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Abstract

We show the existence of multiple solutions of a perturbed polyharmonic elliptic
problem at critical growth with Dirichlet boundary conditions when the domain and
the nonhomogenous term are invariant with respect to some group of symmetries.

1 Introduction and main result

Let K > 1 and let 2 be a bounded smooth domain in RY with N > 2K. In this paper
we consider the polyharmonic elliptic problem

=0 (Pa,r)

where f € H%(02) and K, = 25~ denotes the critical exponent for the Sobolev
embedding HE (2) — L%+ (02).

If f = 0 this problem is invariant under dilations. Lack of compactness in elliptic
problems which are invariant under dilations is known to produce quite interesting phe-
nomena. It often gives rise to solutions of small perturbations of such problems. This
behavior has been extensively studied for K =1 (and 1, = 2*), we refer to [5], [27] and
[30] for a detailed discussion. For K > 1 perturbations of problem (%, ) by adding a
subcritical term have been considered by many authors; we refer to the work of Gazzola
[14] and the references therein. For K = 2 perturbations of the domain giving rise to
solutions were also recently considered by Gazzola, Grunau and one of the authors [15].

Adding a nonhomogeneous term produces a similar effect. For K = 1 it was shown
by Tarantello [29] that, if f # 0 and || f||g-1 is small enough, problem (g, ¢) has at
least two nontrivial solutions. This result was extended to the case K = 2 by Deng and
Wang [11]. One consequence of the main result in this paper is that this is true for every
K > 1. We shall show that the following holds.

Corollary 1.1. There exists a k > 0 such that, if f # 0 and ||f||g-x < k, then problem
(Pq,f) has at least 2 solutions.
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It is well known that the presence of symmetries gives rise, in many cases, to ad-
ditional solutions. The impact of symmetries on problem (g, ;) for K = 1 has been
studied recently by Kavian, Ruf and one of the authors [10]. The main goal of this
paper is to study the effect of symmetries on the number and on the type of solutions of
problem (#g, 5) for arbitrary K > 1. We consider domains {2 which are invariant under
the action of some closed subgroup G of the group &(N) of orthogonal transformations
of RN, that is, gz € 12 for every g € G, & € 2. We assume that f is G-invariant, that
is, f(gz) = f(z) for every g € G, z € {2, and look for additional solutions of problem
(P, §) which are also G—invariant. Recall that G is said to act freely on 2 if g1z # g2
for all g1 # g2 € G, x € £2. As a consequence of our main result we obtain the following.

Corollary 1.2. If G # {1} acts freely on {2 then there exists a k > 0 with the property
that, for every f # 0 which is G—invariant and such that || f||g-x < K, problem (Pq, )
has at least 3 solutions one of which is G—invariant and one of which is not.

For example, if 2 is symmetric with respect to the origin (i.e. z € 2 if —x € 2) and
0 & (2 then, for every even function f # 0 with || f||z-x small enough, problem (%, f)
has at least 3 solutions, one of which is even and one of which is not. We write

/ Aty Avdx if K=2q
— 2 (1)

(U7U)K,2 =
/ VAIWVAwde if K=2q+1
Q

for the usual scalar product in the Sobolev space HI({2), and denote by Sk the best
Sobolev constant for the embedding HE (2) — L+ (02),

Sk = inf{||u||%(’2 : u € HE (), / |u| K+ do = 1} .
Q

We write § G; for the cardinality of G;. Our main result is the following.

Theorem 1.3. Let {1} = Gi,...,Gu, be closed subgroups of 6(N) acting freely on
2 such that §G1 < --- < tGm and Gp—1 C Gr,. Then at least one of the following
assertions holds:

a) m > 1 and for f =0 problem (P o) has a nontrivial solution u such that
(@) ; |
Il 5 < (4 o) (S50) VK

(b) m > 1 and there exists a k > 0 with the property that, if f is G;—invariant for each
i=1,...,m, f#0 and ||f||g-x < K, then problem (Pq, ;) has at least m + 1 solutions
UQ, U1, - - - , Uy, Such that u; is G;—invariant but not G;1—invariant fori=1,...,m—1,
and Uy, 18 G —invariant.

We recall that a weak solution of (Zg, ;) belongs to C25:2((2) if 82 is of class C?K->
and f € C%(12) [20].

Whether (2 has symmetries or not, Theorem 1.3 (with m = 1) asserts the existence
of at least two solutions of problem (2, ) for f # 0 and ||f||g-x small enough. This is
Corollary 1.1. Moreover, if {2 and f have appropriate symmetries, Theorem 1.3 provides
an additional solution. Indeed, since (£, o) has no ground state solution, Theorem 1.3
includes Corollary 1.2 as a special case (a detailed argument is given in Section 4 below).



Theorem 1.3 asserts the existence of many solutions of problem (g, ) provided that
it has many symmetries and that the unperturbed problem (% o) has no nontrivial
solution below a certain energy level.

Little is known about nonexistence of solutions of problem (#g o). For K =1
Pohozaev’s identity [23] implies nonexistence of solutions in starshaped domains. But
for K > 1, even though Oswald did show that there are no positive solutions in domains
of this kind [21], as far as we know there is no result excluding sign—changing ones apart
from the case K = 2 where the existence of radial solutions on a ball has been ruled out
[15].

In any case, notice that the condition that G acts freely on (2 is quite strong. It
implies that 0 ¢ (2, which excludes starshaped domains. It also implies that 2 has
nontrivial topology. For K =1 a well known result of Bahri and Coron [1] asserts the
existence of a solution of problem (g o) if 2 has nontrivial topology. A similar result
for any K > 1 was recently obtained by Bartsch, Weth and Willem [2]. Moreover, even
in some contractible domains, solutions of (X, f) are known to exist [22], [15]. Quite
recently, however, Ben Ayed, El Mehdi and Hammami [3] obtained a nonexistence result
for problem (£, o) on thin annuli. They showed that, for K = 1, problem (%, ¢) has
no positive solution below a given energy level if the annular domain is thin enough.
This fact, together with Theorem 1.3 and some stronger results of this kind, provides
multiple solutions of problem (g, ¢) for K =1 and small f # 0 on thin annuli [10].

For f > 0 and K =1 there is an effect of the domain topology [26] together with its
symmetries [10] on the number of solutions of (%, f). Also more general group actions
are allowed in this case. This is a consequence of the fact that, for K = 1, least energy
solutions are positive if f > 0 and small enough. For K > 1 this positivity preservation
property does not hold in general, due to the lack of maximum principles for (—A)%
[17].

Finally we would like to mention that for nonhomogeneous polyharmonic problems
at (small enough) subcritical growth with homogeneous or nonhomogeneous Dirichlet
boundary conditions much stronger results hold for arbitrary K > 1 [18].

This paper is organized as follows: in Section 2 we describe the variational setting
associated to problem (g, f) in the presence of symmetries. In Section 3 we give
a compactness condition for this problem and obtain a first G—invariant solution. In
Section 4 a further G—invariant solution is provided, and Theorem 1.3 is proved. As in
the case K =1 [29], [10], the proof of Theorem 1.3 for K > 1 relies, on one hand, on the
knowledge of the first G—invariant noncompactness level for the unperturbed problem
(Z0,0)- On the other hand, it requires fine estimates similar to those obtained by Brézis
and Nirenberg in [8]. These questions will be handled in Sections 5 and 6 respectively.

2 The variational framework

Let G be a closed subgroup of &(N) and assume that {2 and f are G—invariant. Consider
the problem

(=) Ky =u|f2u+f in 2

9\J — _ G
o = =0,...,K—1
() Y50 0 J=0,.., (23,4)
u(gz) = u(x) for g € G.

The action of G on {2 induces an orthogonal G-action on HE (2) given by

(gu)(z) == u(g '),



that is, (u,v)k2 = (gu,gv)k,2 for all g € G, u,v € Hg(2). We write |-[, for the
LP—norm. The energy functional

1,2 1 .
By(w) = 5 lulfc, = gl = [ fuds
is G—invariant, that is, E;(gu) = E(u) for all g € G and u € HE(12).

Weak solutions of problem (,@8’ #) are critical points of the restriction of Ey to the
space of fixed points

HE(2)C = {u € HE (D) : u(gz) = u(z) for all g € G}.
They lie on the Nehari set

NE ={u € HE()C : DEj(u)u = o}

{uemE@C e, - ol - [ judo=o

From now on we assume that the following condition holds:
(#4) For every v € HE ()¢ with |v|j" =1,

‘/vad:v

This condition is the same one given by Tarantello [29] for K = 1 and by Deng and
Wang [11] for K = 2. Observe that condition (4 ) holds provided that

N+4+2K

Ry AK [N —2K\ 7%
<bvrcllls™ > dvk = 5w (N n 2K>

I fll-x < bn,x S/

Let us recall some properties satisfied by the Nehari set.

Proposition 2.1. If condition (J4) holds then N ﬁ has the following properties:

(a) if f # 0 then NfG is a C'—submanifold of HI(2)¢; if f = 0 then N$'\{0} is a
C*'—submanifold of HE (2)¢ ;

(b) for every 0 #u € NfG the line Ru is transversal to NfG at u;

() N fG has two components

N + 2K
WE)* ={u ENE: fully, - ( )|u|K: >0}

N -2K
_ N +2K :
Py ={uen?: ulfc, - (3o ) Wli <0}

(d) (N]g)_ is radially diffeomorphic to the unit sphere in HE ()¢ ;
(€) Ef(u) <0 foru e (./\/'fG)Jr with u #0;
(f) Ey is bounded below on NfG

The proof is easy and similar to the one for K =1 [29], [10]. Details are left to the
reader. We define

G . . a .
c7o:= inf Er= inf F ¢c7,:= inf FE..
PO e T T ey P eve)-



These infima are natural candidates for being critical values. We shall show that they
are actually achieved. Notice that Proposition 2.1 implies that —oo < ¢§ < ¢, < 400

and that ¢f, < 0if f #0. If f =0 we write

NE=WG)™ o =infEo.

3 The G—invariant compactness range
Definition 3.1. A sequence (uy) C HE(2)¢ such that
Ef(uk) = ¢, ||DEf(ui)llg-x =0,

will be called a G-PS-sequence for Ey at the level c. Ey will be said to satisfy the G-
Palais-Smale condition (PS)S at the level ¢ if every such sequence has a convergent
subsequence.

Let us set X
p¢ = (minﬁGm) N (SK)N/QK,

e

where § Gz denotes the cardinality of the G-orbit Gz = {gz : g € G} of z. The following
Proposition, which extends a result of P.L. Lions [19] to any K > 1, will be proved in
Section 5.

Proposition 3.2. Ey satisfies (PS)S at every ¢ < pu®. In particular, if every G—orbit
in 12 is infinite, then Ey satisfies (PS)S at every c € R.

Corollary 3.3. Ey satisfies (PS)S at every c < cgo—kua. In particular, if every G—orbit
in (2 is infinite, then Ej satisfies (PS)S at every c € R.
Proof. Let (ux) be G-PS—sequence for Ey with Ef(ug) — c. It is readily seen that (u)

is bounded. Hence a subsequence converges weakly in H(£2)¢ to a weak solution u of
(2§ ). Let vy := up, — u. A standard argument shows that

Ef(uk) = Ef(u) + Eo(vi) + o(1)
o(1) = DEy(ux) = DE¢(u) + DEy(vi) + 0(1) = DEg(vy) + o(1)
as k — +o0o. Therefore (v;) is a G-PS-sequence for Ey such that v, — 0 weakly in
HE(02)% and
Eo(vg) > ¢c—E¢(u) <c— C?’O < uC.
It follows from Proposition 3.2 that, up to a subsequence, vy — 0 strongly in HE ()¢
and, hence, uy — u strongly in HE (2)¢. O

Easy consequences of Corollary 3.3 are the following.
Theorem 3.4. If f satisfies assumption (JA) then C?,o is achieved at a point “?,0 €
(NVE)T which is a critical point of Ey on Hg (). Moreover,

1l =0 = [Jufo ., =0



Proof. If f =0 take “?,o = 0. For f # 0 let (u,) be a minimizing sequence for E; on
% fG )*. Ekeland’s variational principle [30] allows us to assume that (u,) is a Palais—
Smale sequence for E; on Nf. Since ¢ < 0, we may also assume that u, 7 0. Hence
Ru,, is transversal to N f at u, and therefore (u,) is a G-PS-sequence for E; at the
level C?,o- Corollary 3.3 above asserts that a subsequence of (u,) converges strongly to
ufy € (NF)T. Hence, Ey(uf,) = c¢f;. The last assertion follows immediately from the
inequality

K N +2K
G _ 2
02 Ef(ufy) = N llugollk o — N /Q fugode

N +2K (N +2K)*

K 2
Z N H’U/?ZOHKQ Y ||f||H—K ”U?ZOHK,Q 2 TTI6NK ||f||i1_x -

O

For K =1 this result is due to Tarantello [29] if G = {1} and for arbitrary G it was
proved in [10]. A further consequence of Corollary 3.3 is the following.

Proposition 3.5. If condition (J4) holds then c§, < c§,.

Proof. 1f ¢§ = ¢, then, arguing as in Theorem 3.4, we obtain a uf, € (Nf)~ such
that Ef(uf,) = ¢f,. Let to > 0 be the largest real number with Ey(touf,) € (NF)*.
Assumption (54 ) implies that

o < By(touf,) < Ep(u§,) = cf;.

This is a contradiction. O

4 A second G—invariant solution

We wish to give conditions for 0?,1 to be achieved by Ef on (N f )~. Corollary 3.3
immediately gives the following.

Theorem 4.1. Assume that condition (J€) holds. If every G-orbit of (2 is infinite,
then cgl is achieved at a point ujcf’l € (NfG)’ which is a critical point of Ey on HE(2)C.

Next we consider the case when the domain (2 has a finite G—orbit. We assume
throughout that condition (4 ) holds and also

(#4) G is a finite group acting freely on (2.
For e > 0 and y € RV we consider the ground state solutions

N-—-2K
4K

N-—-2K
2

K
g
T y(z) = cni (72) » CNK = (N —2j)
g2+ |z —y| j:HK

of the problem (—A)Kwu = |u|®+~2y in RN (see [28]). It satisfies

2 N/2K K,
||Ts,y||K,2 = (Sk) Ll |Ts,y|K* :



For y € {2 we consider the multi-bump function

We,y = Z PayTe,gy € HOK(Q)G
geG

where ¢ € C°(RV) is radially symmetric, 0 < ¢ < 1, ¢ = 1 on B(0,1) and ¢ = 0
outside B(0,2), and ¢4, (z) = ¢(p~(z — gy)) with

. [1.. 1
0<p< mm{idlst(y,@!?)@ lgy —9g'vl: 9,9 €G, g #g’}-

Hence supp(pgy) C 2 and supp(pgy)N supp(pgy) =0 1if g # ¢'.
If f #0 then u?:o # 0 and we may assume without loss of generality that U?,o >0

in some set X C 2 of positive measure. The following lemma, which extends a result of
Brézis and Nirenberg [8] to any K > 1, will be proved in Section 6.

Lemma 4.2. For each K > 1 andt > 0 and for a.e. y € X the following holds

/ |u§0 +tw5,y|K* :/ \ug0|K* d:c+tK*/ |w5,y|K* dx
17, 2 2

—}—K*tK**l/ ugowf”;*ldm

2

+K*t/ |ug0|K*_2u§0wg,y dx + R. + S:
Q

with R. = 0 (eN2K)/2) and S. = o (eN~2K)/2) a5 e — 0.
Proposition 4.3. Assume that f # 0 and that conditions (1) and (%) hold. Then
for every t > 0 and a.e. y € X it results
Er(uf + twey) < fo+ p¢
for each € > 0 sufficiently small.

Proof. For every t > 0 and each y € 2 it results

1 G t2
Ef(ugo +twe,y) = 5”“?,0”%{,2 +t(uz g, Wey) K2 + 5llws,y||§<,2

1
_ F|u?,0 + twg,y|K: — / fu?,O dxr — t/ fweydz.
* [0} 2

In view of Lemma 4.2, this equality yields

t2 tK* K
Ey (u?,o + tws,y) = Ef(“?,o) + tDEf(U?,O)wE,y + 5”“’64}”%{,2 dr — _|ws,y|K:

K,
— it / u?,o w,f;_l dz+o (E("_ZK)/2)
Q

2 /K. (2)

t K
=cfo+ 5I|w5,y % 2 do — Z|ws,y|K:

— it / U?’O wf*’l dr+o (6("721{)/2)
Q

Y



as e — 0 for a.e. y € ¥. Arguing as in [14], one finds C' > 0 such that
oy Tyl s < SR/K +CeN 2K |, T |Ke > SN/ _ eV, 3

as ¢ — 0. Since % — t;: < % and since G acts freely on (2, it follows that

Ey (U?,O +twe y) < cf o+ G) N/2K
_ tK*—l/ u?ow 1 gy + o( (N—2K)/2)
Q
as € = 0 for a.e. y € X. On the other hand,

/ﬂu?ow —ldx_(ﬁG)/ﬂugO(py T g,
= ({G)Dn,x ub (z) &1 (z) e(N+2K)/2 .
s RN f,0 Yy (62 + |$ _ y|2)(N+2K)/2

_ _ 1 T
— GOy ke [ (o) ol )0 (T2 ds
where Dy, > 0 and 9(£) = (1 + |£|?)~N+2K)/2_ GSince by [13, Theorem 8.15]

[ i@ e @ g (T52) do o) [ wie)de

as € — 0 for a.e. y € X it follows that for some DN,K >0

Ef(ufq + twe,y) < cro+p¢
_ tK*—lﬁN’K(ﬁ G) Ugo(y) c(N-2K)/2 (8(N72K)/2) _

as € — 0. Finally, since u} ¢o(y) > 0 for a.e. y € X, the result follows. O

Notice that if we knew that U?,o > 0 in all of 2, a similar argument would yield
) K
Ey (ugo + twe y) < c?,o +p¢ = c?,o + (;rggﬁGm) W(SK)N/QK

even if the action of G on 2 is not free (see [10, Proposition 18]). But, since all we
know is that “?,0 > 0 in some set X of positive measure it might very well be that, if
the action is not free, no G—orbit Gy with y € X' has minimum cardinality. This is why
we consider free actions. Proposition 4.3 and Theorem 4.4 below are still true if instead
of (%) we assume that (2 has only one G-orbit type, that is, all G-orbits in {2 are
G—-isomorphic.
As a consequence of Proposition 4.3 we obtain the following result.

Theorem 4.4. Assume that f # 0 and that conditions (J4) and (%) hold. Then C?J
is achieved at a point uf, € (Nf')~ which is a critical point of Ey on H{(12)°.

Proof. Since the ray {uf, + tw.,, : ¢t > 0} crosses (M), it follows from Proposition
4.3 above that

G : G G
5, = inf Ef<ciog+p”.
I ewey- S 0T
By Corollary 3.3 the value C?:1 is achieved by Ef on (N fG ). O



For K =1 this result was proved by Tarantello [29] for the trivial group and extended
to arbitrary groups in [10].
For the proof of Theorem 1.3 we require the following easy Lemma.

Lemma 4.5. For every a > 0,

N ~1/2

s < (FF) @ = F-asef.

Proof. Let € > 0 and let v € (N¥)~ be such that E¢(v) < ¢¥, + €. Let tg > 0 be such
f f f1

that u = tov € (NV§7) . Then Eo(u) = & |lull% , > ¢f and, therefore,

N 1/2
Gt e> Byu) = Ealw) — [ fude > Fotu) = llyx (3 Fo(w)

—1/2
> Bo(w) - () o (Bo(u)? > f -
because the function {t — ¢ — (c¢{') /2« t!/2} is increasing for ¢ > ¢{. O

Using the results above and arguing as in the case K = 1 [10] one can now prove
Theorem 1.3. We give the details for the reader’s convenience.
Proof of Theorem 1.3. Assume that problem (g, ) has no solution v € N such that
Ey(u) = %HUH%Q < (EGm-1) % (SK)N/zK . Then, by Theorem 4.1 and Proposition 3.2,
= pGi = (ﬁGi)% (SK)N/ZK < +oo fori=1,...,m— 1. If ¢€™ is not achieved by
Eo on N9 then ¢ = pGm too. On the other hand if it is achieved then necessarily
Gm > ¢Fm=1 because ™' is not achieved by By on N¥m-1 5 Nm_ So, since
1G;_1 < § G;, we obtain in any case that cf" > c?"‘l foralli =2,...,m. Let

a::min{c?"—cf"‘l: i:2,...,m} > 0.

By Lemma 4.5 above there is a k¥ > 0 independent of f, such that, if || f|| ;-1 < &, then
f satisfies assumption (J4) and ¢ — a < c?l for all i = 1,...,m. This, together with
Proposition 4.3, implies that

G1 G1 Gi_1 G G Gm_1 Gm
Cio<cCp1<---<c ' Sy <t << SCrt-

Theorem 3.4 and Theorem 4.4 provide m + 1 different solutions, u?}) e WV ]? HF, u?l €
(W), with B(u§h) = ¢§3 and E(u§i) = ¢4 for i = 1,...,m. Since ¢7i* is the
least possible energy of a G;y1—invariant solution on N, u?,l is not G;41-invariant for
i=1,...,m—1. O

Proof of Corollary 1.2. Since problem (£ () is invariant under dilations, the best
Sobolev constant Sk is independent of the domain. It follows that the infimum

K
cil} — N(SK)N/QK

is not achieved by Ey on N1} ¢ HE (). Indeed, if it were achieved at some point
u; € N1} then extending u; by 0 outside of £2 would give a minimum of Ey on the



Nehari manifold in H¥ (RY), that is, a solution of the problem (—A)%u = |u|%+ 2y in
RY which vanishes outside of {2, contradicting the unique continuation property [24].
As a consequence, assertion (b) of Theorem 1.3 must hold. O

Observe that Theorem 1.3 is still true if we assume that every G,,—orbit of {2 is infinite
instead of asking that G, acts freely on (2. The proof is similar except that, in this case,
both ¢ and c?’l” are always achieved (cf. Theorem 4.1). In particular, the following
holds.

Corollary 4.6. If every G-orbit of (2 is infinite, then there exists a k > 0 with the
property that, for every f # 0 which is G-invariant and such that || f||z-x < k, problem
(Pq, ) has at least three solutions one of which is G—invariant and one of which is not.

Remark 4.7. These results can be extended to eigenvalue problems

—A)Eu =+ |u|E2u+ f in 2

(
(7) ul,, =0 (Pans)

j=0,...,K -1,

provided that 0 < A\ < Ay, where A1 is the first eigenvalue of (—A)X with Dirichlet
boundary conditions (see [11]). For f =0 and {2 = Bg(0) this problem has been studied
by many authors (see e.g. [4, 25]), mainly in dealing with the so called Pucci-Serrin
conjecture which says that the dimensions for which there is 0 < A < A1 such that
(P r0) admits no solution for X < A are precisely

oK +1,...,2K +j,..., 4K — 1.

Even though a full proof of the Pucci—Serrin conjecture seems out of reach, a weak version
(for positive solutions) has been given by Grunau in [16].

5 Proof of Proposition 3.2

In this section we prove Proposition 3.2. Let us first prove the following result.
Lemma 5.1. Assume that (vy) C HX(RY) is such that T, — 0. Then

Vh e CP(B): ||Wllk s = Uk, h°T)k,2 + o(1)
as k — +o0.

Proof. We consider the case K = 2¢q. The case K = 2¢q + 1 can be treated in a similar
fashion. Setting for each k£ > 1

q —lal=—
d2a-lelg, olelp
Ak = Z cj,aa 2 P —a, 9% .. _axqq ’
i, dg=1 Tj 0%, i1 Ja
a€e{0,1,2}9, a0
it results
|AY(hoy)|? = b2 | A% | + 2hAR A%y + A (6)
Moreover, setting
q lal=
92a—lalg, olalp?
Bk = Z Cj,aa 2—a; 6 2_aq a.Z'al . aZL’aq,
. jq=1 T T qu J1 Ja

i1
a€e{0,1,2}2, a0

10



it follows that

Aqﬁkﬂq(hQﬁk) = h2|Aq5k|2 + B, Ay, . (7)
Combining (6) and (7) yields
|AY(hoy)|? = A% AY(R°Ty) + Af — (Br, — 2hAg) A%y, (8)

Since D'vy, — 0in L2 (RY) for j =0,...,2¢ — 1, being a # 0, it results

loc
Ak — 07 Bk — QhAk — 0 in LQ(SUpt h)

as k — +o00. In particular equation (8) yields the assertion. O

Proof of Theorem 3.2. Let (u;) C HE(2)” be a G-PS-sequence for Ey such that
Eo(uy) = ¢ < u%. We wish to show that a subsequence of (u;) converges strongly in
HE (). Since PS-sequences for Ey are bounded in HI (£2),
N N -2K
2
llurllx > = EEO(Uk) Y
as k — +00. Thus ¢ > 0. We may assume that u; — u weakly in HX(f2) and that
ur — v a.e.in 2. It is easy to see that DEy(u) = 0 and that vy := up—u is a PS—sequence
for Eg such that vy — 0 weakly in HI(£2) and

Eo(vr) = Bo(ur) — Eo(u) + o(1) = ¢ — Eo(u) + o(L).

Let d := ¢ — Fy(u). Thus 0 < d < c. If d = 0 then uy — u strongly in HE(2) and we
are done.

So let us assume that d > 0. Since (v;) is a PS—sequence for Ep, it is bounded in
HE (). Hence

N
DEy(ug)up — %€

N N N
|Uk|§: = FEO(Uk) - ﬁDEO(’Uk)Uk — fd > 0.

Let § = min {2, (5K) %} and denote by B(z, ¢) the closed ball in RN with center =

and radius p. The Levy concentration function

z€RN

®4(0) = sup / o]+ dg
B(“’h@)

satisfies 4(0) = 0 and ®4(+00) > ¢ for k large enough. Hence we may choose yj € (2
and g > 0 such that

sup / ok |+ dE = lok|** de =6 >0. 9)
z€RN JB(z,er) B(yi,ek)

Observe that, {2 being bounded, the sequence (gx) is bounded. We define

N-—2K

Tk(2) =€, > wvr(enz +yn) € HK(]RN).

It results ||Ek||§(2 = ||vk||§(,2 and |Ek|§: = |Uk|§: In particular, () is a bounded
sequence in H¥(RY) and, up to a subsequence,
Tp =7 weakly in HE(RN),
D%, - D5 ae.inRY, j=0,...,K—1
D%y = DT in L2 (RN), j=0,...,K—1

loc
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as k — +o0o. We wish to show that 7 # 0. Assume by contradiction that 7 = 0. It follows
from Lemma 5.1 and equality (9) above, and from Sobolev and Hélder inequalities that,
as k — +o0,
2 — 2
Sk |Wokk, < ”hvk“K,Z

= (Uk, hzﬁk)K,Q +o(1)
:/ h2 || %" dz + DEy(vy,) (h2 (;—y’“> vk> +o(1)
RN k

2K/N 2/K.
< ( / |m|K*dx> ( / |hm|K*dx) +o(1)
B(z,1) RN

S
<SRN [, + 0(1) < - W[, + o(1)

for each z € RV and h € C2°(B(z,1)). Hence T, — 0 in L,<:(RN). This is a contradic-
tion to (9). Therefore, T # 0.

Since {2 is bounded and vy — 0 in HE(2), up to a subsequence, y;, — y € 2 and
er = 0. If (¢, 'dist(yx, 002)) is bounded, we may assume that

lim e} 'dist(yx,002) = b.

k—+o0
It is then easy to verify that, up to a rotation of RY, the sets
Qy={2€RN : grz+y, € 2}

satisfy
+oo

+oo
ﬂ (U Qk> =H" .= {(21,...,2’1\{) ERN AN 2 —b}
k=n

Hence, 7 is a nontrivial solution of the equation

On the other hand, if
g, dist(yg, 002) = 400

then 7 is a nontrivial solution of the equation
(-A) u=1|u* v inR".

In both cases we obtain that Ey(v) = & ||E||§<2 > K (Sk)NPK.

Let I' = {9 € G : gy = y} be the isotropy subgroup of y. Thus, the G-orbit
Gy of y is G-homeomorphic to the homogeneous space of right cosets G/I" [12]. Let
S ={g1,...,9m} be afinite subset of G whose elements represent pairwise distinct cosets
[91],---,[gm] in G/I. Since yx — y and e — 0, it follows that e, ' |giyx — gjyr| — +oo

12



for each i # j. Hence, since vy is G—invariant, it results
2

m 2K—N . — .
— _ 9ilYk
= doe Tt ()
=1 K,2
2
N—-2K m — .
N-2K _ NYr — 9ilYk
=€k 2 'Uk(sk : +91yk)—zvgi 1( . +TZ)
i=1 K2
2
_ _ _ _ NYr — 9iYk
= ’ngll—'l}gll—Z'Ugil(- +Tl)
w#1 K2
2
- - S 91Yk — 9iYk = 1|2
e R S (e | I e PR
i#l k K2
2
2K—N o - _g.yk 2
o= e (2|~ el + o)
w7l k K2

and, inductively,

12
+m ][k, +o(1)
K,2

)

2
llokllk > =

m
_ 2K2_N _ 1 . — giyk
U £, v\ ——
i=1 k

> m(Sk)"/*K + o(1)

as k — 4oo for all m < $G/I. Since ||vk||§{,2 is bounded it follows that Gy = G/I' is
finite. If ¢ < pu%, then ||vk||§(2 — d < ZuC. 1t follows that

1Gy < (minﬁGm) .

TEN

This is a contradiction. Hence Ey satisfies (PS)¢ for each ¢ < u®. O

For a complete description of all G-PS-sequences for K = 1 we refer to [9].

6 Proof of Lemma 4.2

By [8, Lemma 4] there exists Cn,x > 0 such that for all o, 3 € R

loe + B1% ~[a| — 8% — K.af (Ja| 7 + |8 7%) (10)

al |B1K+=1 for |al >
<On {| Illfl o] > |B]
la|5+=18]  for |al < |A]

if N > 6K, and for all o, € R
o+ B|%* ~|a|** — |8

< Cwv,rc ([af 218 + o 8 2)

Ko — K.af (jof 72 + |5 72)| (1)
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provided that N € {2K +1,...,6K —1}.

In the following, it is understood that “go = 0 outside (2.

e Case N > 6K ; by (10), to prove the assertion on R, it suffices to estimate the right
hand side of the inequality

Rl < Cve [ ol (.Y

{|u?)0\2tw5,y}

Splitting the integration into |z — y| < ¢/2 and /2 < |z — y|, one gets

G 147
|Re| < O i (£ G)e>N 72012 / ufol@

gy |z — y[r2(N-2K)

+ Oy iy (§G) VT2
where 1,72 > 0 satisfy v1 + 72 = K, — 1 and 72 < N/(N — 2K). Note that
o+ € LNEN), |2 N2 ¢ L1(RN)
since 1 +v; < K, and v2(N — 2K) < N. In particular, by [13, p.232],

1

G 1471
L @I ey do < oo

for a.e. y € ¥ (as convolution of two L! functions). It follows that R. = O (¢V?/2) for

each ¥4 < 1. In a similar fashion, estimating the right hand side of

! G |K.—1
SUSChox [ ol do
{|“f,o|<tws,y}

yields S. = O (eN?/2) for each ¥ <1 ase — 0.
e Case N € {2K +1,...,6K — 1}; it results

4K +2j
J

N=2K+j, K. . j=1,...,4K — 1.

We distinguish three cases:

ej=1...,2K—-1
0j=2K+1,..., 4K — 1.

e Case j=1,...,2K —1; by (11) for each j it results

1

IR < Chrpes 66 [ ufo(a) 0 2 da,
RN |z — y

62K7]

(€ + [z —yl?)

S0 < Chca ) [ ufo(@)” s7c do.

14



The first estimate gives R. = O (&7) since the integral, again by [13, p.232], is finite for
a.e. y € Y. The second estimate gives R. = O (aj ) as well, since the kernels

g2K—d 1 1
(€ +Jz—yP)?K eV (1 N |u|2)2K
>

T —

correspond to that of a mollifier (up to a constant) and thus

G (.02 g?K-i G [ N2
dr —
/RN ufo(x) 2 + |z — y|2)2K z — cugo(y)

as € = 0 for some ¢ > 0 and a.e. y € X (see [13, Theorem 8.15]).
e Case j = 2K ; by (11) it results

E2K

G
|RE|7 |SE| < C;V,K,t (ﬁG) /RN |'u‘f,0($)|2 (62 + |£L' _ y|2)2K dz.

If 1,792 > 0 satisfy 3 + 2 = 2K, then

1 < 1 1
(€2 + ]z —y)2K = &2 jo — gy’

which implies

_ 1
Rel. 1521 < Chopea 2G6) [ @) o
This yields R. = S. = O(£2%7) for all ¥ < 1.
e Case j =2K +1,...,4K —1; by (11), one has

. i-2K
IR < O 2 (6) [ fuffo(@) 0 -
RN

- dx,
(€ + [z —yl?)?

1
S| < Civ i, X (#G) / uFo (@) g do-
RN |':C y|

Taking into account that

1
/RN |'LI/?’0(ZU)|2 de < +00

a.e. y € X and that the kernels

gi—2K 1 1

2 — |2 N J
E+lz—yP) e <1+|z;y|2)

correspond to that of a mollifier (up to a constant), arguing as before one gets
R.=S. =0 (*¥).

Therefore, putting the previous conclusions together, we have

15



(0 (¢) if N=2K+1

O (&7) if N=2K+
R.=8.=¢" :
O(e2K1) if N=4K -1

O (2K?) if N =4K

O(¥) if Ne{4K+1,...,6K -1}
L0 (eN?/%) if N>6K

for each ¥ < 1 as € — 0. In particular, in any case it results

R = 5. = o (c42002)

as € — 0 and the proof is complete. O
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