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Abstract
We establish the existence of multiple solutions to the Dirichlet
problem for the equation

4
—Au = Au+ |u|¥2u

on a bounded domain Q of RN, N > 4. We show that, if A > 0 is not a

Dirichlet eigenvalue of —A on €, this problem has at least % pairs

of nontrivial solutions. If A is an eigenvalue of multiplicity m then it
has at least ]\%ﬁ pairs of nontrivial solutions.

1 Introduction

Consider the problem

©) —Au=Xu+ [ul* 2u inQ
& u=20 on 0f)

where  is a bounded smooth domain in RY, N > 3, A > 0, and 2* = i—g
is the critical Sobolev exponent.
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This problem has been extensively studied in the last twenty years. We
briefly recall what is known about existence and multiplicity of solutions. Let
An be the n-th Dirichlet eigenvalue of —A on Q (counted with multiplicity).
In a celebrated paper [5] Brezis and Nirenberg showed that for N > 4 and
A € (0, A1) problem (p) has at least one positive solution. The same is true
for N = 3 if A lies in some small left neighborhood of A\;. If N > 4 and A\ # \,
for every n > 1, Capozzi, Fortunato and Palmieri [7] showed that (p) has a
nontrivial solution (see also Zhang [26]). If N > 5 the same is true for every
A>0[7, 26].

The first multiplicity result was obtained by Cerami, Fortunato and
Struwe [8]. They showed that the number of pairs of nontrivial solutions
of (p) is bounded below by the number of eigenvalues A; lying in the interval
(A A+ 519Q]7*Y), where S is the best constant for the Sobolev embedding
DY(RN) — L¥(RY), and |Q| is the Lebesgue measure of ). Note, however,
that the interval (A, A + S |Q| ") might not contain any eigenvalue at all
(cf. [15, p. 256]). Cerami, Solimini and Struwe [9] showed that for N > 6
and A € (0, \;) problem (p) has at least two pairs of nontrivial solutions, one
of which changes sign (see also Tarantello [23]).

Quite recently, Devillanova and Solimini obtained new strong multiplicity
results. In [12] they showed that, if N > 7, then (p) has infinitely many
solutions for every A > 0. Moreover, in [13] they showed that, if N > 4 and
A € (0,)), then (p) has at least 5 + 1 pairs of nontrivial solutions. Here
we extend this last result to all parameters A > 0. Namely, we prove the
following.

Theorem 1 Let N > 4.

(i) If Ay < X < Ans1 then problem () has at least ML pairs of nontrivial
solutions.

(it) If0 < X < X; then (p) has at least X2 pairs of nontrivial solutions.

(i5i) If X\ = Apy1 = -+ = Ay 18 an eigenvalue of multiplicity m < N + 2
then () has at least ]VJ“% pairs of nontrivial solutions.

These solutions satisfy

/ |Vu|? < 25N/,
Q

The method used in [13] does not carry over to the case A > A;. It also
contains a gap. We shall come back to these questions in section 3 below. In
contrast, our method allows us to recover the result in [13] as a special case.
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In section 3 we also give a brief sketch of how our method applies to the
corresponding critical biharmonic equation

Au = du+ ]u\ﬁu in Q (1)

subject either to Dirichlet boundary conditions

u=Vu=0 on 0N (2)
or to Navier boundary conditions

u=Au=0 on 0. (3)
Boundary value problems for equation (1) have received much interest in
recent years, see e.g. [4, 14, 15, 16, 17, 18, 20, 24].
2 Proof of the main theorem

We first fix some notation. The Hilbert space D?(R") is the completion
of the space C>°(RY) with respect to the norm ||u|| induced by the scalar
product

(u,v) := / Vu - V.
Q
For A C DY*(RY) and u € DV?(RY) we write

dist(u, A) = 521% |lu — vl

For u € LP(RY), the usual LP-norm of u will be denoted by |ul,.
Let Q be a bounded smooth domain in RY. Set H := H}(Q2) ¢ DY?(RY).
For A C H and 6 > 0 we write

Bs(A) :={u € H : dist(u, A) < d},

and we write int(A) for the interior of A in H. We choose a sequence of

orthonormal eigenfunctions e, corresponding to the Dirichlet eigenvalues \,,,
n € N, of —A. Set \g :=0. We fix n,m € NU{0} and A > 0 such that

/\n <A< )\n—l—m—i—l;



where n is the greatest integer with A, < A and m is the smallest integer
with A < A\, 1ma1, and we set

V7~ i=span{er,...,en}, V':i=spanie;:j>n+m}.

The solutions of problem (p) are the critical points of the C*-functional
Jy: H — R given by

J,\(u):%/g(|Vu|2—)\u2)—2—1*/Q\u

We consider the negative gradient flow ¢ : § — H of J,, defined by

{ St u) = =VIa(p(t, )
0(0,u) =u

2%

where § = {(t,u) :u € H, 0 <t <T(u)} and T(u) € (0,00] is the maximal
existence time for the trajectory t — ¢(t,u). A subset D of H is called
strictly positively invariant if

o(t,u) € int(D) for every u € D and every t € (0,7 (u)).
If d € R is a regular value of J,, then the sublevel set
Jli={uec H: J\(u) <d}

is strictly positively invariant. We write P := {u € H : u > 0} for the convex
cone of positive functions in H.

Lemma 2 [f0 < A\ < \; then there exists ag > 0 such that the neighborhoods
B, (P) and B,(—P) are strictly positively invariant for all o < ay.

Proof: We only consider B,(P). The gradient V.J, : H — H is given by
VJy(u) = v — K(u), where K(u) = Lu+ G(u) and Lu,G(u) € H are the
unique solutions of the equations

~A(Lu) =X u and  — A(G(u)) = |u)* *u.

In other words, Lu and G(u) are uniquely determined by the relations

Y2up forallve H.  (4)

(Lu,v) ::/\/qu and  (G(u),v) ;:/Qm
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By the maximum principle, Lu € P and G(u) € P if u € P.
Let w € H and v € P be such that dist(u, P) = ||u — v||. Then

A
dist(Lu, P) < ||[Lu — Lv|| < —Hu —v|| = —dlst(u P). (5)
Set u~ := min{u, 0}. Note that

_ _ < S V2 ol — o—1/2 g
- rvn€11131|u U]y <8 Il’élnHu v|| = ST/ dist(u, P) (6)

Ju”
for every u € H. Using (4) and (6) we obtain

dist(G(u ||G H < H )_H2
G(u), G(u)™)

< / 220 G)
Q

< u” 3G w7,
< S22 dist(u, P)* ! HG(U)_H .

Hence dist(G(u),P) < S~2/2dist(u, P)* ! for all uw € H. Choose
%1 < v < 1. Then there exists ag > 0 such that, if a < oy,

dist(G(u), P) < (v — /\i) dist(u, P)  for all u € B,(P). (7)

1
Fix a < ap. Inequalities (5) and (7) yield

dist(K (u), P) < dist(Lu, P) + dist(G(u), P) < v dist(u, P) (8)
for all u € B,(P). Thus, K(u) € int(B,(P)) if u € B,(P). Since B,(P) is
closed and convex, Theorem 5.2 in [11] implies

u € B,(P) — o(t,u) € Bo(P) for tel0,T(u)). 9)

To conclude the proof, we suppose by contradiction that there is u € B, (P)
and t € (0,7(u)) such that ¢(t,u) € 0B, (P). By Mazur’s separation theo-
rem, there exists a continuous linear functional ¢/ € H* and (8 > 0 such that

Up(t,u)) = B and £(u) > B for u € int(B,(P)). It follows that

% _tE(Qp(S,U)) = f(—v,](go(t,u))) — €<K<§0<t,u))) — B3>0



Hence there exists ¢ > 0 such that ¢(¢(s,u)) < 3 for s € (t — &,t). Thus,
o(s,u) & Bo(P) for s € (t —e,t). This contradicts (9). The proof is finished.
O

Now, if A > Ay, we fix a regular value 0 < dy < +S™/?2 of J, and ry > 0
so that
Jy(u) > 2dy  for every u € VT with |ju| = ry. (10)

If A< A, weset dy =0. Fix 0 < a < ag, and set

Dy Bo(P)UBL(—=P)UJ) if 0 <A<\
SR 0 i A> A

Then D, is symmetric (i.e. u € Dy iff —u € D,) and strictly positively
invariant. We shall need the following quantitative deformation lemma.

Lemma 3 Lete, 6 >0, c€ R and C C H be a symmetric subset such that
2
|V Ix(uw)| > § for every u € J ' [c —e,c+ ] N Bs(C). (11)

Then there exists an odd continuous map ¥ : [J{T° N ClU Dy — J;°U D,
such that ¥(u) = u for every u € D.

Proof: Let u € J5™ N C. We claim that ¢(t,u) € J{° for some
t € (0,7(u)). Indeed, (11) immediately implies that the trajectory
t — @(t,u) cannot stay in Jy'[c—e,c+¢e] N Bs(C) for all positive
times . Now assume that ¢(t,u) ¢ Bs(C) for some ¢t > 0, and put
to :=inf{t >0 : p(t,u) ¢ Bs(C)}. If Jx(p(to,u)) > ¢ — ¢, then (11) yields

to tu to
o< [T1%Eg e < o [T 19 A )P < 5 L) Al 0),
and hence Jy(¢(tg, u)) < Jy(u) — 26 < ¢ —e. This proves our claim.

Now, for u € [J{t* N C]U Dy, let ty(u) be the smallest ¢ € [0,7(u)) such
that ¢(t,u) € J; U Dy. Then the function ¢, : [J;° N C|]U Dy — [0,00) is
even and lower semicontinuous (since J§ ©U D, is closed). We show that ¢
is also upper semicontinuous. For this let u € [J™*NC|U Dy, and let 7 > 0.
If p(trx(u),u) € OD,, then by the strict positive invariance of D, we have
o(ta(u) +7,v) € int(D,) for v sufficiently close to u, hence t)(v) < tx(u)+7
for v sufficiently close to u. If o(tx(u),u) € 0J5 ¢, then the estimate from
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above shows ¢(ty(u),u) € Bs(C)NJy ' [c — ¢, ¢+ ¢], and hence p(t(u), u) is
not a critical point of Jy. As a consequence, Jy(¢(tx(u) +7,v)) < ¢ —¢ for v
sufficiently close to u, and therefore ) (v) < ¢5(u)+7 for v sufficiently close to
u. We conclude that ¢ is a continuous function. Now 9 : [J{™*NC]U D, —
J57° U Dy defined by ¥(u) = ¢(tx(u),u) has the asserted properties. O

We recall the notion of relative equivariant Lusternik-Schnirelmann cat-
egory.

Definition 4 Let D C Y be closed symmetric subsets of H. The equivariant
category of Y rel. D, denoted yp(Y), is the smallest number k such that
Y can be covered by k + 1 open symmetric subsets Uy, Uy, ..., U of H which
satisfy:

(i) D C Uy and there exists an odd continuous map xo : Uy — D such
that xo(u) = u for every u € D.

(i) There exists an odd continuous map x; : U; — {—1,1} for every
j=1,.. k.
If no such covering exists we set yp(Y') := oc.

If D = @, the equivariant category of Y is nothing but its Krasnoselski
genus [10, Proposition 2.4]. We write y(Y') := 7(Y). Since D, is a Z/2-
neighborhood retract in H and Y is closed, Tietze’s theorem implies that
o, (Y) coincides with {Z/2}-caty (Y, D)) as defined in [2]. The following
properties are easily verified (cf. [10, Proposition 3.4]).

Lemma 5 LetY and Z be closed symmetric subsets of H with Dy C Y.
(a) 10, (Y U Z) < p, (V) +7(2).

(b) If D\ C Z, and if there exists an odd continuous map ¢ : Y — Z with
¢(u) = u for every u € Dy, then vp, (Y) < p,(Z2).
Define
e :=inf{c € R :vp, (JSUD,) >k} for ke N.

Note that ¢; > dy and that (¢x) is a nondecreasing sequence. As usual, we
say that a sequence (u,,) in H is a (PS).-sequence for J, if

In(um) = ¢, ||VI(un)]] — 0, asm — oo.

Lemmas 3 and 5 yield the following.



Corollary 6 For every k > 1 there exists a (PS).,-sequence (u,) for J.
Moreover, if 0 < X\ < Ay, then dist(uy,, PU[—P]) > «/2 for all m.

Proof: Let 0 < A < A;. If there is no (PS),,-sequence (u,,) for J, with
dist(up,, PU—P) > § for all m, then there exist € > 0 such that [|V.J,(u)|| >
de/a for every u € Jy'[cx — e, ¢+ €]\ int(Ba(P) U Ba(—P)). Applying
Lemma 3 with C':= H\int(D,), 0 = §, and Lemma 5, we get a contradiction
to the definition of ¢;. The proof for A > Ay is similar. O

It is well known that (PS). sequences for J, are bounded but not nec-
essarily relatively compact, thus the values ¢, might not be critical values
of Jy. Struwe [21, Theorem 3.1] gave a characterization of all Palais-Smale
sequences for Jy. In the following we only consider those with ¢ < %SN/ 2
and recall Struwe’s result for this special case. For ¢ > 0 and y € RY we
consider the Aubin-Talenti instanton [1, 22] U.,, € DV?(R") defined by

N—-2

Unpfo) = NV =27 (55 ) (12

e2+ |z —y|?
The closed set
M :={U.,:e>0, ye RY} c D"*(R")

is an (IV 4 1)-dimensional manifold which consists precisely of the positive
solutions u € DV2(RY) of the equation

—Au=|u|*?u

Lemma 7 Let (u,,) be a (PS).-sequence for Jy.

(a) If c < LSN/2, then (uy,) is relatively compact in H.

(b) If LSN2 < ¢ < 25N2 then a subsequence of (un) -still denoted
(um)- satisfies one of the following two conditions:

(b.1) (uy,) converges strongly in H to a critical point of J).

(b.2) There is a critical point u of Jy with J\(v) = ¢ — +SN/? such that

dist(wp, —u, M) — 0 or  dist(u, —u,—M) — 0.

This follows directly from [21, Theorem 3.1].



Corollary 8 (a) If ¢, < %SN/{ then ¢ is a critical value of Jy.

(b) If LSN2 < ¢ < 2SN2 then either ¢, or ¢y — ~SN/? is a critical
value of Jy.

(c) If 0 < A< Ay and ¢, = %SN/Q, then ¢ 1s a critical value of Jy.

Proof: (a) and (b) are immediate consequences of Corollary 6 and
Lemma 7. We prove (c). Corollary 6 implies the existence of a (PS).-

sequence (uy,) for ¢ = +SM? with dist(u,,, P U —P) > . Passing to a

subsequence, we may assume that either (b.1) or (b.2) of Lemma 7 holds. If
(b.1) holds, then LSV/? is a critical value of Jy, as claimed. If (b.2) holds,
then we may assume that dist(u,,, M) — 0, hence there are y,, € RY, g,,, > 0,
m € N such that

N-2

U = Em > Un(Em(- —ym)) — Urog  in DY*(RY).

Since U ¢ is positive, we have ||u,,|| = ||@,,|| — 0 as m — oco. This contradicts
the fact that dist(w,,, P) > § for all m. Hence (b.2) does not occur, and the
proof is finished. g

Set
K.:={ue H:J\(u) =c¢ VJy(u)=0}, ceR.

Lemma 9 If ¢, = cjy1 < 25V, then K., is infinite.

Proof: Let ¢ := ¢y = cpy1. If ¢ < +.57/2, then a standard argument using
Lemma 3 and Lemma 7(a) shows that v(K,) > 1. In particular, K. is infinite.
We now consider the more difficult case where

1 2
—SN/2 <e< —SN/Q.
N =S N

We put ¢, = ¢ — +5V/2 and we consider the sets

Uy (6) ={v e H :dist(v —u, M) <6 for some u € K., },
U_(0) ={ve H:dist(v —u,—M) < ¢ for some u € K., } = —-U,(9),
U(0) = U4 (0) UU_(0)

for 4 > 0. We claim that

U () NU_(0) =2 for § > 0 sufficiently small. (13)
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Indeed, suppose by contradiction that there exist v, € Uy (L) NU_(%) for
each m > 1. Choose u} ,u? € K., , w! € M, and w?, € —M such that
1 1
|vm — (up, +wp)|| < = and  [jom — (up, +wi)|| < —.
m m
Then w},, w2, — 0 weakly in D?(R") and
1 1 2 2 2

m

It follows that u! — u2, — 0 weakly in H. Since K., is compact, up to a

subsequence, (u) ) and (u?,) converge strongly in H. Hence, ul — u2 — 0

2
m m m

)
strongly in H. Inequality (14) yields ||w} — w2 || — 0, and therefore

2 < |wp, = wilor < ST wy, —wi |l — 0.

W

This is a contradiction. Hence (13) holds.

To finish the proof, we now assume, by contradiction, that K, is finite. Then
v(K,) < 1. We fix § > 0 such that U, (0) NU_(0) = &, v(Bs(K,.)) = v(K,)
and Bs(K.) NU(0) = @. It follows that v(Bs(K,.) UU(J)) < 1. By Lemma
7 there exists € > 0 such that

|V Ja(w)] > % for every u € Jy ' [c —g,c+¢€] \ int(Bs/o(K.) UU(5/2)).

Lemma 3 yields an odd continuous map 9 : [J;°\ int(Bs(K.)NU(d))|UD, —
J57° U Dy with ¥(u) = u for every u € D). Hence, by Lemma 5,

k41 < 30, (J575U D)) < 9, (J575 U D) + 7(Bs(Ko) UU(S))
S ’}/D)\(JK_E U D)\) + 1
<k.

This is a contradiction, and hence the lemma is proved. O
We shall now prove the following.

Proposition 10 (i) If\, < XA < A,y for somen > 1 then cyyo < %SN/Q.
(i) If O < X< A then cnyq < %SN/Q.
(ZZZ) ]f )\n < A= )\n+1 = - = >\n+m < An_;'_m_i_l, m < N+27 then

2 QN/2
CN+o—m < 2SN/,
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We recall some notions which we need for the proof. We consider the
Nehari set
Ny:={ue H\{0}: (VJy(u),u) =0},

This is not a closed set if A > Ay, but it has the property that

Ja(u) = max Ja(tu)  for every u € Nj.

We set Vy := {u € H : [Jul|* = X|u|} > 0} and write

N2
) = Muly |
pr:Va—=Ny,  pa(u) = | ———= u

|u o

for the radial projection.
Given a bounded domain © of RY and a subset K of © the capacity of
K with respect to © is defined as

cap@K:inf{/ IVul> : u € H}(O©) and u > 1 on K}.
Q)

If the closed convex set {u € H}(O) : u > 1 on K} is nonempty, cape K is
uniquely achieved at a 1 € H}(©) which satisfies 1) = 1 on K [19].
We write

S* = {z e R 1 2| =1} and B = {z e R*: |z| < 1}
for k € N and set
Blz,r)={yeRY : jy—a|<r}.

As before, we consider u* := max{u,0} and u~ := min{u,0} for u €
DV(RY). The following lemma was proved by Devillanova and Solimini
[13, Proof of Lemma 2.3]. In fact, they considered only the case A < A; but
the proof carries over to arbitrary A > 0. We sketch it here for the reader’s
convenience.

Lemma 11 For every ball B(xzq,7r1) C € there exists an odd continuous map
h:SY — HY(B(xy,m1))
such that h(0)* € Ny and Jy(h(0)*) < SN2 for every 0 € SV.

11



Proof: Let ry :=r1/3 and let n € C°(B(0,732)) be a radially symmetric
cut-off function. Since A > 0, following [5] we may choose €9 > 0 such that
up = pa(nUs0) € Ny satisfies Jy(ug) < &SN/, with U., as in (12). For
0 <7 <rylet . € HY(B(0,r)) be the unique function with v, = 1 on
B(0,7) and

1 |* = cappo,ra)(B(0,7)).

Then ||, || — 0 as r — 0. We fix r € (0, r2) small enough so that

max J)\(p/\Kl — 'I%«)Uo(' + Z)]) < iSN/Q.
|z[<r2 N

Our choice of uy allows us to modify it continuously to obtain a path of
positive functions us € Ny with support in B(0, (r — r2)s + ) such that
Ja(us) < +SN/2 for every s € [0,1]. For y € BY we set t = |y| and 6 = i
and define

o0 ug—ai(- — 2r9(2t0 — 0)) — ug(- + 2r90) if
hy) = { uy — pA[(1 =y )ug(- + 4r,t0)] if

Then & is continuous on BY and satisfies Z(y)jE € N, and J,\(%(y)i) <
%SN/ 2. Since h is odd on S¥~!, it induces an odd continuous map h : SV —
H}(B(zy1,71)) given by

71(%’1,...,1']\]) if TN+1 Z 0

h($17-~a171v+1> = { 7

—h(—xl, ceey —LEN) if TN+1 S 0
with the desired properties. O

Lemma 12 If A, < A for some n € N U {0}, then there exists an odd
continuous map h : R"™N*2 — H such that

— 2
lim Jy(h(x)) = —00  and sup  Jy(u) < =SV

|| —00 ueh(Rn+N+2) N

Proof: If n > 1 put S~ := {u € V= : |Jul]| = 1} and choose 6 > 0 such
that
|ul® = Aulz <0 for every u € Bs(S7). (15)

Choose x; €  and m > 0 such that B(zi,m) C Q. For r € (0,7q) let
Y, € HY(B(0,71)) be the unique function with ¥, =1 on B(0,r) and

1 |* = cappo,r) (B(0,7)).
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Fix r € (0,71) small enough so that (1 — . )u € Bs(S~) for every u € S™,
and consider the linear map

hi:R" — Hy(Q\ B(zy,7)),  hi(ag,...,2,) = (1 —b,) ijej.
j=1

Note that (15) yields

sup  Jy(u) <0.
u€hy (R™)

On the other hand, by Lemma 11, for every A > 0 there exists an odd

continuous map
r

h: SN — H&(B(xl, 5))

such that h(0)* € Ny and Jy(h(0)%) < £SV/2 for every § € SV. Fix a
positive function vy € Hy(B(z1,7) \ B(z1, %)) NNy with Jy(vg) < +S5V/2.
Let

7 =S x [-1,1])u BV x {~1,1}) c R¥*! x R = RV*2

and extend h to a map h : Z — H}(B(xy,7)) as follows: For 6 € SV,
se[0,1],t e [—1,1] we set

N (1—=t)h(0)" + (1 +t)h(O)t if s=1
h(sf,t) := < 2sh(0)" + (1 — s)vy if t=1
2sh(0)~ — (1 — s)vg if t=-1
Next, we extend & radially to a map hy : RNT2 — H}(B(zy,7)) by
ho(tz) :=th(z) forze€ Z, t €[0,00).

By construction, hsy is odd and continuous and satisfies

sup  Jy(u) < %SND, and  lim Jy(ha(x)) — —o0.

u€hy (RN +2) |x|—o00
If n =0 we take h := hy. If n > 1, the map h: R"*N*2 — H given by
h<y72) = hl(y) + h2(Z)7 Yy € Rnu KAS RN+27

has the desired properties. O
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Proof of Proposition 10. Let n € NU {0} be the greatest integer
such that A\, < X and let h : R*™¥*+2 — H be as in Lemma 12. Set

2
ci=  sup Jy(u) < =SN? (16)
ueh(RM+N+2) N

and B
k.= ’YDA(Jf U D)\)

By Definition 4 there exists an open covering of J§ U D, by open symmetric
subsets Uy, Uy, ..., Uy of H, with D, C Uy, and odd continuous maps xq :
Up — D, with xo(u) = u for u € Dy, and x; : U; — {—entj,ensj} for
j=1,...,k. By Tietze’s theorem we may assume that yq is the restriction of
an odd continuous function %, : H — H. We distinguish three cases.
Case (1): Ay < A < Apg1, n > 1. Let 7y > 0 be as in (10) and set

O :={z e R"V+2. |W0<E(5€))H <y}

Since ‘l|im JA(h(z)) = —oo, O is a bounded symmetric neighborhood
of the origin. Set V; := (E_IUJ-) N o0 for j = 0,1,...,k.  Since

Xo(h(Vo)) C {u € H : ||lu|| =72} \ V*, composing X, o h |y, with the orthog-
onal projection H — V'~ yields an odd continuous map

Xo: Vo — V7 \ {0}

Take a partition of unity {mg,m,...,7} subordinated to the covering
{Vo, Vi, ..., Vi } of OO consisting of even functions, and define

X : 00 — span{ey, ..., enip} =R

k

X(€) = mo(OXo(¢) + Y m5(O)x; (R(C))-

j=1

This is an odd continuous map such that x(¢) # 0 for every ¢ € 00. The
Borsuk-Ulam theorem yields n+k > n+ N+2, that is, yp, (JSUD,) > N+2.
This, together with (16), proves assertion ().

Case (ii): 0 < A < Aj. In this case N, is radially diffeomorphic to the
unit sphere in H and there exists ¢o > 0 such that Jy(u) = + |u|§ > ¢y for
every u € Ny. Let

Ex={ueNy:u" eNy and u~ € N,}.
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Inequality (6), and the analogous one with u™ instead of u~, yield the exis-
tence of a constant «; > 0 such that

dist(u, PU[~P]) > oy  for every u € €,. (17)

Thus, choosing o < a4 in our definition of D) we obtain that Dy NN, C
N\ €. It is well known that Ny \ €, consists of two connected components
of the form W and —W (see e.g. [6, Lemma 2.5]). Hence it admits an odd
map ¢ : Ny \ €x — {—exi1,ex1}. Let Cy be the connected component of
H \ N, which contains 0, and set

0= {z € R"*? : Xy(h(2)) € Co}

Since lim Jy(h(x)) = —o0, O is a bounded symmetric neighborhood of the

|z|—o00

origin. Set V; := (EilUj) N 00, and define

550 = (/50Y0 OE: Vb - {_6k+1aek+1} .

Using a partition of unity, by the same formula as above, we obtain an odd
continuous map

X : 00 — span{ey, ..., ep1 ) = RF

such that x(¢) # 0 for every ¢ € 00. The Borsuk-Ulam theorem yields
k+1> N + 2, that is, yp,(J{ U D)) > N + 1. This, together with (16),
proves assertion (ii).

Case (iii): A = Ays1 = - -+ = A\pim Is an eigenvalue of multiplicity m <
N + 2. The proof is analogous to that of case (i) except that now X :
Vo — span{eq, ...,entm} \ {0} and therefore

X : 00 — span{ey, ..., enymar} \ {0} = R\ L0}
yielding vp, (J{UDy) > N+2—m. B

Proof of Theorem 1. If K. is infinite for some ¢ < %SZ\W, we are
done. So we assume that K. is finite for all ¢ < %S N/2 and distinguish three
cases:

Case (i): A\p < A < Apyq for some n > 1. In this case Lemma 9 and
Proposition 10 give

2
01<02<"'<CN+2<NSN/2.

15



Let ko be such that ¢, < %SN/Q < ¢gy+1- By Corollary 8, Jy has at least

k1 := max {kg, (N +2) — (ko + 1)} = max{ko, N + 1 — ko}

nontrivial critical points. Since k; > %, the proof in this case is finished.

Case (ii): 0 < XA < Ay In this case

1
0 < co = inf Jy = inf{Jy(u) 1w € H\ {0}, VJx(u) =0} < NSN/Q

and ¢o is attained by Jy [5]. Moreover, K., C P U (—P). Therefore ¢y < ¢;.
Lemma 9 and Proposition 10 yield

2
co<cl<02<---<cN+1<NSN/2.

Let jo be such that ¢;, < %SN/Q < ¢jo41- By Corollary 8 Jy has at least
J1=max {jo+1,(N+2) — (jo+1)}

nontrivial critical points. Since j; > %, the proof of (ii) is finished.
Case (iii): A = A1 = -+ = A 1S an eigenvalue of multiplicity m <
N + 2. The proof is analogous to that of case (i). W

3 Remarks and extensions to critical bihar-
monic problems

As mentioned in the introduction, for 0 < A < \; we obtain the same number
of solutions as Devillanova and Solimini [13], but our proof is different. In
[13], Devillanova and Solimini apply minimax arguments on the set

£y e {ueH:u+¢o¢u,/Wuﬂ?—mﬂ?) :/\uﬂz“}
Q QO

Howewer, for this one needs a deformation type lemma on €,, which is not
proved in [13]. We point out that €, is not a differentiable manifold. Indeed,
the maps u — [, |Vu*|? are not differentiable on Hj(2), cf. [3, section 3].
We also remark that for A > \; the set €, is not closed in H, hence minimax
arguments on €, certainly do not apply in this case.
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We now turn to a brief discussion of the biharmonic problems (1),(2) and
(1),(3). For a detailed account of existence and nonexistence results for these
problems depending on A and 2, see [16]. Solutions of (1),(2) (resp. (1),(3))
are critical points of the C?-functional

N -4 2
u— Iy(u / |Aul? — N / |u|N7§4
Q

defined on HZ(2) (resp H?*(Q) N H(Q)). Note that in general u € H?(Q)
does not imply that u* € H?(Q), hence it is not possible to work on a set
similar to €, above. For the same reason we cannot prove that neighborhoods
of the convex cone of positive functions are positively invariant under the
negative gradient flow of I (cf. Lemma 2). However, for any A > 0 which
is not a Dirichlet (resp. Navier) eigenvalue of A? on 2, we may consider the
positively invariant set D) = [f\l*, where dy > 0 is a regular value of I, close
to zero. Consider the values

cp :=inf{c € R:yp, (I3 U D)) > k}.

For N > 8 we then have

4
CN+2 < NS )

where now § denotes the best constant for the Sobolev embedding
D**(RY) C L%(RN). Indeed, this can be proved along the lines of the
proof of Proposition 10(i), now using the D??-capacity [16, Definition 2] and
standard estimates for biharmonic critical problems in the space dimensions
N > 8 (these are known as noncritical dimensions, cf. [14, 20]). We also
have the following partial classification of Palais Smale sequences.

NP4

Lemma 13 Let (u,,) be a (PS).-sequence for Iy. Then

(a) If c < 28N/, then (u.,) is relatively compact in H.

(b) If 28N/ < ¢ < L£8N/1 then a subsequence of (w,) -still denoted (u,,)-
satisfies one of the following two conditions:

(b.1) (um,) converges strongly to a critical point of I.
(b.2) There is a critical point u of Iy with I (u) = ¢ — £8N* such that

dist(wy, —u, M) -0 or  dist(uy, —u, —M) — 0.

Here M C D*?(RY) is the (N + 1)-dimensional manifold of posi-
tive solutions of the equation A%y = |u|ﬁu, cf. [16, Lemma 1]. The
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proof of Lemma 13 is not completely straightforward, since a precise ana-
logue of Struwe’s compactness Lemma [21, Theorem 3.1] is not available
in the biharmonic case. This is due to the fact that there is no gen-
eral nonexistence result for problems (1),(2) (resp. (1),(3)) on a halfspace
Q={xr=(21,....,2x) € RN : zx > 0}. However, it is known that these spe-
cial problems have no positive solutions [18], and that sign changing solutions
may occur only with energy values I (u) > %8% [16, Lemma 4]. Using these
facts, Lemma 13 follows from [16, Lemma 8].

As a consequence we now see, as in the second order case, that I, has
infinitely many critical points whenever ¢, = ¢y < %S%, cf. Lemma 9. By
the same argument as in the end of the last section we therefore obtain the
following multiplicity result.

Theorem 14 Let N > 8. If A > 0 is not a Dirichlet (resp. Navier) eigen-
value of A* on €2, then problem (1),(2) (resp. (1),(3)) has at least “FL pairs
of nontrivial solutions. If \ is an eigenvalue of multiplicity m < N + 2, then

it has at least N+;_m pairs of nontrivial solutions.

So far, only the existence of one pair of nontrivial solutions was known if
N > 8 and A > 0 is not an eigenvalue or if N > 10 and A is an eigenvalue,
see [15, Corollary 2.2.].
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