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We construct a minimax selector for eventually quadratic Hamiltonians on cotangent bun-
dles. We use it to give a relation between Hofer’s energy and Mather’s action minimizing
function. We also study the local flatness of the set of twist maps.

1. Introduction

One purpose of this paper is to have some understanding of the relation between
two approaches to the study of Hamiltonian systems, namely the dynamical point
of view of Mather [8] and the geometric point of view of Hofer and Zehnder [5].

The main result concerning this purpose is an extension to arbitrary cotangent
bundles of a result given by Siburg [11] for the cotangent bundle of an n-torus. See
Theorem 1.3 below.

To do so we follow the suggestion of Bialy and Polterovich [1] and construct
a minimax selector for a certain class of Hamiltonians. They conjectured that
a selector could be constructed for symplectic manifolds admitting a nice Floer
homology. This program has been carried out by Schwarz [9] for symplectic compact
manifolds using Floer homology.

Since our interest is mainly on convex superlinear Hamiltonians defined on cotan-
gent bundles, we found very appealing to use the methods developed by Golé [4] to
find periodic orbits for Hamiltonians that are not necessarily convex but quadratic
outside of a neighbourhood of the zero section.

More precisely, let (M, (,)) be a compact connected orientable Riemannian
manifold, such that there are no nontrivial contractible closed geodesics. Let
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m:T*M — M be its cotangent bundle endowed with its natural symplectic struc-
ture = —dX, and let

Ur-={(g,p) : Ip| <r}.

Let #o be the set of smooth functions on T*M x S' with support contained
in U; x St. Let Hr be the set of smooth functions on T*M x S! such that H =
Z(|p|?> —1) for [p| > 1. For H € Ho UHR, let ¢;(z) = ¢f (z) be the solution to the
Hamiltonian system & = X g (z,t) with ¢o(z) = 2 and define ¢%(x) = ¢; 0 ;1 ().

Letting

Do={pf : HeHo}, Dr={pt :HeHp},
for any ¢ € Dr we have Dp = {¢po ¢ : ¢ € Dy}.

For H € Ho UHR, let

1 1

ET(H)=— ; ;rquan(m t)ydt, E~(H)=- ; ;Icré%)fH(x t)dt,

and

||He|| = maxH(x t) — min H(z,t).
zeUy

If He HoUHr, then H=0o0n dU; and so E*(H) > 0> E~(H).
For H € Hp, define the contractible action spectrum

o.(H) = {/ A — Hdt : T is a contractible 1-periodic orbit of gofi} .
r

Theorem 1.1. For any nonzero v € H*(M,R) and H € Hg there is c¢,(H) € R
such that

(1) co(H) € 0.(H).
(2) For K € Hr, E=(K — H) < ¢,(K) — ¢,(H) < ET(K — H).

In particular, for H € ‘Hpr define the selectors

V- (H) = Ci(H), v4+(H) = Cu(H),

where p is the orientation form.
These selectors have the following key properties:

Theorem 1.2. Let H K € Hy. Then

(1) If o1’ = of then vi(H) = v+ (K).

(2) If H < 0 in the interior of Uy then v_(H) > 0.
(3) E-(H) <v-(H) <4 (H) < E¥(H).

(4) If H <0 on Uy then y_(H) > 0.

If ¢ is generated by H € Hp i.e. o = ¢, define v1(p) = v+ (H).
For ¢ € Dg define its energy as

1
E<¢>=inf{/ ||Ht||dt:HeHR,so{f=so}.
0
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For ¢ € Dy let
1
lloll = inf{/ | K| dt : K € Ho, oF = (b} .
0

If ¢,9 € Dg define d(p,¥) = ||[v 1.
As proved by Lalonde and Mc Duff in [7], ||¢|| = 0 only when ¢ is the identity

and then d is a metric in Dx.

For L : TM x S' — R a convex superlinear Lagrangian with complete Euler-
Lagrange flow, let 8 = B : Hi(M,R) — R be the Mather’s beta function. The
following theorem gives a connection between the points of view of Mather and
Hofer-Zehnder.

Theorem 1.3. If ¢ is generated by a convex Hamiltonian H € Hpg, then

Br(0) < E(p)
where L is the Legendre transform of H.

A twist map F is a diffeomorphism of a neighborhood U of the zero section in
T*M onto itself satisfying the following:

o If F(q,p) = (Q, P), then the map ®(g,p) = (¢, Q) is an embedding of U in M x M.
o F is exact symplectic, that is, F*A — A = d(S o ®) for some real function S on

o(U).

The function S is called a generating function for F.

Fix r > 0 smaller than the injectivity radius of the given metric. Let T be the
set of twist maps |U; with ¢ € D,. Any map in 7 has a generating function
satisfying

° 66:—6SQ is negativez definite,
o 5(¢.Q) = M2 for d(¢,Q) > .

The following proposition gives the local flatness of Hofer’s metric for twist maps
and is a generalization of Theorem 1 in Siburg’s paper [10].

Proposition 1.1. For any ¢ € T there is a C' neighborhood O of ¢ such that if
o, p1 € O and Sy, S1 are their generating functions as above, then

d(po, 1) = [[So = S| -

In the appendix we consider a general convex superlinear Hamiltonian H :
T*M xS! — R and its Legendre transform L : TM x S' — R. Let o : HY(M,R) —
R be the convex dual of G.

Recall that the image of a one-form in M is a Lagrangian submanifold of 7" M
if and only if the form is closed. Following Bialy and Polterovich [1] we define

1
c¢(H) = inf{ max H(q,0(q),t)dt : 0 is a closed 1-form } .
0o 9€M
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More generally we can define for any cohomology class [w] € H'(M, R)

c(H,w]) = inf{ max H(q,0(q),t)dt : 0 € [w]} .

0 qeEM

When H is autonomous this reduces to

o(H, [v]) = inf max H(g.0(0)

and it was proved in [2] that ¢(H, [w]) = a([w]). In the non-autonomous case we
recover the following inequality

Proposition 1.2.
a([w]) < c(H, [w]). (1)
Taking infimum on both sides of inequality (1), we obtain

Corollary 1.1.
—B(0) < c(H).
For the last application we go back to our special family H

Corollary 1.2. Let H € H be convex and suppose there is a Lagrangian section
in Uy consisting of fized points of ¢ . Then

E(p{') = 8(0) = —c(H).

The plan of the article is as follows, in Sec. 2, we introduce the generating families
whose critical values belong to the contractible action spectrum. In Sec. 3, we prove
Theorems 1.1 and 1.2. In Sec. 4, we recall the definition of Mather’s beta function
and prove Theorem 1.3. In Sec. 5, we apply the results of Lalonde and Mc Duff [6]
describing the geodesics of Hofer’s metric for certain classes of symplectic manifolds
that include cotangent bundles of compact manifolds and prove Proposition 1.1.

2. Generating Families

Let g¢ be the geodesic flow on T*M, d be the distance in M defined by the metric
and fix r > 0 smaller than the injectivity radius. The map g,|U; is twist since
G(q,p) = (¢,exp,(rp)) is an embedding of U; in M x M and S(q, Q) = d(q, Q)%/2r
is a generating function. Write g_, = (Qg, Py).

For H € Hg, let p;(z) = ¢H (x). Since the C! distance from ¢ to the identity
is O(s — t) on Uy, there is N such that

®%(q,p) = (q,Qq © ©.(a,p))

is an embedding of U; in M x M for [t —s| <1/N. For 0 < j < N, let s; = j/N,

o =it Faj=gro¢l, Faji1 = gr, P25 = OUH, o511 =G,
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Let TY(t) = go’;j (x), t € [sj,sj+1], and define the action A; : Uy — R by
Aj(x)= [ A—Hdt, (2)
T3
then dA; = (¢?)*A — X. Thus, defining
ng = (Aj —SOGTOFQj)O(I)Q_jl,
we have
dSQj o (I)Qj = dAj - F2*] dSo GT
= (@) A= A= (@) g (g7 A = A) (3)
=F5 A=A,

Therefore Fy; is a twist map with generating function Sy;. Let Sa;41 = S and

My ={(q0,q1,---,%N) : (¢j,9+1) € ®;(U1), ¢2v = qo} -

The function Wy : My — R given by

2N—-1
WN:q: ((]()7(]17"'7(12N)'_> Z Sj(qj7Qj+1)‘
=0

is called a generating family. Letting (g;,p;) = @;l(qj,qjﬂ), paN = Po, (gj+1,
Pji1) = Fj(q5,pj), Pan = Py, we have by (3)

2N-—1
dWx = Y (Pj—pj)dg;. (4)
§=0
Therefore q is a critical point of Wy if and only if (g¢j+1,p;+1) = Fj(g;,p;) for
0 < j < 2N, s0 (q2j,p25) = ¢j/n = (q0,P0), (qo,Po) is a fixed point of o1, and
I'(t) = v1(qo,po) is a 1-periodic orbit in U;. In such a case

N-1

Wn(q) = ZAj(Qjapj):/F)\—Hdt.

=0

Proposition 2.1. Given € > 0 there is N(g) such that for N > N(g) we have

H OPyjt1 Opajtr -: (5)

092541 Og2j41

for any j such that Fy; o ‘I>2_j1 (q2j, @2j+1) = G (q2j41, @2j42), and

H OP;  Opyj
8<12j 31]2]‘

for any j such that g, o G (g2j-1,42;) = D3 (425, g2j1)-
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Proof. (a) From (g2j41, Paji1) = Faj 0 ®5,' (25, q211), Faj = g—r 0 ¢’ one gets

OPsjir _ O(Pyo¢!) oo (a@g °¢) q)1>1
25 .

dgaj11  Op % op

(b) From (gaj41,p2j+1) = Gy (g25+1, q2j+2) one gets

Op2j+1 _ OF, -1 <3Q9 1>_1
——— =—F=0g,0G, " | m—=0g,0G, .
Oq2j+1  Op g op 7

(c) From q2j11 = Qg © ¢’ (q2j, p2;) one gets

Opa; Qe 9) o1\ AQuoeh) o
e (o em) SR
(d) From g2;_1 = Qg4(g2;, P2j) one gets

oy (0Q, . N0,
Og2; (317 290G ag oG

Suppose that Fy; o ngl(qgj, @2j+1) = G 1(q2j41,q2j+2) so that
¢ 0 @51 (q25,q2541) = gr 0 Gy (q2j41, 42j12)
then
D(g—r 0 ¢")(®5; (425, 92541))
= Dg—r(g © Gy (42541, 42+2)) D’ (3 (25, a2j41)) -
Suppose g, © G (q2j-1,q25) = ®3;' (q25, g2j+1), then
D(g—r 0 ") (D3, (q25,2j4+1)) = D(g—r © ©*)(gr © G, ' (q2j-1, 427)) -

Taking N sufficiently large, one makes any (’|U; as C'-close to the identity as
one wants. Thus, (5) follows from items (a) and (b), and (6) follows from items (c)
and (d). O

As observed by Golé [4] one can define a path oi(g, Q) between ¢ and Q €
(U NT; M) that for k odd concides with the unique geodesic between these
points. Therefore to each q € My we associate a polygonal loop ¢(q). We can
work with the component M$, of My consisting of points q such that c(q) is
homotopically trivial. Thus, o.(H) is the set of critical values of Wy : M% — R
and so it is nowhere dense.

Golé proved that the gradient flow of Wi has the index pair (By, By ),

By = {q € M?V : d(qJ'vqj-i-l) < |aj|}7v

By ={q € By :d(gj,qj+1) = |a;| for some even j},
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where
r j odd
= R T | even
— — v
N J

Lemma 2.1 (Floer [3]). Let (™ be a one parameter family of flows on a manifold
M. Suppose that X° is a compact submanifold invariant under (°. Assume moreover
that X° 4s normally hyperbolic i.e. there is a decomposition

TsoM=TY ®Et @ E~

invariant under the covariant linearization of the vector field Vi generating ¢° with
respect to some metric (,), so that for some m > 0:

(£, DVp€) < —m(&,€), €€ E~
(&, DVp€) > m(€, &), €€ ET.

Suppose that there is a retraction o : M — X' and that there is an index pair
(B,B™) for all {". Then

e There is u € H*(B,B™) of dimension dim E™ so that the map
T:H*(2%) — H*(B,B™), T(v) = (a|g)*vUu

s an isomorphism.
e If X7 denotes the mazimal invariant set for the flow (7, the homomorphism in
Cech cohomology (a|X7)* : H*(2°) — H*(X7) is injective.

3. Critical Values of the Action

Let H € Hg, and define Hy = Z(|p|> — 1). Let H, = Hy+ 7(H — Hp) and ¢} be
the corresponding flow. Let N be sufficiently large to have a decomposition of all
] in 2N twist maps. Let W} be the corresponding generating family and (7 its
gradient flow.

Lemma 3.1 (Golé [4]). Let ° = {q € My : qx = qo, Vk}. Then X° is a nor-
mally hyperbolic invariant set for (° and it is a retract of MS;.

By Lemma 2.1, Ty : H*(M) — H***(By, By) is an isomorphism.
Let B = {q € By : Wn(q) < a}, jo : B < By and consider the induced
map jr : H*(Bn,By) — H*(B%, By).
For N of the form N = 2™, we follow Viterbo [12] and define for any nonzero
ve H*(M)=H*x°)
c(H,m) =1inf{a : jiTn(v) # 0}.

so that ¢, (H,m) is a critical point of Wy.
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Proposition 3.1. There is m such that for any nonzero v € H*(M) and m >
m, ¢,(H,m) = ¢,(H,m).

Proof. Represent the points of My in the form

a=(10,%,&,M, .-, M2n=2,2N—2,E2N—2,T2N—1, 2N = T0)
so that
Wan(q) = Wan(n, §)

N-1

=Y Suj(n25, &25) + S(&j, &2j41)

=0
+ Sajr2(&2j41,m2j+1) + S(M2j41,M2542) -
Let 4 4
hj=Grog_po @5;]4\-]1/2N o ((I);j-]\ll/N)fl
and define h : My — M2N by
h(n) = (ho(no,m), .-, hn—1(n2n—2,1m2n-1)) -

Then Wan (n, h(n)) = Wn(n) and

OWan
Jh(n) = 0.
2, (n, h(n))
Define f : Man — R by f(n,£) = Wan(n,§) — Wn(n), then
0 oW
I _ 2N~ Pyji1vi — pajr144, t=0,1, (7)

Obajri  Ofajs

of _ OWan 3W2N( (n) — OWan
an o oy P o€

Thus D f|graphh = 0 and

Dh. 8)

O(Pyjy1 — Pajs1) 9*s
0% f 0aj 9q0Q

(&25,&2j+1)

8(§2j’§2j+1) 825 (£ . £ . ) 8(P4j+2 _p4j+2)
8gaQ > SHH DEgj i1

2°S

9q0Q

O(Pajt1+i—Paj+1+i)
025+

We know from Proposition 2.1 that this holds if N = 2™ is sufficiently large. In

such a case, graphh is a nondegenerate critical manifold of f. By the generalized

Morse’s lemma, there is a tubular neighborhood ¢ : E — Myy, with E = ET ¢ E~

a vector bundle over My, such that f(¢(n,¢)) = [(-|? — [¢(4+|* and so
Wan ((n,¢)) = Wi (n) + 1¢-|* = [¢+ 9)

Since is negative definite on G, (U;), we have that %@raph h is
71547

invertible if

graph h, i = 0,1 are sufficiently small.
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Consider the commutative diagram

* — j: * —
Ton H +k+l(B?N7B2N) E— H +k+l(B§N7BzN)

Vs | |

x - Iz % - -
H*(M) H* 5 (=Y (Bon, Byy)) —— H*** (4~ (Bsy, Byy))
\ TThom Tg

TN %
H**By,By) — —%o  H"(BY,By)

where the upwards isomorphisms are as in [12].

The maximal invariant set 3, for the gradient flow of Wy in BSy — B, consists
of critical points and heteroclinic orbits. The critical points belong to graph h by (7)
and so do the heteroclinic orbits by (9). Thus (BSy, Byy) and (BSy, Byy) NY(E)
are index pairs for X, and then

Y*: H*(BSy, Byy) = H* (™ (B3, Bay)) -
Therefore j:Ton(v) = 0 if and only if j:Tn(v) = 0 and so
co(H,m) =c,(H,m+1). O

Lemma 3.2 (Viterbo [12]). Let S: be a smooth family of smooth functions.
Let ¢(1) = Sr(zr) be a critical value obtained by minimax as above. Assume that
dS,(z) = 0 implies 2 ( ) >0: (<0). Then c(7) is increasing (decreasing).

The following lemma completes the proof of Theorem 1.1.
Lemma 3.3. Forve H*(M), H, K € Hp
E (K- H)<cy(K)—co(H)<EY(K—-H).
Proof. For 7 € [0, 1], define H, = H + 7(K — H).

Let S; =W, — E~ (K — H)7 then ¢,(H,) — E~ (K — H)7 is a critical value of
S, and

co(H,) = Slw (A—H.dt),

where ¢, (t) = ¢](z-). Then

8WT * OP:” * O™
o e = [ v (B0 v (G e

(P ) 0.0 5 ) )

_ /OI(H ~ )@@, t)dt > E-(K — H).



1156 R. ITURRIAGA and H. SANCHEZ-MORGADO

By Lemma 3.2, ¢,(H,)— E~ (K — H)T is increasing. Similarly ¢,(H,)—E"(K—H)t
is decreasing. Then

co(K) — EX(K — H) < co(H) < ¢o(K) — E~(K — H). 0

Corollary 3.1. If H < K, then ¢,(H) > ¢,(K) for any nonzero v € H*(M).
Proof of Theorem 1.2.

Lemma 3.4. If H K € Hpg are such that the corresponding time one maps @1
and Y1 are equal then o.(H) = 0.(K).

Proof. Let x in the border of U;. Let z; in Fix(p1) = Fix(¢1). Then ¢:(zg) =
Pi(xg) for all t. Let 8 be a curve on T*M such that 8(0) = z¢ and G(1) = ;.
Define 01,05 : [0,1]2 — T*M x R by

a1(s,t) = (¢:(B(5)), 1),

o2(s,t) = (Yu(B(s)), 1) -
Then

OZ/d()\—Hdt)Z/ )\—Hdt—/ )\—Hdt—/ )\—i—/)\
o1 pi(z1) et(z0) »1(8) B

and

OZ/d()\—Kdt)Z/ )\—Kdt—/ )\—Kdt—/ )\—l-/)\.
o2 P (z1) P (zo0) ¥1(B) B

So
/ /\—Hdt:/ A — Kdt.
wi(z1) P (z1)

It remains to prove that ¢;(z1) is contractible if and only if ¥;(z1) is. To see
that, define the path

ht(x):{@t(x) ff te[0,1]
Yoo(z) it te[l,2].

Let Q(U;) be the free loop space of Uy, and define the continuous function x : Uy —
Q(U1) by x(z) = (he(@))seo,2-

Since M is connected all the loops in x(U7) are homotopic to x(x¢) which is
homotopically trivial. Thus ¢;(x1) is contractible if and only if 1;(z1) is and then

o.(H) =0.(K). O

Let H € C°(T*M x S* x [0,1]) be such that Hs(p,t) = H(p,t,s) belongs
to Hr for any s € [0,1]. Assume now that ¢* = ¢ for all s € [0,1], then
v+ (Hs) € 0.(Hs) = 0.(¢). Since o.(¢) is nowhere dense, the continuous function
s+ v+ (H,) must be constant and so v4(Ho) = v+ (Hy).

For K € Hr, L € Ho let K#L(p,t) = K(p,t) + L((¢X)1(p),t), then H =
K#L € Hg and off = oo, Taking Hy = £(|p|> — 1), we can write any H € Hr
as H = Ho#L, where L(p,t) = (H — Hyp)(g:(p),t) belongs to Ho.
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Proposition 3.5. Let H, K € Hg with oI = oX. Then v (H) = v+ (K).

Proof. We follow the argument of Hofer and Zehnder. Let H, K € Hx such that
o = o Write H = Ho#L, K = Ho#F with L,F € H and let 1 = o = oI €
Dy. By reparametrizing the time, one first homotope ! to an arc 1; in D, that is
the identity for ¢ € [0,1/4] and is equal to 1 for t € [3/4,1], and do the same for ¢f .
Hence we can assume that L(p,t) = F(p,t) = 0 for |t|moa1 < 1/4. For 0 < s <1
one defines

Ls(p7 t) = SL(p/S,t), Fs(p,t) = SF(p/S,t).
Then
i (p) = sef (/) i (p) = s (p/5)-
For ¢ € [3/4,1] one has
i (p) = ser (p/s) = sl (p/s) = 1" (p)-
Take 8 : [3/4,1] — [0,1] a smooth which is 0 near to 3/4 and is 1 near to 1. Define
oralp) = { i (p) te[0,3/4]
)t - _
’ (s+ (1 =s)B0)Y((s + (L —5)B(t)"'p) te[3/4,1]
and similarly s ; by replacing L for Fy. Then @51 =151 =1 for 0 < s < 1.
If L,, F, generate s t, Ps,¢ Tespectively we have vy (H) = vy (Ho#ﬁs), v (K) =
v+ (Ho#F,). Note that
p,t) te(3/4,1]
Ly(p,t) tel0,3/4]
Fs(p7t) = Fs(pv t) le [07 3/4]
Thus

Y (H) = v+ (K)| = |y (Ho#Ls) — v (Ho#EY)|
<Ef(L,-F,)—E (Ls - F,) <s(EY(L) - E~(L) + E*(F) — E~(F))
for all 0 < s <1 and then v+ (H) = v+ (K). O
For any € > 0 let IC; be the set of functions f(|p|) in Hz such that f is convex,
f(s) =—efor s <1-—2¢/R.
We claim that v1(K) = € for any K € K.. In fact, the only contractible
1-periodic orbits on U; for K are the constants and these have action e.

Item 2. Since H is negative for [p| < 1 and equals Z(|p|? —1) for |p| > 1, we can
find € > 0 small enough and K € K. such that K > H and then by Corollary 3.1
we have y_(H) > v_(K) > 0.

Item 3. By Lemma 3.3, for K. € K. we have
Ei(H - KE) < PY:I:(H) - PY:I:(KE) < E+(H - Ke) .
Now let € — 0.
Item 4. Since H <0, E~(H) =0. By Item 3, v+ (H) > 0. O
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The following corollary is an immediate consequence of Item 3 of Theorem 1.2.

Corollary 3.2. IfpeD

Y-(p) v+(p) < E(p), 7+(p) —=7-(v) < E(p)-

4. Proof of Theorem 1.3

Let us recall the main concepts introduced by Mather in [8]. Let L : TM x S — R
be a convex superlinear Lagrangian with complete Euler-Lagrange flow. Let M (L)
be the set of probabilities on the Borel o-algebra of T'M that have compact support
and are invariant under the Euler-Lagrange flow ¢;. Let Hi(M,R) be the first real
homology group of M. Given a closed one-form w on M and p € H1(M,R), let
(w, p) denote the integral of w on any closed curve in the homology class p. If
w € M(L), its rotation vector is defined as the unique p(u) € H1(M,R) such that

(w,p(p)) = /wdu,

for all closed one-forms on M. The integral on the right-hand side is with respect to
u with w considered as a function w : TM — R. The function p : M(L) — H1(M,R)
is surjective [8]. The action of p € M(L) is defined by

A = [ Law.
Finally we define the function 5 : Hi(M,R) — R by

B(y) = inf{Ar(n) : p(k) =}

The function 3 is conver and superlinear and the infimum can be shown to be
a minimum [8] and the measures at which the minimum is attained are called
minimizing measures. In other words, p € M(L) is a minimizing measure iff

Blp(p) = Ar(p) -

Each contractible 1-periodic orbit is the support of an invariant probability
measure with zero homology and the same action. So

B(0) < y-(H).
By Corollary 3.2, v_(¢) < E(p), and this concludes the proof of Theorem 1.3.

5. A Hofer’s Distance and Twist Maps
For ¢ € Dy let

1
lloll :inf{/ | Lelldt: L € Ho, pF = qb}.
0
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If ¢,9 € D define d(p,v) = E(Y~1p).

If H, K € Hg generate ¢,1) respectively, then L(x,t) = (H — K)(¢1(x),t)
belongs to Ho and generates ¥ ~'y. Reciprocally, suppose that K € Hp generates
Y. If L € Ho generates ¢~ ' then H(x,t) = K(z,t) + L(1; *(2),t) belongs to Hr
and generates .

Thus, for any ¥, ¢ € Dr and K € Dy generating 1) we have
(I(H =)l - H, J € Hr, o =01, 9 = ¢f}

CH{IILel : L € Ho, ™o = o1}
CHI(H—K)|dt: H€Hr, o = pi}.

Therefore

1
d(so,w)zinf{/o ||<H—J)t||dt:H,Je%zww{w:w{}

1
:inf{/ ||(H—K)t|dt:HEH:<p:<pf}.
0

Corollary 5.1. Let ¢ € Dy and define
ET(¢) =inf{ET(L): L € Ho, oF = ¢}
E~(¢) =sup{E~(L): L € Ho, pf = ¢}.
Let v € Dr. Then

E™(¢) <yx( o) —7:(¥) < ET(9).

Proof. Let L € Ho, K € H with ¢ = ¢ and X = 1. As above H(z,t) =
K (z,t) + L(; *(z),t) belongs to H and generates 1 o ¢. By Item 2 in Theorem 1.1

E™(L) < v+(H) —v+(K) < E¥(L),
from which Corollary 5.1 follows. (|

Definition 5.1. A function H € H; is called quasi-autonomous if there are x_,
x4 € Uy such that

H(zx_,t) =min H;, H(zy,t)=maxH;

for all t € St.
Recall that G,(q,p) = (g,exp,(rp)). Let G be the set of functions

S : GT(UH_(;) — R

such that
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0928 . . .
* 5,90 is negative definite,

o S(q,Q) = LD for d(q,Q) > r.

Proposition 5.1. Let S;, t € [a,b] be a path in G. Then the corresponding path
in T is generated by a Hamiltonian H € Hy satisfying the Hamilton—Jacobi equation

0S¢

W(q,Q)+H<Q,

5 @ @>,t) ~0. (10)

Moreover, H is quasi-autonomous if and only if % is.

The proof of Eq. (10) is standard and the proof of the last statement is the same
as the given by Bialy and Polterovich [1].
Consider the length function £ on the fundamental group of Dy

L([pe]) = wtiél[i J length(tt) .

We claim that the image of £ is {0}. In fact, given any loop ¢r = (Q4, P:)
in Dy with generating Hamiltonian H € Hg, we can define the loop ¢ : S' —

Do by ¥i(q,p) = (Q+(q,p/e),ePi(q,p/e)) with generating Hamiltonian F(q,p,s) =
eH(q,p/e,s). Therefore

1 1
tengt(v) = [ [Filde = [ | de.
0 0

Thus, for any class [¢] € m1(Dy) we have L([¢]) = 0.

Proposition 5.2. There is a C? neighborhood U of zero in Ho such that

1
Bl :/0 | Hy | dt

for any quasi-autonomous H € U.

Proof. By Remark 3.3 and Item (ii) of Theorem 1.3 in [6] II, there is a C? neigh-
borhood U of zero in Hy(U;) such that for any quasi-autonomous H € U the path
gofé[o 1] is length-minimizing amongst all paths homotopic (with fixed end points)

to gotfé[o 1
Suppose that ¢ is other path in Dy with the same end points and length(¢) <
length(¢*). Choose a loop ¥ € [—¢ * o] such that

length(v)) < length(p™) — length(¢) .
the path ¢ * 9 is homotopic to ¢! and shorter: a contradiction. O

Proof of Proposition 1.1. For g, ¢1 € T, let Sp, S1 € G be their generating
functions. For ¢ € [0,1], S; = (1 — t)Sp + 51 defines a map ¢; € T. Consider the
path ¢y in Dy and its generating Hamiltonian H. As in [1], one easily shows that
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95 — §) — S is quasi-autonomous. By Proposition 5.1, H is quasi-autonomous

ot
and
[Hel| = [|So — S| -
By Proposition 5.2, there is a C! neighborhood O of ¢ such that if ¢g, ¢1 € O,
the length of the path @05 " equals d(po, ¢1). O
Appendix

Let 0 be a closed 1-form in M such that § € [w]. Let ' : [0,n] — T*M be a
holonomic curve meaning that for v = 7 o I" one has §(t) = 0H/dp(T'(t),t). For
each (¢,p,t) € T*M x S', there is £ € T;* M such that

H 0’H
H(.000),1) = Ha.p.0)+ (000) ~p) 50 (00.0) + 355 (0,600,

SO

OH 1 0°H

Let L : TM x S' — R be the Legendre transform of H. Since H is convex, for
each n € Z* we have

/n(L(% ¥,t) — 0(y)y) dt = / \— %0 — Hdt
0 T

n

>~ [ HO0060).0d > - [ maxta.00). 0 d

- H(q,0(q),1t)dt.
n | max (q,0(q),t)

As the left hand side does not depend on the representant of the class [w], we
have

1 n ] ] 1
— / (L(y,%,t) —w(v)y)dt > sup — | max H(q,0(q),t)dt = —c(H, [w]).
n Jo oclw] Jo 9€M

Since this holds for any holonomic curve, it follows from Proposition 1.1 in [8]
that

~affe) =min{ [(£~w)dus e ML)} = ol )

So
o([w]) < c(H, [w]).

Proof of Corollary 1.2. Since H is convex, for each ¢ we have that

H;|;, = min H(z,t), 0= maxH (z,t).
zeUy zeUy
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Therefore

1 1
Bl < / |H,)| dt = —/ Hilpdt < —Cy < B(0) < B(T). O
0 0
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