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Abstract. For several types of stable flows φ and representations
ρ of the fundamental group of the underlying manifold, R-torsion
for ρ can be computed from the periodic orbits of φ. However, there
are counterexamples and the purpose of this paper is to describe
the role of heteroclinic orbits in such counterexamples.

0. Introduction

Let M be a compact smooth manifold. A representation ρ : π1M →
Gl(m,C) defines a flat Cm bundle E. When the twisted cohomology

H∗(M ;E) vanishes, the representation and the flat bundle are called

acyclic. If moreover | det(ρ)| = 1 one defines the positive number τρ(M)

called R-torsion.

Let φ be an axiom A flow on M . Taking into account the position

in π1M of its prime periodic orbits γ one defines the torsion function

Rρ,φ(z) =
∏
γ

det(I −∆(γ)e−zl(γ)ρ(γ))(−1)u(γ)

where l(γ) is the period of γ, u(γ) is the rank of the unstable bundle

Eu(γ) and ∆(γ) = ±1 according to whether or not Eu(γ) is orientable.

For a nonsingular Smale flow φ on M one can construct an index

filtration ∅ = M0 ⊂ M1 ⊂ · · · ⊂ MN = M . When E|(Mi,Mi−1) is

acyclic for each ı, one can compute R-torsion as

τρ(M) =
N∏
i=1

τρ(Mi,Mi−1)
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and then prove the Lefschetz formula τρ(M) = |Rρ,φ(0)|. Our interest

in this paper is to study the situation when not all E|(Mi,Mi−1) are

acyclic and the Lefschetz formula may not hold. To do so we consider

the spectral sequence defined by the filtration and following Witten’s

ideas we bring into play the orbits connecting the periodic orbits.

1. R-torsion and Spectral Sequences

LetW be a finite dimensional vector space with basis w = {w1, . . . , wn},
then ∧w = w1 ∧ · · · ∧wn is a generator of λ(W ) = ∧nW . If dim V = 0

set λ(V ) = C. If V,W are finite dimensional vector spaces we let

λ(W )

λ(V )
:= λ(W )⊗ λ(V )∗ ∼= Hom(λ(V ), λ(W )).

Consider a cochain complex of finite dimensional vector spaces

0→ V 0 d−→ V 1 → · · · → V m d−→ 0(1.1)

Let V + =
⊕

i V
2i, V − =

⊕
i V

2i+1 and

λ(V ) =
λ(V −)

λ(V +)
∼= λ(V −)⊗ λ(V +)∗.

Let Z± = V ±∩ker d, B∓ = d(V ±), H± = Z±/B±, T± = V ±/Z±.

We now define the torsion isomorphism λ(d) : λ(H) → λ(V ). Pick

ordered relative bases h± for (Z±, B±) and t± for (V±, Z±), then dt∓

is a basis for B±. λ(d) is given by

∧h−
∧h+

7→ ∧(t−,h−, dt+)

∧(dt−,h+, t+)
.(1.2)

NOTATION. Consider the cochain complex

0→ V
A−→ V → 0

We have H0 = kerA, H1 =cokerA and denote λ(A) := λ(d). When A

is an isomorphism, λ(A) is the coordinate free version of det(A).
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Proposition 1. [5] Let 0 = F i
N+1 ⊂ F i

N ⊂ · · · ⊂ F i
0 = V i be a filtra-

tion of the cochain complex (1.1) such that di(F i
p) ⊂ F i+1

p . Let {Er, dr}
be the corresponding spectral sequence. Then

λ(d) = λ(d0)λ(d1) · · ·λ(dN)

We will be interested in the first terms of the spectral sequence which

we now describe. The filtration defines the associated graded complex

Gi =
⊕

pG
i
p where Gi

p = F i
p/F

i
p+1. The coboundary d induces a map

dp0 : Gi
p → Gi+1

p whose cohomology defines the term E1 by

Ep,q
1 := Hp+q(Fp/Fp+1)

and induces the first differential dp1 : Ep,q
1 → Ep+1,q

1 as the coboundary

map for the short exact sequence

0→ Fp+1/Fp+2 → Fp/Fp+2 → Fp/Fp+1 → 0

i.e. the map d1 in the long exact sequence

jp−→ Hp+q(Fp/Fp+2)
kp−→ Hp+q(Fp/Fp+1)

d1−→ Hp+q+1(Fp+1/Fp+2)

(1.3)

The term Ep,q
2 is defined by

Ep,q
2 :=

ker(d1 : Ep,q
1 → Ep+1,q

1 )

im(d1 : Ep−1,q
1 → Ep,q

1 )
.

From (1.3) we have ker(d1) =im(kp) and im(d1) = ker(jp−1), and

thus Ep,q
2 = im(kp)/ker(jp−1).

Consider the commutative diagram

Hp+q(Fp/Fp+2)
kp−→ Hp+q(Fp/Fp+1)

jp−1−→ Hp+q(Fp−1/Fp+1)
δ0 ↗ δ1 ↗

Hp+q−1(Fp−2/Fp)
kp−2−→ Hp+q(Fp−2/Fp−1)

jp−3−→ Hp+q−1(Fp−3/Fp−1),

the second differential dp−2
2 : Ep−2,q+1

2 → Ep,q
2 is given as the composite

map

im(kp−2)/ker(jp−3)
δ1−→ im(jp−1)

j−1
p−1−→ im(kp)/ker(jp−1)(1.4)
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Further terms of the spectral sequence Ep,q
r are obtained as cohomol-

ogy of the previous term and the differentials dpr : Ep,q
r → Ep+r,q+r−1

r

are the maps induced by the original d.

Let now K be a finite CW-complex. Let p : K̃ → K be the universal

covering and ρ : Γ→ Gl(m,C) be a representation of the fundamental

group Γ of K which defines a flat vector bundle E := K̃×ΓC
m. Lifting

cells to K̃ we obtain a Γ-invariant CW complex structure on K̃. The

space of ρ-equivariant cochains

C∗(K;E) = {ξ ∈ C∗(K̃;Cm) : ξ ◦ γ = ρ(γ) ◦ ξ ∀γ ∈ Γ}

is preserved by dj : Cj(K̃;Cm)→ Cj+1(K̃;Cm) and so {C∗(K;E), d(K;E)}
forms a subcomplex. Its cohomology H∗(K;E) is called the ρ-twisted

cohomology of K. As usual H∗(K;E) is subdivision invariant and we

have a torsion isomorphism

λ(d(K;E)) : λ(H∗(K;E))→ λ(C∗(K;E)).

Order the j-cells σ and choose an oriented lift σ̃ for each σ. This

gives an isomorphism Cj(K;E) ∼= ⊕σCm and determines a preferred

generator wρK of λ(C∗(K;E)) up to multiplication by an element of the

subgroup

Uρ = (±1)m det ρ ⊂ C∗, where det ρ = {det ρ(γ) : γ ∈ Γ}

The orbit Uρw
ρ
K ⊂ λ(C∗(K;E)) is invariant under subdivision, so

we can define R-torsion of K at ρ as the Uρ orbit

τ(K;E) = (Uρw
ρ
K)∗λ(d(K;E)) ⊂ λ(H∗(K;E))∗(1.5)

which is invariant under subdivision. When ρ is acyclic, i.e. when

H∗(K;E) = 0, we have λ(H∗(K;E)) = C and we can identify τ as an

element of C∗/Uρ. If moreover det(ρ) ⊂ S1, all elements in τ(K;E)

have the same modulus which we denote by τρ(M).



REIDEMEISTER TORSION AND MORSE - SMALE FLOWS 5

The previous definitions can be extended to relative pairs. Let L be

a subcomplex of K. For each j we have the relative space of cellular

j-cochains

Cj(K,L;C) =
⊕
σ∈K\L

Hj(σ, ∂σ;C)

Let K̃ and ρ be as above and let L̃ = p−1(L). We can define the

space of relative ρ-equivariant cochains C∗(K,L;E) ⊂ C∗(K̃, L̃;Cm)

with coboundary d(K,L;E) and then we get a torsion isomorphism

i(d(K,L;E)) : H∗(K,L;E)→ C∗(K,L;E).

Thus, choosing preferred basis as before we obtain a Uρ orbit

τ(K,L;E) ∈ λ(H∗(K,L;E))∗

which is invariant under subdivision.

Remark 1. Another name for the twisted cohomology is cohomology

with local coefficients. One chooses a point on each cell of K and a

path from a fixed point to each chosen point. In this way any path

c between chosen points defines a closed path γc and then a matrix

ρ(c) := ρ(γc) which gives the relation between the coefficients at the

ends of the path.

2. Morse-Smale flows

In this section we describe the contribution of heteroclinic orbits of

a Morse- Smale flow in the computation of R-torsion. We will observe

that the spectral sequence stops at E3. Depending on the representa-

tion the sequence can stop before.

Definition 1. A smooth flow φ on a compact n-manifold M is called

Morse- Smale if

(1) The chain recurrent set R(φ) consists of finitely many hyperbolic

critical points and periodic orbits γ1, . . . , γN .
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(2) For each pair i, j, W s(γi) intersects W u(γj) transversally. Hence,

C(i, j) = W s(γi) ∩W u(γj) is a submanifold of M .

By results of Conley [1] and Wilson [6], there is a smooth function

g : M → R called Lyapunov function such that d
dt
g ◦ φt(x) < 0 if

x /∈ R(φ) and g is constant on each γi. If C(i, j) 6= ∅ for i 6= j then

g(γj) > g(γi). g can be chosen such that it takes different values on

different components of R(φ) and so we can order the components by

their g-values. In such a case [γ1, . . . , γN ] is an admissible ordering of a

Morse decomposition of M. The rank ui of the unstable bundle Eu(γi)

is called the index of γi. If C(i, j) 6= ∅ for i 6= j then uj ≥ ui with strict

inequality if γj is a critical point.

Assumption. φ will denote a Morse-Smale flow on an oriented man-

ifold such that uj > ui for γi 6= γj with C(i, j) 6= ∅.

For i < j define

Mij = {x ∈M : ω(x), α(x) ⊂ γi ∪ · · · ∪ γj−1}

then [γi, . . . , γj−1] is an admissible ordering of a Morse decomposition

of Mij.

For any sequence 1 = i0 < i1 < · · · < il = N + 1, [Mi0i1 , . . . ,Mil−1il ]

is an admissible ordering of a Morse decomposition of M . Choosing

numbers g(γi1−1) < c1 < . . . < cl−1 < g(γil−1) and letting Mj =

g−1(−∞, cj] we get an index filtration

∅ = M0 ⊂M1 ⊂ · · · ⊂Ml = M

for the Morse decomposition such that φ is transverse inwards on ∂Mp

and Mp \Mp−1 is an isolating neighborhood of Mip−1ip , meaning that

⋂
t∈R

φt(Mp \Mp−1) = Mip−1ip .

Let k(p) be the number of components of R(φ) with index p =

0, . . . , n. We choose the sequence ip = 1 + k(0) + · · · + k(p − 1),

p = 1, . . . , n + 1 to get a filtration M0 ⊂ M1 ⊂ · · · ⊂ Mn+1 such that
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ui = p ⇔ γi ⊂ Mp+1 \Mp. We also consider a filtration K0 ⊂ K1 ⊂
· · · ⊂ KN for the Morse decomposition [γ1, . . . , γN ].

Fix a representation ρ : π1(M) → Gl(m,C). All cochain complexes

and cohomology groups will have coefficients in the flat bundle E de-

fined by ρ. Consider the filtration

Fn ⊂ · · · ⊂ F0

of C∗(M) given by Fp = ker(C∗(M)→ C∗(Mp). The associated graded

complex is given by

Gp = Fp/Fp+1
∼= C∗(Mp+1,Mp)

with 0-differential d0 = ⊕pdp0 where dp0 : Gp → Gp, and torsion isomor-

phism λ(d0) = ⊗pλ(dp0) where

λ(dp0) : λ(C∗(Mp+1,Mp))→ λ(C∗(Mp+1,Mp))

Lemma 1. Let i < j < k and suppose there are no trajectories from

Mjk to Mij, i.e. C(s, l) = ∅ for i ≤ s < j ≤ l < k. Take any index

filtration

∅ ⊂ N1 ⊂ N2 ⊂ N3 ⊂M

with Mij ⊂ N2 \N1 and Mjk ⊂ N3 \N2. Then

H∗(N3, N1) ∼= H∗(N3, N2)⊕H∗(N2, N1)

and the coboundary map of the triad (N3, N2, N1) vanishes.

Proof. Since there are no trajectories from Mjk to Mij, we can

replace N1, N2 by N ′1, N
′
2 to get an index filtration such that

cl(N3 \N ′2) ∩ cl(N ′2 \N ′1) = ∅(2.1)

By Conley’s theory, the homotopy types of (N3, N2) and (N2, N1)

do not change with the replacement . (2.1) implies that the couple

((N3 \N ′2) ∪N ′1, N ′2) is excisive. Therefore
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H∗((N3 \N ′2) ∪N ′1, N ′1) ∼= H∗(N3, N
′
2).

This and the Mayer-Vietoris sequence

→ H∗(N3, N
′
1)

(j,k)−→ H∗(N ′2, N
′
1)⊕H∗((N3 \N ′2) ∪N ′1, N ′1)→

→ H∗(N ′1, N
′
1) = 0

give H∗(N3, N
′
1) ∼= ker(k)⊕ker(j) ∼= H∗(N ′2, N

′
1) ⊕ H∗(N3, N

′
2). Con-

sider now the exact sequence of the triad (N3, N
′
2, N

′
1)

δ−→ H∗(N3, N
′
2)→ H∗(N3, N

′
1)

j−→ H∗(N2, N
′
1)

δ−→

ker(δ) = im(j) = H∗(N ′2, N
′
1) and so δ = 0.

Corollary 1.

H∗(Mp+1,Mp;E) =
⊕
uj=p

H∗(Kj, Kj−1)(2.2)

λ(dp0) =
⊗
uj=p

λ(dp,j0 )(2.3)

where

λ(dp,j0 ) =

{
1 if γj is a critical point

λ(I −∆(γj)ρ(γj))
(−1)p if γj is a periodic orbit

Proof. Since there are no trajectories from γj to Mipj for ip < j ≤
ip+1 − 1, we have

H∗(Kj,Mp) ∼= H∗(Kj, Kj−1)⊕H∗(Kj−1,Mp).

and so (2.2) follows by induction on j. Thus we have the decomposition

(2.3) where

λ(dp,j0 ) : λ(H∗(Kj, Kj−1))→ λ(C∗(Kj, Kj−1)

Let Du
j be the total space of the unstable disc bundle over γj, then

(Kj, Kj−1) has the same simple homotopy type as (Du
j , ∂D

u
j ).

If γj is a critical point, Ck(Du
j , ∂D

u
j ) = 0 if k 6= p and so dp,j0 = 0.
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If γj is a periodic orbit,

Ck(Du
j , ∂D

u
j ) = 0 k 6= p, p+ 1

Cp(Du
j , ∂D

u
j ) = {ξ ∈

∏
l∈Z

C
m : ξl = ρ(γj)

lξ0}

Cp+1(Du
j , ∂D

u
j ) = {η ∈

∏
l∈Z

C
m : ηl = ρ(γj)

lη0}

Let ξ = (ξl)l∈Z ∈ Cp(Du
j , ∂D

u
j ), then

(dξ)0 = (I −∆(γj)ρ(γj))ξ0

where ∆(γj) = 1 when Du
j is orientable and −1 otherwise. Hence the

cochain complex {C∗(Kj, Kj−1), dp,j0 } reduces to

0→ C
m I−∆(γj)ρ(γj)−→ C

m → 0

and so λ(dp,j0 ) = λ(I −∆(γj)ρ(γj))
(−1)p .

By corollary (1), the computation of the map

dp1 : H∗(Mp,Mp−1)→ H∗+1(Mp+1,Mp)

reduces to computing for each i, j with ui = p, uj = p+1 its component

F ∗ij : H∗(Ki, Ki−1)→ H∗+1(Kj, Kj−1).

Let g : M → R be a Lyapunov function for φ. The orientation of

M and the flow define an orientation of Lc = g−1(c) for each regular

value c. Giving an orientation to the unstable subspace Eu(x) for each

critical point x of φ, and using the orientation of M we also get an

orientation of Es(x). Then we have orientations of W u(x) and W s(x).

Let x, y be critical points of φ of indices p, p+ 1 respectively and let c

be a regular value with g(x) < c < g(y). Then Su(y) = W u(y)∩Lc and

Ss(x) = W s(x) ∩ Lc are oriented transverse submanifolds of Lc with

dimensions p and and n− p− 1 respectively. Therefore Ss(x) ∩ Su(y)

is a finite set. For each q ∈ Ss(x)∩Su(y) denote by Ip the intersection

number.

Henceforth we denote a critical point γi of φ by zi. The next lemma

gives F ∗ij for a pair zi, zj. The proof given by Floer [2], for the untwisted
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case can be readily adapted to our twisted situation. The only new

ingredients are the matrices ρ(α) for nonclosed paths α used to define

cohomology with local coefficients.

Lemma 2. Let zi, zj be critical points of φ of indices p, p+1. For each

q ∈ S(i, j) = Ss(zi) ∩ Su(zj) let αq(t) = φcot(πt)(q) : t ∈ [0, 1]. We have

F p
ij =

∑
q∈S(i,j)

Iqρ(αq)

Proposition 2. [3] Let X be a Morse-Smale vector field on an oriented

manifold and let γ be a periodic orbit of index p. Given a small neigh-

borhood U of γ there is a new More-Smale vector field Y which agrees

with X outside U and has rest points x, y of indices p, p + 1 in U and

no other chain recurrent point in U. For Y, Ss(x) ∩ Su(y) = {q1, q2}
with Iq1 = −∆(γ)Iq2. Moreover W u(γ) = W u(x) ∪W u(y).

We use this proposition to obtain a Morse-Smale flow ψ such that

each periodic orbit γi is replaced by a pair of critical points xi, yi.

M0 ⊂M1 ⊂ · · · ⊂Mn+1 is an index filtration for ψ that we refine by

choosing N1, . . . , Nn+1 such that Np+1\Mp contains {zj : uj = p}∪{xi :

ui = p} and Mp+1 \ Np+1 contains {yi : ui = p}. Thus, Hk(Np+1,Mp)

and Hk(Mp, Np) vanish for k 6= p. Therefore the long exact sequence

for the triad (Mp+1, Np+1,Mp) reduces to

0→ Hp(Mp+1,Mp)
αp−→ Hp(Np+1,Mp)

Dp−→

Hp+1(Mp+1, Np+1)
βp−→ Hp+1(Mp+1,Mp)→ 0

Hence Hp(Mp+1,Mp) ∼=ker(Dp) and Hp+1(Mp+1,Mp) ∼=coker(Dp).

Note that Np+1 \ Np contains the critical points of ψ of index p and

that the long exact sequence of the triad (Np+1,Mp, Np) reduces to

0→ Hp(Np+1,Mp)
lp−→ Hp(Np+1, Np)

mp−→ Hp(Mp, Np)→ 0

Consider the map d∗1 : Hp(Np+1, Np) → Hp+1(Np+2, Np+1) corre-

sponding to the flow ψ. Chasing diagrams we have lp+1αp+1d1 =

d∗1lpαp, βp+1mp+2d
∗
1 = d1βpmp+1. Therefore d1 on Hp(Mp+1,Mp) and
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Hp+1(Mp+1,Mp) are maps induced by the components d′p : Hp(Np+1,Mp)→
Hp+1(Np+2,Mp+1) and d′′p : Hp+1(Mp+1, Np+1) → Hp+2(Mp+2, Np+2) of

d∗1 respectively. By corollary (1) we have (2.2) and

Hp(Np+1,Mp) =
⊕
uj=p

C
mzj ⊕

⊕
ui=p

C
mxi,

Hp+1(Mp+1, Np+1) =
⊕
ui=p

C
myi.

Thus the computation of d′′p+1 reduces to computing its components

Gp+1
yiyj

for ui = p, uj = p + 1 and similarly for d′p. The sequence of the

triad (Mp+1, Np+1,Mp) decomposes as the sum of terms

0→ Hp(Ki, Ki−1)
αp−→ C

mxi
Dp−→ C

myi
βp−→ Hp+1(Ki, Ki−1)→ 0

for periodic orbits of φ and

0→ Hp(Kj, Kj−1)→ 0→ 0→ Hp+1(Kj, Kj−1)→ 0

for critical points of φ.

Theorem 1. Let γi, γj be periodic orbits of φ of indices p, p + 1 re-

spectively, replaced with pairs of critical points xi, yi and xj, yj. Let

Sp(i, j) = Ss(xi) ∩ Su(xj) and let Sp+1(i, j) = Ss(yi) ∩ Su(yj). For

k = p, p+ 1 we have

F k
ij =

∑
q∈Sk(i,j)

Iqρ(αq)

where αq is as in Lemma (2).

Proof. According to the decomposition, lp+1αp+1F
p
ij = Gp

xixj
lpαp

and βp+1mp+2G
p+1
yiyj

= F p+1
ij βpmp+1. Thus the maps F p

ij and F p+1
ij are

induced by Gp
xixj

and Gp+1
yiyj

. Hence, Theorem 1 follows from Lemma

2.

We note that

Ep,q
1 = Hp+q(Mp+1,Mp) ∼=

⊕
uj=p

Hp+q(Kj, Kj−1)
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vanishes for q 6= 0, 1 and so does Ep,q
2 . Therefore d2 : Ep,q+1

2 → Ep+1,q
2

is nonzero only for q = 0 and dr = 0 for r ≥ 3, i.e. the sequence stops

at E3. By section (1) the map dp−1
2 is given as the composition

im(kp−1)/ ker(jp−2)
δ−→ im(jp)

j−1
p−→ im(kp+1)/ker(jp)

where kp : Hp(Mp+2,Mp)→ Hp(Mp+1,Mp),

jp : Hp+1(Mp+2,Mp+1)→ Hp+1(Mp+2,Mp), and

δ : Hp(Mp,Mp−1)→ Hp+1(Mp+2,Mp).

Consider the commutative diagram

Hp(Mp,Mp−1)
δ−→ Hp+1(Mp+2,Mp)

jp←− Hp+1(Mp+2,Mp+1)
βp−1 ↑ k ↓ αp+1 ↓

Hp(Mp, Np)
∆−→ Hp+1(Np+2,Mp)

j←− Hp+1(Np+2,Mp+1)
mp ↑ h ↑ ↙ lp+1

Hp(Np+1, Np)
d∗1−→ Hp+1(Np+2, Np+1)

Suppose δβp−1(ξ) = jp(η), then ∆(ξ) = kjp(η) = jαp+1(η).

Let ζ ∈ m−1
p (ξ), then hd∗1(ζ) = hlp+1αp+1(η).

Thus there is a χ ∈ Hp(Np+1,Mp) such that

d∗1(ζ) = lp+1αp+1(η) + d∗1lp(χ).

Letting ζ ′ = ζ + lp(χ) we have δβp−1mp(ζ
′) = jp(η) and

d∗1(ζ ′) = lp+1αp+1(η).

Thus δ :ker(kp−1)→im(jp) is induced by the component

d′′′ : Hp(Mp, Np)→ Hp+1(Np+2,Mp+1) of d∗1 and we obtain

Theorem 2. The map dp−1
2 : Ep,1

2 → Ep+1,0
2 is induced by the map

d′′′ :
⊕

uk=p−1

C
myk →

⊕
uj=p+1

C
mzj ⊕

⊕
ui=p+1

C
mxi

with components Gykzj , Gykxi given as in Lemma (2).

3. Example: Seifert manifolds

We now give an instance of our theorems on Seifert manifolds, where

Fried

[4] has found counterexamples to Lefschetz formulae.
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Let M be an oriented closed Seifert 3-manifold, i.e. M carries a

locally free circle action. Denote by γ1, . . . , γn the singular orbits

and let N1, . . . , Nn be neighborhoods of these orbits, invariant under

the

circle action. Then Nj
∼= D2 × S1 with the circle action given by

eit(z, eis) = (zeitsj , ei(s+njt))) where sj, nj are relatively

prime integers. EN = cl(M \ ∪nj=1Nj) is a circle bundle over a com-

pact oriented surface Σ with nonempty boundary, thus

H2(Σ,Z) = 0 and then EN = Σ× S1. Let J : Σ→M

be the inclusion J(x) = (x, 1). Let T ∈ π1M be the homotopy class

of the general Seifert orbit, then π1M is generated by T and J∗(π1M).

T = γ
nj
j and cj = ∂Nj ∩ Σ× {1} form a basis of

π1(∂Nj), thus there are integers rj,mj such that

njrj −mjsj = 1 and cj = γ
mj
j .

Let φ be a nonsingular Morse-Smale flow on M commuting with the

circle action. Thus its periodic orbits are Seifert orbits as well. We

assume that the singular Seifert orbits are periodic orbits of φ of index

zero. Notice that φ defines a Morse-Smale flow φ∗ on the orbifold M/S1

with the periodic orbits of φ corresponding to critical points zj of φ∗.

We have W u(γj)/S
1 = W u(zj). If i > n then C(i, j) = (W u(zj) ∩

W s(zi))×S1. For j ≤ n, H0(Kj, Kj−1) = ker(I−ρ(γj)) andH1(Kj, Kj−1) =

coker(I − ρ(γj)). For j < n and uj = p, Hp(Kj, Kj−1) = ker(I − ρ(T ))

and Hp+1(Kj, Kj−1) = ker(I − ρ(T )).

We replace periodic orbits γj with pairs of critical points xi, yi as

follows. If j > n let xj = (zj, 1), yj = (zj,−1) where zj ∈ Σ and so

W u(xj) ∩ EN = (W u(zj) ∩ Σ) × {1}. If j < n let xj = (0, 1), yj =

(0,−1) ∈ D2 × S1 so that Ss(yj) = W s(yj) ∩ ∂Nj = ∂D2 × {−1}.
For i > n, ui = p, uj = p + 1, let S∗(i, j) = Ss(zi) ∩ Su(zj), then

Sp(i, j) = S∗ × {1} and Sp+1(i, j) = S∗(i, j) × {−1}. For q ∈ S∗(i, j)
we have paths α(q,±1) = αq × {±1}. Theorem (1) gives that F p

ij, F
p+1
ij

are the operators induced on ker(I − ρ(T )) and coker(I − ρ(T )) by∑
q∈S∗(i,j)

Iqρ(J∗(αq)).
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If l ≤ n and uj = 1, W u(zj) \ {zj} is the union of two trajectories of

φ∗, then S∗(l, j) = W u(zj) ∩ ∂Σ is a set with at most two points and

W u(γj)∩ ∂Nl is the union of the Seifert orbits over these points. Since

W s(yl) ∩ W u(xj) = ∅ by transversality, we have S1(l, j) = Ss(yl) ∩
W u(γj). For each q ∈ S∗(l, j), S1(l, j) contains {b1, . . . , bnl} where

bk = (z exp(2kslπi/nl),−1). For a path β : [0, 1] → M we put β+ =

β|[1/2, 1]. Theorem (1) gives

F 1
lj =

∑
q∈S∗(l,j)

Iq

nl∑
k=1

ρ(αbk) =
∑

q∈S∗(l,j)

Iqρ(J∗(α
+
q ))

nl−1∑
k=0

ρ(γl)
k

F 0
lj =

∑
q∈S∗(l,j)

Iqρ(J∗(α
+
q )).

We now consider the map d2. If l > n, W s(yl) ∩W u(xj) = ∅ and

therefore Gyl,xj = 0. If l ≤ n, Ss(yl) ∩ cl =
⋃
uj=2 S

s(yl) ∩ Su(xj).
Let Ql = {j : uj = 2,W s(yl) ∩W u(xj) 6= ∅}. For j ∈ Ql, S

s(yl) ∩
Su(xj) = {(wj exp(2krlπi/ml),−1) : 0 ≤ k ≤ pj − 1} where aj =

(wj,−1) ∈ Ss(yl). We have aj = (qj, 1) ∈ EN with qj ∈ S∗(l, j) and

Gyl,xj = Iqjρ(J∗(αqj))

pj−1∑
k=0

ρ(γl)
k
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