
Multiple solutions for the Brezis-Nirenberg
problem ∗

Mónica Clapp† and Tobias Weth‡

June 28, 2004

Abstract

We establish the existence of multiple solutions to the Dirichlet
problem for the equation

−∆u = λu + |u|
4

N−2 u

on a bounded domain Ω of RN , N ≥ 4. We show that, if λ > 0 is not a
Dirichlet eigenvalue of −∆ on Ω, this problem has at least N+1

2 pairs
of nontrivial solutions. If λ is an eigenvalue of multiplicity m then it
has at least N+1−m

2 pairs of nontrivial solutions.

1 Introduction

Consider the problem

(℘)

{
−∆u = λu+ |u|2∗−2u in Ω

u = 0 on ∂Ω

where Ω is a bounded smooth domain in RN , N ≥ 3, λ > 0, and 2∗ = 2N
N−2

is the critical Sobolev exponent.
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This problem has been extensively studied in the last twenty years. We
briefly recall what is known about existence and multiplicity of solutions. Let
λn be the n-th Dirichlet eigenvalue of −∆ on Ω (counted with multiplicity).
In a celebrated paper [5] Brezis and Nirenberg showed that for N ≥ 4 and
λ ∈ (0, λ1) problem (℘) has at least one positive solution. The same is true
for N = 3 if λ lies in some small left neighborhood of λ1. If N ≥ 4 and λ 6= λn

for every n ≥ 1, Capozzi, Fortunato and Palmieri [7] showed that (℘) has a
nontrivial solution (see also Zhang [26]). If N ≥ 5 the same is true for every
λ > 0 [7, 26].

The first multiplicity result was obtained by Cerami, Fortunato and
Struwe [8]. They showed that the number of pairs of nontrivial solutions
of (℘) is bounded below by the number of eigenvalues λj lying in the interval

(λ, λ + S |Ω|−2/N), where S is the best constant for the Sobolev embedding
D1,2(RN) ↪→ L2∗(RN), and |Ω| is the Lebesgue measure of Ω. Note, however,

that the interval (λ, λ + S |Ω|−2/N) might not contain any eigenvalue at all
(cf. [15, p. 256]). Cerami, Solimini and Struwe [9] showed that for N ≥ 6
and λ ∈ (0, λ1) problem (℘) has at least two pairs of nontrivial solutions, one
of which changes sign (see also Tarantello [23]).

Quite recently, Devillanova and Solimini obtained new strong multiplicity
results. In [12] they showed that, if N ≥ 7, then (℘) has infinitely many
solutions for every λ > 0. Moreover, in [13] they showed that, if N ≥ 4 and
λ ∈ (0, λ1), then (℘) has at least N

2
+ 1 pairs of nontrivial solutions. Here

we extend this last result to all parameters λ > 0. Namely, we prove the
following.

Theorem 1 Let N ≥ 4.
(i) If λn < λ < λn+1 then problem (℘) has at least N+1

2
pairs of nontrivial

solutions.
(ii) If 0 < λ < λ1 then (℘) has at least N+2

2
pairs of nontrivial solutions.

(iii) If λ = λn+1 = · · · = λn+m is an eigenvalue of multiplicity m < N +2
then (℘) has at least N+1−m

2
pairs of nontrivial solutions.

These solutions satisfy ∫
Ω

|∇u|2 < 2SN/2.

The method used in [13] does not carry over to the case λ ≥ λ1. It also
contains a gap. We shall come back to these questions in section 3 below. In
contrast, our method allows us to recover the result in [13] as a special case.
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In section 3 we also give a brief sketch of how our method applies to the
corresponding critical biharmonic equation

∆2u = λu+ |u|
8

N−4u in Ω (1)

subject either to Dirichlet boundary conditions

u = ∇u = 0 on ∂Ω (2)

or to Navier boundary conditions

u = ∆u = 0 on ∂Ω. (3)

Boundary value problems for equation (1) have received much interest in
recent years, see e.g. [4, 14, 15, 16, 17, 18, 20, 24].

2 Proof of the main theorem

We first fix some notation. The Hilbert space D1,2(RN) is the completion
of the space C∞c (RN) with respect to the norm ‖u‖ induced by the scalar
product

〈u, v〉 :=

∫
Ω

∇u · ∇v.

For A ⊂ D1,2(RN) and u ∈ D1,2(RN) we write

dist(u,A) := inf
v∈A

‖u− v‖ .

For u ∈ Lp(RN), the usual Lp-norm of u will be denoted by |u|p.
Let Ω be a bounded smooth domain in RN . Set H := H1

0 (Ω) ⊂ D1,2(RN).
For A ⊂ H and δ > 0 we write

Bδ(A) := {u ∈ H : dist(u,A) ≤ δ},

and we write int(A) for the interior of A in H. We choose a sequence of
orthonormal eigenfunctions en corresponding to the Dirichlet eigenvalues λn,
n ∈ N, of −∆. Set λ0 := 0. We fix n,m ∈ N ∪ {0} and λ > 0 such that

λn < λ < λn+m+1,
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where n is the greatest integer with λn < λ and m is the smallest integer
with λ < λn+m+1, and we set

V − := span {e1, ..., en} , V + := span {ej : j > n+m} .

The solutions of problem (℘) are the critical points of the C2-functional
Jλ : H → R given by

Jλ(u) =
1

2

∫
Ω

(|∇u|2 − λu2)− 1

2∗

∫
Ω

|u|2
∗
.

We consider the negative gradient flow ϕ : G → H of Jλ, defined by{
∂
∂t
ϕ(t, u) = −∇Jλ(ϕ(t, u))

ϕ(0, u) = u

where G = {(t, u) : u ∈ H, 0 ≤ t < T (u)} and T (u) ∈ (0,∞] is the maximal
existence time for the trajectory t 7→ ϕ(t, u). A subset D of H is called
strictly positively invariant if

ϕ(t, u) ∈ int(D) for every u ∈ D and every t ∈ (0, T (u)).

If d ∈ R is a regular value of Jλ, then the sublevel set

Jd
λ := {u ∈ H : Jλ(u) ≤ d}

is strictly positively invariant. We write P := {u ∈ H : u ≥ 0} for the convex
cone of positive functions in H.

Lemma 2 If 0 < λ < λ1 then there exists α0 > 0 such that the neighborhoods
Bα(P ) and Bα(−P ) are strictly positively invariant for all α ≤ α0.

Proof: We only consider Bα(P ). The gradient ∇Jλ : H → H is given by
∇Jλ(u) = u − K(u), where K(u) = Lu + G(u) and Lu,G(u) ∈ H are the
unique solutions of the equations

−∆(Lu) = λu and −∆(G(u)) = |u|2∗−2u.

In other words, Lu and G(u) are uniquely determined by the relations

〈Lu, v〉 := λ

∫
Ω

uv and 〈G(u), v〉 :=

∫
Ω

|u|2∗−2uv for all v ∈ H. (4)
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By the maximum principle, Lu ∈ P and G(u) ∈ P if u ∈ P.
Let u ∈ H and v ∈ P be such that dist(u, P ) = ‖u− v‖. Then

dist(Lu, P ) ≤ ‖Lu− Lv‖ ≤ λ

λ1

‖u− v‖ =
λ

λ1

dist(u, P ). (5)

Set u− := min{u, 0}. Note that∣∣u−∣∣
2∗

= min
v∈P

|u− v|2∗ ≤ S−1/2 min
v∈P

‖u− v‖ = S−1/2 dist(u, P ) (6)

for every u ∈ H. Using (4) and (6) we obtain

dist(G(u), P )
∥∥G(u)−

∥∥ ≤ ∥∥G(u)−
∥∥2

=
〈
G(u), G(u)−

〉
=

∫
Ω

|u|2∗−2uG(u)−

≤
∫

Ω

|u−|2∗−2u−G(u)−

≤ |u−|2∗−1
2∗

∣∣G(u)−
∣∣
2∗

≤ S−2∗/2 dist(u, P )2∗−1
∥∥G(u)−

∥∥ .
Hence dist(G(u), P ) ≤ S−2∗/2 dist(u, P )2∗−1 for all u ∈ H. Choose
λ
λ1
< ν < 1. Then there exists α0 > 0 such that, if α ≤ α0,

dist(G(u), P ) ≤ (ν − λ

λ1

) dist(u, P ) for all u ∈ Bα(P ). (7)

Fix α ≤ α0. Inequalities (5) and (7) yield

dist(K(u), P ) ≤ dist(Lu, P ) + dist(G(u), P ) ≤ ν dist(u, P ) (8)

for all u ∈ Bα(P ). Thus, K(u) ∈ int(Bα(P )) if u ∈ Bα(P ). Since Bα(P ) is
closed and convex, Theorem 5.2 in [11] implies

u ∈ Bα(P ) =⇒ ϕ(t, u) ∈ Bα(P ) for t ∈ [0, T (u)). (9)

To conclude the proof, we suppose by contradiction that there is u ∈ Bα(P )
and t ∈ (0, T (u)) such that ϕ(t, u) ∈ ∂Bα(P ). By Mazur’s separation theo-
rem, there exists a continuous linear functional ` ∈ H∗ and β > 0 such that
`(ϕ(t, u)) = β and `(u) > β for u ∈ int(Bα(P )). It follows that

∂

∂s

∣∣∣∣
s=t

`(ϕ(s, u)) = `(−∇J(ϕ(t, u))) = `(K(ϕ(t, u)))− β > 0.
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Hence there exists ε > 0 such that `(ϕ(s, u)) < β for s ∈ (t − ε, t). Thus,
ϕ(s, u) 6∈ Bα(P ) for s ∈ (t− ε, t). This contradicts (9). The proof is finished.
ut

Now, if λ ≥ λ1, we fix a regular value 0 < dλ <
1
N
SN/2 of Jλ and rλ > 0

so that
Jλ(u) ≥ 2dλ for every u ∈ V + with ‖u‖ = rλ. (10)

If λ < λ1, we set dλ = 0. Fix 0 < α < α0, and set

Dλ :=

{
Bα(P ) ∪Bα(−P ) ∪ J0

λ if 0 < λ < λ1

Jdλ
λ if λ ≥ λ1

Then Dλ is symmetric (i.e. u ∈ Dλ iff −u ∈ Dλ) and strictly positively
invariant. We shall need the following quantitative deformation lemma.

Lemma 3 Let ε, δ > 0, c ∈ R and C ⊂ H be a symmetric subset such that

‖∇Jλ(u)‖ ≥
2ε

δ
for every u ∈ J−1

λ [c− ε, c+ ε] ∩Bδ(C). (11)

Then there exists an odd continuous map ϑ : [J c+ε
λ ∩ C] ∪ Dλ → J c−ε

λ ∪ Dλ

such that ϑ(u) = u for every u ∈ Dλ.

Proof: Let u ∈ J c+ε
λ ∩ C. We claim that ϕ(t, u) ∈ J c−ε

λ for some
t ∈ (0, T (u)). Indeed, (11) immediately implies that the trajectory
t 7→ ϕ(t, u) cannot stay in J−1

λ [c− ε, c+ ε] ∩ Bδ(C) for all positive
times t. Now assume that ϕ(t, u) /∈ Bδ(C) for some t > 0, and put
t0 := inf{t > 0 : ϕ(t, u) /∈ Bδ(C)}. If Jλ(ϕ(t0, u)) ≥ c− ε, then (11) yields

δ ≤
∫ t0

0

‖∂ϕ(t, u)

∂t
‖dt ≤ δ

2ε

∫ t0

0

‖∇Jλ(ϕ(t, u))‖2dt ≤ δ

2ε
[Jλ(u)−Jλ(ϕ(t0, u))],

and hence Jλ(ϕ(t0, u)) ≤ Jλ(u)− 2ε ≤ c− ε. This proves our claim.
Now, for u ∈ [J c+ε

λ ∩ C] ∪ Dλ, let tλ(u) be the smallest t ∈ [0, T (u)) such
that ϕ(t, u) ∈ J c−ε

λ ∪Dλ. Then the function tλ : [J c+ε
λ ∩ C] ∪Dλ → [0,∞) is

even and lower semicontinuous (since J c−ε
λ ∪Dλ is closed). We show that tλ

is also upper semicontinuous. For this let u ∈ [J c+ε
λ ∩C]∪Dλ, and let τ > 0.

If ϕ(tλ(u), u) ∈ ∂Dλ, then by the strict positive invariance of Dλ we have
ϕ(tλ(u) + τ, v) ∈ int(Dλ) for v sufficiently close to u, hence tλ(v) ≤ tλ(u) + τ
for v sufficiently close to u. If ϕ(tλ(u), u) ∈ ∂J c−ε

λ , then the estimate from
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above shows ϕ(tλ(u), u) ∈ Bδ(C)∩ J−1
λ [c− ε, c+ ε], and hence ϕ(tλ(u), u) is

not a critical point of Jλ. As a consequence, Jλ(ϕ(tλ(u) + τ, v)) < c− ε for v
sufficiently close to u, and therefore tλ(v) ≤ tλ(u)+τ for v sufficiently close to
u. We conclude that tλ is a continuous function. Now ϑ : [J c+ε

λ ∩C]∪Dλ →
J c−ε

λ ∪Dλ defined by ϑ(u) = ϕ(tλ(u), u) has the asserted properties. ut

We recall the notion of relative equivariant Lusternik-Schnirelmann cat-
egory.

Definition 4 Let D ⊂ Y be closed symmetric subsets of H. The equivariant
category of Y rel. D, denoted γD(Y ), is the smallest number k such that
Y can be covered by k + 1 open symmetric subsets U0, U1, ..., Uk of H which
satisfy:

(i) D ⊂ U0 and there exists an odd continuous map χ0 : U0 → D such
that χ0(u) = u for every u ∈ D.

(ii) There exists an odd continuous map χj : Uj → {−1, 1} for every
j = 1, ..., k.
If no such covering exists we set γD(Y ) := ∞.

If D = ∅, the equivariant category of Y is nothing but its Krasnoselski
genus [10, Proposition 2.4]. We write γ(Y ) := γ∅(Y ). Since Dλ is a Z/2-
neighborhood retract in H and Y is closed, Tietze’s theorem implies that
γDλ

(Y ) coincides with {Z/2}-catH(Y,Dλ) as defined in [2]. The following
properties are easily verified (cf. [10, Proposition 3.4]).

Lemma 5 Let Y and Z be closed symmetric subsets of H with Dλ ⊂ Y .
(a) γDλ

(Y ∪ Z) ≤ γDλ
(Y ) + γ(Z).

(b) If Dλ ⊂ Z, and if there exists an odd continuous map φ : Y → Z with
φ(u) = u for every u ∈ Dλ, then γDλ

(Y ) ≤ γDλ
(Z).

Define

ck := inf {c ∈ R : γDλ
(J c

λ ∪Dλ) ≥ k} for k ∈ N.

Note that c1 ≥ dλ and that (ck) is a nondecreasing sequence. As usual, we
say that a sequence (um) in H is a (PS)c-sequence for Jλ if

Jλ(um) → c, ‖∇Jλ(um)‖ → 0, as m→∞.

Lemmas 3 and 5 yield the following.
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Corollary 6 For every k ≥ 1 there exists a (PS)ck
-sequence (um) for Jλ.

Moreover, if 0 < λ < λ1, then dist(um, P ∪ [−P ]) ≥ α/2 for all m.

Proof: Let 0 < λ < λ1. If there is no (PS)ck
-sequence (um) for Jλ with

dist(um, P ∪−P ) ≥ α
2

for all m, then there exist ε > 0 such that ‖∇Jλ(u)‖ ≥
4ε/α for every u ∈ J−1

λ [ck − ε, ck + ε] \ int(Bα
2
(P ) ∪ Bα

2
(−P )). Applying

Lemma 3 with C := H\int(Dλ), δ = α
2
, and Lemma 5, we get a contradiction

to the definition of ck. The proof for λ ≥ λ1 is similar. ut

It is well known that (PS)c sequences for Jλ are bounded but not nec-
essarily relatively compact, thus the values ck might not be critical values
of Jλ. Struwe [21, Theorem 3.1] gave a characterization of all Palais-Smale
sequences for Jλ. In the following we only consider those with c < 2

N
SN/2

and recall Struwe’s result for this special case. For ε > 0 and y ∈ RN we
consider the Aubin-Talenti instanton [1, 22] Uε,y ∈ D1,2(RN) defined by

Uε,y(x) := [N(N − 2)]
N−2

4

(
ε

ε2 + |x− y|2

)N−2
2

. (12)

The closed set

M :=
{
Uε,y : ε > 0, y ∈ RN

}
⊂ D1,2(RN)

is an (N + 1)-dimensional manifold which consists precisely of the positive
solutions u ∈ D1,2(RN) of the equation

−∆u =| u |2∗−2 u.

Lemma 7 Let (um) be a (PS)c-sequence for Jλ.
(a) If c < 1

N
SN/2, then (um) is relatively compact in H.

(b) If 1
N
SN/2 ≤ c < 2

N
SN/2, then a subsequence of (um) -still denoted

(um)- satisfies one of the following two conditions:
(b.1) (um) converges strongly in H to a critical point of Jλ.
(b.2) There is a critical point u of Jλ with Jλ(u) = c− 1

N
SN/2 such that

dist(um − u,M) → 0 or dist(um − u,−M) → 0.

This follows directly from [21, Theorem 3.1].
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Corollary 8 (a) If ck <
1
N
SN/2, then ck is a critical value of Jλ.

(b) If 1
N
SN/2 ≤ ck <

2
N
SN/2, then either ck or ck − 1

N
SN/2 is a critical

value of Jλ.
(c) If 0 < λ < λ1 and ck = 1

N
SN/2, then ck is a critical value of Jλ.

Proof: (a) and (b) are immediate consequences of Corollary 6 and
Lemma 7. We prove (c). Corollary 6 implies the existence of a (PS)c-
sequence (um) for c = 1

N
SN/2 with dist(um, P ∪ −P ) ≥ α

2
. Passing to a

subsequence, we may assume that either (b.1) or (b.2) of Lemma 7 holds. If
(b.1) holds, then 1

N
SN/2 is a critical value of Jλ, as claimed. If (b.2) holds,

then we may assume that dist(um,M) → 0, hence there are ym ∈ RN , εm > 0,
m ∈ N such that

ũm := ε
−N−2

2
m um(εm(· − ym)) → U1,0 in D1,2(RN).

Since U1,0 is positive, we have ‖u−m‖ = ‖ũ−m‖ → 0 asm→∞. This contradicts
the fact that dist(um, P ) ≥ α

2
for all m. Hence (b.2) does not occur, and the

proof is finished. ut

Set
Kc := {u ∈ H : Jλ(u) = c, ∇Jλ(u) = 0} , c ∈ R.

Lemma 9 If ck = ck+1 <
2
N
SN/2, then Kck

is infinite.

Proof: Let c := ck = ck+1. If c < 1
N
SN/2, then a standard argument using

Lemma 3 and Lemma 7(a) shows that γ(Kc) > 1. In particular, Kc is infinite.
We now consider the more difficult case where

1

N
SN/2 ≤ c <

2

N
SN/2.

We put c∗ = c− 1
N
SN/2, and we consider the sets

U+(δ) = {v ∈ H : dist(v − u,M) ≤ δ for some u ∈ Kc∗} ,
U−(δ) = {v ∈ H : dist(v − u,−M) ≤ δ for some u ∈ Kc∗} = −U+(δ),

U(δ) = U+(δ) ∪ U−(δ)

for δ > 0. We claim that

U+(δ) ∩ U−(δ) = ∅ for δ > 0 sufficiently small. (13)
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Indeed, suppose by contradiction that there exist vm ∈ U+( 1
m

) ∩ U−( 1
m

) for
each m ≥ 1. Choose u1

m, u
2
m ∈ Kc∗ , ω

1
m ∈M, and ω2

m ∈ −M such that∥∥vm − (u1
m + ω1

m)
∥∥ ≤ 1

m
and

∥∥vm − (u2
m + ω2

m)
∥∥ ≤ 1

m
.

Then ω1
m, ω

2
m ⇀ 0 weakly in D1,2(RN) and∥∥(u1

m + ω1
m)− (u2

m + ω2
m)
∥∥ ≤ 2

m
. (14)

It follows that u1
m − u2

m ⇀ 0 weakly in H. Since Kc∗ is compact, up to a
subsequence, (u1

m) and (u2
m) converge strongly in H. Hence, u1

m − u2
m → 0

strongly in H. Inequality (14) yields ‖ω1
m − ω2

m‖ → 0, and therefore

|ω1
m|2∗ ≤ |ω1

m − ω2
m|2∗ ≤ S−1/2‖ω1

m − ω2
m‖ → 0.

This is a contradiction. Hence (13) holds.
To finish the proof, we now assume, by contradiction, that Kc is finite. Then
γ(Kc) ≤ 1. We fix δ > 0 such that U+(δ) ∩ U−(δ) = ∅, γ(Bδ(Kc)) = γ(Kc)
and Bδ(Kc) ∩ U(δ) = ∅. It follows that γ(Bδ(Kc) ∪ U(δ)) ≤ 1. By Lemma
7 there exists ε > 0 such that

‖∇Jλ(u)‖ ≥
4ε

δ
for every u ∈ J−1

λ [c− ε, c+ ε] \ int(Bδ/2(Kc) ∪ U(δ/2)).

Lemma 3 yields an odd continuous map ϑ : [J c+ε
λ \ int(Bδ(Kc)∩U(δ))]∪Dλ →

J c−ε
λ ∪Dλ with ϑ(u) = u for every u ∈ Dλ. Hence, by Lemma 5,

k + 1 ≤ γDλ
(J c+ε

λ ∪Dλ) ≤ γDλ
(J c−ε

λ ∪Dλ) + γ(Bδ(Kc) ∪ U(δ))

≤ γDλ
(J c−ε

λ ∪Dλ) + 1

≤ k.

This is a contradiction, and hence the lemma is proved. ut

We shall now prove the following.

Proposition 10 (i) If λn < λ < λn+1 for some n ≥ 1 then cN+2 <
2
N
SN/2.

(ii) If 0 < λ < λ1 then cN+1 <
2
N
SN/2.

(iii) If λn < λ = λn+1 = · · · = λn+m < λn+m+1, m < N + 2, then
cN+2−m < 2

N
SN/2.
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We recall some notions which we need for the proof. We consider the
Nehari set

Nλ := {u ∈ H \ {0} : 〈∇Jλ(u), u〉 = 0}.
This is not a closed set if λ ≥ λ1, but it has the property that

Jλ(u) = max
t≥0

Jλ(tu) for every u ∈ Nλ.

We set Vλ := {u ∈ H : ‖u‖2 − λ |u|22 > 0} and write

ρλ : Vλ → Nλ, ρλ(u) :=

(
‖u‖2 − λ |u|22

|u|2∗2∗

)N−2
4

u

for the radial projection.
Given a bounded domain Θ of RN and a subset K of Θ the capacity of

K with respect to Θ is defined as

capΘK = inf

{∫
Θ

|∇u|2 : u ∈ H1
0 (Θ) and u ≥ 1 on K

}
.

If the closed convex set {u ∈ H1
0 (Θ) : u ≥ 1 on K} is nonempty, capΘK is

uniquely achieved at a ψ ∈ H1
0 (Θ) which satisfies ψ ≡ 1 on K [19].

We write

Sk =
{
x ∈ Rk+1 : |x| = 1

}
and Bk =

{
x ∈ Rk : |x| ≤ 1

}
for k ∈ N and set

B(x, r) =
{
y ∈ RN : |y − x| < r

}
.

As before, we consider u+ := max {u, 0} and u− := min {u, 0} for u ∈
D1,2(RN). The following lemma was proved by Devillanova and Solimini
[13, Proof of Lemma 2.3]. In fact, they considered only the case λ < λ1 but
the proof carries over to arbitrary λ > 0. We sketch it here for the reader’s
convenience.

Lemma 11 For every ball B(x1, r1) ⊂ Ω there exists an odd continuous map

h : SN → H1
0 (B(x1, r1))

such that h(θ)± ∈ Nλ and Jλ(h(θ)
±) < 1

N
SN/2 for every θ ∈ SN .
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Proof: Let r2 := r1/3 and let η ∈ C∞c (B(0, r2)) be a radially symmetric
cut-off function. Since λ > 0, following [5] we may choose ε0 > 0 such that
u0 := ρλ(ηUε0,0) ∈ Nλ satisfies Jλ(u0) <

1
N
SN/2, with Uε0,0 as in (12). For

0 < r < r2 let ψr ∈ H1
0 (B(0, r2)) be the unique function with ψr ≡ 1 on

B(0, r) and
‖ψr‖2 = capB(0,r2)(B(0, r)).

Then ‖ψr‖ → 0 as r → 0. We fix r ∈ (0, r2) small enough so that

max
|z|≤r2

Jλ(ρλ[(1− ψr)u0(·+ z)]) <
1

N
SN/2.

Our choice of u0 allows us to modify it continuously to obtain a path of
positive functions us ∈ Nλ with support in B(0, (r − r2)s + r2) such that
Jλ(us) <

1
N
SN/2 for every s ∈ [0, 1] . For y ∈ BN we set t = |y| and θ = y

|y| ,
and define

h̃(y) :=

{
u2−2t(· − 2r2(2tθ − θ))− u0(·+ 2r2θ) if 1

2
≤ t ≤ 1

u1 − ρλ[(1− ψr)u0(·+ 4r2tθ)] if 0 ≤ t ≤ 1
2

Then h̃ is continuous on BN and satisfies h̃(y)± ∈ Nλ and Jλ(h̃(y)
±) <

1
N
SN/2. Since h̃ is odd on SN−1, it induces an odd continuous map h : SN →

H1
0 (B(x1, r1)) given by

h(x1, ..., xN+1) =

{
h̃(x1, ..., xN) if xN+1 ≥ 0

−h̃(−x1, ...,−xN) if xN+1 ≤ 0

with the desired properties. ut

Lemma 12 If λn < λ for some n ∈ N ∪ {0}, then there exists an odd
continuous map h : Rn+N+2 → H such that

lim
|x|→∞

Jλ(h(x)) = −∞ and sup
u∈h(Rn+N+2)

Jλ(u) <
2

N
SN/2.

Proof: If n ≥ 1 put S− := {u ∈ V − : ‖u‖ = 1} and choose δ > 0 such
that

‖u‖2 − λ |u|22 < 0 for every u ∈ Bδ(S
−). (15)

Choose x1 ∈ Ω and r1 > 0 such that B(x1, r1) ⊂ Ω. For r ∈ (0, r1) let
ψr ∈ H1

0 (B(0, r1)) be the unique function with ψr ≡ 1 on B(0, r) and

‖ψr‖2 = capB(0,r1)(B(0, r)).

12



Fix r ∈ (0, r1) small enough so that (1− ψr)u ∈ Bδ(S
−) for every u ∈ S−,

and consider the linear map

h1 : Rn → H1
0 (Ω \B(x1, r)), h1(x1, ..., xn) := (1− ψr)

n∑
j=1

xjej.

Note that (15) yields
sup

u∈h1(Rn)

Jλ(u) ≤ 0.

On the other hand, by Lemma 11, for every λ > 0 there exists an odd
continuous map

h : SN → H1
0 (B(x1,

r

2
))

such that h(θ)± ∈ Nλ and Jλ(h(θ)
±) < 1

N
SN/2 for every θ ∈ SN . Fix a

positive function v0 ∈ H1
0 (B(x1, r) \ B(x1,

r
2
)) ∩ Nλ with Jλ(v0) <

1
N
SN/2.

Let

Z := (SN × [−1, 1]) ∪ (BN+1 × {−1, 1}) ⊂ RN+1 × R ≡ RN+2,

and extend h to a map h̃ : Z → H1
0 (B(x1, r)) as follows: For θ ∈ SN ,

s ∈ [0, 1] , t ∈ [−1, 1] we set

h̃(sθ, t) :=


(1− t)h(θ)− + (1 + t)h(θ)+ if s = 1
2sh(θ)+ + (1− s)v0 if t = 1
2sh(θ)− − (1− s)v0 if t = −1

Next, we extend h̃ radially to a map h2 : RN+2 → H1
0 (B(x1, r)) by

h2(tz) := th̃(z) for z ∈ Z, t ∈ [0,∞).

By construction, h2 is odd and continuous and satisfies

sup
u∈h2(RN+2)

Jλ(u) <
2

N
SN/2, and lim

|x|→∞
Jλ(h2(x)) → −∞.

If n = 0 we take h := h2. If n ≥ 1, the map h : Rn+N+2 → H given by

h(y, z) := h1(y) + h2(z), y ∈ Rn, z ∈ RN+2,

has the desired properties. ut

13



Proof of Proposition 10. Let n ∈ N ∪ {0} be the greatest integer
such that λn < λ and let h : Rn+N+2 → H be as in Lemma 12. Set

c := sup
u∈h(Rn+N+2)

Jλ(u) <
2

N
SN/2 (16)

and
k := γDλ

(J c
λ ∪Dλ).

By Definition 4 there exists an open covering of J c
λ ∪Dλ by open symmetric

subsets U0, U1, ..., Uk of H, with Dλ ⊂ U0, and odd continuous maps χ0 :
U0 → Dλ with χ0(u) = u for u ∈ Dλ, and χj : Uj → {−en+j, en+j} for
j = 1, ..., k. By Tietze’s theorem we may assume that χ0 is the restriction of
an odd continuous function χ0 : H → H. We distinguish three cases.
Case (i): λn < λ < λn+1, n ≥ 1. Let rλ > 0 be as in (10) and set

O := {x ∈ Rn+N+2 :
∥∥χ0(h(x))

∥∥ ≤ rλ}.

Since lim
|x|→∞

Jλ(h(x)) = −∞, O is a bounded symmetric neighborhood

of the origin. Set Vj := (h
−1
Uj) ∩ ∂O for j = 0, 1, ..., k. Since

χ0(h(V0)) ⊂ {u ∈ H : ‖u‖ = rλ} \ V +, composing χ0 ◦ h |V0 with the orthog-
onal projection H → V − yields an odd continuous map

χ̃0 : V0 → V − \ {0}.

Take a partition of unity {π0, π1, ..., πk} subordinated to the covering
{V0, V1, ..., Vk} of ∂O consisting of even functions, and define

χ : ∂O → span{e1, ..., en+k} ∼= Rn+k

χ(ζ) = π0(ζ)χ̃0(ζ) +
k∑

j=1

πj(ζ)χj(h(ζ)).

This is an odd continuous map such that χ(ζ) 6= 0 for every ζ ∈ ∂O. The
Borsuk-Ulam theorem yields n+k ≥ n+N+2, that is, γDλ

(J c
λ∪Dλ) ≥ N+2.

This, together with (16), proves assertion (i).
Case (ii): 0 < λ < λ1. In this case Nλ is radially diffeomorphic to the
unit sphere in H and there exists c0 > 0 such that Jλ(u) = 1

N
|u|2

∗

2∗ ≥ c0 for
every u ∈ Nλ. Let

Eλ := {u ∈ Nλ : u+ ∈ Nλ and u− ∈ Nλ}.

14



Inequality (6), and the analogous one with u+ instead of u−, yield the exis-
tence of a constant α1 > 0 such that

dist(u, P ∪ [−P ]) ≥ α1 for every u ∈ Eλ. (17)

Thus, choosing α < α1 in our definition of Dλ we obtain that Dλ ∩ Nλ ⊂
Nλ \ Eλ. It is well known that Nλ \ Eλ consists of two connected components
of the form W and −W (see e.g. [6, Lemma 2.5]). Hence it admits an odd
map φ : Nλ \ Eλ → {−ek+1, ek+1} . Let C0 be the connected component of
H \Nλ which contains 0, and set

O := {x ∈ RN+2 : χ0(h(x)) ∈ C0}

Since lim
|x|→∞

Jλ(h(x)) = −∞, O is a bounded symmetric neighborhood of the

origin. Set Vj := (h
−1
Uj) ∩ ∂O, and define

χ̃0 := φ ◦ χ0 ◦ h : V0 → {−ek+1, ek+1} .

Using a partition of unity, by the same formula as above, we obtain an odd
continuous map

χ : ∂O → span{e1, ..., ek+1} ∼= Rk+1

such that χ(ζ) 6= 0 for every ζ ∈ ∂O. The Borsuk-Ulam theorem yields
k + 1 ≥ N + 2, that is, γDλ

(J c
λ ∪ Dλ) ≥ N + 1. This, together with (16),

proves assertion (ii).
Case (iii): λ = λn+1 = · · · = λn+m is an eigenvalue of multiplicity m <
N + 2. The proof is analogous to that of case (i) except that now χ̃0 :
V0 → span{e1, ..., en+m} \ {0} and therefore

χ : ∂O → span{e1, ..., en+m+k} \ {0} ∼= Rn+m+k \ {0}

yielding γDλ
(J c

λ ∪Dλ) ≥ N + 2−m. �

Proof of Theorem 1. If Kc is infinite for some c < 2
N
SN/2, we are

done. So we assume that Kc is finite for all c < 2
N
SN/2 and distinguish three

cases:
Case (i): λn < λ < λn+1 for some n ≥ 1. In this case Lemma 9 and
Proposition 10 give

c1 < c2 < · · · < cN+2 <
2

N
SN/2.
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Let k0 be such that ck0 <
1
N
SN/2 ≤ ck0+1. By Corollary 8, Jλ has at least

k1 := max {k0, (N + 2)− (k0 + 1)} = max {k0, N + 1− k0}

nontrivial critical points. Since k1 ≥ N+1
2
, the proof in this case is finished.

Case (ii): 0 < λ < λ1. In this case

0 < c0 := inf
Nλ

Jλ = inf{Jλ(u) : u ∈ H \ {0}, ∇Jλ(u) = 0} < 1

N
SN/2

and c0 is attained by Jλ [5]. Moreover, Kc0 ⊂ P ∪ (−P ). Therefore c0 < c1.
Lemma 9 and Proposition 10 yield

c0 < c1 < c2 < · · · < cN+1 <
2

N
SN/2.

Let j0 be such that cj0 ≤ 1
N
SN/2 < cj0+1. By Corollary 8 Jλ has at least

j1 := max {j0 + 1, (N + 2)− (j0 + 1)}

nontrivial critical points. Since j1 ≥ N+2
2
, the proof of (ii) is finished.

Case (iii): λ = λn+1 = · · · = λn+m is an eigenvalue of multiplicity m <
N + 2. The proof is analogous to that of case (i). �

3 Remarks and extensions to critical bihar-

monic problems

As mentioned in the introduction, for 0 < λ < λ1 we obtain the same number
of solutions as Devillanova and Solimini [13], but our proof is different. In
[13], Devillanova and Solimini apply minimax arguments on the set

Eλ := {u ∈ H : u+ 6= 0 6= u−,

∫
Ω

(|∇u±|2 − λ|u±|2) =

∫
Ω

|u±|2∗}

Howewer, for this one needs a deformation type lemma on Eλ, which is not
proved in [13]. We point out that Eλ is not a differentiable manifold. Indeed,
the maps u 7→

∫
Ω
|∇u±|2 are not differentiable on H1

0 (Ω), cf. [3, section 3].
We also remark that for λ ≥ λ1 the set Eλ is not closed in H, hence minimax
arguments on Eλ certainly do not apply in this case.
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We now turn to a brief discussion of the biharmonic problems (1),(2) and
(1),(3). For a detailed account of existence and nonexistence results for these
problems depending on λ and Ω, see [16]. Solutions of (1),(2) (resp. (1),(3))
are critical points of the C2-functional

u 7→ Iλ(u) =
1

2

∫
Ω

|∆u|2 − N − 4

2N

∫
Ω

|u|
2N

N−4

defined on H2
0 (Ω) (resp. H2(Ω) ∩ H1

0 (Ω)). Note that in general u ∈ H2(Ω)
does not imply that u± ∈ H2(Ω), hence it is not possible to work on a set
similar to Eλ above. For the same reason we cannot prove that neighborhoods
of the convex cone of positive functions are positively invariant under the
negative gradient flow of Iλ (cf. Lemma 2). However, for any λ > 0 which
is not a Dirichlet (resp. Navier) eigenvalue of ∆2 on Ω, we may consider the
positively invariant set Dλ = Idλ

λ , where dλ > 0 is a regular value of Iλ close
to zero. Consider the values

ck := inf {c ∈ R : γDλ
(Ic

λ ∪Dλ) ≥ k} .

For N ≥ 8 we then have

cN+2 <
4

N
S

N
4 ,

where now S denotes the best constant for the Sobolev embedding

D2,2(RN) ⊂ L
2N

N−4 (RN). Indeed, this can be proved along the lines of the
proof of Proposition 10(i), now using the D2,2-capacity [16, Definition 2] and
standard estimates for biharmonic critical problems in the space dimensions
N ≥ 8 (these are known as noncritical dimensions, cf. [14, 20]). We also
have the following partial classification of Palais Smale sequences.

Lemma 13 Let (um) be a (PS)c-sequence for Iλ. Then
(a) If c < 2

N
SN/4, then (um) is relatively compact in H.

(b) If 2
N

SN/4 ≤ c < 4
N

SN/4, then a subsequence of (um) -still denoted (um)-
satisfies one of the following two conditions:

(b.1) (um) converges strongly to a critical point of Iλ.
(b.2) There is a critical point u of Iλ with Iλ(u) = c− 2

N
SN/4 such that

dist(um − u,M) → 0 or dist(um − u,−M) → 0.

Here M ⊂ D2,2(RN) is the (N + 1)-dimensional manifold of posi-

tive solutions of the equation ∆2u = |u|
8

N−4u, cf. [16, Lemma 1]. The
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proof of Lemma 13 is not completely straightforward, since a precise ana-
logue of Struwe’s compactness Lemma [21, Theorem 3.1] is not available
in the biharmonic case. This is due to the fact that there is no gen-
eral nonexistence result for problems (1),(2) (resp. (1),(3)) on a halfspace
Ω = {x = (x1, ..., xN) ∈ RN : xN > 0}. However, it is known that these spe-
cial problems have no positive solutions [18], and that sign changing solutions

may occur only with energy values Iλ(u) ≥ 4
N

S
N
4 [16, Lemma 4]. Using these

facts, Lemma 13 follows from [16, Lemma 8].
As a consequence we now see, as in the second order case, that Iλ has

infinitely many critical points whenever ck = ck+1 <
4
N

S
N
4 , cf. Lemma 9. By

the same argument as in the end of the last section we therefore obtain the
following multiplicity result.

Theorem 14 Let N ≥ 8. If λ > 0 is not a Dirichlet (resp. Navier) eigen-
value of ∆2 on Ω, then problem (1),(2) (resp. (1),(3)) has at least N+1

2
pairs

of nontrivial solutions. If λ is an eigenvalue of multiplicity m < N + 2, then
it has at least N+1−m

2
pairs of nontrivial solutions.

So far, only the existence of one pair of nontrivial solutions was known if
N ≥ 8 and λ > 0 is not an eigenvalue or if N ≥ 10 and λ is an eigenvalue,
see [15, Corollary 2.2.].
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04510 México, D.F., México
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