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Abstract

We study superlinear elliptic boundary value problems with perturbed sym-
metries in domains which are invariant under the action of a group G. We
give conditions on the growth of the nonlinearity which guarantee the exis-
tence of infinitely many G-invariant solutions. These conditions improve those
obtained by Bahri and Lions (1988) and Bolle, Ghoussoub and Tehrani (2000)
if the domain contains a G-orbit of large enough dimension.
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1 Introduction

Consider the problem

(0) —Au=[ufPu+f inQ
e U = Ug on 0f)

where € is a bounded smooth domain in RN, N >3, p € (2,2%), 2* := 2% is the
critical Sobolev exponent, f € C(Q), and ug € C?(99).
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If f = up = 0 this problem is symmetric (i.e. u is a solution if and only if —u
is), and well known equivariant variational methods yield infinitely many solutions.
If either f or ug are nontrivial, the problem is not symmetric, and those methods
do not apply any more.

The first results for the nonsymmetric case were obtained by Bahri and Beresty-
cki [2], Struwe [19], and Rabinowitz [17] in the early 1980s. They established the
existence of infinitely many solutions if p is sufficiently small and wg = 0. Similar
results for ug # 0 were obtained by Candela and Salvatore [8]. The best condition
on p, so far, is due to Bahri and Lions [3], who showed that problem (p) has infi-

nitely many solutions if ug = 0 and p € (2, 2}{{\1_—22). For uy # 0 Bolle, Ghoussoub and

Tehrani [4] established the existence of infinitely many solutions if p € (2, 225).

Here we consider domains € which are invariant under the action of a group G.
If some G-orbit in 2 has large enough dimension we improve the conditions on p
given in [3] and [4]. Before stating our result we need some definitions.

Let G be a closed subgroup of the group O(N) of orthogonal transformations
of RV, Assume that  is G-invariant, and that f and wug are G-invariant functions.
Recall that a subset X of RY is G-invariant if gxr € X for all z € X, g € G, and a
function h : X — R is G-invariant if h(gx) = h(x) for all z € X, g € G. Consider
the problem

~Au=ufPu+f inQ
(pc) U = Ug on 0f)
u(gr) = u(x) Ve e Q, g€ G.

Let m := max{dim Gz : x € Q}, where Gz := {gz : g € G} is the G-orbit of z, and
let p'y ,,, be the maximal root of the equation

(2N —m —2)p? — (5N — 2m — 2)p + 2N = 0.

Set

, 2N -2 _ 6N —4m 2N
PNam = WA PN m g 0 PN B BN o — 2 N =1

For u € H}(Q) we consider the norm

full== ([ |w|2>1/2.

We prove the following result.

Theorem 1.1 If either ug = 0 and p € (2,pn.m), or if ug # 0 and p € (2,pn.m),
then problem (pg) has an unbounded sequence (uy) of G-invariant solutions which
satisfy

lux]]* < CR7, (1.1)

where C is a positive constant and v = 2p/(N —m)(p — 2).
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2N-—2 N
One has that py,m > N3 DR

so our conditions on p are better than those in [3] and [4] in these cases. Note
that py,m < 2* and py,m < 2*. One expects problem (p) to have infinitely many
solutions for every p € (2,2*). Bahri [1] showed that this is indeed true for almost
every f € L*(Q) and ug = 0. In the radial case G = O(N), N > 4, an optimal result
was obtained by Candela, Palmieri and Salvatore [7]. They showed that problem
(9o(ny) has infinitely many radial solutions for every p € (2,2*) if Q is a ball.

The main ingredient in the proof of Theorem 1.1 is an asymptotic formula for
the G-invariant Dirichlet eigenvalues of —A in Q obtained by Briining and Heinze
[5, 6] and Donnelly [12] (see Theorem 3.1). If G is the trivial group, the estimate
(1.1) on the norm of the solutions was obtained in [9].

. 2 ~ .
1fm>%,andp;v7m>%1fm>

2 The variational problem

Let G be a closed subgroup of O(N). We assume 2 to be G-invariant, and f € C'()
and ug € C?(09) to be G-invariant functions. We denote also by ug € C%(Q) the
unique extension of the given uy which satisfies —Aug = 0 in Q. Note that this
extension is also G-invariant. We write |-, for the norm in LP(Q2). The group G
acts on Hg () by

(g.u) = gu,  (gu)(z) :=ulg 2).
The functional

1. 5 1
I = 5 ol = 5 fus wl} = [ fu,

is invariant with respect to this action, i.e. J(gu) = J(u) for every g € G, u €
H(Q). So, by the principle of symmetric criticality [15], the critical points of its
restriction J : H3 () — R to the fixed point set

HY)C = {u e H}(Q) :u(gz) =u(z) Yz eQ, g€ G}

are precisely the solutions of problem (p¢g).
Next, consider the path of functionals I; : H3 () — R, t € [0, 1], given by

1 1
1w = Sl = Lol - t/qu. (2.1)

Note that I; = J, and that I := I is an even functional, i.e. I(u) = I(—u). It is
well known that I has an unbounded sequence of critical values. Bolle, Ghoussoub,
and Tehrani established conditions on the path I; which guarantee that I; has also
an unbounded sequence of critical values. We recall their result.

Let X be an infinite-dimensional Hilbert space and let 7 : X x [0,1] — R be a
C?-functional. We think of I as being a path of functionals

IL: X - R, IL(u):=1I(ut), 0<t<]1,

and denote by Ij(u) = dil (u,t) the derivative of I;. Assume the following holds.

ou
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(P1) Every sequence (up,tn,) € X x [0,1] such that (I, (u,)) is bounded and
|27 (un)|| — 0 has a convergent subsequence.

(P2) For every b € R there is a constant C' such that

10| < CUrEl+ Dl +1) i 1) < b

(P3) There exist two continuous functions 61,05 : [0,1] x R — R, §; < 05, which
are Lipschitz continuous on the second variable and such that

01(t, I(u)) < %I(u, £) < 0s(t, L(w))  if I/(u) = 0.

(P4) Iy is even and, for every finite dimensional subspace W of X

sup I;(w) — —c0 asw € W, ||w| — oc.
0<t<1

Fix a sequence of linear subspaces X; C --- C X, C --- of X with dim X, = k,
and define

¢, = inf sup Ip(p(u))
WEFuEXk

where
I'={peC(X,X):pisodd and IR > 0 such that p(u) = u for |lul| > R}.
Let ¢;: [0,1] x R = R, i = 1,2, be defined by
¢;(0,s5) =s
9 2.2
L9 S a e 22
The following result was proved in [4] (see Proof of Theorem 2.2 in [4]).

Theorem 2.1 (Bolle, Ghoussoub, Tehrani) Assume that I satisfies properties
(P1)-(P4). If (1, cr +¢€) < ¢4 (1, cps1) for some € > 0, then for every ¢ € I' such
that SUPy(x) Iy < ¢ + € there is a critical value ¢, of 11 which satisfies

Co(1,er) < i1 che1) <k < Go(1, sup To(p(u))). (2.3)

UEX 41
Moreover, if the sequence

Ck+1 — Ck

Jnax 101(t, cr1)] + dnax, |02(t, ci)| + 1

(2.4)

is unbounded, then (¢i) is unbounded.

We wish to apply this result to the path of functionals defined in (2.1). The
main step consists in estimating the growth of the values cy.
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3 An unbounded sequence of solutions
Consider the G-invariant eigenvalue problem
—Au=\u, uc H} Q).

Let
0<A <A <. <A<,

be the G-invariant eigenvalues, counted with their multiplicities, and let ekG €
H} ()Y be the corresponding eigenfunctions with ‘6?‘2 = 1. Set

X, :=span{e§’, ... e}

Consider the even functional I : H} ()¢ — R,
1 1
)= 5 ol = Tl

and define

¢ = inf sup I(p(u)), (3.1)
@GFG u€Xy

where
Y= {p e C(H}Q)Y HI(Q)) : ¢ is odd, and @(u) = u if ||Ju| is large enough}.

If G is the trivial group we denote these values by c}. Bahri and Lions [3] showed
that there are positive constants by, by and kg € N such that

b1k2P/N(:"—2) < Cllc < b2k2p/N(P—2) Yk > k. (3.2)

We now wish to estimate the values ckG.

Briining and Heinze [5, 6], and Donnelly [12] studied the asymptotic behavior
of the G-invariant eigenvalues. They proved the following result.

Theorem 3.1 (Briining-Heintze, Donnelly) For k — oo one has the asymp-
totic formula
)\kG ~ ﬂOkZ/(N*m),

where By is a positive constant depending only on Q and G, and m = m(G,Q) is
the dimension of the principal G-orbits of €1, i.e.

m = max{dim(Gz) : z € Q}, where Gx := {gx : g € G}. (3.3)
We shall use this result to obtain estimates for c¢{. We need the following lemma.
Lemma 3.1 For every p > 0 one has that
¢f > inf{I(u) :ue XE,, |ul = p},

where Xit is the orthogonal complement of X}, in Hg(Q)€.
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Proof. Assume, by contradiction, that there exist p,e > 0 such that c,? +e<
inf{I(u):u e S,X;-,}, where S, X;- | == {u € Xi-, : |lul| = p}. By (3.1) we may
choose an odd map ¢ : H} ()¢ — H}(Q)C with I(p(u)) < ¢ + ¢ for all u € X,
and ¢ (u) = u if ||Ju|| > R. Thus, ¢ (X;) N S,Xi-, =0. Set Eg :={u € H}(Q) :
|lu]| > R}. We consider the map

n:HY(Q)C\ S, Xi- | — Xy 1UER =Y

defined as follows: Let 7(u) be the orthogonal projection of u onto Xi- ;. If u ¢
Xk—1, let m,(u) be the positive multiple of 7(u) of length p, and let t,, := min{t >
0:7,(u) +t(u—m,(u)) € Y}. Set

nmy:{2A®+mwﬂAw)gZEngGv&Xéﬂﬂﬂ

Note that 7 is an odd map. The composition no ¢ : X — Y is well defined, odd
and continuous, and satisfies (1o ¢) (u) = w if ||u|]| > R. Therefore, 1 o ¢ induces a
map of the quotient spaces obtained by identifying Er to a point and, composing
both ends with radial homeomorphisms, we obtain a map

XpU{oo} 2 X/ Xy NEr 8 Y/ER = X U {oc}

which is odd in X} and maps oo to co. This contradicts the Borsuk-Ulam theorem
for representation spheres with fixed points [14, 10]. |

Corollary 3.1 There exist ; > 0 and ki1 € N such that
Bik* <cf Yk >k,

where a := max { (NT?\;:%(;Q,)(QI;_”’ N(Zzi2)} with m as in (3.3).

Proof. Letve X ,ﬁ-_l. Using the Gagliardo-Nirenberg inequality, we obtain

1, 1
I [ _ - p
(v) =5 [Ivl , vl
1,2 a (1—s)
> - - p bs 3.4
2 5 lIv] ) [l vl (34)
1 2 ay a —ps/2 ,
> <ol =2 (6F) Il
p
where a; is a positive constant and s € (0, 1) satisfies % =122 4 5 Set

(s (2

If v e X;- , and |jv]| = p, we obtain from (3.4) that

1 a1 f.a\7P/2 5\ o P—2 4 a\Ps/ (P=2)
> _— — P = —_— =
I(v) = <2 ) (M) P p op P =02 (/\k) ;
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and Lemma 3.1 yields
ps/(p—2)
c,? > as ()\]?) .

By Theorem 3.1 there exist k; € N and a3 > 0 such that )\f > a3k (N=m) for all
k > k1. Therefore,
CkG > 51k2p5/(N*m)(p*2) Vk > k.

Observe that 2ps = (N +2) — (N — 2)(p — 1). On the other hand, the Bahri-Lions
estimate (3.2) yields
Cg > C;1€ > bleP/N(P*Q)’

and our claim is proved. |
Corollary 3.2 There exists 85 > 0 and ko € N such that
¢ < BokY Yk > ko,

2p
(N —=m)(p—2)

Proof. Let u € Xj. Then, for some constant a; > 0, we have that

where v := with m as in (3.3).

2 G2 G, 2
[ull™ < A July < @ty ful, -

It follows that

oo 1, 5
I(w) = 5 Jull® = el
1 2 as a -p/2
S O I 7
D—2 _9/p o (. .a\P/P2
S T G R

Hence,

p/p—2
¢ < sup I(u) < as ()\kG) .
ueXy

On the other hand, by Theorem 3.1, there exists ay > Oand k; € N such that
)\kG < agk? N=m) for all k > k. Therefore,

CkG S B2I€’Y7
for some positive constant 8, and v = 2p/(N — m)(p — 2), as claimed. |
We apply Corollary 3.1 to prove the following results.

Theorem 3.2 For every p € (2,Pn.m) the functional J : HX(Q)¢ — R given by

1. 5 1
T = 5l = <+ wlf = [ fu

has an unbounded sequence of critical values ¢ .
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Proof. Bolle, Ghoussoub and Tehrani [4] showed that the path of functionals
1 1

satisfies properties (P1)-(P4) with 05(t,s) = a(s* + 1)/* = —0,(t,s), a > 0. Now
we show that, if p € (2, pn,m), the sequence

CG 1 CG
(a((CkGHP + 1)1/]1:_ a((];kG)Q + 1)1/ + 1) (3.5)

is unbounded. Assume, by contradiction, that it is bounded. Then c‘,f < a1k? for
large enough k (see [16] p.68) and, by Corollary 3.1, we have that o < 2, that is,

L 6N—dm 2N
P=3N _“om—2 ¢ P=N_71

Hence p > Pn.m, contradicting our assumption. Thus, the sequence (3.5) is un-
bounded, and Theorem 2.1 gives an unbounded sequence EE of critical values for
J=1. |

Theorem 3.3 For every p € (2,pn.m) the functional J : H} (Q)¢ — R given by

1 1
I = g ol = fuly = [ fu

has an unbounded sequence of critical values Ef

Proof. 1t is easy to see that the path of functionals
1 1
(w) = 5l = S = ¢ [ fu

satisfies properties (P1)-(P4) with 05(t,s) = a(s® + 1)1/?? = —0;(t, s). Now, if the
sequence

Ck+1 ~ Ck
() D7 4 a((2 + D1 +1
were bounded, we would have that c{ < a1kP/P=1) for large enough k. Then, by
Corollary 3.1, we would have a < p%l, that is,

2N -2

(2N —m —2)p* = (5N —=2m —2)p+2N >0 and p> R

contradicting our assumption. Now we apply Theorem 2.1 to obtain an unbounded
sequence Ef of critical values for J = I3. | |
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4 Estimates on the energy of the solutions

Let ¢ be the critical values of J : H}(2)¢ — R given by Theorems 3.2 and 3.3.
We shall prove the following.

Proposition 4.1 There is a positive constant 35 and ks € N such that
&< Bk Yk > ks,
where v = 2p/(N —m)(p — 2).
We start with some lemmas. Set

C 9 1
I8 @) = 5l = = Jul}.

Lemma 4.1 IfC > 1, then there exists a continuous function o : H}(Q)¢ — [0, 00)
with the following properties:

(i) I([(1 —s)+so(u)]u) < I(u) for every u € HY(Q)Y, s € [0,1].

(i) If I% (u) <0 then o(u) = 1.

(i1) If 2I(u) < max;>o I(tu) then I?}é(g(u)u) <0.

() If 2I(u) > maxy>o I(tu) then Iéﬁ(g(u)u) < kol (u) with kg > 1.

Proof. For each v € H}(Q)E with ||| = 1 consider the numbers 0 < t; < &, <
t+ < T, < oo which satisfy the following:

I(tv) = max I (tv), 1% (Tyv) = 0,

v

21 (tv) > max I(tv) <=t et ,t].

Let p,, : [0,00) — [0, 00) be such that p,(t) = 0ift € [0,¢,], p, maps [t ,t,] linearly
onto [0,t,], and maps [t,, ] linearly onto [t,,T,], p,(t) = T, if t € [t,T,], and
p,(t) =t if t > T,. Now define o : H}(Q2)¢ — [0, 00) by

1 .
_J munPesug lull) - if w0
el { 0 ifu=0

It is straightforward to verify that o has the desired properties. |
Lemma 4.2 There exist a map
H&(Q)G X [Oa 2] - H&(Q)Ga (u,s) = us,

and a k1 > 0 such that ug = u, Q~supp(us) # 0, and I(us) < max{kiI(u),0}
for every u € HL(Q)C, s € [0,2].
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Proof. Let R := max{|z| : z € Q}. Fix r € (0, R) such that tz € Q if z € 99,
|z| > 7, and t € (r|z|~",1). Choose a nondecreasing C* function x : [0,00) — R
such that x(¢) = 0if t € [0,7] and x(R) = 1. For each s € [1, 2] consider the function
75 : RY — RN given by

Ts(x) = (1 + (s = Dx(|z]) .
Then, 74(z) =z if |z| <ror s =1, 7,(0Q) C RN \ Q, and there exists a d € (r, R)
such that |72(z)| > R if |z] > d. Moreover, 74(g9x) = g7sx for all g € G. Let C; :=
max{|| D7, (z)|* : 2 € Q, s € [1,2]}, and Cy := max{|detD7, (z)| : € Q,s > 1}.
For C := C;C5 we consider the function ¢ : H}(Q2)¢ — [0, 00) given by the previous
lemma. If u € H} ()Y we consider it as an element of H!(R™)% by extending it
to cero outside €2, and define

]

[(1—3s)+so(u)u(z) ifsel0,1
1,2].

us (@) = { o(uw)u(rsx) if s € [1,

Then uy € HYHQ)Y, up = u, and Q~supp(uz) D {z € Q : |z| > d} # 0. Let
€ [1,2]. Then

Vus(@)* < o(u)® |[Vu(rs (@) | D7y (@)]* < Cro(w)® |Vu(rs ().
Note that min{|detD7, (z)| : z € Q, s > 1} > 1. Therefore,
/|Vus\2 < /|Vus(a:)|2 detDr, (z)]| dz
<C1 [ lotw)Va(r. (@) |detDr. (o) do = €1 [ 1V (etu)u).
On the other hand,
[letwut’ = [ letwu(r. (@) |detDr. (@)] dz
- / s (2) ] |det Drs (2)] da < Cs / lual?
It follows that
) = 5 ol = S el < € [f louyul® |g<u>u|5}
= C’Q_llﬁ(g(u)u) < max{k1I(u),0} if s €[1,2],
with k1 := max{(}'{l/ﬁo, 1} and kg as in Lemma 4.1. That lemma also implies that

I([(1=39)4so(uw)]u) < I(u) <max{ril(u),0} if se€]0,1].

This concludes the proof. |
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Lemma 4.3 There are constants k1, ks > 0, depending only on G, Q and p, with
the following property: For each pair of finite dimensional subspaces V. C W of
HY ()Y with dim W = dim V + 1, and every odd map ¢ : V — HE(Q)¢ and R >0
satisfying p(v) = v if |v|| > R, there exist R > R and an odd map 3 : W — HY ()
such that

(i) @) =¢(v) for everyv €V,

(ii) P(w) =w for every w € W with ||w|| > R,

(iii) maxypew I(P(w)) < k1 maxyey I(@(v)) + Ko

Proof. Fix w € H(2)% such that supp(w) C Q~supp(uz), and max;>q I (tw) <
I(w) =: kg. Fix an e € W, orthogonal to V, with ||e]] = 1. We extend ¢ to the
halfspace Wt = {v+re:v € V, r > 0} as follows

[ o), if veV,secl0,2]
w50 ={ 201 e e o

where ug is as in Lemma 4.2. Since ¢(v)s and w have disjoint supports, we have
that

max{r11(¢(v)),0} ifveV, se€|0,2]
I($(v+ se)) < { max{m[(i(v)),O} +I((s—2w) if veV, se[2,00).

Therefore,
I(¢p(v + se)) < max{r11(p(v)),0} + Ko Yo eV, s€[0,00). (4.1)

Since dimV < oo, there exists R; > R such that k1I(v) < —ko if v € V and
lv|l > Ry, and I((s — 2)w) < —maxyey k11(¢(v)) if s > Ry. Then,

I((v+se)) <0 if either v € V and ||v|| > Ry, or s > Ry,

so we may fix Ry > Ry such that I(¢(w)) < 0 for every w € W with |w| > Ra.
Since {u € H}(Q)¢ : u # 0, I(u) < 0} is homotopy equivalent to the unit sphere in
H(Q)Y, it is contractible. Hence, there is a homotopy

U {we W' :|jw| =Ry} x[0,1] = {uec H(Q) :u#0,I(u) <0}

such that ¥(w,0) = ¥(w), ¥(w,1) = w and ¥(v,t) =vifv € V and ¢t € [0,1]. We
define 3 : W+ — H}(Q)Y by

(w) ifweWt, |w|| <Rs
Pw) = L w(Ry i, wl — Ro) i w e W, Ry < ||w]| < Ry +1
w ifweWt, Ry+1<|wl
and extend it to an odd map @ : W — H}(Q)Y by setting p(w) = —@(—w) if

—w € W+~. Since ¢ is odd, @ is well defined and continuous. It satisfies (i) and
(i) with R := Ry + 1. Moreover, since I is even and I (p(w)) < 0 if ||w| > Ra,
inequality (4.1) yields

%) <
max I(p(w)) < Ky max I(p(v)) + K2,
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so (iii) holds. |
Proof of Proposition 4.1. Let ¢; : [0,1] x R = R, i = 1,2, be given by

{CA&$5 {ggmgs
Gt s) = =0(¢y (8, 9)) FiCa(t,s) = 0(C,(t, 5))

where 0(s) = a (s* + 1)1/4 if ug # 0, and a (s* + 1)1/2p if ug = 0. Let c{ be the
values defined in (3.1). If (,(1,c¢f +¢) < ¢;(1,¢§, ;) for some e € (0,1), we fix
¢ € I'Y such that

sup I(p(u)) < c§ +e

ueXy
and apply Lemma 4.3 to obtain an odd map @ : Xj41 — H}(92)¢ such that p(u) =
p(u) for u € Xi, @(u) =w if ||u|| > R and

sup I (p(u)) < k1 (e +€) + Ko < Kicy + K1 + Ko
uE X1

By Tietze’s extension theorem, @ can be extended to an odd map ¢ : Hi(2)¢ —

H} ()Y which satisfies @(u) = u if ||ul| > R. Theorem 2.1 asserts that

ey < (o1, sup I(p(w)) < Co(L, kel + K1+ Ka). (4.2)
UEX k41

On the other hand, by definition of (,, we have that |s — (,(¢,s)| < a1 ]6(s)| with
aj > 0. Hence,

& < a0 (mlckg—i—m + K2) + k1 + K1+ ko < K3(c 4 1) (4.3)
Corollary 3.2 now yields that
& < B3k,
as claimed. ]

Theorems 3.2 and 3.3, together with Proposition 4.1 give Theorem 1.1.
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