HIPERBOLICITY AND EXPONENTIAL
CONVERGENCE OF THE LAX-OLEINIK SEMIGROUP
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ABSTRACT. For a convex superlinear Lagrangian L : TM — R on
a compact manifold M it is known that there is a unique number
¢ such that the Lax Oleinik semigroup £; : C(M,R) — C(M,R)
has a fixed point. Moreover for any v € C'(M,R) the uniform limit
U= tlggo Liu exists.

In this paper we assume that the Aubry set consists in a finite
number of periodic orbits or critical points and study the relation
of the hyperbolicity of the Aubry set to the exponential rate of
convergence of the Lax Oleinik semigroup.

Keywords: Hamilton-Jacobi equation, viscosity solutions, Aubry
set.

1. INTRODUCTION

Consider a convex superlinear Lagrangian L : TM — R on a d-
dimensional compact manifold M. For ¢t > 0 define the (backward)
Lax Oleinik semigroup £; : C(M,R) — C(M,R) by

Liu(x) = inf{u(’y(O))—i—/otL(fy,‘y) : v :[0,t] — M is piecewise C, y(t) = x}

The function S : M x R™ — R given by S(x,t) = Lyu(x) is a viscosity
solution of the Hamilton Jacobi initial value equation

(1) Sy+ H(z,S;) =0, S(z,0)=u(zx)

It was shown in [1], [2] that there is a unique number ¢ = ¢(L) such
that L£; + ct has a fixed point for any ¢ > 0. Any fixed point u is a
backward viscosity solution of

(2) H(z, Du(x)) = c.
Moreover for any u € C'(M,R) the uniform limit

= lim L,u+ ct
t—o0
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exists. One can also define the forward Lax Oleinik semigroup £} by

Liu(z) = sup{u(v(t))—/o L(v,%) : v :[0,t] — Mis piecewise C*,(0) = x}.

Again £ — ct has a fixed point for any ¢t > 0 and any such fixed point
u is a forward viscosity solution of (2). The semigroup L£; gives the
solution to a Hamilton Jacobi final value problem.

Our goal in this paper is to stablish a relation of the hyperbolicity of
the Aubry set to the exponential rate of convergenge of the semigroup
Et + ct.

Theorem 1. Assume that the Aubry set consists in a finite number of
hyperbolic periodic orbits or critical points of the Euler-Lagrange flow.
Then, there is p > 0 such that for any v € C(M,R) there is K > 0
such that

(3) | Lou+ ct —ii|o < Ke ™™Vt >0.

Theorem 2. Let L : TM — R given by L(z,v) = Sv* — V(z) with
max V(z)=c, Vi c)={r,....2n}.

Suppose that there is > 0 such that for any uw € C(M,R) there is

K > 0 such that (3) holds. Then (x;,0), i = 1,...m is a hyperbolic
critical point of the Euler-Lagrange flow.

Remark 1. For Theorem 2, we only need that (3) holds for the function
u=0.
2. AUBRY SET AND STATIC CLASSES

We recall the definition of the Peierls Barrier ([3]). Define the action
of a piecewise C! curve v : [0,T] — M as

T
A = [ L))
0
Given a constant k£ € R and x1, 29 € M let

hE(z1,20) = inf{A(y)+ kT|y:[0,T] — M joins x; and x5},

and

h¥ (2, 20) = li%ninfh’%(xl,xg),
Ok (zy,29) = ir%fhg(ml,xg).

Since time 7' is not bounded, there is only one possible value of k
that will make the function h* different from being identically —oo or
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00, this is again ¢ = ¢(L). We define &7 = h§ and the Peierls Barrier
h = h¢. Maiié action potential ®* is identically —oo for k < ¢(L) and
finite for k£ > ¢(L). We will also define ® = ®°. In [3], it is shown that
®1 actually converges uniformly to h.
Given a fixed y € M, the function z — —h(x,y) is a forward viscosity
solution of (2), whereas = — h(y, x) is a backward viscosity solution.
We now define as in [3] the Aubry set A C M:

A={x e M, h(z,x) =0}.

(in the reference [3] it was called the Peierls set.)

In close relation to Mather’s graph theorem ([4]), it is shown in [5],
that the set A can be lifted, in a unique way, to a set A C TM that is
an invariant set of minimizing orbits of the Euler-Lagrange flow. This
set projects homeomorphically to A through the usual projection from
TM to M. We also call the set A “Aubry set”.

The “static classes” form a partition of A, defined by the equivalence
relation on A: x ~ y if and only if

h(z,y) + h(y,z) = 0.

If the Aubry set A is made up of a finite union of periodic orbits of the
Euler-Lagrange flow, each static class is a periodic orbit or a critical
point.

3. PROOF OF THEOREM 1

Adding a constant to L we may take that ¢(L) = 0. We assume that
the Aubry set consists in a finite number of hyperbolic, periodic orbits
or critical points I';: ¢i(x;, v;) = (7;(),vi(t)) t € R, 1 <i < m. In the
case of a periodic orbit we denote by T; its minimal period and in the
case of a critical point we put T; = 1

Let A;;,j =1,...,d" be the positive Lyapunov exponents of ; where
d* = d if v; is a critical point and d* = d — 1 if v; is a periodic orbit.
Set A\=min\;j;, Tg =T\ +---+7T,, T = min T;,

i.j

i€[1,m]

Fix V; a tubular neighborhood of I'; in T'M, where the flow is orbit
equivalent to its linearizacion. According to a result of Belistskii [8]
there is 0 < a < 1 such that the linearizing map F; : B; — V; is a-
Holder. We define

v=_Jv
i=1

In [6] it was proved that for any backward viscosity solution v of (2)

(4) v(z;) = iénin] v(x;) + h(z, x).

)
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Closely related to this fact we have the following
Proposition 1. For v € C(M,R) let u := tlim Lyu. Then

(5) a(z) = gr&rll u(z) + h(z, )
(6) = min{u(z) + h(z,z;) + h(z;,z) i € [1,m],z € M}

Proof:
For any = € M and t > 0 there is y;(z) such that

Lou(z) = u(y(z)) + Py(y(z), ) < u(z) + Pz, 2) Vz
(x)

Choose t, — oo such that (y, (z)) converges to some Y (x), then
(D4, (yr, (x),x)) converges to h(Y (z),z) and so

w(x) =uwY(z)) + h(Y(x),2) = mhr} u(z) + h(z, x)
zE
In particular, for x = x; there is y; € M such that
a(wy) = ulys) + h(ys v5) = minu(z) + h(z, i),
and then
w(r) = min a(x;)+ h(x;, x)
1€[1,m]
= min{u(z) + h(z,z;) + h(z;,z) i € [1,m],z € M}

O
Let u € C(M,R), to prove Theorem 1 we have to stablish to inequal-
ities. We first prove that there is K > 0 such that

AT

Given z € M, for every piecewise C! curve 7 : [0,t] — M with v(0) = =

t
Loua) < us(0) + [ L0 3),
0
For some i € [1,m] we have that

u(x) = u(y;) + hys, ),

and to prove inequality (7) we will construct a curves joining y; and x
with action approximating h(y;, x).
For x € M let i € [1,m] such that

u(z) = a(x;) + h(x;, ).
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Since z — h(z;, z) is a backward viscosity solution of (2), there is a
semistatic curve a :] — 00, 0] — M with a,(0) = z such that

/0 L(CYI,OC;) = h(.’L’Z?.CC) - h(xw&x(t))a t <O0.
t
We may assume that I'; is the a-limit of {(a, a})}. In fact, let I'; be
the a-limit of {(ay, o))}, then we have
h(zi, x) = hai, 25) + h(z;, ).
Since u(x;) < u(x;) + h(z;, z;) we have that
u(x) < a(z;) + h(zy, z) < a(x;) + bz, z) = a(x)

and then u(x) = u(y;) + h(y;, z;) + h(z;, ).
Since y — —h(y, ;) is a forward viscosity solution of (2), there is a
semistatic curve wj : [0, 00— M such that w;(0) = y; and

/OL(%M}) = h(yj,7;) — h(w;(t),z;), t>0

Let 'y be the w-limit of {(w;,w})}, then we have
hyj, x;) = h(y;, ) + h(zy, ;).

A (0.0, v (00 0)) < Cre™, > 7(V)
d((as(t), o (1)), pr-alwj; v;)) < Cre™,  t < —7(V).
According to Theorem 3-11.1 in [7] there are iy = k,...,4 = j and
semistatic curves 3, : R — M, r = 2,...,1 such that I';,_, and I';,
are the a and w limits of {(5,(t),B.(t)) : t € R} respectively. Since
all orbits I'; are hyperbolic and the semistatic curves 3, are in fact
heteroclinic connections we may asssume that

d(((ﬁr(t%ﬁv/«(t))’ gpt(‘riT717UiT71>> < Cle”? t < —T(V)

d((B(t), Bi(1)), Praa, (i, v5,)) < Cre™™, £ >7(V).
with 0 < d, < T;, We have

/ LB B) = hlzao0) — Blza . uls)) — BB (1), ).

We now define a curve whose action approximates h(y;,x) that is
made of pieces of the heteroclinic connections (3, and some transition
curves ¢, exponentially close to I'; .
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Let 1 = wj, Bi1 = az(t+d). For 1 <r <141 let

dT:dl—i_"'—i_drfl; Tr:T’il_F"'—i_T’ir_l
nT), — dy r=1

a(n)=<¢ 2n+ 1T, +nT;, —d,.,y 1<r<I
(271+1)Tl+1—dl—d r=10+1

Note that ;41 < (2n+ 1)T.

There is 7(V) > 0 such that for any x € M, t > 7(V) — 2max; T;,
we have 3.(t) e V,r=0,..., 1+ 1.

Consider the curve 7, : [0, a;41(n)] — M, defined by

Bi(s) s € [0,a1(n)]
T(s) =< B(s—2n+1)T,+d,) s€la_i1(n)+T;_,,a-(n)],r >1
() s € [ay(n),a.(n) +T;,]

where ¢, : [a,(n),a,(n)+T;,] — M is defined using tubular coordinates

Y 1 Up — ST X R4 (2) = exp(im(2)), 12(2))

around ;. by the expression

(m.m2) 0 cils) = (1- %jf”))(m,m o Brr(s— (20 + )Ty g +d, 1)
s —a(n)

+ ), n2) 0 B.(s = (2n+ 1T, + dy)

Trfl
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aj41(n) ai(n) ars1(n ar(n)+T;,
L) = / L6, ) +Z / L)+ [ Lend)
0 n)+ T, ar(n)
l
= h(yj, ) — h(ai(n),ze) + Y b(wi,, i, ,)
r=1
l
- Zh(xirflﬂg’f‘( nﬂr 1)) + h((ﬁr<nﬂr - dT)7Iir)
r=2
; ar(m)+T,
s / Licy &) + hlzj, @) — h(xs, By (—nT}))
r=1
ar(n)

Since fOTj L(~v;,7;) =0 and
d(cr(s), i, (s=(2n+1)Trtd,)) +|¢ ()=, (s—(2n+1) T, 4+d,)| < Coe™ i,

we have
ar(n)+T;,

L(e,,c)

r

Lo, (nyu(r) — u(x)

MN

1

T ar(n)

l
- h’('rirfl ) ﬁT(_nﬂrfl)) + h((ﬁr(nTlr - dT)? x’ir)

— hzal(n),xk) — Wz}, Bi1(—nTj))

AT
< Cse T < KeXp(—ﬁalH(n))

[\

Now we stablish the other inequality.
For x € M, t > 0let v, : [—t,0] — M be a curve such that

0

Cou() = ul(—)) + / L(varl); 3(0) = .

—t

For any s € [—t,0], ¢ € [1, m] we have
u(z) < u(n(=t)) + h(n(=t), ;) + hz;, ©)
< u(n(=1) + @(ve(—1), 1(s))
+h(ve(s), zi) + h(zi, 3(s)) + D((s), z)
(8) < Low(x) + hn(s), zi) + h(wi, 7(s))-

The idea of the proof is to choose s for each t sufficiently large such
that the last two terms in (8) are O(e™#t).
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Remark 2. According to Lemma 5.3.4 in [3], for each neighborhood
W of |, 7;, there is (W) > 0 such that if v : [-¢,0] — M , ¢t > T(W),
is a minimizing curve then (y(s),~/(s)) € W for some s € [—t,0].

Following lemma says that if we have a collection of orbits that have
points that tend to a periodic orbit and also points that are not close
to that orbit, then the time spent to go between those different kind of
points tends to infinity.

Lemma 1. Let W; be a neigborhood of the orbit I'; in TM. Let 5, =
{0i(qu, w,) her : v > 1g be a collection of orbits such that for each
v > 1y, there are s,,t,,r, € R satisfying

° th{olo d(g&su (Qm wV)? Pt (xiv UZ)) =0
® Oy, (QwUV) §é Wi

Then |s, — r,| — 00 as v — oc.

Proof: The proof is immediate for the linear case, the general case
follows from a-Holder linearization. O

Applying Remark 2, for ¢ > T* we can choose s; € [—t,0], i(t) €
[1,m] such that

lim d((34(5¢), 4(50)). Tign) = 0.
This implies by Lemma 1 that —s;,s; +t — o0 as t — .

Claim 1. There are 7", s, such that for t > 7" and 7 € [s4,5.] we
have (7:(7), %(7)) € V.

Otherwise, there are sequences t,,, —7,, — oo such that Vn : i(t,) = k
and (7, (7n), 71, (7n)) is a sequence of points in OV}, converging to (g, v).
If ¢ = v,(a), there is § > 0 such that |y (s +7,) — v,(s +a)| >
for s € [0,T}] and n sufficiently large. Thus, there is a subsequence
that we still denote by ¢, such that -, (7, +T}) converges to a point in
M — ~,. In any case we have a sequence v, — oo such that v, (—v,)

converges to @ & ;.

Letting 0, = —s;,, we have that o, — v, — oo and then
0
nll_{lg.lo / L(fyt'nﬂ ’%;L) = nll_{l;.lo (Do'nfvn (’ytn <_0n)7 th <_/Un>> + évn (’ytn (_vn>7 m)

—0on

= h(zg, Q) + h(Q, zx) + h(xg, x) > h(xy, ).
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On the other hand
0

t—00
this contradiction proves Claim 1.
Let r,, — oo such that ~, (—r,,) converges to Y (z) and put p,, =

Sp,,, then
P

lim L%Yrpsr,.) = (Y (2), 7).

m—00

Using the same kind of arguments as in the proof of Claim 1 one
proves:

Claim 2. There are 7", s_ such that for t > 7" and 7 € [s_ —t, ;] we
have (7:(7),7(7)) € Viw).

Taking 7" = max(T",T"), for t > T and 7 € [s_ — ¢, 5] we have
(72(7),7:(7)) € Vi

For a linear hyperbolic saddle it is easy to see that if a long piece
of orbit is contained in a neighborhood then there is a point very near
to the fixed point. This holds for both continuous and discrete time.
The same holds for a non linear sistem using an a-Hélder linearization.
Thus we have the following

Claim 3. There are positive constants C', T" and « such that for any
t > T there is 74 € [s_ —t, 5] such that

o
d((%(ﬁ)a 7£<Tt))v (fli, Uz)) < C’exp(—g)\t)
From (8) and the fact that h is Lipschitz in both arguments we get
u(z) — Lyu(z) < Kexp(—%)\t)

4. PROOF OF THEOREM 2

Lemma 2. Let L : TM — R given by L(z,v) = $v* — V(z) with

m;xXV(x) =0, VH0)={21,..., 20}

Suppose that there is u > 0 such that for u = 0 there is K > 0 such
that

(10) | Lou —allo < Ke ™™Vt >0.
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Then (z;,0), 1 = 1,...m is a hyperbolic critical point of the FEuler-
Lagrange flow.

Proof: For any z; the function h;j(x) = h(x;, z) is a viscosity solution
of the Hamilton Jacobi equation

SID6() + V() =0

Suppose (x;,0) is not hyperbolic, which means that x; is a degenerate
maximum of V. Let 0,—X2,...,—A2 \; > 0, be the eigenvalues of
Hess V' (z;). By the splitting lemma [9], there are local coordinates
(y, z) around z; such that x; corresponds to the origin and

(11) —2V(y.2) = () + N+ Nz
(12) Dy (0) =0, Hess(0) =0
Thus, there is C' > 0 such that

(13) 1D/ =2V(y,2)] < C,
(14) lim Dyv/—2V(y,z) = 0
(y,2)—0
The linearization of the Euler Lagrange flow at (z;,0) has eigenval-
ues 0, £\, ..., £, Denote by W* W? W€ the unstable, stable, and
center manifolds at (x;,0) respectively.

Claim 4. There exists a calibrated curve 7 :] — 00,0] — M with «
limit x; such that (y(¢),%(t)) is not in W™.

Indeed let 2§ be smaller than the minimum of h(z;,z;) for all z;
different from x;. Let U be the open set of points p such that h(x;,p) <
0. For any point p in U define the minimizing curve starting at time
—T in z; and ending at p in time 0. The limit curve, as T' tends to
infinite exists because the velocities are bounded, and it is in fact a
minimizer that starts at xz;. So all points p in U have a semistatic
curve starting at z; and ending at p. Some of this points are in the
unstable manifold, but since the there are some zero eigenvalues this
manifold has positive codimension. This proves the claim. O

Let v :] — 00,0] — M be as in the claim, then there is a trajectory
oi(w) of the Euler Lagrange flow on W€ such that

d(pe(w), (v(1),4(t)) = O(e"), ¢t — —o0
Since (y(t),7(t)) is not on W* then, writting v(t) = (,(¢),7.(¢)) in
local coordinates, we have
lim 7 (1)

: =0.
t==oe [§(t)]
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For the function u = 0 we have
lim L;u(z) = min h;(x),
t—o0 7
and there is a neighborhood W; of x; such that for x € W;
lim Lyu(z) = hi(x).
t—o00

Since
m0) = hilr(-0) = [ 57 = Vi) = = [2V() = Lar(0)),
i e d ()
Ehi(’Y(S)) = =2V ((s)) =4(s)", 75 o8 hi(7(s)) = Thv(s))

By L’Hopital rule and (13), (14)

lim log hi(7(s)) = lim diloghi(v(s))

L 22DVGE)A)
= T2V (0))
i DVOE)is) + DV ()7(5)
— —2V0() [(s)

(15) = 0.
Assumption (10) gives
Cexp(—ut) = hi(1(0)) — Lu(1(0)) > hil(=1))

so that
—logC+put < —loghi(v(—t))
(16) po < liminf _w7
contradicting (15).
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