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Abstract

We study superlinear elliptic boundary value problems with perturbed sym-
metries in domains which are invariant under the action of a group G. We
give conditions on the growth of the nonlinearity which guarantee the exis-
tence of in�nitely many G-invariant solutions. These conditions improve those
obtained by Bahri and Lions (1988) and Bolle, Ghoussoub and Tehrani (2000)
if the domain contains a G-orbit of large enough dimension.
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1 Introduction

Consider the problem

(})

�
��u = jujp�2 u+ f in 


u = u0 on @


where 
 is a bounded smooth domain in RN , N � 3; p 2 (2; 2�), 2� := 2N
N�2 is the

critical Sobolev exponent, f 2 C(
); and u0 2 C2(@
):
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If f = u0 = 0 this problem is symmetric (i.e. u is a solution if and only if �u
is), and well known equivariant variational methods yield in�nitely many solutions.
If either f or u0 are nontrivial, the problem is not symmetric, and those methods
do not apply any more.
The �rst results for the nonsymmetric case were obtained by Bahri and Beresty-

cki [2], Struwe [19], and Rabinowitz [17] in the early 1980s. They established the
existence of in�nitely many solutions if p is su¢ ciently small and u0 = 0. Similar
results for u0 6= 0 were obtained by Candela and Salvatore [8]. The best condition
on p; so far, is due to Bahri and Lions [3], who showed that problem (}) has in�-
nitely many solutions if u0 = 0 and p 2 (2; 2N�2N�2 ). For u0 6= 0 Bolle, Ghoussoub and
Tehrani [4] established the existence of in�nitely many solutions if p 2 (2; 2N

N�1 ):
Here we consider domains 
 which are invariant under the action of a group G.

If some G-orbit in 
 has large enough dimension we improve the conditions on p
given in [3] and [4]. Before stating our result we need some de�nitions.
Let G be a closed subgroup of the group O(N) of orthogonal transformations

of RN : Assume that 
 is G-invariant, and that f and u0 are G-invariant functions.
Recall that a subset X of RN is G-invariant if gx 2 X for all x 2 X; g 2 G; and a
function h : X ! R is G-invariant if h(gx) = h(x) for all x 2 X; g 2 G: Consider
the problem

(}G)

8<: ��u = jujp�2 u+ f in 

u = u0 on @


u(gx) = u(x) 8x 2 
; g 2 G:

Let m := maxfdimGx : x 2 
g; where Gx := fgx : g 2 Gg is the G-orbit of x; and
let p0N;m be the maximal root of the equation

(2N �m� 2)p2 � (5N � 2m� 2)p+ 2N = 0:

Set

pN;m := max

�
p0N;m;

2N � 2
N � 2

�
; epN;m := max� 6N � 4m

3N � 2m� 2 ;
2N

N � 1

�
:

For u 2 H1
0 (
) we consider the norm

kuk :=
�Z




jruj2
�1=2

:

We prove the following result.

Theorem 1.1 If either u0 = 0 and p 2 (2; pN;m); or if u0 6= 0 and p 2 (2; epN;m);
then problem (}G) has an unbounded sequence (uk) of G-invariant solutions which
satisfy

kukk2 � Ck
 ; (1.1)

where C is a positive constant and 
 = 2p=(N �m)(p� 2):
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One has that pN;m > 2N�2
N�2 if m > N2

2(N�1) ; and epN;m > 2N
N�1 if m > N

2 ;

so our conditions on p are better than those in [3] and [4] in these cases. Note
that pN;m < 2� and epN;m < 2�: One expects problem (}) to have in�nitely many
solutions for every p 2 (2; 2�): Bahri [1] showed that this is indeed true for almost
every f 2 L2(
) and u0 = 0: In the radial case G = O(N); N � 4; an optimal result
was obtained by Candela, Palmieri and Salvatore [7]. They showed that problem
(}O(N)) has in�nitely many radial solutions for every p 2 (2; 2�) if 
 is a ball.
The main ingredient in the proof of Theorem 1.1 is an asymptotic formula for

the G-invariant Dirichlet eigenvalues of �� in 
 obtained by Brüning and Heinze
[5, 6] and Donnelly [12] (see Theorem 3.1). If G is the trivial group, the estimate
(1.1) on the norm of the solutions was obtained in [9].

2 The variational problem

Let G be a closed subgroup of O(N):We assume 
 to be G-invariant, and f 2 C(
)
and u0 2 C2(@
) to be G-invariant functions. We denote also by u0 2 C2(
) the
unique extension of the given u0 which satis�es ��u0 = 0 in 
: Note that this
extension is also G-invariant. We write j�jp for the norm in Lp(
). The group G
acts on H1

0 (
) by
(g; u) 7! gu; (gu)(x) := u(g�1x):

The functional

J(u) =
1

2
kuk2 � 1

p
ju+ u0jpp �

Z



fu;

is invariant with respect to this action, i.e. J(gu) = J(u) for every g 2 G; u 2
H1
0 (
): So, by the principle of symmetric criticality [15], the critical points of its

restriction J : H1
0 (
)

G ! R to the �xed point set

H1
0 (
)

G = fu 2 H1
0 (
) : u(gx) = u(x) 8x 2 
; g 2 Gg

are precisely the solutions of problem (}G):
Next, consider the path of functionals It : H1

0 (
)
G ! R, t 2 [0; 1]; given by

It(u) :=
1

2
kuk2 � 1

p
ju+ tu0jpp � t

Z



fu: (2.1)

Note that I1 = J; and that I := I0 is an even functional, i.e. I(u) = I(�u): It is
well known that I has an unbounded sequence of critical values. Bolle, Ghoussoub,
and Tehrani established conditions on the path It which guarantee that I1 has also
an unbounded sequence of critical values. We recall their result.
Let X be an in�nite-dimensional Hilbert space and let I : X � [0; 1] ! R be a

C2-functional. We think of I as being a path of functionals

It : X ! R; It(u) := I(u; t); 0 � t � 1;

and denote by I 0t(u) =
@
@uI(u; t) the derivative of It: Assume the following holds.
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(P1) Every sequence (un; tn) 2 X � [0; 1] such that (Itn(un)) is bounded and

I 0tn(un)

! 0 has a convergent subsequence.

(P2) For every b 2 R there is a constant C such that���� @@tI(u; t)
���� � C(kI 0t(u)k+ 1)(kuk+ 1) if jIt(u)j � b:

(P3) There exist two continuous functions �1; �2 : [0; 1] � R ! R, �1 � �2; which
are Lipschitz continuous on the second variable and such that

�1(t; It(u)) �
@

@t
I(u; t) � �2(t; It(u)) if I 0t(u) = 0:

(P4) I0 is even and, for every �nite dimensional subspace W of X;

sup
0�t�1

It(w)! �1 as w 2W; kwk ! 1:

Fix a sequence of linear subspaces X1 � � � � � Xk � � � � of X with dimXk = k;
and de�ne

ck := inf
'2�

sup
u2Xk

I0('(u))

where

� = f' 2 C(X;X) : ' is odd and 9R > 0 such that '(u) = u for kuk > Rg:

Let �i : [0; 1]� R! R; i = 1; 2; be de�ned by�
�i(0; s) = s
@
@t�i(t; s) = �i(t; �i(t; s))

(2.2)

The following result was proved in [4] (see Proof of Theorem 2.2 in [4]).

Theorem 2.1 (Bolle, Ghoussoub, Tehrani) Assume that I satis�es properties
(P1)-(P4). If �2(1; ck + ") < �1(1; ck+1) for some " > 0, then for every ' 2 � such
that sup'(Xk)

I0 < ck + " there is a critical value eck of I1 which satis�es
�2(1; ck) < �1(1; ck+1) � eck � �2(1; sup

u2Xk+1

I0('(u))): (2.3)

Moreover, if the sequence0@ ck+1 � ck
max
0�t�1

j�1(t; ck+1)j+ max
0�t�1

j�2(t; ck)j+ 1

1A (2.4)

is unbounded, then (eck) is unbounded.
We wish to apply this result to the path of functionals de�ned in (2.1). The

main step consists in estimating the growth of the values ck:
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3 An unbounded sequence of solutions

Consider the G-invariant eigenvalue problem

��u = �u; u 2 H1
0 (
)

G:

Let
0 < �G1 � �G2 � : : : � �Gk � : : :

be the G-invariant eigenvalues, counted with their multiplicities, and let eGk 2
H1
0 (
)

G be the corresponding eigenfunctions with
��eGk ��2 = 1: Set

Xk := spanfeG1 ; : : : ; eGk g:

Consider the even functional I : H1
0 (
)

G ! R,

I(u) :=
1

2
kuk2 � 1

p
jujpp ;

and de�ne
cGk := inf

'2�G
sup
u2Xk

I('(u)); (3.1)

where

�G := f' 2 C(H1
0 (
)

G;H1
0 (
)

G) : ' is odd, and '(u) = u if kuk is large enoughg:

If G is the trivial group we denote these values by c1k. Bahri and Lions [3] showed
that there are positive constants b1; b2 and k0 2 N such that

b1k
2p=N(p�2) � c1k � b2k

2p=N(p�2) 8k � k0: (3.2)

We now wish to estimate the values cGk :
Brüning and Heinze [5, 6], and Donnelly [12] studied the asymptotic behavior

of the G-invariant eigenvalues. They proved the following result.

Theorem 3.1 (Brüning-Heintze, Donnelly) For k ! 1 one has the asymp-
totic formula

�Gk � �0k
2=(N�m);

where �0 is a positive constant depending only on 
 and G; and m = m(G;
) is
the dimension of the principal G-orbits of 
; i.e.

m := maxfdim(Gx) : x 2 
g; where Gx := fgx : g 2 Gg: (3.3)

We shall use this result to obtain estimates for cGk :We need the following lemma.

Lemma 3.1 For every � > 0 one has that

cGk � inffI(u) : u 2 X?
k�1; kuk = �g;

where X?
k is the orthogonal complement of Xk in H1

0 (
)
G:
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Proof. Assume, by contradiction, that there exist �; " > 0 such that cGk + " <
inffI(u) : u 2 S�X?

k�1g; where S�X?
k�1 := fu 2 X?

k�1 : kuk = �g: By (3.1) we may
choose an odd map ' : H1

0 (
)
G ! H1

0 (
)
G with I('(u)) � cGk + " for all u 2 Xk;

and ' (u) = u if kuk � R: Thus, ' (Xk) \ S�X?
k�1 = ;: Set ER := fu 2 H1

0 (
)
G :

kuk � Rg: We consider the map

� : H1
0 (
)

G n S�X?
k�1 �! Xk�1 [ ER =: Y

de�ned as follows: Let �(u) be the orthogonal projection of u onto X?
k�1: If u =2

Xk�1; let ��(u) be the positive multiple of �(u) of length �; and let tu := minft �
0 : ��(u) + t(u� ��(u)) 2 Y g: Set

�(u) :=

�
��(u) + tu(u� ��(u)) if u 2 H1

0 (
)
G n (S�X?

k�1 [ Y )
u if u 2 Y:

Note that � is an odd map. The composition � � ' : Xk ! Y is well de�ned, odd
and continuous, and satis�es (� � ') (u) = u if kuk � R: Therefore, � � ' induces a
map of the quotient spaces obtained by identifying ER to a point and, composing
both ends with radial homeomorphisms, we obtain a map

Xk [ f1g �= Xk=Xk \ ER
��'�! Y=ER �= Xk�1 [ f1g

which is odd in Xk and maps 1 to 1: This contradicts the Borsuk-Ulam theorem
for representation spheres with �xed points [14, 10]. �

Corollary 3.1 There exist �1 > 0 and k1 2 N such that

�1k
� � cGk 8k � k1;

where � := max
n
(N+2)�(N�2)(p�1)

(N�m)(p�2) ; 2p
N(p�2)

o
with m as in (3.3):

Proof. Let v 2 X?
k�1: Using the Gagliardo-Nirenberg inequality, we obtain

I(v) =
1

2
kvk2 � 1

p
jvjpp

� 1

2
kvk2 � a1

p
kvkp(1�s) jvjps2 (3.4)

� 1

2
kvk2 � a1

p

�
�Gk

��ps=2
kvkp ;

where a1 is a positive constant and s 2 (0; 1) satis�es 1
p =

1�s
2� + s

2 : Set

� :=

�
a�11

�
�Gk

�ps=2�1=(p�2)
:

If v 2 X?
k�1 and kvk = �; we obtain from (3.4) that

I(v) �
�
1

2
� a1

p

�
�Gk

��ps=2
�p�2

�
�2 =

p� 2
2p

�2 = a2

�
�Gk

�ps=(p�2)
;
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and Lemma 3.1 yields

cGk � a2

�
�Gk

�ps=(p�2)
:

By Theorem 3.1 there exist k1 2 N and a3 > 0 such that �Gk � a3k
2=(N�m) for all

k � k1: Therefore,
cGk � �1k

2ps=(N�m)(p�2) 8k � k1:

Observe that 2ps = (N + 2)� (N � 2)(p� 1): On the other hand, the Bahri-Lions
estimate (3.2) yields

cGk � c1k � b1k
2p=N(p�2);

and our claim is proved. �

Corollary 3.2 There exists �2 > 0 and k2 2 N such that

cGk � �2k

 8k � k2;

where 
 :=
2p

(N �m)(p� 2) with m as in (3.3):

Proof. Let u 2 Xk. Then, for some constant a1 > 0; we have that

kuk2 � �Gk juj
2
2 � a1�

G
k juj

2
p :

It follows that

I (u) =
1

2
kuk2 � 1

p
jujpp

� 1

2
kuk2 � a2

p

�
�Gk

��p=2
kukp

� p� 2
2p

a
�2=p�2
2

�
�Gk

�p=p�2
:

Hence,

cGk � sup
u2Xk

I(u) � a3

�
�Gk

�p=p�2
:

On the other hand, by Theorem 3.1, there exists a4 > 0and k2 2 N such that
�Gk � a4k

2=(N�m) for all k � k2: Therefore,

cGk � �2k

 ;

for some positive constant �2 and 
 = 2p=(N �m)(p� 2); as claimed. �
We apply Corollary 3.1 to prove the following results.

Theorem 3.2 For every p 2 (2; epN;m) the functional J : H1
0 (
)

G ! R given by

J(u) =
1

2
kuk2 � 1

p
ju+ u0jpp �

Z



fu

has an unbounded sequence of critical values ecGk :
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Proof. Bolle, Ghoussoub and Tehrani [4] showed that the path of functionals

It(u) :=
1

2
kuk2 � 1

p
ju+ tu0jpp � t

Z



fu

satis�es properties (P1)-(P4) with �2(t; s) = a(s2 + 1)1=4 = ��1(t; s); a > 0: Now
we show that, if p 2 (2; epN;m); the sequence 

cGk+1 � cGk
a((cGk+1)

2 + 1)1=4 + a((cGk )
2 + 1)1=4 + 1

!
(3.5)

is unbounded. Assume, by contradiction, that it is bounded. Then cGk � a1k
2 for

large enough k (see [16] p.68) and, by Corollary 3.1, we have that � � 2; that is,

p � 6N � 4m
3N � 2m� 2 and p � 2N

N � 1 :

Hence p � epN;m; contradicting our assumption. Thus, the sequence (3.5) is un-
bounded, and Theorem 2.1 gives an unbounded sequence ecGk of critical values for
J = I1: �

Theorem 3.3 For every p 2 (2; pN;m) the functional J : H1
0 (
)

G ! R given by

J(u) =
1

2
kuk2 � 1

p
jujpp �

Z



fu

has an unbounded sequence of critical values ecGk :
Proof. It is easy to see that the path of functionals

It(u) :=
1

2
kuk2 � 1

p
jujpp � t

Z



fu

satis�es properties (P1)-(P4) with �2(t; s) = a(s2 + 1)1=2p = ��1(t; s): Now, if the
sequence  

cGk+1 � cGk
a((cGk+1)

2 + 1)1=2p + a((cGk )
2 + 1)1=2p + 1

!
were bounded, we would have that cGk � a1k

p=(p�1) for large enough k: Then, by
Corollary 3.1, we would have � � p

p�1 ; that is,

(2N �m� 2)p2 � (5N � 2m� 2)p+ 2N � 0 and p � 2N � 2
N � 2 ;

contradicting our assumption. Now we apply Theorem 2.1 to obtain an unbounded
sequence ecGk of critical values for J = I1: �
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4 Estimates on the energy of the solutions

Let ecGk be the critical values of J : H1
0 (
)

G ! R given by Theorems 3.2 and 3.3.
We shall prove the following.

Proposition 4.1 There is a positive constant �3 and k3 2 N such that

ecGk � �3k

 8k � k3;

where 
 = 2p=(N �m)(p� 2):

We start with some lemmas. Set

I#C (u) :=
C

2
kuk2 � 1

p
jujpp :

Lemma 4.1 If C � 1; then there exists a continuous function % : H1
0 (
)

G ! [0;1)
with the following properties:
(i) I([(1� s) + s%(u)]u) � I(u) for every u 2 H1

0 (
)
G; s 2 [0; 1]:

(ii) If I#C (u) � 0 then %(u) = 1:
(iii) If 2I(u) � maxt�0 I(tu) then I#C (%(u)u) � 0:
(iv) If 2I(u) � maxt�0 I(tu) then I#C (%(u)u) � �0I(u) with �0 � 1.

Proof. For each v 2 H1
0 (
)

G with kvk = 1 consider the numbers 0 < t�v < btv <
t+v < Tv <1 which satisfy the following:

I(btvv) = max
t�0

I(tv); I#C (Tvv) = 0;

2I(tv) � max
t�0

I(tv)() t 2 [t�v ; t+v ]:

Let �v : [0;1)! [0;1) be such that �v(t) = 0 if t 2 [0; t�v ]; �v maps [t�v ;btv] linearly
onto [0;btv]; and maps [btv; t+v ] linearly onto [btv; Tv]; �v(t) = Tv if t 2 [t+v ; Tv]; and
�v(t) = t if t � Tv: Now de�ne % : H1

0 (
)
G ! [0;1) by

%(u) :=

� 1
kuk�u=kuk(kuk) if u 6= 0
0 if u = 0

It is straightforward to verify that % has the desired properties. �

Lemma 4.2 There exist a map

H1
0 (
)

G � [0; 2]! H1
0 (
)

G; (u; s) 7! us;

and a �1 > 0 such that u0 = u; 
rsupp(u2) 6= ;; and I(us) � maxf�1I(u); 0g
for every u 2 H1

0 (
)
G; s 2 [0; 2]:
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Proof. Let R := maxfjxj : x 2 
g: Fix r 2 (0; R) such that tx 2 
 if x 2 @
;

jxj > r; and t 2 (r jxj�1 ; 1): Choose a nondecreasing C1 function � : [0;1) ! R
such that �(t) = 0 if t 2 [0; r] and �(R) = 1: For each s 2 [1; 2] consider the function
� s : RN ! RN given by

� s(x) := (1 + (s� 1)�(jxj))x:

Then, � s(x) = x if jxj � r or s = 1; �s(@
) � RN r
; and there exists a d 2 (r;R)
such that j�2(x)j � R if jxj � d: Moreover, � s(gx) = g�sx for all g 2 G: Let C1 :=
maxfkD�s (x)k2 : x 2 
; s 2 [1; 2]g; and C2 := maxfjdetD�s (x)j : x 2 
; s � 1g:
For C := C1C2 we consider the function % : H1

0 (
)
G ! [0;1) given by the previous

lemma. If u 2 H1
0 (
)

G we consider it as an element of H1(RN )G by extending it
to cero outside 
; and de�ne

us(x) :=

�
[(1� s) + s%(u)]u(x) if s 2 [0; 1]
%(u)u(� sx) if s 2 [1; 2]:

Then us 2 H1
0 (
)

G, u0 = u; and 
rsupp(u2) � fx 2 
 : jxj � dg 6= ;: Let
s 2 [1; 2]: Then

jrus(x)j2 � %(u)2 jru(� s (x))j2 kD�s (x)k2 � C1%(u)
2 jru(� s (x))j2 :

Note that minfjdetD�s (x)j : x 2 
; s � 1g � 1: Therefore,Z
jrusj2 �

Z
jrus(x)j2 jdetD�s (x)j dx

� C1

Z
j%(u)ru (� s (x))j2 jdetD�s (x)j dx = C1

Z
jr(%(u)u)j2 :

On the other hand,Z
j%(u)ujp =

Z
j%(u)u (� s (x))jp jdetD�s (x)j dx

=

Z
jus (x)jp jdetD�s (x)j dx � C2

Z
jusjp :

It follows that

I(us) =
1

2
kusk2 �

1

p
jusjpp � C�12

�
C

2
k%(u)uk2 � 1

p
j%(u)ujpp

�
= C�12 I#C (%(u)u) � maxf�1I(u); 0g if s 2 [1; 2];

with �1 := maxfC�12 �0; 1g and �0 as in Lemma 4.1. That lemma also implies that

I ([(1� s) + s%(u)]u) � I(u) � maxf�1I(u); 0g if s 2 [0; 1]:

This concludes the proof. �
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Lemma 4.3 There are constants �1; �2 > 0; depending only on G; 
 and p; with
the following property: For each pair of �nite dimensional subspaces V � W of
H1
0 (
)

G with dimW = dimV + 1; and every odd map ' : V ! H1
0 (
)

G and R > 0

satisfying '(v) = v if kvk � R; there exist eR > R and an odd map e' :W ! H1
0 (
)

G

such that
(i) e'(v) = '(v) for every v 2 V;
(ii) e'(w) = w for every w 2W with kwk � eR;
(iii) maxw2W I(e'(w)) � �1maxv2V I('(v)) + �2:

Proof. Fix ! 2 H1
0 (
)

G such that supp(!) � 
rsupp(u2); and maxt�0 I(t!) �
I(!) =: �2: Fix an e 2 W; orthogonal to V; with kek = 1: We extend ' to the
halfspace W+ = fv + re : v 2 V; r � 0g as follows

 (v + se) =

�
'(v)s if v 2 V; s 2 [0; 2]
'(v)2 + (s� 2)! if v 2 V; s 2 [2;1)

where us is as in Lemma 4.2. Since '(v)2 and ! have disjoint supports, we have
that

I( (v + se)) �
�
maxf�1I('(v)); 0g if v 2 V; s 2 [0; 2]
maxf�1I('(v)); 0g+ I((s� 2)!) if v 2 V; s 2 [2;1):

Therefore,

I( (v + se)) � maxf�1I('(v)); 0g+ �2 8v 2 V; s 2 [0;1): (4.1)

Since dimV < 1; there exists R1 � R such that �1I(v) � ��2 if v 2 V and
kvk � R1; and I((s� 2)!) � �maxv2V �1I('(v)) if s � R1: Then,

I( (v + se)) � 0 if either v 2 V and kvk � R1; or s � R1;

so we may �x R2 � R1 such that I( (w)) � 0 for every w 2 W+ with kwk � R2:
Since fu 2 H1

0 (
)
G : u 6= 0, I(u) � 0g is homotopy equivalent to the unit sphere in

H1
0 (
)

G; it is contractible. Hence, there is a homotopy

	 : fw 2W+ : kwk = R2g � [0; 1]! fu 2 H1
0 (
)

G : u 6= 0; I(u) � 0g

such that 	(w; 0) =  (w), 	(w; 1) = w and 	(v; t) = v if v 2 V and t 2 [0; 1] : We
de�ne e' :W+ ! H1

0 (
)
G by

e'(w) :=
8<:

 (w) if w 2W+; kwk � R2
kwk
R2
	(R2

w
kwk ; kwk �R2) if w 2W+, R2 � kwk � R2 + 1

w if w 2W+; R2 + 1 � kwk

and extend it to an odd map e' : W ! H1
0 (
)

G by setting e'(w) =: �e'(�w) if
�w 2 W+: Since ' is odd, e' is well de�ned and continuous. It satis�es (i) and
(ii) with eR := R2 + 1: Moreover, since I is even and I (e'(w)) � 0 if kwk � R2,
inequality (4.1) yields

max
w2W

I(e'(w)) � �1max
v2V

I('(v)) + �2;
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so (iii) holds. �

Proof of Proposition 4.1. Let �i : [0; 1]� R! R; i = 1; 2; be given by�
�1(0; s) = s
@
@t�1(t; s) = ��(�1(t; s))

�
�2(0; s) = s
@
@t�2(t; s) = �(�2(t; s))

where �(s) = a
�
s2 + 1

�1=4
if u0 6= 0; and a

�
s2 + 1

�1=2p
if u0 = 0: Let cGk be the

values de�ned in (3.1). If �2(1; c
G
k + ") < �1(1; c

G
k+1) for some " 2 (0; 1); we �x

' 2 �G such that
sup
u2Xk

I('(u)) < cGk + "

and apply Lemma 4.3 to obtain an odd map ~' : Xk+1 ! H1
0 (
)

G such that ~'(u) =
'(u) for u 2 Xk; ~'(u) = u if kuk > R and

sup
u2Xk+1

I (~'(u)) � �1
�
cGk + "

�
+ �2 < �1c

G
k + �1 + �2:

By Tietze�s extension theorem, ~' can be extended to an odd map ~' : H1
0 (
)

G !
H1
0 (
)

G which satis�es ~'(u) = u if kuk > R: Theorem 2.1 asserts that

ecGk � �2(1; sup
u2Xk+1

I (~'(u))) � �2(1; �1c
G
k + �1 + �2): (4.2)

On the other hand, by de�nition of �2, we have that js� �2(t; s)j � a1 j�(s)j with
a1 > 0: Hence,

ecGk � a1�
�
�1c

G
k + �1 + �2

�
+ �1c

G
k + �1 + �2 � �3(c

G
k + 1) (4.3)

Corollary 3.2 now yields that ecGk � �3k

 ;

as claimed. �

Theorems 3.2 and 3.3, together with Proposition 4.1 give Theorem 1.1.
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