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ON THE STOCHASTIC AUBRY-MATHER THEORY

RENATO ITURRIAGA AND HECTOR SANCHEZ-MORGADO

ABSTRACT. In this paper we prove the differentiability of the stochastic
analogues of Mather’s functions a and 3, introduced implicitly by D. Gomes
[G]. We also prove that the solution to the viscous Hamilton Jacobi equa-
tion associated to « is differentiable in the parameter.

1. Introduction

In the work of Gomes [G] a stochastic analogue of Aubry Mather theory was
developed. More precisely let T¢ be the d dimensional torus, L : T¢ x R? — R
be a strictly convex, C'°°, superlinear Lagrangian. The problem is to find a
probability measure u(x,v) on T? x R? that minimizes the average action

A = [ Ll o)du

among the probability measures that satisfy
(1.1) /(d¢>(x)u +e A d(@))du =0

for all C? functions ¢. Measures satisfying (1.1) are called stochastic for the
following reason. Consider a controlled Markov diffusion

dX =vdt + odW

where W (t) is Brownian motion, and the measure pr is given by

1 T
[ oaur = 2B( | oxX(0).000)ar).

If v is a weak limit of a sequence ur,, T,, — 00, using Dynkin’s formula we
have that yu satisfies (1.1) with 2e = o2.

For € = 0, the nonstochastic case, (1.1) is the so-called holonomic condition
and the previous fact is the analogous of the fact that weak limits of measures
supported on liftings of closed curves are holonomic. According to results of
Mather [Ma] and Mané [M], holonomic minimizing measures are invariant.

Gomes proves that there is only one minimizing measure (Theorem 2). As in
the nonstochastic case the theory is enhanced if we define a homology of rotation
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map. Let M be the space of Borel probability measures on T¢ x R? endowed
with the weak topology and define the space

N. = cl{p € M : V¢ € C*(T?) /(5 A é(x) + do(x)v)du = 0}
Define p : N. — H1(M,R) by

(1.2) (o), [w]) = / (cbw(z) + w(z)v)dp

where 0 is the adjoint of d for the flat metric, so that A¢ = dd¢.

It is an immediate consequence of the fact that p belongs to N, that the
integral in (1.2) does not depend on the representative of the cohomolgy class
[w]. Thus, according to the Poincaré duality we can think of p(u) as a homology
class.

The function p is onto, see Lemma (2.1) below. Now we can define 8. and
i, the stochastic analogues to Mather’s functions § and a. See [Mal].

(1.3) Be(h) = inf /L(x, v)dp

HENe,p(n)=h

(1.4) a:(w) = — inf [ L(z,v) —wdu.
HENe
For each function the infimum is achieved at a unique measure. This is an
easy consequence of Theorem 2 in [G]. Due to the convexity of L it is easy to
see that the functions oy, G: are convex and dual of one each another.
For € = 0, Mather’s function (3 is related to the stable norm for a Riemaniann
metric g. Recall that for h in H;(M,R) the stable norm is defined as

[|h]] = inf{z |ri|l(o;) : Zriaiis a 1-cycle representing h}

where [ is the length associated to the metric g. In this setting the stable norm
is the square root of (.

Mather’s function « coincides with the so called Mané critical value [CIPP]
and the effective Hamiltonian H (P) [EG]; that is, the unique number such that
the equation

H(z,d¢ + P) = H(P)
has a viscosity solution. B
In the case of integrable systems, H(P) is a differentiable function which is
the value of the Hamiltonian in action-angle variables.
According to Theorem 4 in [G], the function . is characterized by

(1.5) as(P) = }{IEHCHQ max H(x,Dh(z) + P) +e A h(z).

Moreover by Theorems 5, 6, 7 in [G], the value a.(P) is the only number such
that

(1.6) H(z,Dp(x) + P) + e A p(x) = a(P)

has C? solutions ¢ : T¢ — R. Moreover, the solution is C™ by elliptic regularity
and unique besides constants.



ON THE STOCHASTIC AUBRY-MATHER THEORY 3

Mather’s functions « and 3 are in general not differentiable. It is known since
[Ma2] that for time periodic Lagrangians on the circle the function j is differ-
entiable at irrational homologies and generically not differentiable at rational
homologies. See also [Ba, Au]. For higher dimensions, to give conditions for the
differentiability is still an active research area. See [BIK, Os, Mas, AB|

The first goal of this work is to prove the following.

THEOREM (1.7). For e > 0 the functions ae and B are C*.

Varying P, equation (1.6) defines a family of PDE’s having smooth solutions,
and the second goal of the paper is to prove that the solution varies smoothly
with respect to P.

THEOREM (1.8). If we normalize the solutions ¢(-, P) of (1.6) by fizing its
value, say 0 at a point g, then ¢ € C°(Te x RY).

Gomes [G] proved several properties under the assumption that ¢ or a. are
differentiable. Most notably he proved the stochastic analogue of the fact that,
at points w of differentiability of the Mather « function, w-minimizing orbits
have asymptotic homology h = Da(w). More precisely he proved that

lim E(X(t)

t—o00 t

) = Da.(P)
where X () is the stochastic process given by
dX = 0,H(X,dp(X, P))dt + v2edW, X(0) = .

To prove the differentiability of the functions §. and a. we will actually prove
that they are strictly convex. Therefore the dual functions, meaning respectively
ae and (., are differentiable.

The strict convexity of G follows from the uniqueness of a density satisfying
a stationary Focker-Plank equation. The strict convexity of a. follows from
Lemma (2.7) interesting by itself, which claims that subsolutions of (2.5) are
actually solutions.

Lemma (2.7) is the counterpart of a result of Fathi [F], saying that any critical
subsolution is a solution in the Aubry set. Indeed, for ¢ = 0 the Aubry set
contains the projection of the support of minimizing measures, and by theorem
9 in [G], the projection of minimizing measures for € > 0 is the whole manifold.

We prove the smoothness results in Theorems (1.7) and (1.8) by induction,
applying the implicit function theorem on Sobolev spaces together with some
well known facts of elliptic operators.

We thank J. Ize for suggesting the use of the implict function theorem.

2. Differentiability of a. and (.
From now on we assume ¢ positive.
LEMMA (2.1). The map p is onto.

The idea of the proof of this lemma is to adapt the proof of the same lemma
for ¢ = 0. Since N, is convex, and p takes convex combinations to convex
combinations, it is enough to prove that me; € p(N;) for any m € Z and any of
the standard generators e; of Hy(T¢,Z) = 7.



4 R. ITURRIAGA AND H. SANCHEZ-MORGADO

In the nonstochastic case one takes a multiple of the lift of a closed curve with
homology e; as a support of a measure. For € > 0 we follow this idea, taking into
account that the associated difusion process concentrates densities according to
the stationary Fokker-Planck equation.

Consider f: T%! — R with a unique maximum and let

V=(D:1f,...,Dg_1f,m), k:/Td_lexp(f/g).

1
Then 0(z) = Z exp(f(x1,...,xq-1)/€) is a solution to the Fokker-Planck equa-

tion

(2.2) e Ag—div(dV) = 0.
Consider the measure p € N, defined by

(2.3) /@[J(gc,v)du = /wa(x,V(;v))H(ac)dx.

Recalling (1.2), we have
() o) = [ wla)(~edb(e) + 0@V ))ds =m | wa(w)p(o)de.
T T
Taking the representative given by w(z)v = Pv with P € R?, we identify [w]
with P and have
(p(u), P) = mPy

so p(p) = mey. Similarly for the other e;’s. O

Next we have

PROPOSITION (2.4). The function (. is strictly convez.

Suppose that there are hi, he € Hy(M,R) different such that

Be(thy + (1 —t)ha) = tB:(h1) + (1 — t)Bc(h2), t€]0,1].

Let 1 and pe be minimizing measures with homologies hy and hy. In particular

pa # o
Consider a supporting hyperplane of the epigraph of 3., defined by P € R =
H'(M,R), containing the segment S from hy to ha. Therefore

Be(h1) = (h1, P) < B:(h) — (h, P)
and the equality holds for h € S. Thus, for any h € S
ag(P) = (h, P) — B=(h).
By Theorem 8 in [G], this implies that any minimizing p € N, with p(u) € S

is supported on the graph of V(z) = 0,H (z, D¢(x) + P) for any solution ¢ to
(1.6) and its density 6 is a solution to (2.2), then it is unique and p is given by

(2.3). In particular pq = pe, giving a contradiction. ad
A function f. is said to be a critical subsolution of

(2.5) H(xz,Dp(x)) + e A d(x) = ce) :== a.(0)

if

(2.6) H(z,Dfe(x)) +e A fe(x) < c(e)

c
LEMMA (2.7). Any critical subsolution f. of (2.5) is in fact a solution.
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Let B be the set of points where equality in (2.6) holds. Consider the Hamil-
tonian

H(z,p) = H(z,p+ Df-(z)) +& A fe(z)
with Lagrangian
L(x,v) = L(x,v) — Df.(z)v —e A f.(x).
Write the solution ¢. of (2.5) as ¢ = . + f.. It follows that 1 is a solution of
(2.8) H(z, DYe(x)) + & A tpe(z) = c(e).
Suppose Dt (z) = 0, then
e Avpe(z) = c(e) — H(z,0) > 0.

Therefore, if z is a local maximum of )., necessarily Aw.(z) = 0 and H(z,0) =
c(e) and so z € B.

Let (Q, A,P) be a probability space endowed with a Brownian motion W (¢) :
Q0 — T9 on the flat d-torus. We denote by E the expectation with respect to
the probability measure P. For z € B, Lax’s formula ([FS], Theorem IV 11.1)
corresponding to (2.8) gives

T
(29)  e(s) = E(vo(X(T)) - /0 L(X<(s), u=(X-(5)))ds — c(=)T ),

where us(x) = OpH(x, Dés(x)) is a maximal control and X, is the solution of
the stochastic differential equation

{dXE(t) = u (X (t))dt + 22 dW (1),

(2.10) Y0

For a local maximum z of 1. we have
E(ve(X:(T)) < ve(2),

L(z,v) + c(e) > L(z,v) + H(z,0) > 0.
Thus e (2) = E(ye(X:(T))) and

P({w : ¢ (Xc(T\w)) # ¢e(2)}) = 0.

This implies that . is a constant, therefore the subsolution f. is in fact a
solution. ]

PROPOSITION (2.11). The function a. is strictly convez.

Proof. Assume that there exist P and @ such that for any A in [0, 1] we have
ac(AP + (1 =2)Q) = Aae(P) + (1 — Nae(Q).
Let f and g be solutions respectively of
H(z,df + P)+eA f = a.(P),
H(z,dg+Q)+elhg = 0:(Q).
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Defining h = Af + (1 — A)g we have
dh+ AP+ (1-N)Q

A(df +P)+ (1= N(dg +Q),
(2.12)
H(z,dh + AP+ (1-=NQ)+cAh < MNH(z,df +P)+cAf)
(1= N(H(z,dg + Q)+ Ag)
Aae(P) + (1= Neae(Q)
a:(AP+ (1= X0)Q).

_|_

Therefore h is a subsolution of
H(z,du+ AP+ (1-XMQ)+eclhu=a.(AP+(1-N)Q).

By Lemma (2.7) we have that & is in fact a solution and so inequality (2.12)
is an equality. Since H is assumed to be strictly convex, it follows that df + P =
dg + @ at all points, so P — Q = d(f — g) is an exact differential and then
P=0Q. O

LEMMA (2.13). The functions a., 3= are C*.

Proof. According to Theorem 26.3 on page 253 of the book [R], the dual
of a strictly convex function is differentiable. Morever, a differentiable convex
function is always C' (Corollary 25.5.1, page 246 of the same book). O

3. Smoothness

Fix 29 € T¢ and let ¢(x, P) be the solution to (1.6) with ¢(zg, P) = 0. We
know that ¢(z, P) is C* in z and we are going to prove that it is also C* in P.
Letting H*(T?¢,R™) be the usual Sobolev space we have that ¢(-, P) belongs to
HF(T4,R) for all P and k. Define

V(z,P) = O0,H(z,0;¢(z,P)+ P),
Mp = eA+V(z,P): H*(TYR) — H*%(T% R),
where the vector field V (-, P) acts as a first order differential operator.

We will use the following facts from the theory of elliptic operators. See for
example Chapter 5 of [T].

1. A regularity result that says that if f is in H*~2 and v € H' is a solution
to Mpu = f, then w is in H".

2. Mp: H' — H~! is Fredholm of index zero.

3. ker Mp is the set of constant functions.

LEMMA (3.1). We have that ¢ € C*(T? x R?) and 9p¢(-, P) € C(T%).

Proof. Let Q € R? let g € H*2 — Mg(H"), 2k > d + 2, and define the map
(3.2) F : RYx HYT? R) — H*2(T? R)

F(Pp) = Ho(l,dp+P)+elp—p(ro)g—ac(P)

where I is the identity map on T¢.

Since ¢(-, P) is the solution to (2.5) with ¢(xg, P) = 0, we have F(P, (-, P)) =
0. To prove the differentiability of ¢ with respect to P we use the implicit

function theorem.
The map F is C* by the following facts:
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e The map o, is C;
e Sobolev’s inequality

(3.3) 1l yergror g < ORIl
o If G:R™ — R™ is C*°, then the map
G : HY(T?, R") — H*(T?,R™), G(¥)=GoV
is C>~ and DG = DG.
The partial derivatives of F' are
D\F(P,¢) = 0p,Ho(Il,dp+ P)—da.,
DyF(P,p) = O,Ho(I,Dp+P)-dé+eA&—E(xo)g-

Since Do F(Q, (-, Q) = Mg& — &(z0)g, it is invertible. By the implicit
function theorem there is a neighbourhood U of @ such that the map

Y :U— HYT.R), P o(,P)
is C! and moreover ¥(x, P)h = di)(P) - h(z) satisfies
(34) Mp¥(x,P)h + V(z,P) - h — (¥(xg,P)h)g(x) — da(P)h = 0.
For P € U fixed write
o(x, P+ h) = ¢(x, P) + U(z, P)h + Pp(z)|h|
so we have that }1}35 | @] g+ = 0. By (3.3)

}113}) ||‘I>h||ck7[g]71,% =0.
Thus, ¢ € C1(T? x U) with
ap(b(ﬂf,P) = \Il(x’P)

and so V(zg, P) = 0. Letting ¢; = 0p,;¢, we have that ¢; is a solution of the
affine PDE

(3.5) Mp(¢j) + Vj(z, P) = 0p;a(P)
and therefore p; € C*°(T9). O

Let 6(x, P) be the solution to the Fokker-Planck equation (2.2) with [ fdz =
1. Multiply each equation (3.5) by 6 and integrate to obtain

(3.6) / 0(z, P)V (z, P)dz = do(P).

We now prove by induction that o, and ¢ are smooth.

LEMMA (3.7). For anyr € N, a. € C"(R?), ¢ € C"(T?xR?) and 9%h¢(-, P) €
C>=(T4).

Proof. Suppose the assertion of the Lemma holds for » € N. Thus V €
C™(T? x R?). By the theory of elliptic operators quoted above, the adjoint
FPp: H* — H*2 of Mp given by

(3.8) FPpp =c A ¢ —div(eV(z, P))
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satisfies properties (1) and (2) of Mp and dimker FPp = 1 as well. For Q € R?
let g € H*=2 — FPg(H*) and define

J:RYx HY — H*2 J(P,p) =FPpyp + (/(p— 1>g
so that J(P,0(-, P)) = 0. The map J is C" (affine in ¢) with

Dy J(P,g) =FPp + g/.

By construction, any D2 J(Q, ¢) is invertible. By the implicit function theorem,
6 € C"(T¢ x U) for U a neighbourhood of Q, but Q is arbitrary. By (3.6),
ae € CTHH(RY).

The map F defined in (3.2) is now C"*! and so, by the implicit function
theorem ¢ € C™+1(T? x R?) and 95" ¢(-, P) € C>=(T9). O

COROLLARY (3.9). The function [ is smooth.

Since a is strictly convex and smooth, the map da. has a smooth inverse ..
Then B (h) = hye(h) — a:(7:(h)) is smooth. O
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