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ABSTRACT. For a germ of singular holomorphic vector field on a complex manifold to
be the local model of a complete one, it is necessary for its solutions to be univalent (and
not multivalued). Rebelo formalized this local obstruction to completeness through the
notion of semicompleteness. He started studying this some twenty-five years ago, and it
has been investigated ever since by various authors. We here review this notion, from
the foundational definitions to some local and global results, with a special emphasis on
manifolds and analytic spaces of dimension two.
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1. INTRODUCTION

For holomorphic vector fields on complex manifolds, completeness is not only a prop-
erty to be understood at infinity, but, as it turns out, the singularities of the vector field play
an important part in it. Some twenty-five years ago, Rebelo noticed and started exploiting
the fact that multivaluedness constitutes a local obstruction for a holomorphic vector field
to be complete. A systematic local study of complete holomorphic vector fields on com-
plex manifolds ensued. For surfaces, a very comprehensive one was made possible by the
thorough local understanding we have of holomorphic foliations in dimension two. While
the existence of local obstructions for completeness was probably known, or, at least, not
completely unexpected, the degree to which multivaluedness is a strong obstruction amid
degenerate vector fields was certainly surprising.

The general problem was, of course, not new, as the quest for understanding the al-
gebraic differential equations in the complex domain with single-valued solutions was an
important one all throughout the second half of the 19th century, with results, to name
some, of Briot and Bouquet, Poincaré, Picard and Painlevé (an account up to the turn of
the XXth century is given in Painlevé’s Lecons de Stockholm [Pai73]). While the local
nature of Rebelo’s point of view is, in principle, not very suitable to directly study tran-
scendence issues (an important point behind Painlevé’s motivation), it was a key element
permitting its use in nonalgebraic contexts. For instance, an early application of the results
obtained by Ghys and Rebelo was the completion of the classification of compact complex
surfaces admitting vector fields due to Dloussky, Oeljeklaus and Toma [DOTO00], [DOTO1],
which needed the understanding of vector fields on some nonalgebraic surfaces.

Rebelo’s and Ghys and Rebelo’s original efforts were followed by those of Reis and
the author. Some of the ideas were successfully developed in other contexts: for other
Lie groups, for meromorphic vector fields, in higher dimensions. Over the years we have
gained a deeper understanding of some key notions, simplified proofs, realized not only
that some ideas were already there (notably, Palais’s theory on the integration of infinitesi-
mal actions) but that some had been for a very long time (e.g. work by Briot and Bouquet,
Kowalevski, Painlevé, .. .).

The aim of this survey is to present, from a personal point of view and with today’s
hindsight, some of the results concerning the singular points of complete holomorphic
vector field in dimension two, both for manifolds and analytic spaces. (Many interesting
parts have been regrettably left outside.)

We assume that the reader is acquainted with some basic facts around foliations on
surfaces, like the material covered in the first few chapters of [Brul5] or [CCD13]. All
manifolds will be complex; all maps and vector fields, holomorphic, and so on.

2. SEMICOMPLETENESS

We begin by preparing for our core definition, that of semicomplete or univalent vector
field (Definition 2.3). While the discussion at times is not too far from that in Palais’s
monograph [Pal57], some objects particular to holomorphic vector fields come into play,
and intertwine with the rest of the theory.
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Let M be a complex manifold, X a holomorphic vector field on M. We may think of X as
an ordinary differential equation and consider solutions of X, functions ¢ : U — M, U C C,
such that ¢'(r) = X[y (1) The Existence and Uniqueness Theorem guarantees that for every
p € M there exists an open connected subset U C C, 0 € U, and a solution ¢ : U - M
of X such that ¢(0) = p; furthermore, two such solutions define the same germ at 0. We
refer the reader to [Inc44], [Hil97] and [IY08] for basic facts around ordinary differential
equations in the complex domain.

If for every p in M there is a solution ¢, : C — M of X with ¢,(0) = p we say that X
is complete. In such a case we may glue together the solutions intoamap ®: CxM — M
defined by @(¢, p) = ¢,(t), that satisfies the conditions

e ®(0,p)=p,
o O(t,P(s,p)) =P(t+s,p) forall s,z € C, and forall p e M

(the second one is a consequence of the fact that the ordinary differential equation asso-
ciated to X is an autonomous one). The map & is a holomorphic flow or action of C.
Vector fields on compact manifolds are complete, but, in general, completeness is difficult
to characterize.

Let Sing(X) = {p | X(p) = 0}. On M\ Sing(X), when the images of two solutions
intersect, their union defines an immersed curve. The maximal curves thus constructed are
the leaves or orbits of X (or of the foliation induced by X) on M \ Sing(X). Each one of
these curves is tangent to X at each one of its points, and inherits a special geometry.

A translation structure on a complex curve L is an atlas for its complex structure taking
values in C whose changes of coordinates are given by translations, maps of the form
7+ z+c. On a curve, the following data are equivalent:

e a holomorphic vector field without zeros,
e a translation structure,
e a holomorphic one-form without zeros.

Indeed, let L be a curve. If X is a nowhere-zero holomorphic vector field on L, if two
solutions ¢, : Uy — L and ¢ : U, — L of X have overlapping images, by the uniqueness of
solutions, they differ by a translation: there exists ¢ € C such that ¢ () = ¢ (¢ +¢) for every
t € Uy N (Uz — ¢), and the local inverses of the solutions of X endow L with a translation
structure, and we thus go from the vector field to a translation structure. The primitives of a
nowhere-vanishing one-form on L are the charts of a translation structure, thus producing a
translation structure out of a one-form. To obtain forms and vector fields from a translation
structure, notice that since, in C, translations preserve the vector field d/dz as well as
the one-form dz, these may both be pulled back to a curve endowed with a translation
structure via its charts, producing a well-defined nowhere-zero vector field and a well-
defined nowhere-zero one-form on the curve. Finally, given a nowhere-zero vector field X
on L, there is a unique nowhere-zero one-form @ such that ®(X) = 1, the time form of X;
the inverse procedure produces a vector field starting from a form.

Thus, each orbit of X on M \ Sing(M) is endowed with a translation structure.

Given a translation structure on the curve L with universal covering 7 : L — L, there
is a developing map 7 : L—C, giving a global chart for the projective structure induced
on L, and a monodromy (or period) homomorphism mon : ; (L) — C such that for every
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o €m(L),
(1) Z(a-p)=Z(p)+mon(a)

(see [Thu97, Sect. 3.4]). If the translation structure is given by the nowhere-vanishing
one-form @, Z is given by x — [*7* @ (T*® is exact; 2 is one of its primitives), and the
monodromy is induced by y — fy .

A translation structure on a curve L is said to be uniformizable if L is isomorphic (as a
curve with a translation structure) to the quotient of an open set & C C under a group of
translations acting properly discontinuously.

Proposition 2.1. Let M be a complex manifold, X a holomorphic vector field on M, p €
M\ Sing(X), L C M the orbit of X through p. The following are equivalent:

(1) For every solution ¢ :U — M (U C C, 0 € U) of X with initial condition p and ev-
ery pair of paths ; : [0, 1] = C with %;(0) = p, 71 (1) = 12(1), such that the germ of
¢ at 0 admits analytic continuations along 7y, and ¥, both analytic continuations
define the same germ at Y;(1).

(2) There exists Q C C, 0€ Qand ¢ : Q@ — M a solution to X with initial condition p,
such that the map ¢ x i: Q — M x C given byt — (¢(t),t) is proper.

(3) Forevery path y:[0,1] — L, ¥(0) = p, such that y(0) # y(1), for the time form ®
of XonL, [,®#0.

(4) When considering L with its translation structure, for the covering map @ : L — L
associated to the kernel of the monodromy, the map 9 : L — C induced by 9 is
one-to-one.

(5) The translation structure induced by X on L is uniformizable.

Proof. (1)= (2). Let ¢ : U — M a solution of X with initial condition p. Let Q C C
be the set of all points ¢ for which there exists a path y: [0,1] — C, joining O to 7, along
which an analytic continuation of ¢ may be defined. By hypothesis, we have a well-defined
map ¢ : Q — M, which is a solution to X (the analytic continuation of a solution is still
a solution). It does not have any analytic continuation beyond Q and is thus is maximal
as a holomorphic function from a subset of C into M. Let {r;} be a sequence of points in
Q converging in C to a point 7., in Q. Suppose that ¢ € M is an accumulation point of
{9 (t;)}. There exists a neighborhood V of g in M and € > 0 such that, for every x €V, a
solution of X with initial condition x is defined in the disk of radius € around 0 in C. But
the solution with initial condition @ (#;) cannot be defined in a disk of radius greater than
|t — tw|. Thus, the sequence {¢(¢;)} does not have accumulation points. This proves that
¢ X iis proper.

(2) = (3). Let y: [0,1] — L be a path such that y(0) # y(1), p=y(0), ¢ : Q@ — M be
a solution with initial condition p such that ¢ x i is proper. Observe that ¢ takes values in
L and that it is a local biholomorphism. We will prove that it has the path-lifting property,
that it is a covering map. Let so = sup{s € [0, 1] | ¥]o,5) can be lifted to Q}, and suppose
that so < 1. Let 7:[0,50) — Q be a lift of the restriction of ¥ to [0,s9). We claim that
7 is proper. Otherwise, if {8;} is a sequence of positive reals converging to 0 such that
Y(so — &;) converges to T € Q then, since y(so — ;) converges to ¢ (7'), ¥ may be extended
to so by considering the local biholomorphism between neighborhoods of 7 and ¢(7T)
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given by ¢. Since ¢ x i and ¥ are proper and since ¢ o ¥(s) = y(s) for all s < sp, the limit
of ¢ o%(s) as s approaches s¢ exists, and thus 7 : [0,50) — C is proper. This implies that
lim_, 5 f?l[O.S] dt = oo, but this contradicts the fact that fy\[o,so] ® < oo through the identity
¢* @ = dr. We have thus proved that so = 1, that y can be lifted to a path 7: [0, 1] — Q (that
¢ is a covering map). Since ¥(0) # ¥(1), 7(0) # ¥(1), and we have that [, @ = [;dr =
H-T0)£0.

(3) = (4). Let w: L — L be the covering associated to the kernel of the monodromy
homomorphism; it is the smallest covering where the pull-back of the time form has no
periods. From formula (1), there is a well-defined developing map 2 : L — C, satisfying
9 =9 oT. Let p,qbe such that Z(p) = Z(q). Let 7: [0,1] — L be a path joining p and ¢,
and let y=To7. Since Z(x) = [*T* o, Jy7 ® =0, and thus [, @ = 0. By (3), yis closed.
Since fya) = 0 then, by the defining property of L, the lift ¥ of v is closed. Thus, p = ¢,
and 2 is one-to-one.

(4) = (5). Let T : L — L be the Galois covering associated to the kernel of the mon-
odromy homomorphism and consider 2 : L — C the induced developing map, which
is one-to-one by hypothesis. Let Q C C denote its image. We have an induced mon-
odromy homomorphism mon : Gal(L/L) — C, which satisfies Z(y-x) = Z(x) + mon(y),
and which, by the definition of L, is also one-to-one. In this way, To9 :Q—>Lisa
covering map whose group of deck transformations is given by translations, a covering
map which uniformizes the translation structure on L.

(5)=(). LetU CC,0€ U and ¢ : U — M a solution of X with initial condition p.
By hypothesis, we have an open subset Q C C, 0 € Q, and a covering map 7 : Q — L
with 2(0) = p. Up to a translation, we may suppose that the germs of ¢ and & around
0 coincide. Let us consider the analytic continuation of the germ of ¢ around 0. Let
%1 :[0,1] — C, y1(0) = 0. If the image of ¥; is contained in Q, the analytic continuation of
the germ of ¢ at 0 along y at ¥ (1) is given by 2. If ¥, (1) € Q for t <ty and ¥ (o) ¢ Q,
9 does not have an analytic continuation at ¥ (1), for 2, being a covering map, is proper.
Thus, if the analytic continuation of ¢ may be defined along the paths ¥; : [0,1] — C,
%(0) =0,i=1,2, with 71 (1) = 7»(1), these analytic continuations coincide at ¥; (1), since
they are given by 2. |

For a holomorphic vector field X on the complex manifold M, the uniformizability locus
of X is the set of points of M where either X vanishes or where one (hence all) of the above
conditions hold. We will see in Theorem 3.3 that this locus is closed.

Proposition 2.2. Let X be a holomorphic vector field on the manifold M. The following
are equivalent.

(1) The uniformizability locus of X is all of M.

(2) There exists an open subset @ C Cx M, {0} x M C Q, and ® : Q — M, such that
(a) ©(-,p) is a solution of X,
(b) ®(0,p) =p,
(c) forevery pinM, for Q, ={t € C|(t,p) € Q}, Q, is connected, and the map

J:Qp > MxC, t— (®(t,p),p) is proper.

(3) There exists an open subset Q C CxX M, {0} x M C &, and ® : Q — M, such that

(a) ©(-,p) is a solution of X.
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(b) @(0,p) = p.
(©) If(t,p) € Qand (s,P(t,p)) € Qthen (t+s,p) € Qand D(s,P(t,p)) = (¢ +
$,p).

(4) In the nonsingular foliation by curves on C X M induced by —d /dt ® X, every leaf
that intersects {0} x M does so at only one point.

Proof. (1) = (2). For p € M, let ¢, : Q, — C be the solution with initial condition p
such that @, x i is proper. Let Q = Upey(Q, x {p}). It is an open subset of C x M by
the continuity of solutions with respect to initial conditions. Let & : Q — M be given
by ®(t,p) = ¢,(t). By definition, we have (2a) and (2b). Condition (2c) is simply a
restatement of the properness condition.

2)=3). Let QC CxM and ®: Q — M as in (2). They satisfy conditions (3a)
and (3b). Let? € Q), s € Qg ). Let ¢1 1 Q, — M be given by ¢1(u) = P(u,p), ¢z :
Qo1 p) +1) = M by ¢r(u) = P(u—1,9(t,p)). Let W be the connected component of
Q, N (Qep(s,p) +1) containing ¢. Since both ¢; and ¢, are solutions of X and ¢, (t) = ¢2(¢),
¢ and ¢, agree in restriction to W. Let {y;} be a sequence in W converging to a point y. €
C. If yoo € 9Q, N (Qap(s p) +1) then, on the one hand, {¢1(y;)} escapes from every compact
subset of M, and, on the other, since ¢, is holomorphic in a neighborhood of ye., {¢2(yi)}
converges. Thus, (ch, ) +1), which is connected by hypothesis, is contained in ,,. Since
s+t € Qo p)+1), s+t €Qp,and @1 (s+1) = g2 (s +1), thisis, (s +1, p) = P(s,D(¢, p)).

(3) = (4). On C x M, consider the vector field such that, for every r € C, its restriction to
{t} x M is X, and let us still denote it by X. Likewise, let d/dr be the vector field on C x M
induced by the vector field d /9t on the factor C. Consider the vector field —d/dt © X on
C x M and let ¢ be the nonsingular foliation by curves that it induces. Consider the action
p of C on C x M given by translations in the first factor, p (s, (¢, p)) = (s+¢, p). It preserves
the vector field —d/dr & X and, a fortiori, the foliation ¢.

For every p € M, there is a disk A C C centered at 0, where s — (—s,P(s, p)) is defined;
it parametrizes the leaf of ¢ through (0, p). Using the action p, the map s — (¢t —s,P(s, p))
is defined in the same A and parametrizes the leaf of ¢ through (¢, p).

Let Q' C C x M be the saturated of {0} x M by ¢4. We will begin by proving that
Q' C Q. Let L be a leaf of ¢ intersecting Q. Let us prove that L C Q. Since Q is open,
it intersects L in an open subset. Let (f,p) € L be an accumulation point of points in
LN Q (considering L with its manifold topology). By the previous arguments, there exists
s0 € C such that (1 — 50, P(s0, p)) € LNQ. Since (so, p) and (¢ —so, D(s0, p)) are both in Q,
hypothesis (3) implies that (¢, p) € Q: Q intersects L in a closed subset, and thus L C Q.
Since {0} x M C Q, Q' C Q, as stated.

Let L C Q' be the leaf of & passing through (0,q). If (¢,p) € L and s is sufficiently
small, s — (¢ — s, D(s, p)) parametrizes a disk in L belonging to Q and since, again by (3),
D(t —5,P(s,p)) = D(t,p), P is constant along L. Since P(0,q) = g, P takes the value g
at all points of L. In consequence, L intersects {0} x M at only one point.

(4) = (1). Let us prove that (4) implies condition (3) from Proposition 2.1. Let L be
a leaf of .# (the foliation induced by X) in M \ Sing(X), o its time form, y: [0,1] — L
a curve such that [, @ = 0. We will prove that 7 is closed. Let p = ¥(0). We keep the
notations from the previous step. Letf : Cx M — C and 7w : C x M — M be, respectively,
the projections onto the first and second factors. Let L be the leaf of & passing through



SINGULARITIES OF COMPLETE HOLOMORPHIC VECTOR FIELDS 7

(0, p). The map 7|5 : L— Lis a covering one, and  lifts via 7|7 to —dt|;. Thus, for the lift
7:[0,1] = L of y based at (0, p), 7(1) = (—Jy0,7(1)) = (0,7(1)). Since, by hypothesis,
L may intersect {0} x M at no point other than (0, p), ¥(1) = p, and ¥ is closed. O

We arrive to our central definition.

Definition 2.3. Let M be a complex manifold, X be a holomorphic vector field on M.
We say that X is univalent or semicomplete if any one (hence all) of the conditions of
Proposition 2.2 is satisfied.

Notice that complete vector fields are semicomplete. Indeed, complete vector fields
satisfy condition (3) in Proposition 2.2 with Q = C x M. Notice also that the class of
semicomplete vector fields is stable under restrictions: if X is a semicomplete vector field
on M (e.g., a complete vector field) and U C M is an open subset, the restriction of X to U
is still semicomplete. (This follows directly from condition (4) in Proposition 2.2.)

A consequence of the last condition is one of Rebelo’s key observations: it makes sense
to speak about germs of semicomplete of vector fields. If X is a vector field on M and
p € Sing(M), we say that the germ of X at p is semicomplete if there is a neighborhood of
p in restriction to which X is semicomplete. In dire contrast with the real case, there exist
germs of holomorphic vector fields that are not semicomplete! This opens the door to the
local study of complete vector fields.

In the same way as an action can be associated to a complete vector field, a unique global
object can be attached to a semicomplete vector field, from which it can be furthermore
recovered.

Definition 2.4. Let M be a manifold. A maximum C-transformation group or semiglobal
flow on M is a pair (Q,®), with Q C C x M an open subset containing {0} x M, with
QN (Cx{p}) connected for each p, and ¥ : Q@ — M, a map such that
(1) @(0,p) = p:
(2) if (r,p) € Qand (s,P(¢,p)) € Qthen (1 +s,p) € Qand P(s,P(t, p)) = D(t +s5, p).
The second condition may be replaced by the tandem:
(2a) if (z,p), (5,®(z,p)) and (t + s, p) are all three in Q, ®(s,P(z,p)) = P(t +5,p);
(2b) for every p in M, for Q, = {r € C| (t,p) € Q}, Q,, the map j: Q, - M x C,
t— (®P(z,p),p) is proper.
On its turn, the last condition may be rewritten as:
(2b%) for every p in M, for every sequence {#;} such that {(p,#)} belongs to Q and
converges to a point in d€), the sequence {®(z;, p)} escapes from every compact
subset of M.

A standard flow (action of C) is naturally such an object. A semiglobal flow can be
considered as a Lie groupoid Q = M over M having ® for target map, and for source
one the restriction to Q of the projection C x M — M. This generalizes the standard Lie
groupoid associated to an action (see [Mac87, Ex. 1.1.9]).

These definitions of maximum C-transformation group and univalence are due to Palais,
in the more general setting of infinitesimal Lie group actions on manifolds [Pal57, Ch. III,
Defs. VI and VII]); they were rediscovered by Rebelo in the context of holomorphic vector
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fields under the names of semiglobal flow and semicompleteness [Reb96, Déf. 2.3]). The
connection with condition (3) of Proposition 2.1 appears in [Reb96, Prop. 2.7] and [Reb00,
Prop. 2.1]. The link with conditions (5) and (4) of the same proposition appears in [Gui06].
Some of these notions also make sense in the topological setting (some even in the set-
theoretic one), and for this we refer the to the work of Abadie [Aba(03], who studies the
equivalent notion of partial action.

All the notions in this section and in the following ones can be naturally defined for
analytic spaces.

3. SEMICOMPLETENESS AS A CLOSED CONDITION

Let us now present some general results, valid in all dimensions, related to the property
of semicompleteness when vector fields are considered in families. The proofs of these
have all the same underlying principle.

Recall that if L is a leaf of a foliation .% and p € L, if T is a transverse to .# at p,
by the process of lifting paths to nearby leaves we obtain a holonomy representation hol :
m (L, p) — Diff(T, p) (see, for instance, [IY08, Ch. I, Sect. 2]). In the present setting we
have natural choices for the submersions involved in its definition: given a transversal 7
though a point p on a leaf L, for a sufficiently small neighborhood U C M of p, we may
consider the unique submersion 7 : U — L that has 7 as one of its fibers and that is a
translation in restriction to each leaf (with respect to each leaf’s translation structure), and
which, in particular, is the identity in restriction to L. Through such a construction, paths
may be lifted isometrically to neighboring leaves.

3.1. Holonomy. The holonomies of semicomplete vector fields are very special.

Theorem 3.1 (Fundamental Lemma). Let M be a complex manifold, X a univalent vec-
tor field on M. Let p € M be such that X(p) # 0, let L be the orbit of X through p,
considered with the translation structure induced by X. There is a group homomorphism
p :mon(7m; (L)) — hol(m; (L)) such that, for all y € m (L),

hol(y) = p omon(y),

this is, the holonomy representation factors through the monodromy one. In particular, the
holonomy is abelian.

Proof. We must define p(mon(a)) as hol(a), and for this to be well-defined it is necessary
and sufficient that the holonomy along a path of trivial monodromy is trivial. Let L be a
leaf, @ its time form, p € L. Let y: ([0, 1],0) — (L, p) be a smooth closed path representing
a class in m; (L) with trivial monodromy, a path such that fya) = 0. Let T be a transversal
to L at p. For g € T sufficiently close to p, let L, the orbit of X through ¢ and ®, the
corresponding time form. Let ¥, : ([0,1],0) — (Ly,q) be such that @,(y,(t)) = o (Y (1))
for every r € [0, 1] (the isometric lift of y through ¢). By construction, fyq ,; = 0, and,
since X is univalent, ¥, is closed, and intersects T at g. The holonomy of yis trivial. ]

The following is one of the early incarnations of the Fundamental Lemma.
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Corollary 3.2 ((GR97, Lemma 3.1]). Let M be a manifold, X a univalent vector field on
M inducing the foliation &. Let L be an orbit of X with time form @ and y:[0,1] = L a
closed curve such that jya) = 0. Then the holonomy of ¥ along v is trivial.

3.2. Univalence as a closed condition. We now present two closely related results that
present univalence as a closed condition. This was well-known in Painlevé’s time, and was
fundamental in his research on differential equations with uniform solutions [Pai00, §6]
(see also [Inc44, §14.12)).

Theorem 3.3 ((GR12, Cor. 12]). Let M be a complex manifold, X a vector field on M. The
uniformizability locus of X is a closed subset of M (saturated by X). In particular, if the
restriction of the vector field to an open and dense subset of M is semicomplete, so is the
vector field.

Proof. Let p be a point that is not in the uniformizability locus of X, L, the orbit of X
through p, ), the associated time form. Let 7, : [0,1] — L, be an open smooth path such
that fy,, w, = 0. For g € M close to p, let L, be the orbit of X through ¢ and @, the
corresponding time form. There exists a smooth path ¥, : [0,1] — Ly, %,(0) = ¢ such that
@y (Y, (1)) = @,(7,(t)) for every ¢ € [0, 1] (an isometric lift). Notice that J, @ =0 but that,
since Y, is close to ¥, it is an open curve. (I

As a prototypical application of this principle, we have:

Corollary 3.4 ((GR97, Cor. 2.6]). Let X be a holomorphic vector field defined on (C",0).
Let X = Xy + Xik+1+ - - be the Taylor series of X, where X; is a homogeneous vector field
of degree i and X is not identically zero. If the germ of X at 0 is semicomplete, X, is
semicomplete as a vector field on C".

Proof. Let U C C", 0 € U be an open subset where X is semicomplete. For o in C*, let
h: C — C be the homothety /14 (z) = &~ 'z. The vector field

1
Za = —pmpheX =X+ 0Xip + o X+

defined in o~ !U, is semicomplete. In the subset A = (Ug({at} x o~ 'U)) U ({0} x C") of
C x C", we have the holomorphic vector field Z given by Z, in {@} x o~ U and by X; in
{0} x C". Since it is semicomplete in A N (C* x C"), it is semicomplete in its closure A,
and is thus semicomplete in restriction to {0} x C". O

Theorem 3.5 (Ghys-Rebelo [GR97, Sect. 2.2]). Let M be a complex manifold. In the space
of holomorphic vector fields on M, the univalent ones form a closed subset with respect to
the topology of uniform convergence on compact sets.

Proof. The comments at the beginning of this section remain valid for laminated structures
other than foliations, and the proof we present will make use of this. Let {X;} a sequence of
semicomplete holomorphic vector fields on M converging uniformly on compact subsets
to the vector field X.. (this gives a continuous vector field in the laminated space M x
(NU {oo})—where the topology in NU {eo} is that of {0} U{1/n},en in R—that equals
X; in restriction to M x {i}). Suppose that X.. is not semicomplete, that there exists a
smooth open path }. : [0,1] — M tangent to an orbit L., of M, with time form ®.., such
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that fyw 0 = 0. Let p = (0), L; the leaf of X; through p, @; the time-form of X; on L;. If
i is big enough, there exists a smooth path ¥ : [0, 1] — L;, %;(0) = p, such that &;(y/(¢)) =
@ (Yo (1)) for all 7 € [0, 1] (an isometric lift in the laminated space). In particular, [, @; =
f%o W # 0. Since the curves % depend continuously on i, ¥; is open if i is big enough (for
Y% 18), and X; is not semicomplete. (Il

There exist sequences of complete holomorphic vector fields on manifolds that converge
to vector fields which are not complete (see [For95, Sect. 3]).

The results of this section can be easily transported to Palais’s more general context
[Pal57].

4. SEMICOMPLETE VECTOR FIELDS IN DIMENSION ONE

For a vector field on a neighborhood of 0 in C of the form (Az+---)d/dz, A # 0, its
germ at 0 is linearizable (see [Lor21, Prop. 2.3], [[Y08, Thm. 5.5]), and its germ is thus
semicomplete. The vector field z29/dz in C is semicomplete (and, in consequence, so is its
germ at 0), for it extends as a holomorphic vector field when C is compactifed into P': in
the coordinate w = —1/z, it reads d /dw. These give all the germs of semicomplete vector
fields in dimension one (see also [Reb96, Prop. 3.1]):

Proposition 4.1. Let X be a germ of semicomplete vector field in (C,0), having a singu-
larity at 0. In suitable coordinates, X is given either by 70 /dz or by Azd/dz for some
AeC.

Proof. Let A be a disk around 0 on which the restriction of X is semicomplete, and let
A* = A\ {0}. Let @ be the time form of X on A*, y:[0,1] — A* a closed curve winding
simply and positively around 0.

If [, =0, there is a well-defined developing map : A* — C which maps X to d/dw.
The semicompleteness hypothesis implies that it is one-to-one. By Picard’s Little Theorem,
it cannot have an essential singularity at 0, and it extends thus as a one-to-one map taking
values in P!. It maps O to a singular point of the vector field, which can only be the point
at infinity, leading to the first possibility in the statement.

If [, @ # 0, we may suppose, up to multiplying X by a constant, that [, & = 2i7. Let 7
A* = C be the developing map, which is one-to-one by the semicompleteness hypothesis.
The map expo2 induces a well-defined map f : A* — C*, mapping X to zd/dz. Let
us prove that f is one-to one. Let p and g be such that f(p) = f(g). There is a path
p :[0,1] — A* joining p and ¢ in A* such that |, , @ is a multiple of 2i7, and by conveniently
concatenating it with a closed path based at g, we may suppose that fp o = 0. Since
X is semicomplete, p is closed and p = ¢: f is one-to-one. As before, f extends as a
holomorphic map taking values in P!, and 0 must be mapped to a singular point of the
vector field zd /dz, either 0 or . But the second possibility cannot actually occur, for the
period of zd /dz around o is —2i7 (in the coordinate w = 1/z, zd /dz reads —wd /dw). [

By the way, we have shown that, in dimension one, every semicomplete germ of vector
field is the local model of a complete vector field (actually, of one defined on a compact
curve).

Although seemingly naif, the following corollary has far-reaching consequences.
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Corollary 4.2. Let X be a holomorphic vector field defined on a neighborhood of 0 in C,
and having there a zero of order r. If r > 2, X is not semicomplete.

5. SEMICOMPLETE VECTOR FIELDS IN DIMENSION TWO

In dimension one, all nondegenerate singularities vector fields are semicomplete, while
degenerate ones are very rare. This will also be the trend in dimension two. In the degener-
ate case, isolated singularities of semicomplete vector fields are so rare that they fit within
small lists of orbital normal forms. We will discuss exclusively isolated singularities; for
nonisolated ones, we refer the reader to [Reb99] as well as to Section 7. For the local
theory of holomorphic foliations and vector fields in dimension two, the reader is referred
to [Lor21, Ch. 6], [CS87], [Brul5, Ch. 1].

5.1. Nondegenerate vector fields. Linear vector fields are complete, and, in consequence,
all linearizable germs of vector fields are semicomplete as well. More generally, germs of
vector fields having semicomplete normal forms are semicomplete. This allows to show,
with barely any work (but relying on some very deep results) that many germs of vector
fields are semicomplete.

Recall that a singular, nondegenerate vector field is said to belong to the Poincaré do-
main if the convex hull of the eigenvalues of its linear part at the singular point does not
contain 0, and is said to belong to Siegel’s domain otherwise. In the Poincaré domain,
germs of vector fields admit a “Poincaré-Dulac” normal form (see [[Y08, Thm 5.5]). As
observed by Chaperon in [Cha86, Sect. 1.2], Poincaré-Dulac normal forms are complete
as vector fields on C", and their germs are thus semicomplete.

In the Siegel domain, most germs of vector fields are holomorphically linearizable
[Brj71] (see also [IYOS, Thm. 5.22]), and we can thus, a priori, affirm that they are semi-
complete. Since the problem of semicompleteness concerns only the tangential geometry
of the orbits, Chaperon’s results on C*-conjugacy imply that weakly hyperbolic germs of
vector fields are semicomplete as well (see Theorem 2 and Corollary 8 in [Cha86]).

Beyond these results, in which semicompleteness comes as a collateral fact, it can be
directly proved that, in all dimensions, germs of nondegenerate vector fields are semicom-
plete (see [Reb00, Thm. A] and [Rei06] for earlier results pointing in this direction):

Theorem 5.1 ([Gui20]). Let X be a nondegenerate singular holomorphic vector field on
(C",0). Then the germ of X at 0 is semicomplete.

Proof (in dimension two, in the Siegel domain). A vector field like the ones under consid-
eration has two transverse separatrices, as it follows from the invariant manifold theo-
rem [IY08, Thm. 7.1] (see also [MMS80, Appendix II]). They can be redressed onto the
coordinate axis, and thus the vector field may be written, up to a constant factor, as

d d
X= ——A —
of (zw) 5. —Awg(zw) 5,
withA € R, A >0, f(0) =1 and g(0) = 1. Let R(X) be the real vector field given by the
real part of X. We have

2) R(X) - [z = 2[2PR(f), RX) - wl* = —24|w[*R(g).
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By conveniently scaling the variables we may suppose that the vector field is defined in
a neighborhood of the closure of the polydisk A% of radius 1, that R(X) - |z|? is strictly
positive away from {z = 0}, and that R(X) - |w|? is strictly negative away from {w = 0}.

Let y: [0,1] — A? be a path taking values in the leaf L (different from the separatrices),
such that fya) =0, where o is the time form of X on L. We will prove that ¥ is closed. Let
B be the boundary component of A2 given by |z| = 1. If an orbit of R(X) starts within A2,
it will intersect B in finite time. In fact, by (2), |z|*> will increase along the orbit while [w|?
decreases, and thus, if the orbit exits A2, it ought to do so through B. If an orbit of R(X)
had an @-limit set within A?, this set would have to be contained in a level set of |z|?, but
since, by (2), such level sets are transverse to R(X), they cannot contain forward-invariant
sets.

By following positively the orbits of R(X ), we can deform the path 7, through a homo-
topy with fixed endpoints remaining within L, into one that is the concatenation of three
smooth paths:

e a first one, py, going from ¥(0) to B through an orbit of R(X),
e asecond one, 7T contained in LN B, and
e a third one, p;, going back to y(1) by following negatively an orbit of R(X).

Notice that ®(R(X)) € R and thus, for i = 1,2, [, ® € R. Up to a homotopy with fixed
endpoints, we can suppose that 7 is either constant or, by (2), always transverse to R(X).
In the second case, 3((7’(s))) does not vanish (has constant sign), and thus 3( [, @) # 0;
however, 3([; ®) vanishes, for it is equal to 3([, ). Thus, 7 is constant, and p; and
p> go along the same orbit of R(X). Since [, ., @ =0, and p; * p; is actually closed.
This proves that 7 is a closed path. By condition (3) in Proposition 2.1, X is univalent in
restriction to A%, ]

5.2. Saddle-nodes. The least degenerate among degenerate vector fields are saddle-nodes,
singular points which have one vanishing and one nonvanishing eigenvalue. From the or-
bital point of view, germs of saddle-nodes form an infinite-dimensional family of equiva-
lence classes. In it, only countably many of these come from semicomplete vector fields.

Theorem 5.2 (Rebelo [Reb00, Thm. 4.1]). Let X be a holomorphic vector field defined
on a neighborhood of 0 in C2, whose germ at 0 is semicomplete. Suppose that 0 is an
isolated equilibrium point of X and that the linear part of X at 0 has one vanishing and
one nonvanishing eigenvalue. Then, in suitable coordinates and up to multiplication by a
nonvanishing holomorphic function, X may be written as

0 0
27 JR—
3) X R +y(1+Ax) e

for some A € Z.

Observe that the germs of the vector fields (3) are semicomplete since, as vector fields
on C? their local flow in time 7 is given by

e (P )
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Thanks to the works Dulac [Dul05], Hukuahara-Kimura-Matuda [HKM61] and Marti-
net-Ramis [MR82] (among others), we have a very complete description of the saddle-
node singularities of foliations. We will present some fact around saddle-nodes following
Loray’s account [Lor21, Sect. 6.4] to some extent before proceeding to the proof of the
theorem.

Dulac proved that there are coordinates where the foliation induced by X is the one
induced by a one-form of the form x”*!dy — A(x,y)dx, with dA/dy|o # 0. In particular,
there is a unique invariant analytic curve, given in these coordinates by x = 0, tangent to
the eigenspace associated to the nonvanishing eigenvalue and a local fibration, (x,y) +— x,
which is transverse to the foliation .% induced by X away from this curve. For such a form,
there is a unique p € N, p > 1 and a unique A € C such that a formal fibered transformation,
(x,¥) — (x,0(x,y)), redresses the foliation into the one induced by

) @, 5 =" dy—y(1+2Ax") dx,
having the first integral
®)) yx*’lel/”xp.

The number p + 1 is the multiplicity of the saddle node, A its formal invariant. Thus, at the
formal level (but, in general, not at the holomorphic one) there is a second invariant curve,
given by y = 0 in the above expression, the weak or central separatrix.

For j € Z/2pZ, consider the sector

2j+1 2j+1
Uj:{ﬁ_n—n+8<arg(x)< s 7t+7r—8},
2p p 2p p

of angle barely smaller than 27/ p. Hukuahara, Kimura and Matuda have shown that, above
each one these sectors, the previous formal transformation represents a holomorphic one,
that there exists a holomorphic map y; such that, for x € U;, the map (x,y) — (x, ¢;(y)) re-
dresses the restriction of .7 to 7~ (U;) to its formal model [HKMG61, Ch. III, Sect. II, §6].
This reduces the problem of understanding .# to the problem of understanding first the for-
mal model (4) in each sector, and then the transition maps between neighboring sectors. For
i€Z/pZ,1etV.\ =UyNUyis1. Forx € V.H, R(xP) > 0. Above V,", the behavior is of node
type: all leaves converge to the origin and any determination of the first integral takes, in
any neighborhood of the origin, all complex values. The transition map <])l.+ = Yhi120 q/{ijrl
preserves the foliation induced by the form (4) above Vﬁ, and is a globally defined affine
map. Similarly, let V;” = Usi11 NUaito; for x € V7, R(x?) < 0. Above V;~, the behavior
of .Z is of saddle type: the separatrix given by y = 0 is the only leaf that converges to the
origin, and all the others escape away from it; a determination of the first integral (5) takes
values only in a neighborhood of 0. The map ¢, = y»;; 10 V’z:iz preserves the foliation
induced by the form (4) above V™, and is a local biholomorphism of C fixing 0. The data
(¢0+ N ;_ 1 ¢p__1) determines the foliation. The weak separatrix will be convergent
if and only if all the affine maps ¢," are linear (fixing 0 and allowing the determination of
the weak separatrix in one sector to be continued to the neighboring one). In this last case
the holonomy of the weak separatrix is ¢, o q);[l 09, ,0 00 0@, o [N

For the foliations given by the formal normal forms (4) with p = 1 the holonomy is

y > e2%%y The result of Martinet and Ramis implies that if a saddle-node of multiplicity
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two (p = 1) has a convergent weak separatrix and if the holonomy around this separatrix
is trivial, it is holomorphically equivalent to the foliation given by (4), with A € Z. In fact,
under the hypothesis, ¢, = (¢0+ )~ is linear, and this reads, within the framework of Mar-
tinet and Ramis’s theorem, as the triviality of the “cohomological part” of their invariant,
which implies that the foliation is holomorphically conjugated to its formal normal form.

Proof of Theorem 5.2. We follow Rebelo’s original proof. Let X be a germ of vector
field like in the statement of the theorem. By Dulac’s theorem, X may be written as
fx,y)[xP19/dx + A(x,y)d/dy] for some holomorphic, nonvanishing function f. Above
the union of sectors A = U; UU,, we may consider the union of the weak separatrices, in
order to get an invariant curve C over a sector of angle slightly smaller than 37/p, and
which projects injectively under 7 if p > 1. The image of this curve under the developing
map (inverse of a solution) & is a sector at infinity of angle slightly smaller than 37, as a
sector of angle & gets mapped to a sector of angle pa at infinity. In particular, if p > 1
there are two different points in the sector that have the same image under 2. This shows
that the restriction of X to A is not semicomplete if p > 1. If p = 1 these two points must
be the same one, and this is only possible if the weak separatrix is convergent. In a suitable
coordinate, by Proposition 4.1, the restriction of X to it is conjugate to z>d/dz. By Corol-
lary 3.2, its holonomy is trivial. The theorem is now a direct consequence of the theorem
of Martinet and Ramis. U

Question 5.3. What can be said about the factor in the statement of Theorem 5.2?

In the hierarchy of degenerate vector fields, those with nilpotent (nonzero) linear part
come next. The following result illustrates how incredibly restrictive the semicompleteness
condition becomes as the degenerateness of the vector field increases.

Theorem 5.4 (Ghys-Rebelo [GR97, Prop. 3.16]). Let X be a holomorphic vector field
defined on a neighborhood of 0 in C?, whose germ at 0 is semicomplete. Suppose that
0 is an isolated equilibrium point of X and that the linear part of X at 0 is nilpotent
but not trivial. Then, in suitable coordinates, and up to multiplication by a nonvanishing
holomorphic function, X is one of the following:

(1) (2y—x2)d/dx+2xyd/dy,

(2) (3y—x%)d/dx+4xyd/dy,

(3) (y—24%)9/dx—2xyd /dy,

(4) 2yd/dx—3x2d/dy.

5.3. More degenerate singular points. The isolated singularities of semicomplete vector
fields cannot be too degenerate:

Theorem 5.5 (Rebelo [Reb96]). Let X be a holomorphic vector field defined on a neigh-
borhood of 0 in C2. Suppose that 0 is an isolated equilibrium point of X. Then the second
Jjet of X at 0 is nontrivial.

Proof. By the theorem of Camacho and Sad [CS82], there exists a separatrix of X, a curve
y: (A,0) — (C2,0) whose image is tangent to the orbits of X. Let ¥%(t) = ¢jt% +--- and
suppose that s; < and that ¢c; # 0. If X = fd/dx+ gd /dy, its restriction to this separatrix
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is
fn(@),»@) 9
ne ot
Suppose that X has order d, and let f =}, >4a jxiyj . The first term of the contribution
of a;;x'y/ to the above vector field is #1772~ (1=1)_ Since 51 > 1,

(6) isi+jsa—(s1—)>(@{+j—1)si+1>(d—-1Ds;+1>d.

The order of X in restriction to the separatrix is at least d. Since according to Proposi-
tion 4.1 this number is at most 2 for some (i, j), we must have d < 2. Furthermore, if d =2
then 51 = 1 (the separatrix is smooth). U

Thus, germs of semicomplete vector fields cannot have a vanishing second jet around an
isolated singularity (Theorem 5.5). We understand incredibly well those that have a trivial
first jet:

Theorem 5.6 (Ghys-Rebelo, [GR97, Thm. A]). Let X be a holomorphic vector field de-
fined on a neighborhood of 0 in C2, whose germ at 0 is semicomplete. Suppose that 0 is an
isolated equilibrium point of X and that the first jet of X at O vanishes. Then, in suitable
coordinates and up to multiplication by a nonvanishing holomorphic function, X is one of
the following:

(1) x*9/dx—y[(m—1)x—my|d/dy, mEZ, m > 1,

(2) x(x—2y)d/x+y(y—2x)9/dy,

(3) x(x—3y)d/dx+y(y—3x)d/dy,

4) x(2x—5y)d/dx+y(y —4x)d/dy.

In particular, the vector fields in the above list are all the semicomplete quadratic ho-
mogeneous vector fields on C? with an isolated singularity at the origin. The vector field
in the first item is semicomplete, for its solution with initial condition (x,y) is given by

. ( x 7 xy(1 —tx)m! );
1—tx’x—y+y(l —tx)"
the others have polynomial first integrals with elliptic level curves and can be integrated by
elliptic functions.

Ghys and Rebelo’s strategy to prove the above result starts, following Corollary 3.4, by
determining the few semicomplete quadratic homogeneous vector fields on C? (a result
that can be traced back to Briot and Bouquet [BB55]), and then, for each one of them, by
studying the vector fields that have these as 2-jets. We will mention an approach to the first
part in Remark 6.9 and Section 9.2.1, and briefly discuss the second part in Remark 6.10
and Section 8.1.

With some of the results described so far we can prove the following:

Theorem 5.7 (Rebelo, [Reb00, Lemme 6.1]). Let S be a Stein surface, X a complete
holomorphic vector field on S. Let p € S be an isolated singularity of X. Then p is a
nondegenerate one.

Proof. Lety: (A,0) — (S, p) be a separatrix. Let Y be the vector field on A induced by X
via . According to Proposition 4.1, Y is either equivalent to Awd /dw or to w?d/dw. In
the last case, the orbit to which ¥ belongs is a rational curve inside S. However, S is Stein,
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and has no complete rational curves. Thus, Y is equivalent to Awd /dw at 0. From (6), X
has a nontrivial linear part at 0, and the inequalities in (6) become equalities, this is, s; = 1
and s, = 1. But this means that 7y is smooth at 0, and thus A is an eigenvalue of X at 0: the
linear part of X is non-nilpotent. If X were a saddle-node, by Theorem 5.2, it would have
a second separatrix where the restriction of X would be conjugate to w>d /dw, but, again,
this cannot occur in a Stein surface. (|

A more general statement appears in [Reb00, Thm. 6.3]; an extension to singular ana-
lytic Stein spaces of dimension two will be discussed in Theorem 8.3.

6. AFFINE STRUCTURES AND NONISOLATED SINGULARITIES

Some obstructions for semicompleteness are localized along the locus of zeros of a
vector field. In order to exploit this this, translation structures must make place for affine
ones. This will enable a better understanding of semicompleteness in the presence of
nonisolated singularities.

The foliation induced by X can, in some cases, be extended to some points of Sing(X).
Locally, X may be written as Xy, where f is a holomorphic function and Xj is a holomor-
phic vector field with singular set of codimension at least two, both defined up to units.
This decomposition defines a foliation .# on M, locally defined by Xy, with singular set
Sing(.%#), locally given by the zeros of Xy (of codimension at least two), and the divi-
sor of zeros of X, given by f. A leaf of .# may intersect the divisor of zeros of X, and
Sing(.#) C Sing(X).

6.1. Affine structures. In the study of semicomplete vector fields, affine structures on
curves have been around ever since (to witness, Briot and Bouquet’s 1855 note [BB55]).
Within the thread of ideas here discussed, they first appeared in [Reb99] through the notion
of renormalized time forms, but were not truly recognized as affine structures until [GR12].

Consider the group Aff(C) = {z— az+b} of affine transformations of C. It contains the
group of translations as well as the group of orientation-preserving Euclidean isometries
(corresponding to |a| = 1). An affine structure on a curve L is an atlas for its complex
structure taking values in C with changes of coordinates in Aff(C). Translations structures
are examples of affine ones. An affine structure comes with a developing map 7 : L—C
(a global chart for the affine structure induced on L), and a monodromy homomorphism
mon : (L) — Aff(C) such that for every a € m (L), Z(a - p) = mon(a) - 2(p); see
[Thu97, Sect. 3.4] for details.

We will distinguish a particular class of affine structures.

Proposition 6.1. Let L be a curve endowed with an affine structure. The following are
equivalent.

(1) There exists Q C C and a Galois covering p : Q — L that is a map between curves
with affine structures (whose deck transformations are given by restrictions of
affine maps).

(2) For every open path y: [0,1] — L, if 7: [0, 1] — L denotes one of its lifts to L — L,
Z07y:(0,1] — C is an open path.
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(3) For the covering L — L associated to the kernel of the monodromy, the induced
developing map 9 : L — C is one-to-one.

Proof. (1)=(2). Letm: L — L be the universal covering. Since Q covers L, we have an
intermediate covering 2 : L — Q, which is also a developing map for the affine structure.
Notice that T = p o 9. If P oy were closed, so would po Doy = moy =, but this curve
is, by hypothesis, an open one.

(2) = (3). Let 7 : L — L be the universal covering, 7 : L — C the developing map;
let 7 : L — L be the intermediate covering associated to the kernel of the monodromy, and
9 : L — C the map induced by 2. Let p and ¢ be points in L having the same image under
% and let 7: [0,1] — L be a curve joining them, so that Z o7 is a closed path. Let 7 be
the lift of 7 to L, and let y=To7. Since Z 07 equals Z o7, it is a closed path, and, by
(2), v is a closed path in L. This extends to neighborhoods of p and ¢: a point close to ¢
identified with a point close to p via Z is also its image under the deck transformation in
L associated to y. This means that the monodromy of ¥ is trivial. Thus, by the definition of
L, 7is a closed path: p and g agree.

(3) = (1). The map ¥ identifies L with its image, Q C C. The map p : Q — L induced
by T is the sought one. [

An affine structure on a curve satisfying any one of the previous conditions is said to
be uniformizable. Observe that a translation structure is uniformizable if and only if it is
uniformizable as an affine one.

Example 6.2. Let T C R? be a plane triangle, 7’ its image under a reflection. By identifying
T and T’ along the edges and removing the vertices, we get a Euclidean (hence affine)
structure on the thrice-punctured sphere. This affine structure is uniformizable if and only
if the triangle tesselates the plane through the group generated by the reflections on its
sides. This happens if and only all of the internal angles of the triangle are aliquot parts
of m, of the form 7/p, ©/q and 7/r with p, q and r integers. The only possibilities for
(p,q,r) are (2,3,6), (2,4,4) and (3,3,3).

6.1.1. Connections. Affine structures on curves may also be defined in terms of connec-
tions. Since the standard affine connection V on C, the one for which

) V)= =0,

is invariant under the action of the affine group, the connection may be pulled back to a
curve endowed with an affine structure. Reciprocally, if V is an affine connection on a
curve, it is necessarily torsion-free and flat, and there exists a coordinate z for which (7)
holds. Such a coordinate is a chart of a well-defined affine structure.

On a curve, in the presence of a connection, the Christoffel symbol of a vector field Z is
the function I'(Z) such that VzZ =T'(Z)Z. For a function f,

®) U(f2) =Z(f) + fV(2).

A vector field Z is said to be parallel if T'(Z) = 0. A nonconstant function will be a chart of
the affine structure if its second derivative along a parallel vector field vanishes. It follows
that on a curve endowed with an affine structure, given a (locally defined) vector field Z, a
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function y will be a chart of the affine structure if and only if it is a nonconstant solution
of the second-order linear equation

) 22y —T(2)Zy = 0.

6.2. Foliated connections. A vector field on a manifold induces a foliation away from
its zeros, and, along its leaves, a translation (hence affine) structure varying holomor-
phically in the transverse direction: a foliated affine structure. By gluing the associated
leafwise connections we obtain a foliated connection, a map that associates to a vector
field Z tangent to % a holomorphic function I'(Z), its (foliated) Christoffel symbol, satis-
fying (8). This can be used as an alternative definition of a foliated affine structure: a map
I': T — O)y (associating holomorphic functions to vector fields tangent to the foliation)
satisfying this relation. We refer to [DG23] for details.

The advantage provided by leafwise affine structures over translation ones resides in the
following two propositions. They allow to localize obstructions for semicompleteness of a
vector field along leaves of the foliation contained in the sets of zeros of the vector field,
where the latter appears to give no information at all.

Proposition 6.3 ((GR12, Prop. 8]). Let X be a holomorphic vector field on the complex
manifold M, C a component of the divisor of zeros of X that is invariant by 7, the foliation
induced by X. At every point of C which is both a regular point of % and a smooth point
of the divisor of zeros of X, the affine structure induced by X on the leaves of ¥ where it
does not vanish extends holomorphically to those in C.

Proof. Let f be a local equation defining C in a neighborhood of p, Z a vector field that
does not vanish at p generating the foliation induced by X. Since C is invariant by Z, there
exists a function £ such that Zf = Af, and X is thus of the form X = gf"Z forn € Z and a
nonvanishing holomorphic function g. Away from C, I'(X) = 0, for the affine structure is
the translation one induced by X. Hence, for u = gf",

rz) =1 () =uz (1) + 1z = - 200+ rix) =

u u u u
=2 2() — 1 2(g) = —nh— 12(g),
f g g
which is holomorphic: the connection (and thus the affine structure) extends to C in a
unique way. ]

Proposition 6.4 ((GR12, Prop. 9]). Let X be a vector field in the manifold M, C an ir-
reducible component of the divisor of zeros of X that is invariant by %. Let L C C be a
leaf of % within the locus of zeros of X. If X is semicomplete, the affine structure on L is
uniformizable.

First sketch of proof (after [GR12]). Suppose that the affine structure on L fails to be uni-
formizable, and let y: [0,1] — L a smooth open path that develops onto a closed one. For
a sufficiently close leaf L', where X is holomorphic and nonzero, the curve Y may be lifted
isometrically (with respect to the affine structures along the leaves), yielding an open path
in L’ that develops into a closed one. But this implies that the affine structure on L' is not
uniformizable, that X is not semicomplete. O
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Second sketch of proof. Suppose that all the one-dimensional components of the divisor of
zeros of X are invariant by the foliation .# induced by X. Let D C M be the support of
the divisor of zeros of X. Let T — X be the tangent (line) bundle of the foliation induced
by X, let 0 : M — T4 be the tautological lift of X. Let Y be the vector field on T4 gener-
ating the homotheties. Let X be the unique vector field on 7! (M \ D) whose restriction to
the image of o is the lift of X and that satisfies the Lie-algebraic relation [Y. X |= X. (We
refer the reader to [DG23, Sect. 4.1] for details.) Above M\ D, X is semicomplete, as it
is given by multiples of ¢, X on homothetic images of ¢(M). The vector field X extends
as a non-identically-zero holomorphic vector field to 7! (D)—this is essentially a conse-
quence of Proposition 6.3—, which is semicomplete by Theorem 3.3. Let L be an integral
curve of X projecting onto L. It is endowed with the uniformizable translation structure in-
duced by X. The map 7| : L — L is a covering one, and its group of deck transformations
acts affinely with respect to the translation structure. This uniformizes the affine structure
on L. (Details for this last part may be found in [Gui06, Sect. 2.2].) [

With the same order of ideas, we have the following extension of Lemma 3.1 (see
[GR12, Sect. 4.2] for a proof).

Lemma 6.5 (Fundamental Lemma, affine version). Let M be a complex manifold, .7 be
a nonsingular foliation by curves such that each curve is endowed with an affine structure
that varies holomorphically and that is, in restriction to each leaf, uniformizable. Let L be
a leaf of F. There is a group homomorphism p : mon(m (L)) — hol(m; (L)) such that for
all y € m (L), hol(y) = p omon(Yy), this is, the holonomy representation factors through
the monodromy one.

Together, these results imply that germs of semicomplete vector fields have solvable
projective holonomy groups (see [Lor21, Sect. 7.3]), and thus very limited possible behav-
iors (see [Lor21, Sect. 4.1]). This contributes to the scarcity of orbital models in Theo-
rems 5.4 and 5.6.

6.3. Singularities of affine structures. On a curve C, an affine structure defined on the
open subset Cy C C is said to have a singularity at p € C\ Cy if the affine structure does
not extend to p (equivalently, if for a vector field on C that does not vanish at p, its
Christoffel symbol does not admit a holomorphic extension to p). A singular point of
an affine structure p is said to be Fuchsian if for a holomorphic vector field Z that does
not vanish at p, I'(Z) has a simple pole at p (by (8), this is well-defined; in this case, the
second-order linear equation (9) satisfied by the charts of the affine structure belongs to
the Fuchsian class [Inc44, Ch. XV]). For a Fuchsian singularity p, the ramification index
of the structure at p is the element v € C* U {eo} such that, for a coordinate z around p,
I'(9/9z) = (3 — 1)z~ ' 4 (this is, again, well-defined).

Proposition 6.6. A uniformizable isolated singularity of an affine structure is Fuchsian,
and its ramification index v belongs to Z* U{e0}. In a suitable coordinate z, the developing
map is given by z+— 7'/ if v € Z, and by 7 +— log(z) if v = oo.

Proof. Let us first prove that the monodromy cannot be hyperbolic. If it is of the form
w i aw with |a| # 1, for the elliptic curve E = C*/a, the developing map induces a well-
defined one-to-one map f : A* — E, which induces a nontrivial homomorphism at the level
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of fundamental groups. This map cannot be onto and it thus takes values in a punctured
elliptic curve E \ {¢}. But since A* and E \ {¢} are both hyperbolic Riemann surfaces, in
order for the hyperbolic distance to decrease under f, we must have that lim,_, f(z) = ¢,
which is absurd. Since the monodromy is discrete, it is either parabolic or finite. From
Proposition 4.1 and its proof, in a suitable coordinate z, the affine structure is either the one
induced by zd/dz or, for some y € N, for w = 7/, by either @ /dw or w?d/dw. Thus,
in a suitable coordinate, the affine structure is the one induced by the determinations of a
multivalued vector field of the form z'~'/V 9 /dz with v € Z* U {oo}, for which ['(9/dz) =
(1/v—1)z71. O

6.3.1. On compact curves. The Poincaré-Hopf index theorem takes the following form for
affine structures with Fuchsian singularities:

Proposition 6.7 ((GR12, Prop. 5]). Let C be a compact curve with Euler characteristic
x(C) endowed with an affine structure with Fuchsian singularities having ramification
indices Vi, ..., V. Then Y.;(1 —1/v;) = x(C).

On its turn, this greatly limits the possibilities for uniformizable affine structures with
singularities on curves:

Corollary 6.8. Elliptic curves are the only ones supporting nonsingular uniformizable
affine structures. Rational curves are the only ones admitting uniformizable affine struc-
tures with non trivial singular set, with sets of ramification indices (—1), (n,—n) (n € Z*),
(00,00, (2,3,6), (2,4,4), (3,3,3), (2,2,) and (2,2,2,2).

Remark 6.9. Consider a quadratic homogeneous vector field X on C? such that (xd/dx +
yd/dy) ANX = {16,030 /dx A d/dy for three different homogeneous linear forms ¢;. After
blowing up the origin, the exceptional divisor D is invariant by the foliation. The trans-
formed vector field has a zero of order one along D, and the affine structure on D has
Fuchsian singularities at each one of the three singularities of the foliation corresponding
to each of the ¢;. We may have singularities of ramification index one, corresponding to
points that are singular for the foliation but not for the affine structure. The vector fields
in Theorem 5.6 are the semicomplete ones for which the origin is an isolated zero, and
correspond to the triples of ramification indices (2,3,6), (2,4,4), (3,3,3) and (1,m,—m)
form e Z*.

Remark 6.10. Let discuss the lines of part of the proof of Theorem 5.6 in [GR97, Sect. 3.1].
Let Z be a semicomplete vector field in a neighborhood U of the origin in C? such that its
second jet is given by the vector field Zj in item (2) in the statement of Theorem 5.6, the one
associated to the triple of ramification indices (3,3,3). After blowing up the origin we find
a divisor D invariant by the foliation, along which the affine structure is the one induced
by Zy. By Lemma 6.5, the holonomy of the foliation along D (the hidden holonomy of the
original foliation) is a representation into the group Diff(C,0) of the monodromy of the
affine structure on D, the triangle group T3 33 = (u,v,w | uvw = u> =3 = w3 = 1). These
representations are very well understood. Other than the linear representation into C*—
the one associated to the homogeneous case—, we have the tautological representation

of the monodromy into Aff(C) viewed from the point at infinity, plus the ones obtained
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from it by ramifications (see [CM88], [LM94]). Except for the linear one, the holonomy
representations have orbits accumulating to 0 with nontrivial stabilizer. The integral curve
L of the vector field associated to such an orbit of the holonomy is stabilized by a nontrivial
7 € C under the semilocal flow ® associated to Z (in the sense that ®(7,x) = x for every x
in L). But this contradicts the fact that the set stabilized by 7 is a proper analytic subset. We
conclude that the holonomy is linearizable, conjugated to that of the homogeneous case.
The equivalence of the holonomies may then be promoted, with some work, to an orbital
equivalence of the vector fields.

7. THE BIRATIONAL POINT OF VIEW

One cannot overstress the importance of Seidenberg’s theorem in the theory of folia-
tions on surfaces. It constitutes, together with the comprehensive description of simple
singularities associated to the names of Martinet and Ramis and the Camacho-Sad index
theorem, the starting point of many developments. For the study of semicomplete vector
fields, we will define a notion on top of Seidenberg’s one concerning the position of the
curve of zeros of a vector field with respect to its foliation (compare with [Can04, Def. 13]
and [CC92, Def. 2.2]).

Recall that a foliation on a surface is said to be reduced in Seidenberg’s sense if at
every singularity the linear part of a tangent vector field with isolated singularities is non-
nilpotent with nonresonant eigenvalues. Seidenberg’s theorem [Sei68] affirms that any
foliation can be transformed to a reduced one through a locally finite number of blowups
(see also [Brul5, Ch. 1, Sect. 2], [CCD13, Ch. 4]).

Definition 7.1. Let S be a surface, X a holomorphic vector field on S, C its curve of zeros,
and .% the foliation it induces. The vector field X is said to be reduced if

e .7 isreduced in Seidenberg’s sense, and
o in the neighborhood of every point p of S, the union of C and the curves through
p that are invariant by .% has normal crossings.

When blowing up a point that is a zero of a holomorphic vector field, the transformed
of the vector field is still holomorphic. It is not difficult to see that every vector field can
be transformed into a reduced one by a locally finite number of blowups (of zeros), and
that reduced vector fields are stable under blowups of singular points. By Theorem 3.3,
the original vector field will be semicomplete if and only if its transformed is, and thus
every semicomplete vector field can be transformed into a reduced semicomplete one by a
locally finite number of blowups.

We have the following result for germs of reduced semicomplete vector fields, giving
orbital normal forms in many cases.

Theorem 7.2 ([GR12, Prop. 17]). Let M be a surface, X a reduced semicomplete vector
field on M. Let p be a point where X (p) = 0. Either p is an isolated nondegenerate singu-
larity of X or, in suitable coordinates around p, and up to multiplication by a nonvanishing
holomorphic function, X is one of the following:

(1) x(1+2y)d/dx+y*d/dy, A € Z,

(2) x*y1(mxd/dx —nyd/dy), pm—qn=1(mn€Z, mn>0, p,qg>0),
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(3) xPylx(g+---)d/dx—y(p+---)d/dy], p,g>1,
(4) x"y1d/dx with r € {0,1,2}, ¢ > 0.

Let us give a proof in the case where X is a reduced vector field with a curve of zeros
tangent to a foliation having a reduced singularity with nondegenerate linear part, a case
leading to items (2) and (3) in the above statement. In this case the foliation has two
transverse separatrices, and since X is reduced, the curve of zeros is contained in their
union. The vector field may thus be written as

d d
P i —
xPy (xf(w) o +yg(x,y) ay) ,

with p and ¢ non-negative integers (at least one of them nonzero), and f and g holomorphic
functions that do not vanish at the origin, where they take, respectively, the values fy
and go. The vector field induces a foliated affine structure. With respect to this structure,
for Z=x"r"ly 11X,
_ 1 8 Jx e
I'(Z) x(l+p+qf+xf+yff>.

The restriction of Z to the invariant curve y = 0 is d/dx, and by restricting the above
Christoffel symbol, we have that the affine structure on y = 0 has a Fuchsian singularity at
0 with ramification index v = —fo/(pfo + ¢go). By the same reasoning, the ramification
index of the singularity at O of the restriction of the foliated affine structure to the curve x =
Ois = —go/(pfo+qgo)- Either pfy+qgo =0, leading to case (3) in Theorem 7.2, or both
ramification indices are integers (Proposition 6.6), satisfying moreover the relation pv +
gt = —1 (observe that, since p and g are non-negative, i and v have different signs). Since
Jfo/go=v/u € Q, the foliation is a resonant saddle. By Lemma 6.5, the monodromy
of the foliation along each one of the separatrices has finite order, and by the theorem of
Martinet and Ramis [MR83], the foliation is linearizable. Thus, the vector field falls within
case (2) in the statement of Theorem 7.2.

Remark 7.3. The multiplicative factor in item (2) of Theorem 7.2 can be actually taken to
be constant (see [GR12, Prop. 18]).

8. SOME APPLICATIONS

For a reduced semicomplete vector field on a surface we have the following situation.
Each compact irreducible curve invariant by the foliation has an affine structure with sin-
gularities, belonging to the very restrictive list of Corollary 6.8 (notice that only rational
and elliptic curves may appear). Singular points for the affine structures have ramification
indices (belonging to Z* U {eo}), and are singular points of the foliation. The vector field
has an order (an integer) along each curve, and each curve has a self-intersection (another
integer), which may be described through local data by the Camacho-Sad index theorem.
Curves intersect at points described by Theorem 7.2, where, for instance, the arithmetic
relation in condition (2) is a relation between orders of vector fields and ramification in-
dices of the affine structures. The combinatorics associated to all this can be successfully
worked out in some settings, while taking into account that some curves may be blown
down while keeping the vector field reduced.
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If a singular analytic space is endowed with a holomorphic vector field, its transformed
in the resolution will still be holomorphic [Sei66], and the above can be thought to take
place after such a resolution.

All this allows for an enhanced understanding of semicompleteness of vector fields
without isolated singularities and vector fields on singular analytic spaces.

8.1. Some univalent vector fields without linear part. As a first illustration of the prin-
ciple and methods, let us go back to Theorem 5.6. Let m € Z, and let Zy be the quadratic
homogeneous vector field in item (1) in its statement. We will prove that a vector field
Z satisfying the hypothesis of the theorem and whose two-jet at O is given by Zy may be
locally redressed onto Zy. This is, along with this particular instance of Theorem 5.6, we
will prove that, for it, the factor appearing in its statement can be chosen to be constant—a
fact already observed in [FRR18, Prop. 4.1].

Let thus Z be such a vector field. Upon blowing up the origin we find an exceptional
divisor C,,, along which the transformed vector field has a zero of order one. The induced
foliation is tangent to this divisor, and has three singular points on it:

e a point a, where Z has the form v{u(1+---)d/du—v(1+---)d/dv], with the
exceptional divisor given by v = 0. Along the divisor, the affine structure has a
singularity with ramification index 1 (an apparent singularity);

e apoint g, where Z has the form v[u(m+---)d/du—v(1+---)d/dv];

e apoint p, where the foliation is in the Poincaré domain and may be put in Poincaré-
Dulac normal form, so that the vector field reads

d

(10) Flawy ot e 20 2|,

with € € {0,1} and f a holomorphic and nonvanishing function.

According to Theorem 7.2 (taking Remark 7.3 into account), Z may be brought, in a
neighborhood of a, into the normal form v(ud/du —vd/dv). In restriction to a bidisk of
radius &, the orbits of Z other than the separatrices are, as translation surfaces, identified
with annular subsets of C, with the inner boundary component corresponding to |u| =
0, and the exterior one to [v| = 8. On C2, with coordinates (U,V), consider the vector
field d/dV, and restrict it to A X C. Graft the latter with a neighborhood of a deprived of
its intersection with the exceptional divisor through the identification (U,V) = (uv,1/v).
This operation fills the bounded part of the complement of each annuli, and, through it, the
separatrix through a that is not contained in the exceptional divisor extends to a rational
curve E. By the Camacho-Sad formula, EZ = —1. Collapse this divisor. The resulting
point is a nonsingular one for the foliation. We now have that C,i =0, and on C,,, we still
have the singular points p and g.

When resolving p, if € = 1, after n blowups, the foliation has a saddle node with a
convergent weak separatrix, tangent to the exceptional divisor, with the vector field having
zeros both along this divisor and along the strong separatrix. But by Theorem 7.2, such
a vector field is not semicomplete (in a semicomplete vector field, the saddle-nodes of
the foliation are isolated singularities of the vector field), and hence & = 0.! Through the

lone may also proceed as in the proof of Theorem 7.2. When restricting to v = 0, for the projective structure
induced by (10), I'(d/du) = (=1 —1/m — uf,/f)/u, the point 0 is a Fuchsian singularity with ramification
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resolution of p, we obtain a chain of embedded rational curves Cp,, Cp—1, , ..., C1, Cp
(Ci-Cit1=1,G;-C;=0if |[i— j| >2) such that C2 = —1, C? = -2 for 1 <i<n-—1,
and C2 = —1. For i > 1, C; is invariant by the foliation and the vector field has a zero of

order one along it. The component Cy is everywhere transverse to the foliation (a dicritical
component), along which Z has a zero of order two. We may now successively collapse C,,
then C,_1, and so on, until finally collapsing C;. We end with a curve Cyp of vanishing
self-intersection, everywhere transverse to the foliation, with a vector field tangent to the
foliation having a zero of order two at Cp, locally conjugated, on each leaf, to the germ at
0 of the vector field x20 /dx. By Savel’ev theorem [Sav82], a neighborhood of Cy may be
redressed to a neighborhood of y = 0 in A x P!. This can be done by a map that redresses the
vector field onto x*d /dx and that maps the image of the last blown-down divisor to (0,0).

Consequently, the original vector field Z may be constructed by reversing this process.
The only choice involved is the one of the point blown-up to produce, in the last divisor,
the point a, but this choice is rendered irrelevant by the action of the vector field yd/dy.
This shows that, up to local biholomorphisms, there is only one vector field like the ones
under consideration, that they are all conjugate to the germ of the homogeneous model Z
at the origin. This description makes also patent that the vector field may be extended to a
compact ambient (rational) surface.

8.2. Kato surfaces and vector fields without separatrices. Theorem 5.5 greatly limits
the possible isolated singularities of complete vector fields on smooth surfaces, and also
those, in singular surfaces, that have separatrices. Foliations by curves on singular spaces
need not have separatrices, and semicomplete vector fields associated to these are not sub-
ject to such limitations. Nevertheless, germs of semicomplete vector fields on singular
spaces that do not have separatrices are remarkably special:

Theorem 8.1 ([Guil4, Thm. A]). Let S be a reduced normal, connected, two-dimensional
analytic space endowed with a complete holomorphic vector field X. Let p € S be a singu-
lar point such that there is no curve through p invariant by X. Then the minimal resolution
of S at p is an intermediate Kato surface.

Kato surfaces are non-Kéhler compact complex surfaces of vanishing algebraic dimen-
sion, belonging to the class VIIj in the Enriques-Kodaira classification [BHPV04] intro-
duced by Kato in 1977 [Kat77] (see also [Dlo84]). For Kato surfaces in the intermediate
class, the union of the compact curves in the surface is a connected divisor that contains a
cycle, and the intersection matrix of its irreducible components is negative definite (its con-
traction produces an analytic space). Some of these admit holomorphic vector fields which
produces, after contraction of the maximal divisor, a singular analytic space endowed with
a complete vector field without separatrices at the singular point.

We stress the fact that a consequence of the above theorem is the compactness of the
ambient space. Let us say some words about its proof. After resolving first the singular
point of the space and then the vector field, we find a divisor in a smooth surface, in the
neighborhood of which we have a semicomplete vector field. The combinatorial data of
both the divisor and the vector field is so special that it produces a germ of intermediate

index —m. By Lemma 6.5, the holonomy of v = 0 around O should be trivial, but this only happens when the
foliation is linearizable, when € = 0.



SINGULARITIES OF COMPLETE HOLOMORPHIC VECTOR FIELDS 25

Kato surface around its divisor (the Kato data needed to build the surface can be extracted
from it). A Kato surface can then be “grown” from this germ through the fact that, for
vector fields on intermediate Kato surfaces, the maximal divisor is an attractor.

In this proof, Kato surfaces arrive directly and naturally, and not through a characteri-
zation or by narrowing down a classification. If Kato surfaces (at least those with vector
fields) were not already there, they could have been discovered through the theorem!

Question 8.2. When collapsing the curves of an intermediate Kato surface with a vector
field, the resulting germ of analytic space (S, p) can be, for some n, embedded in (C",0),
and the vector field extends to a vector field on the ambient space. What can be said about
the order of this vector field at 0? (See also Question 9.1.)

8.3. Singular two-dimensional Stein spaces. We have seen in Theorem 5.7 that the iso-
lated singularities of complete vector fields on Stein surfaces are very special. This is still
the case in the singular setting:

Theorem 8.3 ([Guil4, Thm. B]). Let V be a two-dimensional normal reduced Stein space,
X a complete holomorphic vector field on 'V, p € V a singular point of V where the zeros
of X do not accumulate. Then either

e p is a weighted homogeneous singularity, and X generates the weighted homoth-
eties; or

e pis a cyclic quotient (Hirzebruch-Jung) singularity, and X has either one or two
separatrices through p.

As an example of the first situation, we have the restriction of the vector field xd/dx +
yd/dy + 29 /dz to the quadratic cone x> +y? +z> = 0. For the second one, recall that the
Hirzebruch-Jung or cyclic quotient surface singularity A, , is the quotient of (C?,0) under
the linear action of Z /nZ given, for a primitive n-th root of unity o, by (z,w) — (@z, ®"w).
Some complete vector fields on C2, like zd /dz + (mw +2")d /dw or Az /dz+ uwd /dw,
are preserved by this symmetry, and give univalent vector fields on A, ,,. The resolution
of A, is completely determined by its combinatorics [BHPV04, Ch. III, §5, Thm. 5.1].

For the proof, Theorem 8.1 can be used as an “odd separatrix theorem.” Since Stein
surfaces are never compact, Theorem 8.1 implies that there is a separatrix through p. Since
V is Stein, by the argument in Theorem 5.7, the restriction of X to each separatrix has a
simple zero. If there is a dicritical component in the divisor of the resolution, the action
factors through an action of C*, and, if not, the divisor turns out to have the combinatorics
of the resolution of some A, ,,, and is thus biholomorphically equivalent to it.

8.4. Vector fields on compact complex surfaces. As of 1990, we almost had a classi-
fication of the minimal compact complex surfaces supporting holomorphic vector fields
[GHO90]. There remained the problem of classifying vector fields with zeros on minimal
compact complex surfaces of the class VIl with strictly positive second Betti number and
vanishing algebraic dimension, and, by the results in [Hau95], one needed only consider
the case in which the induced action of C is effective. A major difficulty in classifying the
missing ones was that, for all we knew, they could be defined on surfaces that remained yet
to be discovered, dwelling in the nebulous territory of VIl surfaces within the Enriques-
Kodaira classification [BHPVO04, Ch. VI, Sect. 1]. At the turn of the century, Dloussky,
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Oeljekalus and Toma completed the classification in [DOT00] and [DOTO1]. The work of
Ghys and Rebelo discussed in Section 5 is a key ingredient in their work. The birational
point of view here explained allows to give an alternative simple proof of the last piece of
the classification, by profiting from the natural way in which Kato surfaces appear.

Theorem 8.4 ([Guil4, Thm. C]). Let S be a minimal compact complex surface, X a holo-
morphic vector field on S with zeros and without a first integral. Either:

o S is rational or ruled,

o the flow of X factors through an action of C*,

e X is an intermediate Kato surface, or

e there is a divisor D of vanishing self-intersection, invariant by X.

In order to use this statement to go from the one in [GH90] and [Hau95] to a complete
classification, it suffices to recall that surfaces of the class VIIy with strictly positive sec-
ond Betti number supporting a divisor of vanishing self-intersection were characterized by
Enoki [Eno81]: they constitute a particular class of Kato surfaces nowadays called Enoki
surfaces. The vector fields completing the classification are, in consequence, those de-
fined on Enoki and intermediate Kato surfaces. Vector fields on the first were classified
in [DO99] (the proof of Theorem 8.1 also gives a complete description); those on Enoki
surfaces were classified in [DK98] (see also [Guil7]).

Let us sketch the broad lines of the proof of Theorem 8.4. In the absence of a first
integral, by a result of Jouanoulou (extended by Ghys [Ghy00]), there are only finitely
many invariant algebraic curves. The union of the invariant algebraic curves is isolated in
the sense that any germ of invariant curve intersecting this union is contained in it (if there
is a germ of curve along which the vector field has a double zero, it extends as a complete
rational curve; if it has a simple zero, all the points in it have the same nontrivial element
in their stabilizer, a condition that defines a proper analytic subset if the flow does not
factor through an action of C*). In particular, by the Camacho-Sad separatrix theorem, the
divisor of curves is nonempty as soon as there are zeros of X. If there are rational curves
whose self-intersection is non-negative, the surface is rational or ruled. Leaving this case
aside, for each connected component of the union of the invariant curves, the combinatorial
analysis implies that, if the connected components of the union of the curves does not have
vanishing self-intersection, it has the combinatorics of the curves in an intermediate Kato
surface, and, as we discussed in Section 8.2, a Kato surface can then be recovered from
these.

9. OTHER DIRECTIONS

The problem of understanding complete vector fields is an ample and many-faceted one,
and we will not touch upon many of its aspects. Let us briefly discuss some of these. A
notable omission will be the “Nevanlinna” approach, which lays the basis for Brunella’s
landmark work on complete polynomial vector fields on C? [Bru04]. Many global prob-
lems remain barely addressed, like that of understanding complete holomorphic vector
fields on C? that are not polynomial (or even of giving significant examples).
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9.1. Higher dimensions. It would be interesting to study the extent to which results like
those stated in Section 5 apply to higher dimensions. In all dimensions, germs of nonde-
generate vector field are semicomplete [Gui20]. The least degenerate vector fields among
degenerate ones are saddle-node singularities having exactly one vanishing eigenvalue; for
these, Theorem 5.2 has been generalized by Reis to all dimensions [Rei08]. For more de-
generate germs of vector fields we know almost nothing. It would be interesting to say
something about germs of semicomplete vector fields in dimension three having only one
nonvanishing eigenvalue.

One of the main difficulties in the study of higher-dimensional vector fields is that,
for n > 3, there exist vector fields on (C",0) that do not have separatrices: Gémez-Mont
and Luengo have given explicit families in dimension three [GL92]; higher dimensional
analogues appear in [LOO00].

Question 9.1. If X is a germ of semicomplete vector field on (C?,0) with an isolated
singularity at 0, is its second jet at O non trivial? (Attributed to Ghys.) More generally, is
there a way in which X is not too degenerate at 0? (See also Question 8.2.)

9.1.1. The birational point of view. In dimension three, we have the relatively recent
theorems on the resolutions of singularities of holomorphic foliations by curves due to
McQuillan-Panazzolo [MP13] and to Cano-Roche-Spivakovsky [CRS14]. Based on these,
Rebelo and Reis have proved that, for semicomplete vector fields, with the exception of
some special ones with nilpotent (but nonzero) linear part, they can all be resolved by
standard blowups [RR21, Thm. B]. This result urges us to understand semicompleteness
among these special vector fields, for which relatively simple prenormal forms are avail-
able [RR21, Thm. 3]. We refer the reader to the examples and the discussion in Rebelo and
Reis’s article.

9.2. Homogeneous systems. As it may be hinted by Corollary 3.4, the study of semicom-
pleteness among homogeneous (and quasihomogeneous) systems of differential equations
is unavoidable in the study of semicompleteness of germs of vector fields. For instance,
the orbital normal forms of Theorem 5.6 are homogeneous, and that those of Theorem 5.4
are quasihomogeneous ones.

This places us fully within the context of algebraic differential equations. If semicom-
plete homogeneous vector fields in dimension two may be integrated by rational or elliptic
functions, the situation in higher dimensions is more complicated, where interesting phe-
nomena, like the existence of essential boundaries for the solutions, appear.

9.2.1. Kowalevski exponents. Homogeneous systems have some special orbits to which
some numbers can be associated and where an obstruction for semicompleteness manifests
as a Diophantine condition. These numbers have appeared in many contexts (notably, in
Kowalevski’s study of the top [Kow89, §1]), and have received many names. We refer
to [Gor00] for a detailed study of their history, definitions and properties. Let us here
restrict to quadratic homogeneous systems. Let X =Y; P,d /dz; be a polynomial vector field
on C", with P; quadratic homogeneous. Let ¢ be a radial orbit, a line through the origin of
C" containing a nonstationary solution of X. The equation of variations along this solution
gives the linear system tv; = —Y ;(dP,/dz;)|,v;. The resonance numbers, Fuchs indices
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or Kowalevski exponents of (X, () are, for M = (dP;/dz;)|p, the n — 1 eigenvalues of I — M
other than —1 (which is always the eigenvalue in the direction of the orbit). For a constant
matrix A with an eigenvector w associated to the eigenvalue A, the equation #v' = Av has the
solution 7 — r*w, which is multivalued unless A € Z. Naturally, if X has only single-valued
solutions, so will the equation of variations, and thus, if X is semicomplete, the Kowalevski
exponents of all radial orbits are integers (see also the argument in [Gui06, Cor. 2.6]).

The Kowalevski exponents give thus some Diophantine obstructions for semicomplete-
ness, and it is tempting to try to approach the study of semicompleteness among homo-
geneous systems through their study. In C?, quadratic homogeneous systems have three
Kowalevski exponents v;, from which the vector field can be recovered, satisfying more-
over the relation ):f:] 1/v; = 1, directly related to Proposition 6.7. The vector fields where
these are integers are exactly those appearing in the statement of Theorem 5.6. A simi-
lar analysis can also be achieved for quasihomogeneous vector fields associated to some
particular weights in higher dimensions (like in the setting of Chazy’s study [Chall], or
in Cosgrove’s analysis of fourth-order equations [Cos00, Sect. 2.1]), but becomes very
complex very soon.

As for quadratic homogeneous vector fields on C3, a generic one has seven radial orbits;

the associated Kowalevski exponents vy, li1,..., V7, U7 are bound by the relations
7 7 7 2
1 . .
(11 y Loy vty )T
i=1 VilLi i=1 Vildi i=1 VilLi

see [Gui04, Cor. 12]. We can go a long way with these equations—and the help of the com-
puter! (The partial classification attained in [Guil8] exhibits fifteen infinite families with
up to four parameters each, plus thirteen “sporadic” vector fields.) There are other alge-
braic relations beyond those in (11), of which we know in general very little, but for which
some things can be said in particular cases, like the one discussed in [GR19]. It would be
interesting to have a better understanding of the Kowalevksi exponents as functions in the
space of vector fields.

9.3. Meromorphic vector fields. The tools we have described so far, specially those in
Section 8, can be adapted to deal with meromorphic vector fields. This allows, as noticed
early on (see [LMO00]), to study semicompleteness for polynomial vector fields on affine
surfaces by localizing some obstructions at infinity. By following a scheme not too far
from the one described in Section 8, we have, in collaboration with Rebelo, been able to
give a complete description of semicomplete meromorphic vector fields (semicomplete in
restriction to the the subset where the vector field is holomorphic) on compact surfaces:

Theorem 9.2 ([GR12, Thm. A], [Guil7]). Let X be a semicomplete meromorphic vector
field on the compact complex surface S. Then, up to a birational transformation, either X
is holomorphic, or X preserves a fibration on S.

The study of semicomplete polynomial vector fields on C* may be, in principle, ap-
proached through similar methods. It would be interesting, for instance, to understand the
semicompleteness of saddle-nodes in the presence of a nontrivial divisor of poles. (The
Lorenz system has such a singularity at infinity, and there are parameters giving semicom-
plete vector fields [Kud15].)
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9.4. Other Lie groups. In principle, analogous results to the ones here discussed hold for
germs of Lie algebras of holomorphic vector fields: a good understanding of their germs
will allow for that of the actions of the corresponding Lie group. This has been done only
for a few groups, and only in small dimensions. We have a complete understanding of
the actions of SL(2,C) on compact complex threefolds [Gui07], where the very strong
conditions imposed by univalence and the perfectness of the Lie algebra impose very re-
strictive conditions on the local models. Another Lie group where this has been studied
is CZ; the poorer structure of the Lie algebra comes with enhanced difficulties, even in the
“codimension zero” case. We refer the reader to [RR16] and [FRR 18] for details.

9.5. Beyond univalence. For a semicomplete vector field X on a manifold M, Palais con-
structed a universal globalization, a (not necessarily Hausdorff) manifold M endowed with
a complete vector field X where M embeds equivariantly. The construction is natural and
enjoys a universality property [Pal57, Ch. III, Thm. IX]). The space is actually Hausdorff
in many situations (see the discussion around Theorem A in [FRR19]), and we have cri-
teria for its Hausdorffness [Aba0O3, Prop. 1.2]. However, this concerns vector fields on
manifolds, and not germs, which demand a subtler approach. In order to apply Palais’s
construction to a germ of (semicomplete) vector field, one must choose a representative,
and the Hausdorfness of the globalization may depend on this choice (see [FRR19, Re-
mark 2.11 and Prop. 2.12]).

Univalence is a necessary condition for a germ of vector field to be the local model of
a complete one. We ignore if it is also a sufficient one: are there germs of semicomplete
vector fields which are not the local models of complete ones?
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