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Abstract. We consider the magnetic NLS equation

(0.1) (�"ir+A(x))2 u+ V (x)u = jujp�2 u; x 2 RN ;
where N � 3, 2 < p < 2� := 2N=(N � 2), A : RN ! RN is a mag-
netic potential and V : RN ! R is a bounded electric potential.
We consider a group G of orthogonal transformations of RN , and
we assume that A(gx) = gA(x) and V (gx) = V (x) for any g 2 G,
x 2 RN . Given a group homomorphism � : G ! S1 into the unit
complex numbers, we show the existence of semiclassical solutions
u" : RN ! C to problem (0.1), which satisfy

u"(gx) = �(g)u"(x)

for all g 2 G, x 2 RN . Moreover, we show that there is a combined
e¤ect of the symmetries and the electric potential V on the number
of solutions of this type.

1. Introduction

The stationary nonlinear Schrödinger equation

(1.1) (�~ir+ A(x))2 u+ (U(x)� E)u = jujp�2 u; x 2 RN ;
arises in various physical contexts such as nonlinear optics or plasma
physics where one simulates the interaction e¤ect among many parti-
cles by introducing a nonlinear term, cf. [25, 26]. Here ~ is the Planck
constant, A : RN ! RN is a magnetic potential associated to a given
magnetic �eld B; i.e. curlA = B, U : RN ! R is an electric poten-
tial, E 2 R, and p 2 (2; 2�); where 2� := 2N

N�2 is the critical Sobolev
exponent.
Existence of a solution whose modulus ju~j vanishes at in�nity was

�rst proved by Esteban and Lions [19] using a constrained minimization
approach; see also [2, 28, 8, 14, 16] for more recent results.
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The study of semiclassical phenomena for equation (1.1) has been ex-
tensively pursued in recent years. From a mathematical point of view,
the transition from quantum to classical mechanics can be formally per-
formed by replacing ~ by " and letting " ! 0: Solutions u" : RN ! C
of (1.1) for small values of " > 0 are usually referred to as semiclassical
bound states.
A considerable amount of work has been done in the case A = 0,

showing that concentration phenomena of single and multiple spike
solutions occur at critical points of the electric potential U when "! 0,
see e.g. [20, 29, 17, 1, 23, 4] and the references therein.
In the magnetic case A 6= 0 existence and multiplicity of semiclassical

solutions to problem (1.1) have been shown in [22, 9, 11, 12, 5, 10]. We
emphasize that the presence of the magnetic �eld does not in�uence
the location of the peaks of ju"j as " ! 0, while it does contribute to
the phase factor of the solution u".
In this work we consider potentials A and U which are symmetric

and we are interested in �nding semiclassical solutions of (1.1) having
speci�c symmetries. Symmetries occur in a natural way in this type
of problems. They are also a powerful tool for obtaining existence and
multiplicity results for nonlinear problems, see e.g. [15, 3, 21, 7, 30].
We start by considering the standard magnetic �eld B(x1; x2; x3) :=

(0; 0; 2) in R3 and the standard magnetic potential A(x1; x2; x3) :=
(�x2; x1; 0) associated to it. It is convenient to identify R3 � C � R
and to write A(z; t) = (iz; 0); z = x1 + ix2: Note that A satis�es
A(ei�z; t) = ei�A(z; t) for every � 2 R: Given m 2 N and n 2 Z we
look for solutions to problem

(1.2)

8<: (�"ir+A)2 u+ Vu = jujp�2 u;
u 2 L2(RN ;C);
"ru+ iAu 2 L2(RN ;CN);

which satisfy

(1.3) u(e2�ik=mz; t) = e2�ink=mu(z; t) 8k = 1; :::;m; x 2 RN :

Solutions of this type arise in a natural way in some problems where
the magnetic potential is singular, see [16]. Note that if u satis�es (1.2)
and (1.3) then ei�u satis�es (1.2) and (1.3) for every � 2 R: We shall
say that u and v are geometrically distinct if ei�u 6= v for all � 2 R:We
make the following assumptions on the electric potential V :
(V1) V : RN ! R is a bounded continuous function such that

V0 := inf
x2R3

V < lim inf
jxj!1

V(x):
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(V2) There exists m0 2 N such that

m0Vq0 < inf
t2R
Vq(0; t); q :=

p

p� 2 �
N

2
; and

V(e2�ik=m0z; t) = V(z; t) 8k = 1; :::;m0; (z; t) 2 C� R:
For each m 2 N which divides m0 (for short m j m0), we consider the
group �m generated by the rotation of angle 2�=m around the t-axis,
i.e. �m = fe2�ik=m : k = 1; :::;mg acting by multiplication on the z-
coordinate of each point (z; t) 2 C � R. The �m-orbit of (z; t) is the
set �m(z; t) := f(e2�ik=mz; t) : k = 1; :::;mg: It consists of a single point
if z = 0 and of m points if z 6= 0: If a subset X of C � R is invariant
under every rotation in �m one de�nes its �m-orbit space to be the set

X=�m := f�m(z; t) : (z; t) 2 Xg
of �m-orbits in X with the quotient space topology. Under the above
assumptions we will show that the topology of the �m-orbit space of
the set

M := fx 2 RN : V(x) = V0g
has an e¤ect on the number of solutions to problem (1.2) satisfying
(1.3). For the precise statement we need the following notation. Given
� > 0 set

�B�M := fx 2 RN : dist(x;M) � �g:
If A is a subset of a topological space Y we write catY (A) for the
Lusternik-Schnirelmann category of A in Y:

Theorem 1. Assume that V satis�es (V1) and (V2): Then, given �; � >
0; n 2 Z and m 2 N such that mjm0, there exists �" > 0 with the
property that for every " 2 (0; �") problem (1.2) has at least

cat �B�M=�m(M=�m)

geometrically distinct solutions which satisfy (1.3) and����p� 22p
Z
jujp � "NmVq0cRN

���� < "N�:

So altogether, for " small enough, problem (1.2) has at leastX
mjm0

m cat �B�M=�m(M=�m)

geometrically distinct solutions with
p� 2
2p

Z
jujp < "N (m0Vq0cRN + �) :

Theorem 1 is a special case of Theorem 2 which we are about to state.
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Let G be a closed subgroup of the group O(N) of orthogonal trans-
formations of RN . We assume A : RN ! RN is a C1-function, V :
RN ! R is a bounded continuous function with infRN V > 0, and they
satisfy

(1.4) A(gx) = gA(x) and V (gx) = V (x) 8g 2 G; x 2 RN :
Given a group homomorphism � : G! S1 into the unit complex num-
bers, we look for solutions u : RN ! C to the problem

(1.5)

8<: (�"ir+ A)2 u+ V u = jujp�2 u;
u 2 L2(RN ;C);
"ru+ iAu 2 L2(RN ;CN);

which satisfy

(1.6) u(gx) = �(g)u(x) for all g 2 G; x 2 RN :
That is, the absolute value juj of u satis�es

ju(gx)j = ju(x)j for all g 2 G; x 2 RN ;
and the phase of u(gx) is that of u(x) multiplied by the phase factor
�(g): They are called � -intertwining solutions.
Before stating our main result we introduce some notation. For

x 2 RN ; let Gx denote the G-orbit of x and Gx denote the G-isotropy
subgroup of x; that is,

Gx := fgx : g 2 Gg; Gx := fg 2 G : gx = xg:
A subset X of RN is G-invariant if Gx � X for every x 2 X: The
G-orbit space of X is the set of G-orbits of X;

X=G := fGx : x 2 Xg;
with the quotient topology.
Let q := p

p�2 �
N
2
and

`G := min
x2RN

(#Gx)V q(x);

where #Gx denotes the cardinality of Gx; and consider the set

M� := fx 2 RN : (#Gx)V q(x) = `G; Gx � ker �g:
Observe that the points in M� are not necessarily local minima of V:
Assumption (1.4) implies that M� is G-invariant. Given � > 0 let

�B�M� := fx 2 RN : dist(x;M� ) � �g;
and let cat �B�M�=G(M�=G) denote the Lusternik-Schnirelmann category
of M�=G in �B�M�=G:
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Finally, let cRN denote the least energy of a nontrivial solution to the
real-valued problem �

��u+ u = jujp�2 u;
u 2 H1(RN ;R):

We shall prove the following result.

Theorem 2. Assume there exists � > 0 such that the set

(1.7) fx 2 RN : (#Gx)V q(x) � `G + �g
is compact. Then, given �; � > 0; there exists �" > 0 such that, for every
" 2 (0; �"), problem (1.5) has at least

cat �B�M�=G(M�=G)

geometrically distinct solutions u which satisfy

u(gx) = �(g)u(x) for all g 2 G; x 2 RN ;
and ����p� 22p

Z
jujp � "N`GcRN

���� < "N�:

This paper is organized as follows. In Section 2 we discuss the vari-
ational problem related to the existence of � -intertwining solutions to
problem (1.5), and we present the strategy for proving Theorem 2. In
Sections 3 and 4 we introduce the entrance map and the local baryorbit
map which will help us estimate the Lusternik-Schnirelmann category
of some sublevel set of the variational functional for " small enough.
Finally, in Section 5 we show that this functional satis�es the Palais-
Smale condition below a certain energy value and we prove Theorem
2.

2. The variational problem

Let r";Au := "ru+ iAu; and consider the real Hilbert space

H1
";A(RN ;C) := fu 2 L2(RN ;C) : r";Au 2 L2(RN ;CN)g

with scalar product

hu; vi";A;V := Re
Z �

r";Au � r";Av + V (x)uv
�
:

We write

kuk";A;V :=
�Z �

jr";Auj2 + V (x) juj2
��1=2



6 SILVIA CINGOLANI AND MÓNICA CLAPP

for the corresponding norm. Since infRN V > 0 and supRN V <1; this
norm is equivalent to the usual one

kuk";A :=
�Z �

jr";Auj2 + juj2
��1=2

:

If u 2 H1
";A(RN ;C); then juj 2 H1(RN) and

(2.1) " jr juj (x)j � j"ru(x) + iA(x)u(x)j for a.e. x 2 RN :

This is called the diamagnetic inequality [24]. Together with the Sobolev
inequality, it yields

jujp :=
�Z

jujp
�1=p

� C kuk";A 8u 2 H1
";A(RN ;C)

for some constant C > 0; if p 2 [2; 2�]:
The action of G on H1

";A(RN ;C) de�ned by (g; u) 7! ug; where

(ug)(x) := �(g)u(g�1x);

is an orthogonal action, that is,

hug; vgi";A;V = hu; vi";A;V 8g 2 G; u; v 2 H1
";A(RN ;C):

It also satis�es

jugjp = jujp 8g 2 G; u 2 Lp(RN ;C):

Therefore, the energy functional,

J";A;V (u) =
1

2
kuk2";A;V �

1

p
jujpp ; u 2 H1

";A(RN ;C);

is G-invariant and, by the principle of symmetric criticality [27, 31],
the critical points of the restriction of J";A;V to the �xed point space of
the G-action, de�ned as

H1
";A(RN ;C)� : = fu 2 H1

";A(RN ;C) : ug = ug
= fu 2 H1

";A(RN ;C) : u(gx) = �(g)u(x) 8x 2 RN ; g 2 Gg;

are the solutions to problem

(2.2)

8<: (�"ir+ A)2 u+ V u = jujp�2 u;
u 2 H1

";A(RN ;C);
u(gx) = �(g)u(x) 8x 2 RN ; g 2 G:

Nontrivial critical points lie on the Nehari manifold

N �
";A;V := fu 2 H1

";A(RN ;C)� : u 6= 0; kuk
2
";A;V = juj

p
pg;
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which is a C2-manifold, radially di¤eomorphic to the unit sphere in
H1
";A(RN ;C)� : For every u 2 N �

";A;V we have that

J";A;V (u) =
p� 2
2p

kuk2";A;V =
p� 2
2p

jujpp ;

and the critical points of the restriction of J";A;V to N �
";A;V are the

nontrivial solutions to (2.2). We denote by

�";A;V : H
1
";A(RN ;C)� r f0g ! N �

";A;V

the radial projection, given by

(2.3) �";A;V (u) :=

 
kuk2";A;V
jujpp

!1=(p�2)
u:

Then,

J";A;V (�";A;V (u)) =
p� 2
2p

 
kuk2";A;V
juj2p

!p=(p�2)
8u 2 H1

";A(RN ;C)�rf0g:

Let
c�";A;V := inf

N �
";A;V

J";A;V :

The group S1 of unit complex numbers acts on H1
";A(RN ;C)� by

scalar multiplication (
; u) 7! 
u: This action is orthogonal, that is,

h
u; 
vi";A;V = hu; vi";A;V 8
 2 S1; u; v 2 H1
";A(RN ;C):

The Nehari manifold N �
";A;V and the functional J";A;V are S1-invariant,

that is,


u 2 N �
";A;V 8u 2 N �

";A;V ; 
 2 S1;
J";A;V (
u) = J";A;V (u) 8u 2 H1

";A(RN ;C)� ; 
 2 S1:
So, if u 2 N �

";A;V is a critical point of J";A;V , then every point 
u in
the S1-orbit of u is a critical point of J";A;V : Two critical points of
J";A;V are geometrically distinct if their S1-orbits are di¤erent. We
shall apply S1-equivariant Lusternik-Schnirelmann theory to obtain a
lower bound for the number of critical S1-orbits of J";A;V . Recall that
J";A;V : N �

";A;V ! R is said to satisfy the Palais-Smale condition (PS)c
at the level c; if every sequence (un) such that

un 2 N �
";A;V ; J";A;V (un)! c; rN �

";A;V
J";A;V (un)! 0;

contains a convergent subsequence. Here rN �
";A;V

J";A;V (u) denotes the
orthogonal projection onto the tangent space to N �

";A;V at u of the
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gradient r"J";A;V (u) of J";A;V at u with respect to the scalar product
h�; �i";A;V : Let

J c";A;V := fu 2 H1
";A(RN ;C) : J";A;V (u) � cg:

The following holds.

Proposition 1. If J";A;V : N �
";A;V ! R satis�es (PS)c at each level

c � d; then J";A;V has at least

cat
��
N �
";A;V \ Jd";A;V

�
=S1
�

critical S1-orbits in N �
";A;V \ Jd";A;V . Here

�
N �
";A;V \ Jd";A;V

�
=S1 denotes

the S1-orbit space of N �
";A;V \ Jd";A;V :

Proof. First, observe that S1 acts freely on N �
";A;V ; that is, 
u 6= u for

every u 2 N �
";A;V ; 
 2 S1; 
 6= 1: Equivariant Lusternik-Schnirelmann

theory guarantees the existence of at least G-cat
�
N �
";A;V \ Jd";A;V

�
criti-

cal S1-orbits of J";A;V in N �
";A;V \ Jd";A;V ; where G := fS1g; see Theorem

1.1 in [15]. But, since S1 acts freely on N �
";A;V ; one has that

G-cat
�
N �
";A;V \ Jd";A;V

�
= cat

��
N �
";A;V \ Jd";A;V

�
=S1
�
:

This proves our claim. �

In order to obtain our main result we need to �nd an appropriate level
d = d(") > c�";A;V below which (PS)c holds. Then, we need to estimate
cat
��
N �
";A;V \ Jd";A;V

�
=S1
�
: To this purpose, for some appropriate S1-

invariant set C which is the union of connected components of N �
";A;V \

Jd";A;V ; we shall construct maps

M�=G
�"�! C=S1 �"�! �B�M�=G;

whose composition �" � �" is the inclusion map M�=G ,! �B�M�=G: A
well known easy argument then gives

cat �B�M�=GM�=G � cat
�
C=S1

�
� cat

��
N �
";A;V \ Jd";A;V

�
=S1
�
;

where cat �B�M�=GM�=G stands for the Lusternik-Schnirelmann category
of M�=G in �B�M�=G: The following two sections are devoted to the
construction of �" and �":

3. The entrance map

Set q := p
p�2 �

N
2
: Note that q > 0, because p < 2�: Let

`G := min
x2RN

(#Gx)V q(x) � V q(0);
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and
M := fy 2 RN : (#Gy)V q(y) = `Gg:

>From now on we assume that there exists � > 0 such that

(3.1) fy 2 RN : (#Gy)V q(y) � `G + �g is compact.

Then, M is a compact G-invariant set and all G-orbits in M are �nite.
We split M according to the orbit type of its elements as follows: We
choose subgroups G1; :::; Gm of G such that the isotropy subgroup Gx
of every point x 2M is conjugate to precisely one of the Gi�s, and we
set

Mi := fy 2M : Gy = gGig
�1 for some g 2 Gg:

Since isotropy subgroups satisfy Ggx = gGxg
�1; the sets Mi are G-

invariant and, since V is continuous, they are closed and pairwise dis-
joint, and

M =M1 [ � � � [Mm:

Moreover, since

jG=GijV q(y) = (#Gy)V q(y) = `G 8y 2Mi;

the potential V is constant on each Mi: Here jG=Gij denotes the index
of Gi in G: We denote by Vi the value of V on Mi:
Let �i;" be the positive least energy solution to the real-valued prob-

lem �
��u+ Viu = jujp�2 u;
u 2 H1

0 (B(0; 1=
p
");R);

where B(�; r) := fx 2 RN : jx� �j < rg: Then,Z
B(0;1=

p
")

�
jr�i;"j2 + Vi j�i;"j2

�
= j�i;"jpp :

It is well known that �i;" is radial, and it is easy to derive from Lemma
3.2 in [6] that

(3.2) lim
"!0

p� 2
2p

j�i;"jpp = V q
i cRN ;

where cRN is the least energy of a nontrivial solution to problem�
��u+ u = jujp�2 u;
u 2 H1(RN ;R):

Let � 2Mi: Following [9] we set

�";�(x) := �i;"

�
x� �

"

�
e�iA(�)�(

x��
" ):

The following holds.
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Lemma 1. Uniformly in � 2Mi; we have that

lim
"!0

"�NJ";A;V [�";A;V (�";�)] = V q
i cRN ;

where �";A;V stands for the radial projection onto the Nehari manifold
de�ned in (2.3).

Proof. A change of variable gives

j�";�jpp =
Z
B(�;

p
")

�����i;"�x� �

"

�����p dx
= "N

Z
B(0;1=

p
")

j�i;" (y)jp dy = "N j�i;"jpp :

Similarly,Z
B(�;

p
")

V (x) j�";�(x)j2 dx =
Z
B(�;

p
")

V (x)

�����i;"�x� �

"

�����2 dx
= "N

Z
B(0;1=

p
")

V ("y + �) j�i;" (y)j2 dy

= "N
�Z

B(0;1=
p
")

Vi j�i;"j2 + I1

�
;

where

I1 =

Z
B(0;1=

p
")

(V ("y + �)� V (�)) j�i;"(y)j2 dy:

Hence,

jI1j �
�
max
jzj�

p
"
jV (z + �)� V (�)j

�Z
B(0;1=

p
")

j�i;"(y)j2 dy:

Moreover, since �i;" is real valued and A takes values in RN ;Z
B(�;

p
")

j"r�";� + iA�";�j2

=

Z
B(�;

p
")

����r�i;"�x� �

"

�
+ i(A(x)� A(�))�i;"

�
x� �

"

�����2 dx
= "N

Z
B(0;1=

p
")

jr�i;" (y) + i(A("y + �)� A(�))�i;" (y)j2 dy

= "N
�Z

B(0;1=
p
")

jr�i;"j2 + I2

�
;

where

I2 =

Z
B(0;1=

p
")

j(A("y + �)� A(�))�i;"(y)j2 dy:
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Hence,

jI2j � max
jzj�

p
"
jA(z + �)� A(�)j2

Z
B(0;1=

p
")

j�i;"(y)j2 dy:

It follows that

"�NJ";A;V [�";A;V (�";�)] =
p� 2
2p

"�N

 
k�";�k2";A;V
j�";�j2p

!p=(p�2)

=
p� 2
2p

"�N

0B@"N
hR
B(0;1=

p
")

�
jr�i;"j2 + Vi j�i;"j2

�
+ I1 + I2

i
�
"N j�i;"jpp

�2=p
1CA
p=(p�2)

=
p� 2
2p

 R
B(0;1=

p
")

�
jr�i;"j2 + Vi j�i;"j2

�
j�i;"j2p

+ o"(1)

!p=(p�2)
;

where o"(1)! 0 as "! 0 uniformly in � 2Mi: Using (3.2) we conclude
that

lim
"!0

"�NJ";A;V [�";A;V (�";�)] = V q
i cRN ;

as claimed. �

The map
G=G� ! G�; gG� 7! g�;

is a homeomorphism [18]. So, if Gi � ker � and � 2Mi; then the map

G� ! S1; g� 7! �(g);

is well de�ned and continuous. De�ne

 ";�(x) :=
X
g�2G�

�(g)�i;"

�
x� g�

"

�
e�iA(g�)�(

x�g�
" ):

Lemma 2. Assume that Gi � ker � .
(a) For every � 2Mi and " > 0; one has that

 ";�(gx) = �(g) ";�(x) 8g 2 G; x 2 RN :
(b) For every � 2Mi and " > 0; one has that

�(g) ";g�(x) =  ";�(x) 8g 2 G; x 2 RN :
(c) One has that

lim
"!0

"�NJ";A;V [�";A;V ( ";�)] = `GcRN

uniformly in � 2Mi:
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Proof. (a) Let h 2 G: Since h is an orthogonal transformation, A sat-
is�es A(h�1g�) = h�1A(g�) and �i;" is radially symmetric, we have
that

 ";�(hx) =
X
g�2G�

�(g)�i;"

�
hx� g�

"

�
e�iA(g�)�(

hx�g�
" )

=
X
g�2G�

�(h)�(h�1g)�i;"

�
x� h�1g�

"

�
e
�iA(h�1g�)�

�
x�h�1g�

"

�

= �(h) ";�(x);

as claimed.
(b) Let h 2 G: Then,

 ";h�(x) =
X

gh�2G(h�)

�(g)�i;"

�
x� gh�

"

�
e�iA(gh�)�(

x�gh�
" )

=
X

gh�2G�

�(gh)�(h�1)�i;"

�
x� gh�

"

�
e�iA(gh�)�(

x�gh�
" )

= �(h)�1 ";�(x);

as claimed.
(c) Since Mi is compact and its orbits are �nite and have the same
orbit type, there exists "i > 0 such that, for all � 2Mi;

B(g1�;
p
"i) \B(g2�;

p
"i) = ; if g1� 6= g2�:

Hence, �";g1� and �";g2� have disjoint supports if " < "i and, therefore,

lim
"!0

"�NJ";A;V [�";A;V ( ";�)] = lim
"!0

"�N
X
g�2G�

J";A;V [�";A;V (�";g�)]

= (#G�)V q(�)cRN = `GcRN ;

as claimed. �

Let
M� := fy 2M : Gy � ker �g =

S
Gi�ker �

Mi:

The following holds.

Proposition 2. The map b�" :M� ! N �
";A;V given byb�"(�) := �";A;V ( ";�)

is well de�ned and continuous, and satis�es

�(g)b�"(g�) = b�"(�) 8� 2M� ; g 2 G:
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Moreover, given d > `GcRN ; there exists "d > 0 such that

J";A;V (b�"(�)) � "Nd 8� 2M� ; " 2 (0; "d):

Proof. This follows immediately from Lemma 2. �

4. A local baryorbit map

Next, we consider the real-valued problem

(4.1)

8<: �"2�v + V v = jvjp�2 v;
v 2 H1(RN ;R);
v(gx) = v(x) 8x 2 RN ; g 2 G:

We write

hv; wi";V :=
Z
("rv � rw + V (x)vw) ; kvk2";V :=

Z �
j"rvj2 + V (x) jvj2

�
;

and set

H1(RN ;R)G := fv 2 H1(RN ;R) : v(gx) = v(x) 8x 2 RN ; g 2 Gg:
The nontrivial solutions of (4.1) are the critical points of the energy
functional

J";V (v) =
1

2
kvk2";V �

1

p
jvjpp

on the Nehari manifold

MG
";V := fv 2 H1(RN ;R)G : v 6= 0; kvk2";V = jvj

p
pg:

Let

(4.2) cG";V := inf
MG

";V

J";V = inf
v2H1(RN ;R)G

v 6=0

p� 2
2p

 
kvk2";V
jvj2p

!p=(p�2)
:

Lemma 3. 0 < V q
0 cRN � "�NcG";V for every " > 0; and

lim sup
"!0

"�NcG";V � `GcRN :

where V0 := infRN V:

Proof. Set v"(x) := v("x): Then kv"k21;V0 = "�N kvk2";V0 and jv"j
p
p =

"�N jvjpp : If follows immediately from (4.2) that

V q
0 cRN � cG1;V0 = "�NcG";V0 � "�NcG";V :

To prove the second inequality, take � 2 RN such that its G-orbit is
�nite. Write G� := f�1; :::; �mg: Fix 0 < � < 1

2
mini6=j j�i � �jj ; and
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let V� := supB(�1;�) V . Let ��;" be the positive least energy solution to
problem �

��v + V�v = jvjp�2 v;
v 2 H1

0 (B(0; 1=
p
");R):

De�ne

w�;"(x) :=

mX
i=1

v�;"

�
x� �i
"

�
:

If
p
" � �; then supp(w�;") � [mi=1B(�i; �) and, therefore,

"�N jw�;"jpp = m j��;"jpp = m k��;"k21;V� = "�N kw�;"k2";V� :
Hence,

"�NcG";V �
p� 2
2p

"�N

 
kw�;"k2";V
jw�;"j2p

!p=(p�2)
= m

p� 2
2p

j��;"jpp :

Using Lemma 3.2 in [6] we obtain that

lim sup
"!0

"�NcG";V � m lim
"!0

p� 2
2p

j��;"jpp = (#G�)V
q
� cRN

and, letting �! 0; we conclude that

lim sup
"!0

"�NcG";V � (#G�)V q(�)cRN :

Therefore, lim sup"!0 "
�NcG";V � `GcRN ; as claimed. �

Fix �� > 0 such that

jy � gyj > 2�� if gy 6= y 2M;

dist(Mi;Mj) > 2�� if i 6= j;

where M; Mi are the sets de�ned in Section 3. For � 2 (0; ��); let
M�
i := fy 2 RN : dist(y;Mi) � �; Gy = gGig

�1 for some g 2 Gg:
For every � 2M�

i and " > 0; de�ne

�";� :=
X
g�2G�

!i

�
x� g�

"

�
;

where !i is the positive radial solution to problem

(4.3)
�
��w + Viw = jwjp�2w;

w 2 H1(RN ;R);
and let

��;" := f�";� : � 2M�
1 [ � � � [M�

mg:
We continue to assume that (3.1) holds.
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Proposition 3. Let "n > 0 and vn 2 H1(RN ;R)G be such that

"n ! 0; "�Nn J"n;V (vn)! �c; "�Nn kr"nJ"n;V (vn)k
2
"n
! 0;

where �c := lim inf"!0 "
�NcG";V and r"nJ"n;V is the gradient of J"n;V

with respect to the scalar product h�; �i"n;V : Then, up to a subsequence,
there exist an i 2 f1; :::;mg and a sequence (�n) in RN such that
(i) G�n = Gi;
(ii) �n ! � 2Mi;
(iii) "�Nn jjvnj � �"n;�nj

p
p ! 0;

(iv) �c = lim"!0 "
�NcG";V = `GcRN :

Proof. Let evn 2 H1(RN ;R)G be given by evn(z) := vn("nz): Then,

jevnjpp = "�Nn jvnjpp !
2p

p� 2�c =: c > 0:

Fix R > 0 and let

� := lim sup
n!1

sup
y2RN

Z
B(y;R)

jevnjp :
Lions�lemma [31, Lemma 1.21] implies that � > 0: Choose zn 2 RN
such that Z

B(zn;R)

jevnjp � �

2
:

Passing to a subsequence and replacing zn by some point in Gzn if
necessary, we may assume that Gzn = H for all n 2 N: Let

K := fg 2 G : (gzn � zn) is boundedg:

Then K is a closed subgroup of G which contains H: Let �n denote the
orthogonal projection of zn onto

(RN)K :=
�
z 2 RN : gz = z 8g 2 K

	
:

We claim that

(a) (zn � �n) is bounded,
(b) G�n = K 8n 2 N;
(c) (g�n � g0�n) is unbounded if g�1g0 =2 K:

To prove (a) let z0n := zn � �n and assume jz0nj ! 1: Then, passing to
a subsequence, we have that

z0n
jz0nj

! z0 =2 (RN)K :
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On the other hand, for every g 2 K; we have that gz0n� z0n = gzn� zn:
Therefore, (gz0n � z0n) is bounded. Hence,����gz0njz0nj � z0n

jz0nj

���� = 1

jz0nj
jgz0n � z0nj ! 0:

We conclude that gz0 = z0 for all g 2 K; contradicting the fact that
z0 =2 (RN)K : Thus, (zn � �n) is bounded.
To prove (b) �rst note that, by de�nition, G�n � K: If g�n = �n; then

jgzn � znj � jgzn � g�nj+ j�n � znj = 2 j�n � znj :
So, by (a), g 2 K: Thus, G�n = K:
To prove (c) observe that, if g =2 K; then

jgzn � znj � jgzn � g�nj+ jg�n � �nj+ j�n � znj
= jg�n � �nj+ 2 j�n � znj :

It follows from (a) that (g�n � �n) is unbounded. This proves (c).
Let vn(z) := evn(z + �n): Since (vn) is bounded in H1(RN ;R), up to a
subsequence,

vn * v weakly in H1(RN ;R);
vn(x)! v(x) a.e. on RN ;

vn ! v in Lploc(R
N ;R):

Choosing C � j�n � znj for all n; we obtainZ
B(0;C+R)

jvnjp =
Z
B(�n;C+R)

jevnjp � Z
B(zn;R)

jevnjp � �

2
:

Therefore, v 6= 0: Set �n := "n�n: After passing to a subsequence,

lim
n!1

V (�n) =: V̂ :

It is easy to see that v is a solution to problem�
��v + V̂ v = jvjp�2 v;
v 2 H1(RN ;R):

Note that, since vn is G-invariant, vn("nx + g�n) = vn("ng
�1x + �n) =

vn(g
�1x): Note also that property (c) above implies that

�vg�1(� � g�n + g0�n)* 0 weakly in H1(RN ;R) if g�1g0 =2 K:
Fix g1; :::; gk 2 G such that k = jG=Kj and g�1i gj =2 K if i 6= j: Then,

(4.4) vng
�1
j �

kX
i=j+1

vg�1i (� � gi�n + gj�n)* �vg�1j
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weakly in H1(RN ;R): Performing �rst the change of variable y = "nx+
gj�n; then applying the Brezis-Lieb lemma to (4.4), and �nally perform-
ing the change of variable x = "�1n (y � gj�n), for each j = 1; :::; k; we
obtain

"�Nn

�����vn �
kX

i=j+1

�vg�1i

�
� � gi�n
"n

������
p

p

=

������vng�1j �
kX

i=j+1

�vg�1i (�+ gi�n � gj�n)

�����
p

p

=

������vng�1j � �vg�1j �
kX

i=j+1

�vg�1i (�+ gi�n � gj�n)

�����
p

p

+
���vg�1j ��pp + o(1)

= "�Nn

�����vn �
kX
i=j

�vg�1i

�
� � gi�n
"n

������
p

p

+ j�vjpp + o(1):

Iterating this equalities we conclude that

c := lim
n!1

"�Nn jvnjpp = lim
n!1

"�Nn

�����vn �
kX
i=1

�vg�1i

�
� � gi�n
"n

������
p

p

+jG=Kj j�vjpp :

Therefore,

`GcRN � lim
n!1

(#G�n)V (�n) = jG=Kj V̂ qcRN

� jG=Kj p� 2
2p

j�vjpp � �c � lim sup
"!0

"�NcG";V � `GcRN :

This proves that �c = lim"!0 "
�NcG";V = `GcRN and that

(4.5) lim
n!1

"�Nn

�����vn �
kX
i=1

�vg�1i

�
� � gi�n
"n

������
p

p

= 0:

Moreover, (#G�n)V (�n) � `GcRN + � for n large enough. Thus, as-
sumption (3.1) implies that, up to a subsequence, �n ! �: It follows
that V (�) = V̂ and

`GcRN � (#G�)V (�)cRN � jG=Kj V̂ qcRN � jG=Kj
p� 2
2p

j�vjpp � `GcRN :

We conclude that � 2 Mi for some i = 1; :::;m:and, therefore, V̂ = Vi
and K = G� = gGig

�1 for some g 2 G:
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Moreover, v solves problem (4.3) and

p� 2
2p

Z
jvjp = V q

i cRN :

Hence, v(z) = �!i(z � z0) for some z0 2 RN : Observe that v is K-
invariant because

vn(gz) = evn(gz+�n) = evn(z+g�1�n) = evn(z+�n) = vn(z) 8g 2 K; n 2 N:
So, if K is nontrivial, then z0 = 0 and, since !i is radial, equation (4.5)
becomes

lim
n!1

"�Nn

�����vn �
kX
i=1

!i

�
� � gi�n
"n

������
p

p

= 0:

IfK is the trivial group, we replace �n by �0n := �n+"nz0: SinceG�n �= G
and "n ! 0; �0n has the same properties as �n for n large enough.
Moreover, since !i is radially symmetric,

v

�
g�1z � �n

"n

�
= �!i

�
g�1z � �n

"n
� z0

�
= �!i

�
g�1z � �0n

"n

�
= �!i

�
z � g�0n
"n

�
:

It follows that

lim
n!1

"�Nn

�����vn �
kX
i=1

!i

�
� � gi�

0
n

"n

������
p

p

= 0;

as claimed. �
The proof of the following proposition is completely analogous to

that of Proposition 5.5 in [13]. We omit the details.

Proposition 4. Given � 2 (0; ��) there exist d� > `GcRN and "� > 0
with the following property: For every " 2 (0; "�) and every v 2 MG

";V

with J";V (v) � "Nd� there exists precisely one G-orbit G�";v with �";v 2
M�
1 [ � � � [M�

m such that

"�N


jvj � �";�";v



2
";V
= min

�2��;"
kjvj � �k2";V :

Proposition 4 allows us to de�ne, for each � 2 (0; ��) and " 2 (0; "�);
a local baryorbit mapb��;";0 :MG

";V \ J
"Nd�
";V �! (M�

1 [ � � � [M�
m) =G

by taking b��;";0(v) := G�";v;
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where G�";v is the unique G-orbit given by the previous proposition.
Here, as usual, J c";V := fv 2 H1(RN ;R) : J";V (v) � cg:
We now come back to our original problem. Let �";V : H1(RN ;R)Gr

f0g !MG
";V be the radial projection, which is given by

�";V (v) :=

 
kvk2";V
jvjpp

!1=(p�2)
v:

Using the diamagnetic inequality we obtain the following.

Corollary 1. For each � 2 (0; ��) and " 2 (0; "�); the local baryorbit
map b��;" : N �

";A;V \ J
"Nd�
";A;V �! (M�

1 [ � � � [M�
m) =G;

given by b��;"(u) := b��;";0(�";V (juj));
is well de�ned and continuous. It satis�esb��;"(
u) = b��;"(u) 8
 2 S1;b��;"(b�"(�)) = � 8� 2M� with J";A;V (�"(�)) � "Nd�;

where b�" is the map de�ned in Proposition 2.
Proof. If u 2 N �

";A;V ; then �";V (juj) 2MG
";V and

J";V (�";V (juj)) =
p� 2
2p

 
kjujk2";V
juj2p

!p=(p�2)
:

The diamagnetic inequality yields kjujk2";V � kuk
2
";A;V : Therefore,

(4.6) J";V (�";V (juj)) �
p� 2
2p

 
kuk2";A;V
juj2p

!p=(p�2)
= J";A;V (u):

So, if J";A;V (u) � "Nd�; then �";V (juj) � "Nd�: Hence, b��;" is well
de�ned. It is straightforward to verify that it has the desired properties.

�
Let

M�
� :=

S
Gi�ker �

M�
i

We obtain the following conclusion.

Corollary 2. For every � 2 (0; ��) and d > `GcRN there exists "�;d > 0
such that

catM�
� =GM�=G � cat

�
(N �

";A;V \ J"
Nd
";A;V )=S1

�
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for every " 2 (0; "�;d):

Proof. Let d� > `GcRN and "� > 0 be as in Proposition 4. We may as-
sume that d � d�: Let "�;d := minf"d; "�g; where "d is as in Proposition
2, and �x " 2 (0; "�;d): Then,

J";A;V (b�"(�)) � "Nd and b��;"(b�"(�)) = � 8� 2M� :

Since the setsM�
1 ; :::;M

�
m are G-invariant and pairwise disjoint, the set

C := fu 2 N �
";A;V \ J"

Nd
";A;V :

b��;"(u) 2M�
� =Gg

is a union of connected components of N �
";A;V \ J"

Nd
";A;V : Therefore,

cat
�
C=S1

�
� cat

�
(N �

";A;V \ J"
Nd
";A;V )=S1

�
:

By Proposition 2 and Corollary 1, the maps

M�=G
�"�! C=S1 ��;"�!M�

� =G;

given by �"(G�) := b�"( xi) and ��;"(S1u) := b��;"(u); are well de�ned and
satisfy ��;"(�"(�)) = � for all � 2M� : Therefore,

catM�
� =GM�=G � cat

�
C=S1

�
:

This �nishes the proof. �
We conclude this section with the following observation.

Corollary 3. If there exists x 2 RN such that (#Gx)V q(x) = `G and
Gx � ker � , then

lim
"!1

c�";A;V = `GcRN :

where c�";A;V := infN �
";A;V

"�NJ";A;V :

Proof. Inequality (4.6) yields

cG";V := inf
MG

";V

J";V � inf
N �
";A;V

J";A;V =: c
�
";A;V :

The result follows from Proposition 3 and Lemma 2(c). �

5. The Palais-Smale condition

To prove the Palais-Smale condition we need to look at the real-
valued problem

(5.1)

8<: �"2�v + �v = jvjp�2 v;
v 2 H1

0 (RN r �B(0; r);R);
v(gx) = v(x) 8x 2 RN rB(0; r); g 2 G:
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where �B(0; r) := fx 2 RN : jxj � rg; r > 0; and � is a positive
constant. The nontrivial solutions of (5.1) are the critical points of the
energy functional

J";�(v) =
1

2
kvk2";� �

1

p
jvjpp =

1

2

Z
jxj>r

�
"2 jrvj2 + � jvj2

�
� 1
p

Z
jxj>r

jvjp

on the Nehari manifold

MG
";�;r := fv 2 H1

0 (RN r �B(0; r);R)G : v 6= 0; kvk2";� = jvj
p
pg:

Let
cG";�;r := inf

v2MG
";�;r

J";�(v):

Note that cG";�;r � cG";�;s if r � s: Moreover, the following holds.

Lemma 4. limr!1 c
G
";�;r = "N(minx2RNrf0g#Gx)�

qcRN :

Proof. First, we prove this assertion for " = 1: Set k := minx2RNrf0g#Gx:
It is easy to see that �qcRN � cG1;�;r � k�qcRN ; so cG1;�;r = �qcRN if k = 1:
It was shown in [7] that, if k � 2; then cG1;�;r < k�qcRN and cG1;�;r is at-
tained for every r > 0: It remains to show that limr!1 c

G
1;�;r � k�qcRN :

Assume k � 2 and let un 2 MG
1;�;n be such that J1;�(un) = cG1;�;n;

n 2 N: Fix R > 0 and let

� := lim sup
n!1

sup
y2RN

Z
B(y;R)

junjp :

Since junjpp �
2p
p�2�

qcRN > 0; Lions� lemma [31, Lemma 1.21] implies
that � > 0: Choose �n 2 RN such thatZ

B(�n;R)

junjp �
�

2
:

Arguing as in the proof of Proposition 3, we may assume

G�n = K 8n 2 N;
jg�n � g0�nj ! 1 if g�1g0 =2 K:(5.2)

We claim that the sequence (j�nj � n) is unbounded. Assume it is not.
Then, passing to a subsequence, we have that j�nj � n ! d: Choose a
rotation �n about the origin which sends ��n to (� j�nj ; 0; :::; 0); and
set wn(x) := un(�

�1
n x+ �n): Then, (wn) is bounded in H1(RN ;R) and,

passing to a subsequence, we have that wn * w weakly in H1(RN ;R)
and wn ! w strongly in Lploc(RN ;R): SinceZ

B(0;R)

jwnjp =
Z
B(�n;R)

junjp �
�

2
;
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we conclude that w 6= 0: Let HN := f(x1; :::; xN) 2 RN : x1 >
�dg: Since every compact subset in the interior of RN r HN is con-
tained in B((� j�nj ; 0; :::; 0); n) for large enough n, and wn � 0 in
B((� j�nj ; 0; :::; 0); n); we have that w 2 H1

0 (HN ;R): Moreover, since
every compact subset of HN is contained in RN r �B((� j�nj ; 0; :::0); n)
for large enough n, we have that w solves

��w + �w = jwjp�2w;
w 2 H1

0 (HN ;R);
contradicting the fact that this problem has only the trivial solution
[19]. Therefore, (j�nj � n) must be unbounded.
Passing to a subsequence, we assume that j�nj � n!1: Set vn(x) :=
un(x + �n): Then, up to a subsequence, vn * v weakly in H1(RN ;R);
vn(x) ! v(x) a.e. in RN and vn ! v strongly in Lploc(RN ;R) and,
arguing as above, we conclude that v is a nontrivial solution to problem

(5.3) ��v + �v = jvjp�2 v;
v 2 H1(RN ;R):

Note that, since un is G-invariant, un(x + g�n) = un(g
�1x + �n) =

vn(g
�1x): By (5.2) we have also that

vg�1(� � g�n + g0�n)* 0 weakly in H1(RN ;R) if g�1g0 =2 K:
Fix g1; :::; gk 2 G such that g�1i gj =2 K if i 6= j: Then,

un(�+gj�n)�
kX

i=j+1

vg�1i (��gi�n+gj�n)* vg�1j weakly in H1(RN ;R)

so, using the Brezis-Lieb lemma [31, Lemma 1.32], for each j = 1; :::; k;
we have�����un �

kX
i=j+1

vg�1i (� � gi�n)

�����
p

p

=

�����un(�+ gj�n)�
kX

i=j+1

vg�1i (� � gi�n + gj�n)

�����
p

p

=

�����un(�+ gj�n)� vg�1j �
kX

i=j+1

vg�1i (� � gi�n + gj�n)

�����
p

p

+
��vg�1j ��pp + o(1)

=

�����un �
kX
i=j

vg�1i (� � gi�n)

�����
p

p

+ jvjpp + o(1):

Iterating this equalities we obtain

junjpp � k jvjpp + o(1)
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and, since v is a nontrivial solution of (5.3), we conclude that

cG1;�;n = J1;�(un) =
p� 2
2p

junjpp � k
p� 2
2p

jvjpp + o(1) � k�qcRN + o(1):

This proves that limr!1 c
G
1;�;r = k�qcRN :

Finally, �x " > 0: If u"(x) := u("x); then u" 2 MG
1;�;r i¤ u 2 MG

";�;"r;

and ku"k21;� = "�N kuk2";� : Therefore, "NcG1;�;r = cG";�;"r; and the result
for " follows from the case " = 1: �
Now we go back to the variational problem considered in Section 2.

Let u 2 N �
";A;V : We denote by r"J";A;V (u) the gradient of J";A;V at u

with respect to the scalar product h�; �i";A;V ; and by rN �
";A;V

J";A;V (u)

its orthogonal projection onto the tangent space to N �
";A;V at u: Recall

that J";A;V : N �
";A;V ! R is said to satisfy the Palais-Smale condition

(PS)c at the level c; if every sequence (un) such that

un 2 N �
";A;V ; J";A;V (un)! c; rN �

";A;V
J";A;V (un)! 0;

contains a convergent subsequence. As usual, the following holds.

Lemma 5. If (un) is a sequence in N �
";A;V such that J";A;V (un) ! c

and rN �
";A;V

J";A;V (un)! 0; then r"J";A;V (un)! 0:

Proof. Let F";A;V (u) := J 0";A;V (u)u = kuk
2
";A;V � juj

p
p : Then,

N �
";A;V = fu 2 H1

";A(RN ;C)� r f0g : F";A;V (u) = 0g:
Therefore,

rN �
";A;V

J";A;V (un) = r"J";A;V (un)� �nr"F";A;V (un)

for a suitable �n 2 R: Since un 2 N �
";A;V and (un) is bounded in

H1
";A(RN ;C); taking the scalar product of this equality with un we

obtain

o(1) =
D
rN �

";A;V
J";A;V (un); un

E
";A;V

= J 0";A;V (un)un � �nF
0
";A;V (un)un

= ��nF 0";A;V (un)un:
It is easy to see that

��F 0";A;V (un)un�� � a > 0 and that (r"F";A;V (un)) is
bounded inH1

";A(RN ;C):Hence �n ! 0 and, therefore, �nr"F";A;V (un)!
0: We conclude that r"J";A;V (un)! 0: �
Proposition 5. For every " > 0, the functional J";A;V : N �

";A;V ! R
satis�es (PS)c at each level

c < "N min
x2RNrf0g

(#Gx)V q
1cRN ;
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where V1 := lim inf jxj!1 V (x).

Proof. Let (un) be a sequence in N �
";A;V which satis�es

J";A;V (un)! c < "N min
x2RNrf0g

(#Gx)V q
1cRN ; rN �

";A;V
J";A;V (un)! 0:

Since (un) is bounded in H1
";A(RN ;C), it contains a subsequence such

that

un * u weakly in H1
";A(RN ;C)� ;

un(x)! u(x) a.e. in RN ;
un ! u strongly in Lploc(R

N ;C):

Since r"J";A;V (un)! 0 we have that

o(1) = J 0";A;V (un)u = hun; ui";A;V � Re
Z
junjp�2 unu

= kuk2";A;V � jujpp + o(1):

Hence, kuk2";A;V = jujpp:
We claim that, given � > 0; there exists R > 0 such that, passing to a
subsequence,

(5.4)
Z
jxj>R

junjp < � 8n > R:

First, we show that this su¢ ces to prove the proposition. Indeed,
choosing R large enough we obtain��kunk2";A;V � kuk2";A;V �� = ��junjpp � jujpp��

�
����Z
jxj<R

junjp �
Z
jxj<R

jujp
����+ Z

jxj>R
junjp +

Z
jxj>R

jujp

< 3� 8n > R:

Hence, kunk";A ! kuk";A as n!1, which implies strong convergence.
To prove claim (5.4) we argue by contradiction. Assume there exist
�0 > 0 and a subsequence (unk) such that

(5.5)
Z
jxj>k

junk j
p � �0 8k:

Choose � < V1 such that

(5.6) c < "N min
x2RNrf0g

(#Gx)�qcRN ;

and R0 > 0 such that

(5.7) V (x) � � if jxj � R0:
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Let � > 0: Since the sequence (un) is bounded in H1
";A(RN ;C); we may

choose r > R0 such thatZ
r<jxj<r+1

�
jr";Aunk j

2 + V (x) junk j
2� < � 8k:

Let � 2 C1(RN ;R) be radial and such that �(x) = 0 if jxj � r,
�(x) = 1 if jxj � r+1; and �(x) 2 [0; 1] for all x 2 RN : Set wk := �unk :
A straightforward computation shows that��J 0";A;V (unk)wk � J 0";A;V (wk)wk

�� � C

Z
r<jxj<r+1

�
jr";Aunk j

2 + V (x) junk j
2�

< C� 8k:
Here and in the following C is some positive constant, not necessarily
the same one, independent of r: Since (wk) is bounded in H1

";A(RN ;C);
we have that J 0";A;V (unk)wk ! 0: Therefore,��kwkk2";A;V � jwkjpp�� � C� 8k:
Inequality (5.5) implies that jwkjpp � �0 for k large enough. Hence,

(5.8)

����kwkk2";A;Vjwkj2p
� jwkjp�2p

���� � C�:

Let
�";A;� : H

1
";A(RN ;C)� r f0g ! N �

";A;�

be the radial projection. The diamagnetic inequality (2.1) yields k jwkj k2";�;r �
kwkk2";A;�: Therefore, using (5.7) and (5.8), we obtain

cG";�;r � J";�(�";�;r jwkj) =
p� 2
2p

�k jwkj k2";�;r
jwkj2p

�p=(p�2)
� p� 2

2p

�kwkk2";A;�
jwkj2p

�p=(p�2)
� p� 2

2p

�kwkk2";A;V
jwkj2p

�p=(p�2)
� p� 2

2p

�
jwkjp�2p + C�

�p=(p�2) � (1 + C�)p=(p�2) p� 2
2p

junk jpp:

Letting k ! 1 and � ! 0; and using inequality (5.6), we conclude
that

lim
r!1

cG";�;r � c < "N min
x2RNrf0g

(#Gx)�qcRN ;

contradicting Lemma 4. This proves claim (5.4). �

Proof of Theorem 2. Let �; � > 0: Assumption (1.7) implies that

`G < min
x2RNrf0g

(#Gx)V q
1
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where V1 := lim inf jxj!1 V (x). Without loss of generality, we may
assume that � 2 (0; ��); with �� as in Section 4, and that

`GcRN + � < min
x2RNrf0g

(#Gx)V q
1cRN :

We choose d 2 (`GcRN ; `GcRN + �): By Corollary 3 we may also choose
"0 > 0 such that

`GcRN � � < "�N inf
u2N �

";A;V

J";A;V 8" 2 (0; "0):

By Proposition 5, for every " 2 (0; "0), the functional J";A;V : N �
";A;V !

R satis�es (PS)c at each level c � "Nd so, by Proposition 1, J";A;V has
at least

cat
h�
N �
";A;V \ J"

Nd
";A;V

�
=S1
i

geometrically distinct solutions u 2 N �
";A;V satisfying

"N`GcRN � "N� � J";A;V (u) =
p� 2
2p

jujpp � "Nd < "N`GcRN + "N�:

Let " = minf"0; "�;dg with "�;d as in Corollary 2. Then,

catM�
� =GM�=G � cat

�
(N �

";A;V \ J"
Nd
";A;V )=S1

�
for every " 2 (0; "): This concludes the proof. �
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