem 8.

Proof of Theorem 8. Without loss of generality we may assume that vy,vy €
NC. We argue by contradiction. Let

¢ :=max{J(sv1 — tvg) : 5,t > 0} < c§ + leoo,

and assume that .J has no G-invariant sign changing critical point in J¢. Let o : H} ()¢ N
J¢ — D be the retraction given by Lemma 11. Consider the maps

L:Q — HY Q)Y NJS (s, t) i= sv — tug,
ReHG(Q)Y = Q0 K(w) = (y(u™),y(u”).

Assertions (6) and (7) imply that the point (1,1) is not in the image of the restriction of
k to D. Therefore, the composition

fi=rogo1:Q—Q

is not surjective. Note that ¢(s,0) = sv; € PY C D and +(0,t) = —tvy € —P¢ C D for
all (s,t) € Q. Fix ro > 0 as in Lemma 9. Then i(s,t) € J° C D for all (s,t) € Q with
s+t > ro. On the other hand, if u := «(s,t) € D, then f(s,t) = x(u). By definition,
k(Au) = AP~2k(u) for every A > 0. Therefore f satisfies conditions i) and i) of Lemma
12 with ¢ := p — 2. Clearly condition i) also holds, in fact, f(s,t) = 0iff s =0 = ¢.
Lemma 12 asserts that f must be surjective. This is a contradiction. H

4. SIGN CHANGING SOLUTIONS IN EXTERIOR DOMAINS WITH SMALL COMPLEMENT
Let Gz = {y1,...,y¢} be a minimal G-orbit of R \ {0}, and consider the function

op(z) =Y w(x—py;) € H' (RV)C.
i=1
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Lemma 13. If Gz satisfies assumption (1), then there exists pg > 0 such that
max{J(so, —tw) : 5,t >0} < ({+1)ces  for p > po.
Proof. We may assume that |y;| = 1. For p > 0, 4,5 € {1,...,£}, i # j, we set
€pjij i= /w(a: — pyi) P rw(x — py;)dx

- / Vo — pyi)Veo(z — pys) +w( — pys)eo(z — py;)] d,

Ep = E :5p7i,jv

i#]
€p,0 i= /w(w — pyi)Ptw(x)dx
— [ [Vl = pu)Vla) + ol - pyiJs(a)] s
Note that €, does not depend on i. Lemma 5 together with (4) yield

No1 . N-1
phlﬂogpvi»j (|dijp| 2 exp(dijp)> =9 >0, plirggp70 (|p| 2 exp(p)) = >0,

10

where d; ; := |y; — y;|. Since assumption (1) holds, one has that d; ; < 1 for some 7 # j.

Therefore, €,0 = o(e,) and
lsop — tw|® = 5 ||U/)H2 S [ 2Ustep 0
=5 |lwl|* + ¢ |wl|* + 572, + o(c,)-
Moreover, applying Lemma 4, we get
|s0p — twly > 8" |o,[) + ¥ |wl) — p/(s”fltag*lw + stP Lo wP™h)
> s |w|£ + P |w|§ + (p—1)sPe, +o(ep).
Consequently, since ||w||* = |wl[, , we obtain

2 2 2
l[sop —tw]” _ (5% ||lw||” + £ |lw||” + s + o(z)

— 2 > 2/p”
570 =82l (b5p | + 2 [l + (p — D)sre, + ofe,))

The parameters s,¢ at which the maximum is attained tend to 1 as p — oo. It follows

that there exist Cy, pg > 0 such that

Iso, — tew]|” 2\ 5
0, — tw]? = ((EJF Dl ) — Coep  for p = po.
P Hlp

Hence,

—2 —tw|?\ "
J(so, —tw) = b s, w||2 <(l+1)es  for p > po,
2p |s0p — tw|,
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as claimed. W
We assume from now on that Gz = {y1, ..., 4} is a minimal G-orbit of RV \ {0} which
satisfies assumption (1), and we fix p > 0 such that

max{J(so, —tw) : 5,t > 0} < ({ + 1)

We also fix a radially symmetric smooth cut-off function + : RY — [0,1] such that
Y(x) = 0if |z| <1 and (z) = 1 if [2] > 2, and set Yr(z) :=P(F), R > 0.

Lemma 14. There exists Ry > 0 such that
max{J(s¢Yro, —tYgpw) : 5,t >0} < ({ +1)ces  for R < Ry.
Proof. Set u, :=(1— 7)o, — Tw. Then
{s¢ro, —tpw : s,t > 0} = {YpAu, : 7 € (0,1], A > 0}.
For each A > 0 and for all 7 € [0,1] one has that
[ rAur = Auc]|® = X2 [[(1 = gr)ur |’
e / (10— )V + V(L s + (1~ wm)ue )
<0 [ 10 = vn)? (Furl +u2) + 901 = vl u2

< A2 |1 — g, (8)
‘/IZJRAUT - )\u‘r‘g =\ |(1 - 7/}R)UT|[Z; S CQAP ‘1 - wR|ga (9)

where C1, Co are positive constants. Hence, there exist Ry, Cs, Cy > 0 such that
[Yru.]> < Cs and [YRu|, > Cy  forall R < Ry, 7€0,1].
So, if A\g > 0 satisfies %)\% - %)\8 = 0, we have that

C C
J(rAu,) < 7%2 — AN <0 forall R< Ry, 7€[0,1], A> Ao (10)
p

For all A < g and 7 € [0, 1] inequalities (8) and (9) yield
¥rAu- | = [Aur | < llPrAur — Aur|l < C5 |11 =Ygl
|¢R)\u7|p — |)‘u7‘p‘ < |wR)\u‘r - )\U‘I"p < Cs |1 - wR|p7

where C5, Cg are positive constants. Hence, there exists Ry € (0, R1] such that

|J(’(/JR)\UT) - J()‘u‘r)‘

IA

1 2 2 1
e e Y Rt [F VA Y

(L4 1)coo — max{J(Au,) : 7 € 0,1], A >0},

IA

for all R < Ro, 7 € [0,1], A < Ag. This inequality, together with (10), yields

J(WrAur) < (+1)co,  for all R < Ry, 7 €[0,1],A >0,
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as claimed. W

Proof of Theorem 1. Let Ry > 0 be as in the previous lemma and set vy :=
YRy, and ve 1= Ypow. If RY N Q C B, (0), then vy,v2 € H(2) and vy, v, satisfy the
hypotheses of Theorem 8. W

Note that, if £ = co, Theorem 8 yields a G-invariant sign changing solution of (pq)
without any restriction on the size of R ~ Q. In fact, one can show there are infinitely
many G-invariant sign changing solutions in this case.

5. SIGN CHANGING SOLUTIONS IN EXTERIOR DOMAINS

We turn to the proof of Theorem 2. We assume that G is the kernel of a homomorphism
¢ : T — Z/2, where T is a closed subgroup of O(N), and that € is I'-invariant. Then ¢
induces an action of T on H{(£2) given by

(yu)(z) = ¢(Vu(y"z). (11)
The fixed point space of this action is the space

H}(Q)? ={uec H} Q) :yu=u VyeT}
={ue HYQ) : u(yx) = ¢(y)u(x) VyeT, z € Q}.

The functional J satisfies J(yu) = J(u) for all v € T and u € Hg(Q). So, by the principle
of symmetric criticality [9, Theorem 1.28], the solutions of problem (pq) which satisfy (2)
are the critical points of the restriction of J to the space H}(2)?. The nontrivial ones lie
on the Nehari manifold

N# = fue HYQ® w0, Jull® = |ul} = NC 1 HA(@)*.
As before, let £ := min{#Gz : z € RN < {0}}.

Lemma 15. Let (u,) be a sequence in H}(Q)? such that J(u,) — ¢ < 2lco, and
VJ(u,) — 0. Then (u,) has a convergent subsequence.

Proof. This follows from the representation result for Palais-Smale sequences given in
[4], taking the symmetries into account. W

Let ¢ : RY — [0, 1] be a radially symmetric smooth cut-off function such that ¢ (x) = 0
if [z] < R and ¥(x) = 1 if |z| > 2R, where R satisfies RY \ Q C Bgr(0). Let Gz =
{y1, .-, Ym} be a G-orbit in RN ~ {0}. Assume that I'z # Gz, fix v € ¢~ 1(—1) and
consider the function

m

Op(x) ==Y wlw—py;) — Y _ wlx—pyyi) € H(RV)?.

i=1 i=1
Then ¢6, € H} ()% and the following holds.

Lemma 16. Ifm > 2 and dist(yz, Gx) > min{|z — y| : y € Gz, y # x}, then there exists
po > 0 such that

p—2 0,1°\"
J(m(¥0,)) = TS <|||zep”2 > <2mcs  Vp > po.
Plp
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Proof. Without loss of generality we assume that |y;| = 1. For p > 0, 4,5 € {1,...,m},
i # j, we set

. / o — py)P el — py;)dz
- / Vel — pyi)Veolz — py;) +w(@ — pys)eo(z — py;)] de,
€pig = /W(ﬁv — prya)P " w(a — pyy;)da

= / Vw(z — pyyi) Vw(z — pyy;) + w(z — pyys)w(z — pyy;)] de,

€)= /W(w — 0y’ w(@ — py;)de

= / Vw(z — pvyi) Vw(z — py;) + w(z — pyyi)w(z — py;)] dz,

. . 9 2l Py - =Y
=D Epii R Gy Epi=D Epi

i#] i#] i#j

Note that, since  is a linear isometry, we have that ¢, ; =€) , ; and €, = £). Lemma 5
together with (4) yield

N1 . N-1
tim 0 (|dgpl = exp(dip)) = tim &) o5 (Idigpl = exp(dig))

= lim &7, .
ot Cpiid

where d; j = |yi — y;| = vy —y5l, ci-j = |vyi; — yj| . Therefore, since dist(yz,Gz) >
min{|z —y| : y € G, y # x}, we have that &) = o(¢,). Lemma 5 together with (4) also
yield

N-—1
~ T o~
dijP’ exp(dz‘jp)> =7 >0

p—00

lim (/ h(z)w(z — pyi)qu> |qp|¥ exp(gp) =0 and

lim (/ h(z)w(z — p'yyi)qu) |qp|¥ exp(gp) =0, if he C.(RY) and ¢ > 1.

p—00

Now, arguing as in the proof of Lemma 6, taking into account that 1A, P —1 € C.(RY)
and using Lemma 4 we obtain

2 2 2
96,17 < 16,1° = [ (w0) 6 = 2m ] + 25, + ().
9815 = 16a8,+ [ (57 = D16, 2 2molf +2(p — Dy + ol
Therefore, since |w||> = |w|?, there are positive constants Co, po such that

[W0IE _  2mll+ 2, + ofc,)
2 —_—
W0ols (2m |l + 20 = Ve, + ofc,))

p—2
2 P
57y < (Qm [lw]| ) — Coe,  for p > po.
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We conclude that

P

p—2 0,0°\ "
J(m(¥0,)) = o <|:Z9”|”2> < 2mces  for p > po,
Plp

as claimed. W

Proof of Theorem 2. The previous lemma implies that

inf J < 2ley.
N

Lemma 15 implies that this infimum is attained. W
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