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INVARIANT

RAPHAEL FINO

ABSTRACT. We determine the non-compact form of Vishik’s Elementary Discrete In-
variant for quadrics.
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1. INTRODUCTION

Let X be a smooth projective quadric of dimension n over a field F' associated with
a non-degenerate F-quadratic form ¢. The splitting pattern of X is a discrete invariant
which measures what are the possible Witt indices of gz over all field extensions E/F
(see [3] and [4]). On the other hand, the motivic decomposition type of X is a discrete
invariant which measures in what pieces the Chow motive of X can be decomposed.
Moreover, Alexander Vishik noticed in [5] that the study of the interaction between these
two invariants provides further information about both of them.

For this reason, he introduced the Generic Discrete Invariant of quadrics, a bigger
discrete invariant containing the splitting pattern and the motivic decomposition type
invariants as faces, see [6] and [8]. The Generic Discrete Invariant GDI(X) is defined
as follows. Let K/F be a splitting field extension of ¢. Let us denote [n/2] as d. For
any i € {0,...,d}, we write G; for the grassmannian of i-dimensional totally g-isotropic
subspaces (in particular Gy is the quadric X). Then GDI(X) is the collection of the
subalgebras of rational elements

Ch'(G;) := Image (Ch*(G;) — Ch*(Gix))
fori € {0,...,d}, where Ch stands for the Chow ring with Z/2Z-coefficients (an algebraic
cycle already defined at the level of the base field F is called rational).
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In his paper [9] dedicated to the Kaplansky’s conjecture on the u-invariant of a field,
A.Vishik used the Elementary Discrete Invariant of quadrics, a handier invariant than
the GDI as it only deals with some particular cycles in Ch*(G; ). More precisely, for any
i €{0,...,d}, we denote by F(0,i) the partial orthogonal flag variety of g-isotropic lines
contained in i-dimensional totally g-isotropic subspaces. One can consider the diagram

X — F(0,4) G,

T(0,i) T(0,i)

given by the natural projections and, for 0 < j < d, we set
Z! = T(0,i), © W?Q,i)(lj) € CH""/(Gix),

n—i—j
where CH stands for the Chow ring with Z-coefficients and [; is the class in CH;(Xk)
of a j-dimensional totally isotropic subspace of P ((V,)x) (with V, the F-vector space
associated with ¢). We set z%_, . := Z._,_ (mod 2) € Ch" " (G,x), with Ch the Chow
ring with Z/2Z-coefficients. The cycles 2z’ are the elementary classes defining the

n—i—j
Elementary Discrete Invariant EDI(X):

Definition 1.1. The Elementary Discrete Invariant EDI(X) is the collection of subsets
EDI(X,1) consisting of those integers m such that 2! is rational.

Furthermore, for any r > 1, the Chow motive of X" with Z/27Z-coefficients decomposes
into a direct sum of shifts of the motive of some G;, see [1, Corollary 91.8|. Therefore, to
know GDI(X) is the same as to know

Ch'(X") := Image (Ch*(X") — Ch*(X}))

for all » > 1. Hence, the collection of the latter subalgebras constitutes a non-compact
(in the sense that one has to consider infinitely many objects) form of GDI(X). For the
same reason, there exists a non-compact form of EDI(X) (with defining cycles living in
Ch*(XY%)), which we determine in the current note: for any i € {0,...,d}, let us denote
by sym : CH*(X**') — CH*(X"*!) the homomorphism Y,eg,,, s, where s : X1 — X1
is the isomorphism associated with a permutation s. For 0 < j < d, we set

piy = sym ((xiZLh®) x ;) € CHPIH=D/2 (XL,

where x is the external product and h* is the k-th power of the hyperplane section class
h € CH'(X) (always rational). Note that py; = Zy_; = l;. The symmetric cycles
pi; (mod 2) are the classes defining the non-compact form of EDI(X):

Theorem 1.2. Let 1 <i<d and 0 < j <d. The cycle 2 _._. is rational if and only if

n—i—j
the cycle p;; (mod 2) is rational.

Theorem 1.2 reduces certain questions about rationality of algebraic cycles on orthogo-
nal grassmannians to the sole level of quadrics. For example, it allows one to reformulate
both Vishik’s conjecture |7, Conjecture 3.11] and the conjecture |8, Conjecture 0.13] on
the dimensions of Bruno Kahn.

In Section 2, we introduce some basic tools which are required in Section 3, where we
prove Theorem 1.2, using mainly compositions of correspondences and Chern classes of
vector bundles over orthogonal grassmannians.
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2. PRELIMINARIES

In this section, we continue to use notation introduced in Section 1.

2.1. Rational cycles on powers of quadrics. We refer to |1, §68] for an introduction
to cycles on powers of quadrics. For any 1 <7< dand 0 <j <i—1, we set

d
oy sy (240 x ) + 3 sy (<) 7 1, )
k£

in Chm =7 0-D/2( X141 If n = 2d, we choose an orientation Iy of the quadric.
Lemma 2.1. For any 1 <i<d and 0 <j <i—1, the cycle A;; is rational.

Proof. We proceed by induction on i. In Ch"(X%), the cycle Ajg or Ay + h? x he,
depending on whether I3 = 0 or not, is the class of the diagonal. Therefore , the cycle
Aj is rational. Let o € S;41 be a cyclic permutation (with i > 2). For 0 < j < i — 2,
the induction hypothesis step is provided by the identity

Ai,j = Zgi(Ai—Lj X ]’Li_l) n Ch(X?l)
=0

It remains to show that the cycle A;;_; is rational to complete the proof. In Ch(X?l),
one has

Niior = S0 sym ((X523h9) x Ly, x h™)

= Zizo sym ((x}_3h¥) x 1, x h™)
and the latter sum can be rewritten as

Z Sy ((X}Lc_:%hk) X ALO) .

SEAiJrl

Thus, the cycle A;;_; is rational.
O

2.2. Correspondences. We refer to [1, §62]| for an introduction to Chow-correspondences.
For any 1 <7 < d, we denote by 6; the class of the subvariety

{y, 21, ., 2ip1) | 21, 21 €y} C Gy X Xt

in CH(G; x X*™!) and we view the cycle 6; as a correspondence G ~ X1,
We set
(2.2) =] <IdGi X pxé) ([F(i,0))) € CH(G; x X7,

k=1
with pxi the projection from X' to the k-th coordinate. For any integer i < s < d, we
write

Wi_i = 7‘((072)* e} 7-(_2(9’1) (hs) 6 CHSii(Gi)7

S
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and w’_; := W! . (mod 2) € Ch**(G,). Since the variety X is cellular, the cycle [F(i, 0)]
decomposes as
d d
(2.3) [F@@0)] =Y 2z, xh*+ Y wh, xI,in Ch(Gix x Xg),
s=0 =i

where [ has to be replaced by the other class I/, of maximal totally isotropic subspaces if
n = 2d and [2 is not zero, i.e., if 4 divides n (see |1, Theorem 66.2]).

The two following lemmas, where we write p with underlined target for projections,
can be proven the same way [2, Lemmas 3.2 and 3.10] have been proven but with 7} _,
(resp. z,_,; ;) instead of Z},_; (resp. z) ;).

Lemma 2.4. For any1 <i<d,0<j<d and x € CH(Xg), one has

((9) (Z:z i— ])) (l‘) =
Paixxi <pé><Xi (7?(0,1)* Oﬂfg,z)( ) - Zfz i J) '77i> )

where the cycle (0;).(Z;,_;_;) is viewed as a correspondence Xy ~» Xj.

For any 1 < i < d, we write F(i — 1,7) for the partial orthogonal flag variety of
(i — 1)-dimensional totally isotropic subspaces contained in i-dimensional totally isotropic
subspaces and we consider the diagram

G 1'??( 172)_>G17

T(i—1,)
given by the natural projections.
Lemma 2.5. Forany2 <i<d,0<j<dandi<m <d, the cycle

Pe;xxi (w:n—i : Z;,—’i—j : 77i) = Ch(X;(>a
where we abuse notation and write n; for n; (mod 2), can be rewritten as

m  min(m—s,)

) i—1 k i—1 s
E E PGy xXi-1 (wm s—k " Ti—1 " Pp—it1—j " 77i—1) X h?,

s=0 k=max(i—s,0)

3. EQUIVALENCE

In this section, we continue to use notation and material introduced in the previous
sections and we prove Theorem 1.2.

For1<i<dand 0<j<17—1, we set
aij = (0:)«(Zy_i_j) + pij € CH(XY),

n—i—j

and we view the cycle a; ; as a correspondence Xy ~ Xk
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Proposition 3.1. One has

sym (xjZoh") if m=j;
(a;; (mod 2)), (h™) = ¢ sym | (x)_yh*) X hm) if i <m<d;
-
0 otherwise.

Proof. For any r € CH"(Xg) with m < i — 1, the cycle m(y, © Ti0.) (x) is trivial by
dimensional reasons. Thus, by Lemma 2.4, the cycle ((6;).(Z]

Vi ;). (x) is also trivial.
Therefore, since (p; ;)«(h™) = sym (x;_,h"*) if m = j and is trivial otherwise, one get the
conclusion of Proposition 3.1 for the cases m < i — 1.

Moreover, for ¢« < m < d, Lemma 2.4 provides the identity
(3.2) (@ig (mod 2)), (A™) = payxxi , (Wh—i * 2n—iej - i) in Ch(X).

We prove the cases i < m < d of Proposition 3.1 by descending induction on ¢. The base
of the descending induction i = d (so i = m = d) is obtained by combining the identities
(2.2), (2.3) and (3.2) for ¢ = d (recall also that, by [9, Proposition 2.1], one has W¢ = 1
for any 0 < ¢ < d) with the fact that, for any integers 0 < ap < a; < -+ < a, < d, with
e < d, one has

deg(ezd )Z{l it {ag,ar,...,a} ={0,1,....d};

n—d—ay 0 otherwise,
k=0

where deg : Ch(G4x) — Ch(Spec(K)) = Z/2Z is the homomorphism associated with the
push-forward of the structure morphism, see |1, Lemma 87.6].

Let 2 <i < dand 0 < j <i—2. On the one hand, by descending induction hypothesis,
for any ¢« < m < d, one has

(3.3) Parexs (wh 52 o on) = sym ((x%;qhk) « hm> |
J
Therefore, the coordinate of (3.3) on top right A7} i.e.,

pxi-ixx , ((Paixxi , (Wi 20 m)) - [X71] x i)

is equal to

(3.4) sym ((xf,;_:zohk) X hm> .
k#j

On the other hand, by Lemma 2.5, this coordinate is also equal to
min(m—i+1,i)
(3.5) Z PGi_ixxizt (w;:flzﬁrlfk oy 211111i+1—j : 77i—1) .
k=1
Let us denote by T;_; the tautological vector bundle on G;_1, i.e., T;_1 is given by the
closed subvariety of the trivial bundle V1 = V, x G;_; consisting of pairs (u,U) such

that v € U. Note that the vector bundle 7;_; has rank i. For a vector bundle FE over

a scheme, we write ¢;(E) for the i-th Chern class with value in CH. Since Wf{_ll ek =
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Cm—iv1-k(V1/T;_1) (see |9, Proposition 2.1]) and ¥ | =c;(T;_1) (mod 2) (see |2, Lemma
2.6]), by Whitney Sum Formula (see |1, Proposition 54.7]), one has

min(m—i+1,i)

(3.6) Z Wi lip1og ofy =
k=0
min(m—i+1,i)
Z Cm—it1—k(V1/Ti2q) - cp(Tizq) =
k=0
Cm—i+1(V]1)-

Moreover, one has ¢,,—;+1(V'1) = 0 because m —i+1 > 0. Consequently, in view of (3.4),
(3.5) and (3.6), one get

(3.7) Payxxi-t, (Wil - Z?i_—li-i-l—j “7i-1) = sym ((X%_;Qohk) x hm) :
7

By identities (3.2) and (3.7), it only remains to prove the case m = ¢ — 1 to complete
the descending induction step. On the one hand, by descending induction hypothesis, the
coordinate of pg, . xi | (zn iy 77@) on top right hZ is

sym ( X ;;10 h* )
k£

(see (3.3)) and, on the other hand, by Lemma 2.5, it is also equal to

PGHxﬁ*( ; lH—l —j 77%’—1)'

Proposition 3.1 is proven. U
As a consequence of Proposition 3.1, we partially obtain the first part of Theorem 1.2.

Corollary 3.8. Let 1 <1< d and 0 < j <1 —1. If the cycle zfl_i_j 1s rational then the
cycle p;; (mod 2) is also rational.

Proof. In view of the ring structure of CH(X ) (see [1, §68]), and knowing that the cycle
«; ; is symmetric, one deduces from Proposition 3.1 that

QG j (IIlOd 2) = Az‘,j + ﬁ
with # a sum of nonessential elements (a nonessential element is an external product of

powers of the hyperplane class, it is always rational). Since s ; = (6;).(Z,,_;_;) + ps; and

A; ; is rational (Lemma 2.1), the corollary is proven. O

Remark 3.9. As a consequence of Proposition 3.1 and its proof, one make the following
observation. Let 1 <i<d—1,0<j<i—1,i+1<m<dandse{0,1,...,i}\{j}.
For any integers 0 < a; < as < --- < a; < d, the integer

() (£ )

is congruent to 1(mod?2) if {ay,...,a;} = {m} U ({0,1,...,i}\{J,s}) and to 0 (mod 2)
otherwise.
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The following proposition will complete the first part of Theorem 1.2 (see Corollary
3.12).

Proposition 3.10. For any: < j <d, one has
(0., ) = { e Ot o =

0 otherwise.

Proof. We already know from Lemma 2.4 that ((6;).(z}_;_;)), (h™) =0 for m < i — 1.
We prove the cases ¢ < m < d by descending induction on 7. The base of the descending
induction (so i = j = m = d) is done similarly as the base of the descending induction in
the proof of Proposition 3.1.

Let 2 <i<d, i <j<dandi<m <d. On the one hand, by Lemma 2.4 and the
descending induction hypothesis, one has

((0)s(znizy)), (B™) = Paxxs, (Whoi - 2 iy i)

(3.11)
{

sym (xz;lohk) it m=y;
0 otherwise.

Therefore, the coordinate of (3.11) on top right 2~ is
{ sym (x}:johk) if m=jy;
0 otherwise.
On the other hand, by Lemmas 2.4, 2.5 and identity (3.6), this coordinate is also equal to
(<9i*1)*(z;ili+lfj))* (h™).

It remains to consider the cases i < j < dwithm =i—1land j =1—1witht—1<m <d
to complete the descending induction step. Let ¢ — 1 < 7 < d. By Lemma 2.4, one has

((Oi-1)<(2nziiiy), (BT = papexiot, (2 1y - im1) -
By Lemma 2.5, the latter cycle is the coordinate on top right k' of ((6;).(z}_;_,)), (k')

n—i—j
If 7 > 7 then this coordinate is trivial by the descending induction hypothesis. Otherwise
—if j =7 — 1 — then one has

((03)+ (4 a01)), () = prs-, () + (s 1 (mod 2)), ().
By Proposition 3.1, the latter cycle is equal to
sym ((xjHh%) x b'),
whose coordinate on top right A is
sym (x};%hk) .

Now suppose that j =i —1 and let i« < m < d. By Lemmas 2.4, 2.5 and identity (3.6),
the cycle ((0i—1)(2_%i42)), (B™) is the coordinate of ((6;).(2_5.1)), (R™) on top right
h*=1. Since

()« (zn2i11)), (A7) = pii—1,(F™) + (-1 (mod 2)), (™),
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pii—1,(h™) = 0 (because m # i — 1) and (o;—1 (mod 2)), (A™) = sym ((x_Hh*") x h™)
(Proposition 3.1), this coordinate is trivial. This completes the descending induction step.
The proposistion is proven. 0

Corollary 3.12. Let 1 < i < d andi < j < d. If the cycle zfmfj s rational then the
cycle p;; (mod 2) is also rational.

Proof. In view of the ring structure of CH(X}") and knowing that the cycle (6;).(Z%_;_))
is symmetric, one deduces from Proposition 3.10 that

()< (2n—i—;) = pij (mod 2) + 3
with £ a sum of nonessential elements. The corollary is proven. O

The next proposition gives the second part of Theorem 1.2.

Proposition 3.13. Let 1 < ¢ < d and 0 < j < d. If the cycle p;; is rational then the
cycle Zf}z;j is also rational.

Proof. Since (o), © W?Q,i)(hi) = [G;] in CH"(G;), by dimensional reasons, one has

(3.14) (my, © 772‘971»))“‘+1 (hi X hTlx - x 1-sym ((x};lohk) X lj)) =
[GZ]XZ X ZZ

n—i—j*

The conclusion follows by taking the image of cycle (3.14) under the pull-back of the
diagonal morphism X — Xi*1, O

4. WITT INDEX

We continue to use notation and material introduced in the previous sections. In this
section, we assume that the F-quadric X is anisotropic and we study some restrictions on
the Elementary Discrete Invariant when the first Witt index i, of X is sufficiently large,
using the non-compact form (Theorem 1.2).

By [1, Lemmas 73.18 and 73.3|, there exists a unique minimal rational cycle in Ch™~ (X 2)
containing 1 x l;, 1. This cycle is symmetric (|1, Lemma 73.17]) and is called the 1-
primordial cycle. We denote it by .

Proposition 4.1. Let i € {1,...,d}. Suppose that the quadric X is anisotropic with
iv > . If m € EDI(X,1) is such that n —m ¢ {i1} U{2iy,...,d+ 1} then m + 1 €
EDI(X,i—1).

Proof. We set j =mn —i—m. Since m € EDI(X,1), the cycle p; ; (mod 2) is rational by
Theorem 1.2. We claim that the hypothesis ¢; > ¢ implies that the cycle p;_; ; (mod 2) is
also rational, which, by Theorem 1.2, gives the conclusion.

The rational cycle 7 decomposes as

d—i1+1
T=1Xx li1,1 + l“,l X1+ Z ag (hk X lkJril,l + lk+i171 X hk)

k=11
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for some ay, € Z/27Z. The fact that one can choose to make the previous sum start from
k = iy is due to |1, Proposition 73.27|. Since iy > ¢, and j ¢ {i; —i}U{2i1—1,...,d—i+1},
one has

(pij (mod 2)) o (1 x A7) - ) =1 x (pi—1,; (mod 2)),
where o stands for the composition of correspondences. Therefore, pulling back the latter
identity with respect to the diagonal morphism ¢;, one get that the cycle p;_1; (mod 2)
is rational. O

The following statement is obtained by applying recursively Proposition 4.1.

Corollary 4.2. Leti € {1,...,d}. Suppose that the quadric X is anisotropic with iy > 1.
One has

(i) if m € EDI(X,i) thenn —m > iy;
(ii) if m € EDI(X,i) and n —m = i3 +1 or d+ 1+ 1 for some 1 < | < i then
m—+1¢€ EDI(X,i—1).
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