REIDEMEISTER TORSION
AND MORSE - SMALE FLOWS

HECTOR SANCHEZ MORGADO

ABSTRACT. For several types of stable flows ¢ and representations
p of the fundamental group of the underlying manifold, R-torsion
for p can be computed from the periodic orbits of ¢. However, there
are counterexamples and the purpose of this paper is to describe
the role of heteroclinic orbits in such counterexamples.

0. INTRODUCTION

Let M be a compact smooth manifold. A representation p: m M —
Gl(m,C) defines a flat C™ bundle E. When the twisted cohomology
H*(M; E) vanishes, the representation and the flat bundle are called
acyclic. If moreover | det(p)| = 1 one defines the positive number 7,(M)
called R-torsion.

Let ¢ be an axiom A flow on M. Taking into account the position

in m; M of its prime periodic orbits v one defines the torsion function

Rye(z) = Hdet([ - A(v)e_Zl(W)p(y))(—l)“(”
ol

where [() is the period of 7, u(y) is the rank of the unstable bundle
E¥(vy) and A(y) = 1 according to whether or not E“(+y) is orientable.

For a nonsingular Smale flow ¢ on M one can construct an index
filtration ) = My C My C --- C My = M. When E|(M;, M; ) is

acyclic for each 1, one can compute R-torsion as

Tp(M) = H Tp(Miv M;_1)

i=1
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and then prove the Lefschetz formula 7,(M) = |R,4(0)]. Our interest
in this paper is to study the situation when not all E|(M;, M;_;) are
acyclic and the Lefschetz formula may not hold. To do so we consider
the spectral sequence defined by the filtration and following Witten’s

ideas we bring into play the orbits connecting the periodic orbits.

1. R-TORSION AND SPECTRAL SEQUENCES

Let W be a finite dimensional vector space with basis w = {wy, ... ,w,},
then AW = wy A--- Aw, is a generator of A(W) = A"W. If dim V =0

set A(V) =C. If V, W are finite dimensional vector spaces we let

AW)
AV)

Consider a cochain complex of finite dimensional vector spaces

= A(W) @ A(V)* = Hom(A\(V), \(W)).

(1.1) 0V Lyl ym L

Let VT =@, V¥ V- =@, V¥ and

27 L ANV @AMV

Let Z* = VEnker d, BF = d(V*), H* = 7% /B*, T* = V* /7%,

We now define the torsion isomorphism \(d) : A(H) — A(V'). Pick
ordered relative bases hy for (Z*, B*) and t4 for (Vi, Zy), then dt+
is a basis for By. A(d) is given by

Ah_ A(t_,h_,dty)
— .
Ahy  A(dt- by ty)

(1.2)

NOTATION. Consider the cochain complex
0=V -5V =0

We have H® = ker A, H' =cokerA and denote A(A) := \(d). When A

is an isomorphism, A\(A) is the coordinate free version of det(A).
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Proposition 1. [5] Let 0 = Fi, C Fj, C --- C F}, = V" be a filtra-
tion of the cochain complex (1.1) such that d'(F}) C Fi*'. Let {E,,d,}
be the corresponding spectral sequence. Then

A(d) = Mdo)A(dr) -~ A(dw)

We will be interested in the first terms of the spectral sequence which
we now describe. The filtration defines the associated graded complex
G' = @, G}, where Gi, = F}/F,,. The coboundary d induces a map
dy - G;, — G whose cohomology defines the term E; by

EPT = HPY(E, [ Fyi)
and induces the first differential ¥ : E"? — EP™"? as the coboundary

map for the short exact sequence

0 — Fpp1/Fpyo — Fp/Fpro — Fp/Fpyn — 0

i.e. the map d; in the long exact sequence

(1.3)
Ly HPUE, [ Fpag) ~25 HPYU(E, [ Fpe) -5 HP 7 (Fyppy [ Fyppo)
The term EY? is defined by
ker(d, : EP? — EVT9)
im(d, : BV — EP9)
From (1.3) we have ker(d;) =im(k,) and im(d;) = ker(j,—1), and
thus EY? = im(k,)/ker(j,—1).

Consider the commutative diagram

Pq .
E2 -

HP(F,[Fyy) ~25  HPY(E,/Fpay) 255 HPY9(F, /F,)
do 0/

HPNE, ofFy) 225 HP(FyafFyr) 28 HPYE, /o),
the second differential @42 : EL~*9"" — EP7 g given as the composite

map

—1

(1.4) im(ky_s) /ker () 5 im(jp_1) 2= im(k,) /ker(jp_1)
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Further terms of the spectral sequence EP¢ are obtained as cohomol-
ogy of the previous term and the differentials df : EP9 — Eprmatr—1
are the maps induced by the original d.

Let now K be a finite CW-complex. Let p : K — K be the universal
covering and p : I' — Gl(m,C) be a representation of the fundamental
group I of K which defines a flat vector bundle E := K xC™. Lifting
cells to K we obtain a I-invariant CW complex structure on K. The

space of p-equivariant cochains

C*(K; E) = {£ € C*(K;C™) : oy = p(y) o0& VyeTl}
is preserved by d/ : C7(K;C™) — C9+1(K;C™) and so {C*(K; E),d(K; E)}
forms a subcomplex. Its cohomology H*(K; E) is called the p-twisted

cohomology of K. As usual H*(K; F) is subdivision invariant and we

have a torsion isomorphism

Md(K; E)) - MHY(K; E)) — MO (K; E)).

Order the j-cells o and choose an oriented lift 6 for each . This
gives an isomorphism CY(K; E) & ¢,C™ and determines a preferred
generator wh- of A(C*(K; E)) up to multiplication by an element of the
subgroup

U,=(£1)"detp C C*, where detp={detp(y):veTl}

The orbit U,wh, C ANC*(K; E)) is invariant under subdivision, so

we can define R-torsion of K at p as the U, orbit

(1.5) T(K; E) = (Upwi )" Ad(K; E)) C AH(K; E))*

which is invariant under subdivision. When p is acyclic, i.e. when
H*(K;E) =0, we have A\(H*(K; FE)) = C and we can identify 7 as an
element of C*/U,. If moreover det(p) C S*, all elements in 7(K; E)

have the same modulus which we denote by 7,(M).
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The previous definitions can be extended to relative pairs. Let L be
a subcomplex of K. For each j we have the relative space of cellular

j-cochains

C/(K,L;C) = @ Hi(o,00;C)
ceK\L
Let K and p be as above and let L = p~'(L). We can define the
space of relative p-equivariant cochains C*(K, L; F) ¢ C*(K,L;C™)

with coboundary d(K, L; F) and then we get a torsion isomorphism

i(d(K,L; E)) : H*(K, L; E) — C*(K, L, E).

Thus, choosing preferred basis as before we obtain a U, orbit

T(K,L; E) € N\(H*(K,L; E))*

which is invariant under subdivision.

Remark 1. Another name for the twisted cohomology is cohomology
with local coefficients. One chooses a point on each cell of K and a
path from a fixed point to each chosen point. In this way any path
¢ between chosen points defines a closed path 7. and then a matrix
p(c) := p(~.) which gives the relation between the coefficients at the
ends of the path.

2. MORSE-SMALE FLOWS

In this section we describe the contribution of heteroclinic orbits of
a Morse- Smale flow in the computation of R-torsion. We will observe
that the spectral sequence stops at F3. Depending on the representa-

tion the sequence can stop before.

Definition 1. A smooth flow ¢ on a compact n-manifold M is called

Morse- Smale if

(1) The chain recurrent set R(¢) consists of finitely many hyperbolic

critical points and periodic orbits v, ... ,Vn.
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(2) For each pair 7, j, W#(y;) intersects W*(-y;) transversally. Hence,
C(i,j) = W*(vy;) N W¥(~;) is a submanifold of M.

By results of Conley [1] and Wilson [6], there is a smooth function
g : M — R called Lyapunov function such that %g o ¢i(x) < 0 if
x ¢ R(¢) and g is constant on each ;. If C(i,7) # 0 for i # j then
g(7vj) > g(7i). g can be chosen such that it takes different values on
different components of R(¢) and so we can order the components by
their g-values. In such a case [y1,... ,yn] is an admissible ordering of a
Morse decomposition of M. The rank u; of the unstable bundle E“(~;)
is called the index of ;. If C(4, 5) # 0 for i # j then u; > u; with strict

inequality if 7, is a critical point.

Assumption. ¢ will denote a Morse-Smale flow on an oriented man-
ifold such that u; > u; for ; # v; with C(4,7) # 0.

For ¢+ < j define
Mjj={reM:wx),alr) CvuU---Uy_1}

then [y;,...,7;-1] is an admissible ordering of a Morse decomposition
of Mzg

For any sequence 1 =iy <i; < --- <4, =N+ 1, [M; M,

0817+t s izf1il]
is an admissible ordering of a Morse decomposition of M. Choosing
numbers g(yi,-1) < ¢ < ... < ¢-1 < g(y5,-1) and letting M; =

g~ (—o0, ¢;] we get an index filtration

@ZM()CMlC"'CMl:M
for the Morse decomposition such that ¢ is transverse inwards on 0M,,

and M, \ M,_; is an isolating neighborhood of M; _; , meaning that

ﬂ G(Mp \ Mp—1) = M;,_,.
teR
Let k(p) be the number of components of R(¢) with index p =

0,...,n. We choose the sequence i, = 1+ k(0) + --- + k(p — 1),
p=1,...,n+1 to get a filtration My C M; C --- C M, such that
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u =p < v C My \ M,. We also consider a filtration Ky C K; C
-+« C Ky for the Morse decomposition [vq,... ,yn].

Fix a representation p : m (M) — Gl(m,C). All cochain complexes
and cohomology groups will have coefficients in the flat bundle E de-
fined by p. Consider the filtration

F,C---CF
of C*(M) given by F,, = ker(C*(M) — C*(M,). The associated graded

complex is given by

Gy = Fp/Fypr1 = C*(Myi1, Mp)

with O-differential dy = @®,df, where dj : G, — G, and torsion isomor-
phism A(dy) = ®,A(d})) where

A(dg> : A(C*(MP-H’ M,)) — A(C*(MP-H’ M,))

Lemma 1. Let i < j < k and suppose there are no trajectories from
My to M, ie. C(s,1) =0 fori <s < j<Il<k. Take any index
filtration
DC Ny CNy,CN;sCM
with M;; C No \ Ny and Mj, C N3\ Ny. Then
H*(N3, Ny) = H*(N3, Nay) & H*(Ng, Ny)
and the coboundary map of the triad (N3, Na, N1) vanishes.

Proof. Since there are no trajectories from M;, to M;;, we can
replace N1, Ny by Ni, N} to get an index filtration such that

(2.1) cl(N3 \ N2) N el (N \ N) = 0

By Conley’s theory, the homotopy types of (N3, No) and (Ng, Ny)
do not change with the replacement . (2.1) implies that the couple
((N3 \ N5) U N, Nj) is excisive. Therefore
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H*((N3\ N3) UN{, Ny) = H*(N3, Ny).
This and the Mayer-Vietoris sequence
s H*(Na, N}) Y 5*(N2, NTY @ H* (N \ NJ) U NI, N) —
— H*(N{,N{) =0
give H*(N3, Ny) = ker(k)dker(j) = H*(Nj, N{) & H*(Ns, N}). Con-

sider now the exact sequence of the triad (Ns, N3, N7)

0 H*(Ny, N}) — H*(N3, N)) =2 H*(No, N]) -2
ker(0) = im(j) = H*(N5, N7) and so 6 = 0. O

Corollary 1.
(2.2) H*(Mp1, My E) = @ H*(Kj, K1)

uj=p

(2.3) A(dh) = ) Aldh)
where ]

A?) =

1 if v, 1s a critical point
AT = A(y)p(y;)TV"if vy, is a periodic orbit

Proof. Since there are no trajectories from v; to M; ; for i, < j <

ip+1 — 1, we have

H*(Kj, My) = H*(K;, Kj-1) ® H* (K1, My).
and so (2.2) follows by induction on j. Thus we have the decomposition
(2.3) where

Mdy?) : MH* (K, K1) — ANCH (K, Kj)
Let D} be the total space of the unstable disc bundle over ~;, then
(K, Kj—1) has the same simple homotopy type as (D¥,dDY).
If 75 is a critical point, C”“(D;-‘, oDY) = 0 if k # p and so dj” = 0.
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If ~; is a periodic orbit,

C*(DY,0DY¥) =0 k#pp+1
CP(DY,0DY) ={¢ € [JC™: & = p(7;)'é}

lez

CPH Dy, DY) = {ne [[C™ :m = p(7;)'mo}
lEZ

Let £ = (§)iez € CP(DY,0DY), then

(d€)o = (I = A(y;)p(7;))é0

where A(v;) = 1 when DY is orientable and —1 otherwise. Hence the
cochain complex {C*(K;, K;_1),dy” } reduces to
0 — ¢m TR em g

and so A(d57) = (I = A()p(1)) . m
By corollary (1), the computation of the map

di : H*(My, M) — HH My, M)
reduces to computing for each 4, j with u; = p, u; = p+1 its component
Ff: HY (K, K1) — HN (K, Kj_q).

Let g : M — R be a Lyapunov function for ¢. The orientation of
M and the flow define an orientation of L. = g~'(c) for each regular
value ¢. Giving an orientation to the unstable subspace E*(z) for each
critical point x of ¢, and using the orientation of M we also get an
orientation of E*(x). Then we have orientations of W*(z) and W*(z).
Let x,y be critical points of ¢ of indices p,p + 1 respectively and let ¢
be a regular value with g(z) < ¢ < g(y). Then S*(y) = W*(y)N L. and
S*(x) = W#(x) N L, are oriented transverse submanifolds of L. with
dimensions p and and n — p — 1 respectively. Therefore S*(z) N S*(y)
is a finite set. For each ¢ € S*(x) N .S*(y) denote by I, the intersection
number.

Henceforth we denote a critical point ~; of ¢ by z;. The next lemma

gives I for a pair z;, z;. The proof given by Floer [2], for the untwisted
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case can be readily adapted to our twisted situation. The only new
ingredients are the matrices p(«) for nonclosed paths a used to define

cohomology with local coefficients.

Lemma 2. Let z;, z; be critical points of ¢ of indices p,p+1. For each
q € 5(i,7) = 5°(z) N S*(2;) let ag(t) = deor(ry(q) 1 t € [0,1]. We have
FiZ; = Z Iip(ay)

q€5(i,)
Proposition 2. [3] Let X be a Morse-Smale vector field on an oriented
manifold and let vy be a periodic orbit of index p. Given a small neigh-
borhood U of v there is a new More-Smale vector field Y which agrees
with X outside U and has rest points x, y of indices p,p+ 1 in U and
no other chain recurrent point in U. For Y, S*(x) N S*(y) = {q1,q2}
with 1, = —A(y)1y,. Moreover W*(y) = W (xz) U W*(y).

We use this proposition to obtain a Morse-Smale flow ¢ such that
each periodic orbit ~; is replaced by a pair of critical points z;, y;.

My C My C --- C M, is an index filtration for ¢ that we refine by
choosing Ny, ... , Ny41 such that N, 1\ M, contains {z; : u; = p}U{x; :
u; = p} and M, \ N,y contains {y; : u; = p}. Thus, H*(N,1, M,)
and H"(M,, N,) vanish for k # p. Therefore the long exact sequence
for the triad (Mp41, Npt1, M,) reduces to

0 — HP (M1, M) S HP(Npy1, M) 2,
Hr (Merlv Np+1) &) art (Merlv Mp) — 0

Hence H?(M,1, M,) =ker(D,) and HP™' (M, 1, M,) =coker(D,).
Note that N,.; \ NN, contains the critical points of ¢ of index p and
that the long exact sequence of the triad (N1, M, N,) reduces to

0 — H?(Npi1, M) —2 H?(Nyi1, N,) —2 HP(M,, N,) — 0
Consider the map d;i : HP(Npy1, N,) — HP™(N,y2, N,i1) corre-

sponding to the flow 1. Chasing diagrams we have l,y1q,11d1 =
dilyay, Bprimypiod; = difBymyi1. Therefore dy on H?(M,41, M,) and
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HP*Y (M1, M) are maps induced by the components d), : H?(Nyyq, M) —
HP*Y(Nyya, Myi1) and dy - HP* (Mys1, Nps1) — HPP2(Mpi2, Nyio) of
d} respectively. By corollary (1) we have (2.2) and

HP(Npi1, M, @ C"z @ @ C™a;,

Uj=p U;=p

HPH( p+1s p+1 @Cmyz

Thus the computation of d7,, reduces to computlng its components
ngy; for u; = p, u; = p + 1 and similarly for d. The sequence of the

triad (Mp41, Npy1, M,) decomposes as the sum of terms

0— Hp(Ksz‘q) =, C"x; i C™y; i HpH(Ki,Kzel) — 0

for periodic orbits of ¢ and

0— HY(K;,Kj—1) »0—0— H"(K;,K;_1) — 0

for critical points of ¢.

Theorem 1. Let v;,7; be periodic orbits of ¢ of indices p,p + 1 re-
spectively, replaced with pairs of critical points x;,y; and x;,y;. Let
Sp(i,7) = S%(z;) N S"(x;) and let Spi1(i,7) = S*(y;) N S"(y;). For
k=p,p+ 1 we have
FZ; = Z Iyp(ay)
q€Sk(1,9)

where o is as in Lemma (2).

Proof. According to the decomposition, l,i10p41F}; = GE, 1o,
and By1myp2GhlL = F +1ﬁpmp+1 Thus the maps Fj; and FZ-’;-H are
induced by G% . and GZE Hence, Theorem 1 follows from Lemma
2. O

We note that

DY = HP9(Myo, M,) = @) HP(KG, K )

uj=p
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vanishes for ¢ # 0,1 and so does EL?. Therefore dy : ER?™ — Epthe
is nonzero only for ¢ = 0 and d, = 0 for r > 3, i.e. the sequence stops

at Es. By section (1) the map d5~" is given as the composition

. . § .o dot. .
im(kp-1)/ ker(jp—2) — im(jp) e im(kpi1) /ker(jp)
where k, : H?(M1o, M,) — HP(M,41, M,),
Jp + HPP (M2, My y1) — HPPH (M40, M,), and
0« HP(Mp, My—1) — HP* (M0, M,).

Consider the commutative diagram

Hp(Mvap—l) o HpH(Mer?aMp) <j_p Hp+1(Mp+27Mp+1)

Bp-1 1 k1 ol
Hp(Mp’ Np) i HPH(NP-&-% Mp) ‘j_ Hr+! (Np+2» Mp-i-l)
My T h T / lp+1

d*
HP(Npi1,N,)  —> HPTH(Npi2, Npi)
Suppose 05y-1(§) = jp(n), then A(§) = kjp(n) = jap1(n).
Let ¢ € m;'(§), then hdj(¢) = hlpi10511(n).
Thus there is a x € H?(N,1, M,) such that
di(¢) = lp+1op41(n) + dilp(x)-
Letting ¢’ = ¢ + ,(x) we have 63,_1m,({") = j,(n) and
di(¢') = lpr1apa(n).
Thus 0 :ker(k,—;) —im(j,) is induced by the component
d" : HP(M,, N,) — HP*'(N,.2, M,.1) of df and we obtain

Theorem 2. The map d5~' : EP' — EP*Y0 s induced by the map
d": P 'y~ P crye @ Cra
ug=p—1 uj=p+1 uj=p+1

with components G, .., Gy, given as in Lemma (2).

3. EXAMPLE: SEIFERT MANIFOLDS

We now give an instance of our theorems on Seifert manifolds, where
Fried

[4] has found counterexamples to Lefschetz formulae.
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Let M be an oriented closed Seifert 3-manifold, i.e. M carries a

locally free circle action. Denote by 71, ... ,7, the singular orbits
and let Ny,..., N, be neighborhoods of these orbits, invariant under
the

circle action. Then N; 2 D? x S* with the circle action given by

et(z,€%) = (ze%, !s¥71)) where s;,n; are relatively

prime integers. Ey = cl(M \ U}_; N;) is a circle bundle over a com-
pact oriented surface ¥ with nonempty boundary, thus

H?*(X,Z) =0 and then Ex =X x S'. Let J: X — M

be the inclusion J(z) = (x,1). Let T' € m; M be the homotopy class
of the general Seifert orbit, then 7 M is generated by T and J, (7w M).

T =;” and ¢; = ON; N X x {1} form a basis of

m1(ON;), thus there are integers 7;,m; such that

njr; —m;s; =1 and ¢; = 'y;-nj

Let ¢ be a nonsingular Morse-Smale flow on M commuting with the
circle action. Thus its periodic orbits are Seifert orbits as well. We
assume that the singular Seifert orbits are periodic orbits of ¢ of index
zero. Notice that ¢ defines a Morse-Smale flow ¢* on the orbifold M /S?
with the periodic orbits of ¢ corresponding to critical points z; of ¢*.

We have W*(v;)/St = W¥(z;). If i > n then C(i,7) = (W"(z;) N
W#(2;))xSt. Forj <n, H(K;,K;—1) =ker(I—p(v;)) and H(K;, K;_1) =
coker(I — p(~;)). For j <n and u; = p, H?(K;, K;_1) = ker({ — p(T))
and HPY(K;, K;_1) = ker(I — p(T)).

We replace periodic orbits «; with pairs of critical points z;,y; as
follows. If j > n let z; = (2;,1), y; = (2;, —1) where z; € ¥ and so
W(z;) N Ey = (W'(z)NYE) x{1}. If j < nletz; =(0,1),y; =
(0,—1) € D* x S* so that S*(y;) = W*(y;) NON; = 0D? x {—1}.

For i > n,u; = p,u; = p+ 1, let S*(i,j) = S°(z;) N S*(2;), then
Sp(i,7) = S* x {1} and Sp4+1(4,5) = S*(4,75) x {—1}. For q € S*(4,5)
we have paths oy 1) = g X {£1}. Theorem (1) gives that F}, Ferl

ij

are the operators induced on ker(/ — p(T)) and coker(I — p(T')) by

Z Lp(J.

q€S*(i,5)



14 H. SANCHEZ M.

If | <nandu; =1, W¥(2;) \ {2} is the union of two trajectories of
¢*, then S*(,5) = W*(z;) N 0¥ is a set with at most two points and
W*(vy;) NON; is the union of the Seifert orbits over these points. Since
We(y,) N W¥(x;) = 0 by transversality, we have Si(l,j) = S*(y) N
W*(v;). For each ¢ € S*(l,j), Si(l,j) contains {bs,...,b,,} where
b = (zexp(2ks;mi/n;), —1). For a path 3 :[0,1] — M we put g7 =
B|[1/2,1]. Theorem (1) gives

ng n;—1
Fi= Y LYy plag)= Y Ip(Jla7) Y pln)
qeS*(1,9) k=1 qeS*(l,3) k=0

Fy= > IpJ(a})).
q€5*(L,j)
We now consider the map dy. If I > n, W*(y,) N W*(z;) = 0 and
therefore Gy, o, = 0. If I <n, S*(y) Ny = U, o 5™ () N S5"(5).
Let Q = {j : u; = 2,W*(y) N W¥(x;) # 0}. For j € @, S*(y) N
SU(z;) = {(wjexp(2krywi/my),—1) : 0 < k < p; — 1} where a; =
(w;,—1) € S*(y)). We have a; = (g;,1) € Ex with ¢; € S*(,j) and

pj—1

Gymﬂj - ]qj'p<‘]*(aqj'>> Z p('yl)k

k=0
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