INTERTWINING SEMICLASSICAL BOUND STATES
TO A NONLINEAR MAGNETIC SCHRODINGER
EQUATION

SILVIA CINGOLANI AND MONICA CLAPP

ABSTRACT. We consider the magnetic NLS equation
(0.1) (—eiV + A@@) u+V(z)u=uf’ *u, zeRY,
where N > 3,2 <p<2*:=2N/(N —2), A:RY — R" is a mag-
netic potential and V : RY — R is a bounded electric potential.
We consider a group G of orthogonal transformations of RY, and
we assume that A(gz) = gA(z) and V(gx) = V(z) for any g € G,
xz € RY. Given a group homomorphism 7 : G — S! into the unit
complex numbers, we show the existence of semiclassical solutions
ue : RN — C to problem (0.1), which satisfy

ue(g97) = 7(g9)uc ()
for all g € G, x € RYN. Moreover, we show that there is a combined
effect of the symmetries and the electric potential V' on the number
of solutions of this type.

1. INTRODUCTION
The stationary nonlinear Schrodinger equation
(1.1)  (=hiV+A@)u+ (Ux)— E)u=|uf?u, zeR"Y,

arises in various physical contexts such as nonlinear optics or plasma
physics where one simulates the interaction effect among many parti-
cles by introducing a nonlinear term, cf. [25, 26]. Here & is the Planck
constant, A : RY — R is a magnetic potential associated to a given
magnetic field B, i.e. curld = B, U : RY — R is an electric poten-
tial, £ € R, and p € (2,2*), where 2* := ]\2[—]_\[2 is the critical Sobolev
exponent.

Existence of a solution whose modulus |u;| vanishes at infinity was
first proved by Esteban and Lions [19] using a constrained minimization
approach; see also [2, 28, 8, 14, 16] for more recent results.
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The study of semiclassical phenomena for equation (1.1) has been ex-
tensively pursued in recent years. From a mathematical point of view,
the transition from quantum to classical mechanics can be formally per-
formed by replacing A by ¢ and letting ¢ — 0. Solutions u, : RY — C
of (1.1) for small values of € > 0 are usually referred to as semiclassical
bound states.

A considerable amount of work has been done in the case A = 0,
showing that concentration phenomena of single and multiple spike
solutions occur at critical points of the electric potential U when € — 0,
see e.g. [20, 29, 17, 1, 23, 4] and the references therein.

In the magnetic case A # 0 existence and multiplicity of semiclassical
solutions to problem (1.1) have been shown in [22, 9, 11, 12, 5, 10]. We
emphasize that the presence of the magnetic field does not influence
the location of the peaks of |u.| as ¢ — 0, while it does contribute to
the phase factor of the solution ..

In this work we consider potentials A and U which are symmetric
and we are interested in finding semiclassical solutions of (1.1) having
specific symmetries. Symmetries occur in a natural way in this type
of problems. They are also a powerful tool for obtaining existence and
multiplicity results for nonlinear problems, see e.g. [15, 3, 21, 7, 30].

We start by considering the standard magnetic field B(xq, z9, 23) :=
(0,0,2) in R® and the standard magnetic potential A(z1,xo,13) =
(—xq,1,0) associated to it. It is convenient to identify R®* = C x R
and to write A(z,t) = (iz,0), z = x; + ixe. Note that A satisfies
A(ez,t) = e A(z,t) for every § € R. Given m € N and n € Z we
look for solutions to problem

(—eiV 4+ A u+ Vu = [u]f 2 u,
(1.2) u € L*(RYN,C),
eVu+iAu € LA2(RY,CYN),

which satisfy
(1.3) u(e*k/my 1) = M kM (2 ) Vk=1,..,m, v € RV,

Solutions of this type arise in a natural way in some problems where
the magnetic potential is singular, see [16]. Note that if u satisfies (1.2)
and (1.3) then ey satisfies (1.2) and (1.3) for every # € R. We shall
say that u and v are geometrically distinct if e?u # v for all € R. We
make the following assumptions on the electric potential V.
(V1) V:RY — R is a bounded continuous function such that

Vo := inf V < liminfV(z).

z€R3 |z|—o0
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(V,) There exists mg € N such that

moVi < %gﬂg Vi0,t), q:= ]% - g, and
V(e kmoy 1) =V(z,t)  Vk=1,...mg, (2,t)€CxR.
For each m € N which divides mq (for short m | mg), we consider the
group I, generated by the rotation of angle 2w /m around the t-axis,
ie. I, = {e¥*/™ . Lk =1,..,m} acting by multiplication on the z-
coordinate of each point (z,t) € C x R. The I';,-orbit of (z,t) is the
set Ty (2,t) := {(e2™*/mz ) : k = 1,...,m}. It consists of a single point
if z =0 and of m points if z # 0. If a subset X of C x R is invariant
under every rotation in I',, one defines its I',,-orbit space to be the set

X/Tp i =A{T(2,t) : (2,t) € X}

of I',,-orbits in X with the quotient space topology. Under the above
assumptions we will show that the topology of the I',,-orbit space of
the set
M :={z e RY : V(z) =V}

has an effect on the number of solutions to problem (1.2) satisfying
(1.3). For the precise statement we need the following notation. Given
p > 0 set

B,M = {z € RY : dist(z, M) < p}.
If A is a subset of a topological space Y we write caty(A) for the
Lusternik-Schnirelmann category of A in Y.

Theorem 1. Assume that V satisfies (V1) and (V). Then, given p,d§ >
0, n € Z and m € N such that m|my, there exists € > 0 with the
property that for every € € (0,&) problem (1.2) has at least

CathM/F,,L(M/Fm)

geometrically distinct solutions which satisfy (1.3) and
-2
p—/\u|p — e¥mVicpn| < V6.
2p

So altogether, for € small enough, problem (1.2) has at least
5" m cat,aur, (M/T,)

m|mo

geometrically distinct solutions with
-2
% / |U|p < €N (mongRN + 5) .

Theorem 1 is a special case of Theorem 2 which we are about to state.
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Let G be a closed subgroup of the group O(N) of orthogonal trans-
formations of RY. We assume A : RV — R is a C'-function, V :
RY — R is a bounded continuous function with infzgx V' > 0, and they
satisfy

(1.4)  A(gz) = gA(z) and V(gx)=V(x) Vge G, x € RY.

Given a group homomorphism 7 : G — S! into the unit complex num-
bers, we look for solutions u : RN — C to the problem

(—eiV + A u+ Vu = |[uf’*u,
(1.5) u € L2(RN,C),
eVu+iAu € L*(RY,CY),

which satisfy
(1.6) u(gr) = 7(g)u(r) forallg € G, v € RY.
That is, the absolute value |u| of u satisfies

lu(gr)| = |u(x)] forall g€ G, z € RY,

and the phase of u(gx) is that of u(z) multiplied by the phase factor
7(g). They are called T-intertwining solutions.

Before stating our main result we introduce some notation. For
x € RY, let Gz denote the G-orbit of x and G, denote the G-isotropy
subgroup of z, that is,

Gz :={gz : g € G}, G, :={9€G:gr =z}

A subset X of RY is G-invariant if Gz C X for every 2 € X. The
G-orbit space of X is the set of G-orbits of X,

X/G :={Gzx:x e X},

with the quotient topology.
Let g := 1% N and

T2
U := min (#Gx)V(z),
zeRN

where #Gx denotes the cardinality of G, and consider the set
M, = {z ¢ RN : (#G2)V(x) = g, G, C ker7}.

Observe that the points in M, are not necessarily local minima of V.
Assumption (1.4) implies that M, is G-invariant. Given p > 0 let

B,M, = {z € RY : dist(z, M,) < p},

and let catg (M- /G) denote the Lusternik-Schnirelmann category
of M, /G in B,M,/G.
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Finally, let cgn denote the least energy of a nontrivial solution to the
real-valued problem

—Au+u=|u?u,
u € HY (RN R).

We shall prove the following result.
Theorem 2. Assume there exists o > 0 such that the set
(1.7) {z e RY : (#G2)Vi(x) < Lo+ al

is compact. Then, given p,§ > 0, there exists € > 0 such that, for every
e € (0,€), problem (1.5) has at least

catp,ur, ja(M:/G)
geometrically distinct solutions u which satisfy
u(gr) = 7(g)u(x) forallg € G, x € RV,
and

-2
pQ—/|u|p—£N6Gch < &Ne.
P

This paper is organized as follows. In Section 2 we discuss the vari-
ational problem related to the existence of 7-intertwining solutions to
problem (1.5), and we present the strategy for proving Theorem 2. In
Sections 3 and 4 we introduce the entrance map and the local baryorbit
map which will help us estimate the Lusternik-Schnirelmann category
of some sublevel set of the variational functional for € small enough.
Finally, in Section 5 we show that this functional satisfies the Palais-

Smale condition below a certain energy value and we prove Theorem
2.

2. THE VARIATIONAL PROBLEM
Let V. qu := eVu + iAu, and consider the real Hilbert space
H! A(RY,C) := {u e L*(R",C) : V. qu € L*(RY,C")}
with scalar product
(U, ), 4y = Re/ (Veau - Veav+ V(z)uv).

We write

ey = ( / (IVeaul* + V(2) |u|2)>1/2
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for the corresponding norm. Since infgy V' > 0 and supgy V' < 00, this
norm is equivalent to the usual one

1/2
il = ([ (el + 1))

If u e H! ,(RY,C), then |u| € H'(R") and
(2.1) eV |u| (z)| < |eVu(z) +iA(x)u(z)| for ae. x € RY.

This is called the diamagnetic inequality [24]. Together with the Sobolev
inequality, it yields

1/p
= (f1al) " < Clully e HLENO

for some constant C' > 0, if p € [2,2*].
The action of G on H] ,(RY,C) defined by (g,u) — u,4, where

(1) (&) = 7(g)ulg '),
is an orthogonal action, that is,
(g, vg). sy = (W, 0) 4y Vg EG, uve H 4(R™,C).
It also satisfies

Vg € G, ue LP(RY,C).

|u9|p = |u|p

Therefore, the energy functional,
1

JE,A7V(U) = 5

1
2
lullZ a4y — » |u]§, CAS H;,A(RNv C),

is G-invariant and, by the principle of symmetric criticality [27, 31],
the critical points of the restriction of J. 4 to the fixed point space of
the G-action, defined as

H;A(RN,C)T : ={ue H;A(RN,(C) tug = u}
={u € H ,(RY,C) : u(gz) = 7(g)u(z) Yz € RN, g€ G},

are the solutions to problem

(—eiV + A u+ Vu = |ul’?u,
(2.2) ue H! ,(RY,C),
u(gr) = 7(g)u(z) Vz € RN, g€ G.

Nontrivial critical points lie on the Nehari manifold

T T 2
N ay i ={uc HS,A(Rch) ru # 0, HUHE,A,V = Iulﬁ},
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which is a C?-manifold, radially diffeomorphic to the unit sphere in
H! ,(RN,C)". For every u € N 4, we have that

p—2, o p—2
Jeay(u) = o ullZ 4y = o July,
and the critical points of the restriction of J. 4y to N
nontrivial solutions to (2.2). We denote by

Te, AV - Hgl,A(RNa C)" ~ {0} — /\QT,Ay
the radial projection, given by

HuH2 1/(p—2)
(2.3) Teay(u) == <ﬂ> u

Jul,

"4y are the

Then,

p— 9 ||UH2 p/(p—2)
Javimeaviu) == ( ﬂé‘”) Vu € H. ,(RY,C)"~{0}.
u
p

Let
Ciay = Nlifv Je Ay
The group S' of unit complex numbers acts on H. ,(RY,C)" by
scalar multiplication (-, u) — ~u. This action is orthogonal, that is,

(Yu,Y0). gy = (W, 0), 4y YV E S', u,v € H J(RY,C).

The Nehari manifold N7, |, and the functional J. 4,y are S'-invariant,
that is,

yu €Ny  Vu€NI,y, yES,
JE,A,V(VU) - JE,A,V(U) Vu € HEI,A(RNa (C)Tv v E St

So, if u € /\/'ET Ay is a critical point of J. 4y, then every point yu in
the S'-orbit of w is a critical point of J. 4. Two critical points of
Jo.ayv are geometrically distinct if their S'-orbits are different. We
shall apply S'-equivariant Lusternik-Schnirelmann theory to obtain a
lower bound for the number of critical S'-orbits of Je,av. Recall that
Jeav : N4y — Ris said to satisfy the Palais-Smale condition (PS).
at the level ¢, if every sequence (u,) such that

Up € -/VZ:A,V> JE,A,V(UTL) — C, V/\/'T JE,A,V(un) - 07

g, A,V

contains a convergent subsequence. Here V N7, VJ& a,v(u) denotes the
orthogonal projection onto the tangent space to N,y at u of the
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gradient V.J. 4 v(u) of J. 4 at u with respect to the scalar product

<'7 .>5,A,V - Let
JEav ={ue H ,(RY,C): J.ay(u) <c}.

&,

The following holds.

Proposition 1. If J.av : N7,y — R satisfies (PS). at each level
c <d, then J. s v has at least

cat [(NT 4y NJE4y) /S

critical S*-orbits in NTA v NIy Here (NI, N J2, ) /St denotes
the S'-orbit space of N7 4y N Jg{Ay

Proof. First, observe that S' acts freely on N7, ., that is, yu # u for
every u € N Avs YV E St, v # 1. Equivariant Lusternik-Schnirelmann
theory guarantees the existence of at least G-cat (/\/’8 av NIay V) criti-
cal S'-orbits of J. 4y in N7 4 NJZ 1, where G := {S'}, see Theorem
1.1 in [15]. But, since S' acts freely on N7, 1, one has that

G-cat (N4 N J24y) = cat [(NDay NJ24y) /S
This proves our claim. U

In order to obtain our main result we need to find an appropriate level
d = d(e) > ¢l 4 below which (PS). holds. Then, we need to estimate

cat[(/\/5 av N AV) /Sl} To this purpose, for some appropriate S!-
invariant set C which is the union of connected components of N7 4, N

Jg A, we shall construct maps
M, /G~ ¢/st 25 BM, /G,

whose composition 3. o ¢, is the inclusion map M, /G — B,M,/G. A
well known easy argument then gives

catp, v, M- /G < cat (C/S") <cat [N,y NJ AV) /S,

where catg s, /M, /G stands for the Lusternik-Schnirelmann category
of M,/G in B,M,/G. The following two sections are devoted to the

construction of ¢, and ..
3. THE ENTRANCE MAP
Set q := 1% — % Note that ¢ > 0, because p < 2*. Let
U = min (#Gz)Vi(z) < V(0),
xzeRN



INTERTWINING SOLUTIONS TO A MAGNETIC NLS EQUATION 9

and
M :={y e RY : (#Gy)V(y) = lc}.
>From now on we assume that there exists o > 0 such that

(3.1) {y e RY : (#Gy)V(y) < lg + a} is compact.

Then, M is a compact G-invariant set and all G-orbits in M are finite.
We split M according to the orbit type of its elements as follows: We
choose subgroups G, ..., G, of G such that the isotropy subgroup G,
of every point z € M is conjugate to precisely one of the G;’s, and we
set
M;:={y € M:G,=gGg" for some g € G}.
Since isotropy subgroups satisfy G, = gG,¢~ ', the sets M; are G-
invariant and, since V' is continuous, they are closed and pairwise dis-
joint, and
M=MU---UDM,,.

Moreover, since
G/Gi| Vi(y) = (#Gy)Vi(y) =lc Yy € M;,

the potential V' is constant on each M;. Here |G/G;| denotes the index
of G; in G. We denote by V; the value of V on M;.
Let v; . be the positive least energy solution to the real-valued prob-
lem
—Au+ Viu = [u]’ " u,
u e HY(B(0,1/y5),R),
where B(¢,r) := {z € RY : |z — £] < r}. Then,

/ (|vUi,8|2 + V; |Ui,5|2> = |Ui78|5 :
B(0,1/v/%)

It is well known that v; . is radial, and it is easy to derive from Lemma
3.2 in [6] that

-2
(3.2) lim

e—0

’Ui,s‘g = V;;qc]RN7

where cy~ is the least energy of a nontrivial solution to problem

—Au+u=|uf?u,
u € H'(RV,R).

Let ¢ € M;. Following [9] we set

busla) = e (15 ) 0 (5,
The following holds.
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Lemma 1. Uniformly in & € M;, we have that
liil% e Moy [Meav(dee)] = Viegn,

where . 4y stands for the radial projection onto the Nehari manifold
defined in (2.3).

Proof. A change of variable gives

o= [ e ()
B(&,\/e

= [ )l dy =<V o],
B(0,1/v5)

Similarly,

[ V@l@la=[ v
B(&ve) B(&vE)

:gN/ V(&?’y“r‘f) |Ui75 (y)|2dy
B(0,1//¢)

:€N (/ V;‘|Ui,a‘2+jl) )
B(0,1/v/%)

I = / (V(ey +€) — V(E)) [vie(y) dy.
B(0,1/+/¢)

where

Hence,

I X - ' Sdy.
Al = <|£?sa¢5|v(2+§> V(é)l) /B(O,I/ﬁ) o)

Moreover, since v; . is real valued and A takes values in RY,

/ eV e+ iAdee|’
B(&.5)

N /B(aﬁ) Ve (fﬁ - 5) ¥ ilAle) = A (95 . §>

e E
- / V0. (y) + i(Aley + €) — AE))vi. (4) dy
B(0,1//¢)

=V (/ Vi |+ [2> ;
B(0,1/Ve)

where

2

dx

I = / (Aey + €) — A())vic ()] dy.
B(0,1//¢)
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Hence,

L] < max |A( + €) — A(E)? / v ()P dy.
|z|<+e B(0,1/+/¢)
It follows that

2 p/(p—2)
p—2 _N <y‘¢€,£|‘g,A,v>

N
e N v meay (¢ee)] = ——¢ 5
2p |Peel,

N ) ) p/(p—2)
p—2 N|°€ [fB(o,l/ﬁ) (IVviel” + Vilviel’) + I + 12]

g
2 2/p
g (= s )

2 2 p/(p—2)

_p—2 (fB(D,l/\/E) (IVoiel” + Vi i) , (1>>

— . 3 ’
2p |Ui,s’p

where 0.(1) — 0 as ¢ — 0 uniformly in £ € M;. Using (3.2) we conclude
that
hI% E_NJE,A,V [WE,A,V (¢E,§)] = ‘/iqC]RNa

as claimed. O

The map
is a homeomorphism [18]. So, if G; C ker 7 and £ € M;, then the map
G¢— St gé—1(g),
is well defined and continuous. Define
- (T8 —iawe) (=)
vusl) = X g (5 ) e .
g§EGE

Lemma 2. Assume that G; C ker 7.
(a) For every & € M; and € > 0, one has that

Vee(gr) = 7(9)pee(x) Vg€ G, xRV
(b) For every & € M; and € > 0, one has that

7(9) e ge(2) = Ve e () Vge G, x e RY,
(c) One has that

lig(l] e N Tav [Meay (Vee)] = bacpn

uniformly in & € M,.
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Proof. (a) Let h € G. Since h is an orthogonal transformation, A sat-
isfies A(h™1g¢) = h™tA(g€) and v;. is radially symmetric, we have
that

beelh) = Z @) <hx - g€> CiA(ge)-(hezst)

g§€GE c
—h 1 i 1 a—h~lge
S s (7)o ()
gtece c
= T(h)¢€,§($)7

as claimed.

(b) Let h € G. Then,
b= S Tloe ( —ght ) —iA(ghe)-(==25)

gh¢eG(hg) c
- Z 7(gh)T(h ™ Hv; . (z - 9hf) —iA(ghg)-(£=2)
ghEeGe €

= 7(h) e (),
as claimed.

(c) Since M; is compact and its orbits are finite and have the same
orbit type, there exists €; > 0 such that, for all £ € M;,

B(g:§,vEi) N B(ga€, vE) =0 if 1§ # g2,
Hence, ¢. 4,¢ and ¢, 4,¢ have disjoint supports if € < ¢; and, therefore,

lim e N Teay [Teayv(thee)] = lim e N Z Jeay [Teav(dege)]
96eGE

= (#G@Vq(f)CRN = lgegy,
as claimed. O

Let
M, ={yeM:G,Ckert}= | M,

G;Cker T

The following holds.
Proposition 2. The map 1. : M. — N7 4 given by
(€)== me v (Yeg)

is well defined and continuous, and satisfies

()0 (gé) =7.(&) VEEM,, geG.
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Moreover, given d > lgcpn, there exists e4 > 0 such that
Jeav(@:(€) <eVd  VEe M, e € (0,eq).

Proof. This follows immediately from Lemma 2. 0

4. A LOCAL BARYORBIT MAP
Next, we consider the real-valued problem

—2Av + Vo = [v]P 2o,
(4.1) v € HY(RY R),
v(gz) =v(z) Vz e RY, g € G.

We write
(v,w)_y = / (eVu - Vw+ V(z)vw), HvH?V = / (\SVUIQ + V(z) ]v[z) ,
and set

HY(RY R)® := {v € H'RY,R) : v(gz) = v(z) Vo € RY, g € G}.

The nontrivial solutions of (4.1) are the critical points of the energy

functional
1

T2

1

2
lolley = 0T,

ng (U)
on the Nehari manifold

MEy = {ve H'RY,R)® v #£0, |lv]?, = v}

Let
p—2 (Il )"
4.2 &&= inf Jy = inf 'n '
e . T (lwz
) v#£0

Lemma 3. 0 < Vcpn < e NcC,,  for every e > 0, and

lim sup 6_Ncgv < lgern.
e—0

where Vy := infpn V.
Proof. Set v.(x) := v(ex). Then ||1)€||iv0 =g HUHivo and |v[) =
e~ ol . 1f follows immediately from (4.2) that

q G _ _-NG -N G
Voery S cily, =€ ¢y, S ey

To prove the second inequality, take ¢ € RY such that its G-orbit is
finite. Write G¢ := {&,....&n ). Fix 0 < p < fmingy; & — &, and
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let V), :=supp, ) V. Let v, be the positive least energy solution to
problem
{ —Av+ V= ]2,
v € HYB(0,1/1/2),R).
Define

W, ( va <x—§,) :

If \/e < p, then supp(w,.) C Ui,lB(fi, p) and, therefore,

_ 2
€ N|wp76|£ |Upa|p m””p, LV, = Npr,aHs V"
Hence,
2 p/(p—2)
-2 Wy, -2
e NG, <L 2N % —mP 2 Upel?.
’ 2p |ujp,<€ » 2p

Using Lemma 3.2 in [6] we obtain that

2 [upel? = (HGEVcn

. p—
limsup e ¥ cG < mlim
e—0 e—0

and, letting p — 0, we conclude that
limsup e Velly < (H#GEVI(E)cp.

e—0
Therefore, limsup, ,5e™ ey, < lacgn, as claimed. O
Fix p > 0 such that
ly—gyl >2p if gy#ye M,
dist(M;, M;) > 2p i i # j,
where M, M; are the sets defined in Section 3. For p € (0, p), let
M! = {y e RY : dist(y, M;) < p, G, = gG;g~" for some g € G}.
For every ¢ € M! and e > 0, define

9575 — Z Wi (.Z' _ggg) ’

735613
where w; is the positive radial solution to problem
—Aw + Viw = [w]Pw
(43) { w € HY(RY,R),

and let
Qe ={0:c:6€ M U--- UM}
We continue to assume that (3.1) holds.
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Proposition 3. Let ¢, > 0 and v, € H (RN, R)Y be such that

_ _ _ 2
en—0, e Nlvn)—e N |Ve, L)l —0,
where & = liminf. oV cgv and V., J., v is the gradient of J., v

with respect to the scalar product -, ~>€mv . Then, up to a subsequence,
there exist an i € {1,...,m} and a sequence (&,) in RN such that

(i) G, =G,

(1) & — &€ M,

(iii) 3™ [[vn] = Oe, 6.7 — 0,

(i) &=lim._oe Nl = lacpn.
Proof. Let v, € HY (RN R)% be given by 0,(2) := v,(¢,2). Then,

c=:c>0.

|5n|z = 5;N |Un|§ -

—2
Fix R > 0 and let

4 := limsup sup / [0
B(y,R)

n—oo ye]RN

Lions’ lemma [31, Lemma 1.21] implies that 6 > 0. Choose 2, € RY
such that

Passing to a subsequence and replacing z, by some point in Gz, if
necessary, we may assume that G, = H for all n € N. Let

K :={g € G:(gz, — z,) is bounded}.

Then K is a closed subgroup of G which contains H. Let (,, denote the
orthogonal projection of z, onto

(RN)K::{ZE]RN:gz:z VgEK}.
We claim that

(a) (z, — () is bounded,
(b) G, =K VYneN,
(c) (9¢, — ¢'¢Cy) is unbounded if g7'¢' ¢ K.

To prove (a) let 2!, := z, — (,, and assume |2/ | — oco. Then, passing to
a subsequence, we have that

Z/
LN Z/ ¢ (RN)K.

23]
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On the other hand, for every g € K, we have that g2/, — 2], = gz, — 2.
Therefore, (gz!, — 2!) is bounded. Hence,

/ !/

EAREA I EA

We conclude that gz’ = 2/ for all ¢ € K, contradicting the fact that
2 ¢ (RM)X. Thus, (2, — (,) is bounded.
To prove (b) first note that, by definition, G, D K. If g(, = (,, then
‘gzn - Zn‘ < ’gzn - gCn| + |Cn - Zn‘ =2 ‘Cn - Zn’ .
So, by (a), g € K. Thus, G, = K.
To prove (c) observe that, if g ¢ K, then
|gzn - Zn' < |an - gCn| + |9Cn - <n| + |Cn - Zn|
= ’gCn - Cn‘ +2 |Cn - Zn’ .

It follows from (a) that (g¢, — (,) is unbounded. This proves (c).
Let U,,(2) := Up(2 + ¢,). Since (v,,) is bounded in H'(RY,R), up to a
subsequence,
T, — v weakly in H*(RY,R),
Un(z) — v(2) a.e. on RY,
(R, R).

U, — T in LY

Choosing C' > |(, — z,| for all n, we obtain

- ~ )
[ mr=[  mrz [ mrzg
B(0,C+R) B(Cn.C+R) B(2n.R) 2

Therefore, v # 0. Set &, := ¢,(,. After passing to a subsequence,
lim V(&,) =: V.
It is easy to see that v is a solution to problem

—Av+ Vv =|vf 0,
v e H'(RY,R).

Note that, since v, is G-invariant, v, (,x + ¢&,) = va(eng lz + &) =
Un(g'z). Note also that property (c) above implies that

597 (- — gCu + ¢'Ca) — 0 weakly in H'(RY,R) if g7'¢' ¢ K.
Fix g1, ..., gx € G such that k = |G/K| and g; 'g; ¢ K if i # j. Then,

k
(4.4) Tag; ' — Y v (- = giGa + 9Gn) = Dy
i=j+1
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weakly in H!(RY,R). Performing first the change of variable y = £,z +
9;&n, then applying the Brezis-Lieb lemma to (4.4), and finally perform-
ing the change of variable x = ¢, '(y — g;&,), for each j = 1,..., k, we

obtain
k ¢ p
_ o = Ui
enN Up — Z vg; ! ( gnz n)
i=j+1 p
k p
= [ag; = > 097 (- + giGa — 95Ca)
i=j+1 »
k p
= Oag; =g = Y g7 (- + giGa — giCn)
i=j+1 »
1
+ ’vgj ‘p +o(1)
k ¢ p
_ _-N = 1" YiSn =P
= vn—ngi <T) + [o], + o(1).
=7 p
Iterating this equalities we conclude that
5 p
= lim &V [u, ) = lim &, Z ( i ") +G/ K| [of".
n—o00 n— P En »
Therefore,

laepn < lim (#GE)V (&) = |G/K| Viegy
p— 2

< < limsup 5’Ncgv < lgepn.

o e—0

Nl = laegn and that

Zﬁgfl < - ngn)

TL

This proves that ¢ = lim._,g¢e

(4.5) lim ¢,

n—oo

= 0.
P
Moreover, (#G¢,)V (§,) < lgcgy + a for n large enough. Thus, as-

sumption (3.1) implies that, up to a subsequence, &, — £. It follows
that V(£) =V and

locan < (HGEV (E)epn < |G/K|Viegy < |G/K| L

|@|£ < lgepn.

We conclude that £ € M; for some ¢ = 1, ..., m.and, therefore, V=V
and K = G¢ = gG;g~! for some g € G.
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Moreover, v solves problem (4.3) and

/ [o]7 = Vicgn.

Hence, 7(z) = tw;(z — 20) for some zy € RY. Observe that v is K-
invariant because

Tn(92) = Un(92+Gn) = Tn(2+97"Ca) = Tn(24Ca) =Tn(2) Vg€ K, n€N.

So, if K is nontrivial, then zy = 0 and, since w; is radial, equation (4.5)

becomes
Un:tzwz < gzgn)
p

If K is the trivial group, we replace &n by & = &, +en20. Since G, = G
and ¢, — 0, ¢ has the same properties as &, for n large enough.
Moreover, since w; is radially symmetric,

-1, -1,
@(g 2 fn):i%(g z é“n_ZO)
En En
-1, _ ¢/ _ !
i (u) ot (ﬂ) _
€n €n

Un:l:zwz< _gzgl)

as claimed. O

=0.

lim ¢,

n—o0

It follows that

=0,

lim ¢,

n—o0

The proof of the following proposition is completely analogous to
that of Proposition 5.5 in [13]. We omit the details.

Proposition 4. Given p € (0,p) there exist d, > lgcgn and €, > 0
with the following property: For every e € (0,¢,) and every v € /\/lgv
with J.v(v) < eVd, there exists precisely one G-orbit GE.,, with &, €
M{?U---UMP such that

e N o] = bee |12

= mi — 012, .
pmin {|jof = Ollc v

Proposition 4 allows us to define, for each p € (0,p) and € € (0,¢,),
a local baryorbit map

Bpeo: MOy NI — (MPU---UMS) /G

by taking
ﬁp,a,O(U) = Gfe,va



INTERTWINING SOLUTIONS TO A MAGNETIC NLS EQUATION 19

where G¢. ,, is the unique G-orbit given by the previous proposition.
Here, as usual, J¢y, := {v € H'(RY,R) : J.y(v) < c}.

87
We now come back to our original problem. Let 7.y : H LR, R)G ~
{0} — MY, be the radial projection, which is given by

2 1/(p—2)
(I
7T€7V<U) = W v
p

Using the diamagnetic inequality we obtain the following.
Corollary 1. For each p € (0,p) and ¢ € (0,¢,), the local baryorbit
map

~ EN

/pra : '/VZA,V A Ja,Afl{; - (Mf u.--u M'rl?)z) /G7

given by R R
5;),6(“) = Bp,:-:,O(ﬂ'E,unD)?

is well defined and continuous. It satisfies
Bpe(u) = Bpe(w) Wy €S,
Bpe(@(€)) =€ V&€ My with Jo v (1e(€)) < €Vd,

where 1. is the map defined in Proposition 2.

Proof. If u € N7, y, then m. v (Ju]) € M&, and

p—2 (Illull2, "
Jev(mey(Jul)) = 5 5 -
p \ [uf

The diamagnetic inequality yields |HuH|§V < HuH: Ay - Therefore,

2 p/(p—2)
p—2 [ llullZ v
(4.6) Jev(mev(lu])) < ( ]u|2 = Joav(u).
p

2p

So, if Joay(u) < eVd,, then 7.y (|u|) < e¥d,. Hence, B,. is well
defined. It is straightforward to verify that it has the desired properties.
O

Let
M= U M!
G;Cker T
We obtain the following conclusion.

Corollary 2. For every p € (0,p) and d > {gcgn there exists €,4 > 0
such that

catyg o M-/ G < cat (N 0 JE0)/S")
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for every e € (0,¢,.4).

Proof. Let d, > {gcgy and €, > 0 be as in Proposition 4. We may as-
sume that d < d,. Let €, 4 := min{eq, €,}, where ¢, is as in Proposition
2, and fix € € (0,¢,,4). Then,

Jeav((©) <¥d and F,.(0(9)=¢  VEE€ M.
Since the sets MY, ..., MF are G-invariant and pairwise disjoint, the set
Ci={u€ Nyy NI < Boelu) € M2/GY
is a union of connected components of N7 4 N J A”fv. Therefore,
cat (C/S") < cat ((./\/ZAV N J§7A?V)/Sl> :

By Proposition 2 and Corollary 1, the maps

M, )G =5 c/st 25 nr g,
given by 1.(G€) :=7.( i) and (3, .(S'u) := pra(u), are well defined and
satisfy £,.(t.(§)) = & for all { € M. Therefore,

catye /M, /G < cat (C/Sl) )
This finishes the proof. 0

We conclude this section with the following observation.

Corollary 3. If there exists v € RN such that (#Gx)Vi(x) = g and
G, C kerr, then

lim ¢ 4 = lgepn.
£—00

T — —N
where c 4y = infyr e 4y

Proof. Inequality (4.6) yields

G . . . LT
Coy = Alft%fv Jey < lgiva Jeav =1 ¢ ay-
The result follows from Proposition 3 and Lemma 2(c). O

5. THE PALAIS-SMALE CONDITION

To prove the Palais-Smale condition we need to look at the real-
valued problem

—&2Av + v = [p 2o,
(5.1) ve Hy(RY N B(0,7),R),
v(gz) = v(z) Yz € RV B(0,r), g€ G.
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where B(0,7) := {z € RY : |z| < r}, r > 0, and \ is a positive
constant. The nontrivial solutions of (5.1) are the critical points of the
energy functional

1 1 1
2 2 2
=g [ @) [

|| >r

1
Talv) = 5 Il

on the Nehari manifold
M, ={ve HyRY \ B(0,r),R)? v #0, [[v]2, = [v[’}.

E,\T
Let

= ve/i\ilcf’ Joa(v).

£,\,7

Note that cg)\m < cg/\ﬁ it » < s. Moreover, the following holds.
Lemma 4. lim, . CeG,)\,r = gN(minxeRN\{o} #Gx)Ncgn.

Proof. First, we prove this assertion for e = 1. Set k := min,cpn oy #Gw.
It is easy to see that ANcgn < ch < EXNcgn, so cf)\’r = Mgy if k= 1.
It was shown in [7] that, if k& > 2, then ¢{, . < kMcgy and f , is at-
tained for every r > 0. It remains to show that lim, . ¢§ , > kXcpy.
Assume k& > 2 and let u, € MY, be such that Jix(u,) = f),,
n € N. Fix R > 0 and let

§ := limsup sup / ||
n—oo yeRN JB(y,R)

Since |u,|) > }%)\qCRN > 0, Lions’ lemma [31, Lemma 1.21] implies

that § > 0. Choose &, € RY such that

5
/ un? > 2.
B(én.R) 2

Arguing as in the proof of Proposition 3, we may assume
Gg =K Vn € N,

(5.2) 960 — §'é0] — 0 ifg7'g ¢ K.

We claim that the sequence (|€,| —n) is unbounded. Assume it is not.
Then, passing to a subsequence, we have that |{,| —n — d. Choose a
rotation p, about the origin which sends —¢&, to (—1&,],0,...,0), and
set wy,(7) = u,(p,'x + &,). Then, (w,) is bounded in H'(RY,R) and,
passing to a subsequence, we have that w, — w weakly in H!'(R" R)

and w,, — w strongly in L (R™ R). Since

1)
o=z
B(O,R) B(&n.R) 2
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we conclude that w # 0. Let HY := {(z1,...,
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ry) € RY @2 >

—d}. Since every compact subset in the interior of RY ~ HY is con-

tained in B((—
B((— &) ,0, ...,

‘fn’ 707 ey

every compact subset of HY is contained in RY \ B((—

0)7

n) for large enough n, and w, = 0 in
0),n), we have that w € HZ(HY R). Moreover, since

1€, 0,...0),n)

for large enough n, we have that w solves

—Aw 4w = |w|’ P w
w € HY(H,R),

contradicting the fact that this problem has only the trivial solution
[19]. Therefore, (|¢,| — n) must be unbounded.

Passing to a subsequence, we assume that |,| — n — oco. Set v,(x) :=
un(z + &,). Then, up to a subsequence, v, — v weakly in H!(RY R),
vp(z) — v(x) a.e. in RY and v, — v strongly in L7 (RY R) and,
arguing as above, we conclude that v is a nontrivial solution to problem

(5.3)

—Av + v = [u]P o,
v e H'(RV,R).

Note that, since u, is G-invariant, u,(z + ¢&,) = un(g7'x + &,) =
vn(g~1x). By (5.2) we have also that

vg (- — gén + ¢'€) — 0 weakly in H(RY,R) if g7 '¢' ¢ K.

Fix g4, ...

Z vg; !

i=j+1

n(-+9i6n) —

so, using the Brezis-Lieb lemma [31, Lemma 1.32], for each j =1, ...,

we have

=) vg

i=j+1

p

— gién + gi€n) — vg;

,gr € G such that g;'g; ¢ K if i # j. Then,

weakly in H'(RY,R)

k,
p
(- + gi&n) — Z vg;r (- = gin + 9i6n)
=741 p
p
Un(- + gj&n) — Z vo; (- = gin + 9i6n)
1=7+1 p
vgj_l‘i + o(1)
k p
un — Y g (- — gi&a)| + vl +o(1).
i=j »

Iterating this equalities we obtain

|unly = K [vf, 4 o(1)
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and, since v is a nontrivial solution of (5.3), we conclude that
G p—2 p—2
an = Jia(un) = o unlb >k %

This proves that lim, . C‘EM = kMNcgn.
Finally, fix ¢ > 0. If u.(z) := u(ex), then u. € MY, . iff u e ME

[v]} +0(1) > kXepn + o(1).

e\ ET)

2 _ 2
and [Juc||; \ = eV |JullZ, . Therefore, eNc{, , = %, .., and the result
for ¢ follows from the case ¢ = 1. O

Now we go back to the variational problem considered in Section 2.
Let u € N7, . We denote by V.J. v (u) the gradient of J. 4y at u
with respect to the scalar product (-,-). 4y , and by VN, Jeav(u)
its orthogonal projection onto the tangent space to NZ Ay at u. Recall
that J.av : N] 4y — R is said to satisfy the Palais-Smale condition
(PS). at the level ¢, if every sequence (u,) such that

Up € -/VZA,V7 Je,A,V(un) — C, VNT Js,A,V(“n) - 07

e, A,V

contains a convergent subsequence. As usual, the following holds.

Lemma 5. If (u,) is a sequence in N7, such that J. av(u,) — ¢
and V- Jeav(un) — 0, then Vo J av(u,) — 0.

A/ST,A,V ={ue Hel,A(RNa C)" ~ {0} : FL av(u) =0}
Therefore,
Ve

g, A,V

Proof. Let F, ay(u) = J. 4y (uw)u= HuHiA’V — |ul . Then,

JE,A,V(un) = VEJE,A,V(uTL) - /'I’HVEFE,A,V(un)

for a suitable y, € R. Since u, € N7, and (u,) is bounded in

H! ,(RY,C), taking the scalar product of this equality with wu, we
obtain

o(1) = <VN;A,V Jeav(uy), un>€ v

= Jé,A,V(un)un - MnFe,,A,V(un)un
= _,UnFa/,A,V<un)un-

It is easy to see that |F! 4 (un)u,| > a > 0 and that (V.FL 4y (uy)) is
bounded in H! ,(R", C). Hence p1,, — 0 and, therefore, 1, Vo F Ay (un) —
0. We conclude that V.J. 4 v (u,) — 0. O

Proposition 5. For every ¢ > 0, the functional J. ayv : NJ, — R
satisfies (PS). at each level

N .
c<e min Gx)Vecpn,
xGRN\{O}(# ) oo CRY
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where Voo 1= liminf); o V().
Proof. Let (uy,) be a sequence in N, , which satisfies

Jeav(uy) = ¢ < eV min (#Gzx)Vicgn, Ve

JaAv(un) — 0.
RN {0} sAV T

Since (uy) is bounded in H! ,(RY,C), it contains a subsequence such
that
u, — u weakly in H;A(RN, c)r,
Un(r) — u(r) a.e. in RY,
u, — u strongly in L} (RY C).

Since V.J: av(u,) — 0 we have that

0(1) = J! 4y ()t = (tp, u)e sy — Re / P~ 10,
— 20y — [l + o(1).

Hence, [[ul|? 4y = ul?.
We claim that, given § > 0, there exists R > 0 such that, passing to a
subsequence,

(5.4) / lu|" <6 Vn> R.
|z|>R

First, we show that this suffices to prove the proposition. Indeed,
choosing R large enough we obtain

Ml a0 = Wl | = el )

<\ otk [ [ [
|z|<R lz|<R |z|>R |z|>R

<30 Vn>R.

Hence, ||up|lc.a — ||u||,4 as n — oo, which implies strong convergence.
To prove claim (5.4) we argue by contradiction. Assume there exist
do > 0 and a subsequence (u,, ) such that

(5.5) / P > 6 V.
x| >k

Choose A < V, such that

5.6 <V mi Gr)\

(5.6) c<e xegvlg{o}(# )N epn,

and Ry > 0 such that
(5.7) V(z) > A if |z| > Ro.



INTERTWINING SOLUTIONS TO A MAGNETIC NLS EQUATION 25

Let > 0. Since the sequence (u,) is bounded in H. ,(RY,C), we may
choose r > Ry such that

/ (]VE,Aunk|2 + V(z) ]unk|2) <n Vk.
r<l|z|<r+1

Let p € C°(RY,R) be radial and such that p(x) = 0 if |z] < 7,
p(x) =1if |z| > r+1, and p(z) € [0,1] for all z € RY. Set wy, := pu,, .
A straightforward computation shows that

[T = Top (] £C [ (et V) )

r<|z|<r+1

<Cn Vk.

Here and in the following C' is some positive constant, not necessarily
the same one, independent of 7. Since (wy) is bounded in H! A(RN C),
we have that J. v (un, )wy, — 0. Therefore,

lwellZ oy = lwelp| < Cn - VE.
Inequality (5.5) implies that [wy|? > &g for k large enough. Hence,

(5.8) < Cn.

Py s
Tlwz

Let

Tean: Hj(RY,C)7 N {0} — Ny,
be the radial projection. The diamagnetic inequality (2.1) yields || |wg] ||?
|wi||Z 4 »- Therefore, using (5.7) and (5.8), we obtain

p—2 (H |y ||m>”/<~”‘2’

s)\r —

Cg)\r S Js)\(ﬂ-s)\r ’wk|)

2p w2
/(p—2) /(p—2)
< p—2 (Hwng,A,)\)p ? < p—2 ( eA\/)p P
2p w2 2p
p—2 _ 2 oy p—2
< o (’wk’£ 2+Cn)p/(p )S (1+C77>p/(p Q)W‘Unkv)-

Letting & — oo and n — 0, and using inequality (5.6), we conclude
that

lim ¢, <c<e min Gz)Nepn
r—oo O AT xERN\{O}(# ) R

contradicting Lemma 4. This proves claim (5.4). O

Proof of Theorem 2. Let p,6 > 0. Assumption (1.7) implies that
lg < min (#Gx)VL

zeRN {0}
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where V, := liminf, . V(x). Without loss of generality, we may
assume that p € (0, p), with p as in Section 4, and that

lgegy +6 < min  (#Gx)Vicgn.
z€RN {0}

We choose d € ({gegn, bgern + 0). By Corollary 3 we may also choose
€o > 0 such that

laegy — 6 < e N inf Jeav Vee (0,g).
ue ST,A,V

By Proposition 5, for every e € (0, £9), the functional J. 4y : N 4 —
R satisfies (PS), at each level ¢ < eVd so, by Proposition 1, J. 4y has
at least

cat | (N2 NI ) /8]
geometrically distinct solutions u € Ng Ay satisfying
-2

Nlgery — VS < Joav(u) = L ZJup < eVd < Ngepy + V.

Let € = min{eg,e,4} with ,4 as in Corollary 2. Then,
catyg g M-/ G < cat (N 0 JE0)/S")
for every ¢ € (0,%). This concludes the proof. O
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