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R-TORSION AND ZETA FUNCTIONS FOR
ANALYTIC ANOSOV FLOWS ON 3-MANIFOLDS

HECTOR SANCHEZ-MORGADO

ABSTRACT. We improve previous results relating R-torsion, for an acyclic rep-
resentation of the fundamental group, with a special value of the torsion zeta
function of an analytic Anosov flow on a 3-manifold. By using the new tech-
niques of Rugh and Fried we get rid of the unpleasent assumptions about the
regularity of the invariant foliations.

1. INTRODUCTION

Let ¢ be a transitive analytic Anosov flow on a closed 3-manifold M. A repre-
sentation p : w1 (M) — U(n) defines a flat vector bundle E,. The torsion function
is defined as the Euler product over the prime periodic orbits « of period I(~)

Ry p(2) = Hdet([ — A(y)e # D p(y)) 7t

where A(y) = %1 according to whether or not E*(v) is orientable; in other words
A is the holonomy of the orientation bundle |E"| of the unstable bundle. The
product converges for Rz >> 0 and extending ideas of Rugh [7], [8], Fried [3] has
constructed a meromorphic continuation to the whole complex plane.

Consider now a cell decomposition of M and the corresponding cell decompo-
sition of the universal covering M. Let C' be the set of equivariant C™ valued
i-cochains of M. Since equivariance is preserved by the coboundary map we obtain
a cochain complex

c* Lot Lot Lo
If its cohomology H*(M, E,) vanishes, the representation is called acyclic. In such
a case there is a chain retraction D : C**! — (C% then an isomorphism d + D :
C°® C? — C' @ C? and using a geometrical basis one defines R-torsion as

7,(M) = | det(d + D)|.
Extending previous results [1], [9], we prove in this paper

Theorem 1. Let ¢ be an analytic transitive Anosov flow on an orientable closed
3-manifold M. Let p : m1 (M) — U(n) be an acyclic representation. Suppose there is
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964 HECTOR SANCHEZ-MORGADO

a periodic orbit vy such that 1, A(yy) are not eigenvalues of p(o). Then the torsion
function Ry , is regular at the origin and

(M) = |Rg,,(0)].

The typical example where this result applies is the unit tangent bundle M = US
of an orientable closed surface S with a C* Riemannian metric of negative curvature
and ¢ the geodesic flow on M.

Most of the work for this paper was done during a stay at the IHES. We thank
the Institute for its hospitality. We would also like to thank D. Fried and H. Rugh
for helpful conversations.

2. R-TORSION

Along this paper ¢ will be a transitive analytic Anosov flow on an orientable
closed 3-manifold M so that the tangent bundle has a continuous splitting TM =
EY® E*® E° where E*, E* are flow invariant line bundles exponentially contracted
by D¢_; and D¢, respectively as t — oo and E€ is the line bundle generated by
the vector field defining the flow.

Given a periodic orbit 7 and « € «y, we consider the derivative P, of the Poincaré
map defined on EJ @ EY

. . . S, 0
“_ which can be represented in matrix form as ( o U, )
Defining

1 1
O, (x) = }in(l) n log|D¢¢|EZ| and @, (z) = %ir% n log | D¢ |E|,

we have

1(v) 1)
log S, | = / B, (dy())dt and log|U,| = / B (6 (2)) .
0 0

We now introduce symbolic dynamics. According to Ratner [5] given n > 0
there is a Markov family of size 7, i.e. a finite collection of compact sets { Ry }rer
contained in a family of analytic transverse discs {D;} with diam(Ry) < 7 such
that

1) R = UgerRier meets every flow line in time < 7.

2) There is a transition set A C I x I such that for each (k,l) € A there is
amap fr : Ry C Ry — Ry given by fr(v) = ¢4, ) (x) for x € intRy, where
trr : intRy; — ]0,n[ is the first return time to R that extends to a continuous
function on Ry;. The families {intRy;} and {intf(Ry;)} are both disjoint and

Re= |J Bw, Ri= |J fu(Ru).
l:(k,l)eA k:(k,l)eA

Let By, = {d)t(:v) 0 <t < tkl(ZL’),iL' S Rkl} and By = Ul:(k,l)eABkl' Then
M = Uye; B

Let 49 be an orbit as in Theorem 1. Ratner constructed Markov families { Rg; }rer
of small size such that for any k € I,0R, C W?*(vyy) U W"(yp). We will always
use such Markov families {Ry} of sufficiently small size to have each Bj simply
connected. Fix a point ¢ € Ry and for each k € I,k # J choose a point px € Ry.
For (k,l) € A choose a segment «y; in By joining py and p;, then the union of
these segments forms a direct graph which is connected since the flow is transitive.
A maximal tree based at g gives a directed path ay from ¢ to p;. For (k,1) € A
let B; be the class of aflaklak in (M, q). Let p: m (M) — U(n) be an acyclic
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representation, A : (M) — U(1) be the holonomy of the orientation bundle of
the unstable bundle. Put pg; = p(Bri), Ak = A(Bri)- Let

A= Ws(’y()) N U 0By
kel

For ¢ > 0 sufficiently small the interval bundle

W(e) := U We(z;€)

z€A
has no self-intersections and then it is a tubular neighborhood of 9. Hence, the
manifold with piecewise smooth boundary M (e) := M \ W (e) can be taken as the
exterior of 7y . Since 1 is not an eigenvalue of p(7p), the excision property of
R-torsion [2] implies that E,|(M, M(e)) is acyclic with R-torsion given by
To(M, M(€)) = 7,(W(€),0W (€)) = [ det(I — p(70))]-

Since p is acyclic, so is E,|M (e) and we have
(1) Tp(M) = [ det(I = p(70))|7,(M (€))-

Collapsing M (e) along the leaves of the stable foliation we get a 2-dimensional
complex € simply homotopic to M (e) and therefore E,|() is acyclic with

Tp(M(€)) = 75(9).

Each By N M(e) collapses to a 2-cell Ty, the rectangles Ry N M(e) collapse to
unstable intervals Uy, and the intersection of M (e) with the union of the stable
walls of the By’s collapses to a directed graph I' C Q with set of vertices J =
boundary points of the U,’s. For p € J, denote by L, the segment of I' from p to
the next point g(p) € J in the direction of the flow. Thus, periodic orbits of g are
in 1 — 1 correspondence with the loops in I'. We have the chain complex

0— Pz i@ZUkea@ZLp i@ZpHO

kel kel peJ peJ
with
0T = > Auli—Ush(Ty) |,
L(kD)EA

do(Lp) = 9(p) —p-
Putting V' = C™, the corresponding twisted cochain complex is given by

(2) v vligy! Ayl

b %
dO:(GI)’ dlz(H_Iah)

b, h* are maps we don’t need to know explicitly, (Gx), = p(Ly)' x4y and
(Hy)e = > Auplyr
L:(k,[)EA

In [9] we proved the following proposition.

Proposition 1. G — I and H — I are nonsingular and

- ) L4t = p00) detT = Q)] _ |det(l = plao)) P det(] — Aro)p(ro))
, [det(I — H)] [det(I — H)] '
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3. ZETA FUNCTIONS

As in section 2, let { Ry} be a Markov family with transition set A . Consider the
usual subshift of finite type (X 4,0) and the natural map II4 : ¥4 — R such that
IT4 (k) is the point whose trajectory runs through - - Rg_,; Ry, Rk, - - -. Defining
7:%4 — 0,00 by 7(k) = tgor, (IL4(k)), one constructs the suspension flow (X, )
with first return time 7. II4 determines a semiconjugacy II between 1 and ¢
mapping periodic orbits of 1) to periodic orbits of ¢. For c™(k) = k let

PTK) = Pk ik Phokss T(K) = 7(k) 4+ 7(0™ k),
A™(K) = Dpoky =+ Dbk

Df{cn = kam—lko T kaokl (HA(k))
For the suspension flow we have the torsion function

Ry ,(2) = exp Z Z exp(—z7™(k))A™ (k)trp™ (k).

m=1 o’mk k
There is an overcounting of periodic orbits in the symbolic low and to arrange
for this one uses the auxiliary subshifts of Manning and Bowen. For our Markov
families we only need to introduce a finite number of extra factors all coming from
the original orbit vy. As we saw in [9] one can write

(3)  Ryp(z) = Ry,p(2) det(I — e 0 A(0)p(70)) det(1 — ™) p(y0))>.
For future reference we introduce the twisted Rugh zeta function
trp™ (k)
)= e Z 2 [det(I — D)
omk=k
Recall that if g : ¥4 — R is a Holder function we define the zeta function

sg—expz Z exp(g

omk=k
where g™ (k) = g(k) + -+ + g(6™ 'k). We can choose [4] a Hélder function G :
>4 — R cohomologous to g and depending only on future coordinates. Since
g™ (k) = G™(k) whenever ¢k = k we have that {(s,g) = ((s,G) and so we can
think that ¢ depends only on future coordinates. The radius of convergence of
log (s, g) is exp(—P(g)) where P(g) is the topological pressure of g.
Fork € ¥4 and i = u, s let

7(k)
) = [ B0 M
0
then A\, s are Holder functions, and for 6" (k) = k we have
det(I — Dfi") = (1 = A7 (k))(1 — A7 (k).

To study the convergence of d,(s) we introduce the following functions

o (A9 (09
A =0 2 2 A e M - 1)

IR A™ (k) exp(AL" (k) ) trp™ (k)
Z5(s) = exp Z Z |det(I — Df™)] ’

m=1 omk=k
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Z(s,p) —expz Z exp(—Ar (k))trp™ (k).

omk=k
We have 1/d,, (s) = Zl(s)Zg(s)Z(s p) and
eXp A (k)
lim log
m—oo M Vg " |Am exp )\m(k) |
1
= lim —1 —2A\7(k)) = P(—2)\,) <0,
Jim — oggg(::kexp( v (k) = P(=2)\,)

1 exp(AY' (k))
n}gnoo m log Z | det([ — Dfm)‘

= lim —log > exp(Al(k) = A (k) = P(As — ) <0,

m—oo M

omk=k
. 1 m —_ j—
W}E)noo - log ;kexp(—)\u (k)) = P(=X\,) =0.

Therefore log Z1,log Z> have radius of convergence greater than 1. log Z(s, p) con-
verges absolutely on the unit disc and so does logd,,.

We now describe the techniques of Rugh [7], [8] and Fried [3]. First we introduce
hyperbolic correspondences. We say that a correspondence f C (I x J) x (I' x J')
admits a cross map ¢ = (u,s) : I' x J = I x J' if

f=Au(a',y),y, 2 s(z’,y) 2" € I',y € T}

If s, u are restrictions of analytic contractions we say that f is an analytic hyperbolic
correspondence. When 01s = dou = 0, we say that f is split. We will consider
compositions of nearly split correspondences as follows.

Proposition 2. [3] Suppose that for k =0,1,2,... we have rectangles I, x Jy and
correspondences fr, C (I X Jg) X (Ir41 X Jg+1) which admit cross maps ¢, = (ug, Sk).
Put

o = |[Ovugl|, B = [|02urll, ve = ||Ovskl, 0 = ||D25k]l-
There is a positive function p(c) such that if ag, 0 < o <1 and B, vk < p(o) for
all k then each composition f,_10---0 fo is a hyperbolic correspondence with cross
map co,...,m—1) = (U(o,i.. ,m—1)75(0,..4,m—1))'

If the size of a Markov family {Ry} with R, C D;(k) is sufficiently small, each
correspondence fy; extends to a hyperbolic correspondence between rectangles I x
Jy, and I x J; with cross maps cg; = (ugi, k1) where Iy, Jy, are intervals in T}, D ;)N
(E®E")y, and Ty, Djg) N(E°® E®),, such that I x Jy, C Ty, Dj(x). To construct
meromorphic continuation of the torsion function one considers sections of |[E*| ®
N/(TM/E)® E,|D;j. For (k,1) € A the transitions from B; to By for \"(T'M/E*)
are given by

1 1 01511
M (1; 21, y) = EX <82ukl det Dcyy )’

0o8
M (0;z,y8) =1, My (2521, y,) = det My (1; 20, y1) = 2K

Orupy
Denote 7 (xr, yi) = tei(uri(xr, yk), yx). One chooses discs Wy, Vi in C containing
Ik, Ji. and holomorphic extensions of ¢ and 7g; to W x V.
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Denote by C the Riemann sphere. Let By be the space of holomorphic functions
on (C\ W) x Vj, vanishing on {oo} X Vj that extend continuously to the boundary.
Define G7, : Wi x Vi, x W; x V;* — C where W}, V;* are neighborhoods of C \ Wi
and C\ V; by

Oug(wr, vi) exp(—z7g (W, vg))
(wy — ug(wi, vx)) (v — s (wi, vg))

One defines transfer operators £;(2);j = 0,1,2 on Uy = Uy = @,c; Br ® C" and
U = Be; Br @ C* @ C" by

(Li(2)k =Y AuLulj;2) @ plu&
L(k1)EA

Giy(wy, v, wi, vy) =

where
(4)

dwldvl .
L (35 2)m(wg, vi) / / (Wi, vi, wi, vy) Mg (55 wi, vg ) (wyvg)
oW, avl 27T’L

Remark 1. Since cx; = (uki, Ski), (k,1) € A is a contraction, transfer operators
improve the region of analyticity.

We have power series expansions for the ”kernels” G, Mjy,;, for example

o0

Gy (Wi, v, wy, vy) My (25 wy, vp) = Z EF o (W, ) gl i, (W1, 1)

ml,mgzo

where EF, . (wg,v) = (wi—ag) ™ ! (vg —bg)™2 with ay, by, the centers of Wy, Vi,
and

dy Oaspi(wi, y) (uri(wy, y) — ag)™
l ) 9

i (W1, V) = — .
Gomsma (101 1) /m 270 (01— swa(wi, ) (y — by) e t!

One sees [7] that g/, . are holomorphic on a neighborhood of W, x C\V; and that
there is 7 < 1 such that Hgfnlm2|| < Cr™mitm2 - Thus we have convergent expansions

Lkl 2 0 771 Z Em1m2 gm1m23m>

my,ma= =0

where

— [ g v, )
) wi, v wy, V).
gmlmz 771 o Jovs (2mi) 5 Imymo (W1, V)T (W1, U

This implies that £4(0) is a nuclear operator of order zero and therefore a trace
class operator and we can form the Fredholm determinant

77 L

det(I — £5(0)) = exp — Z i £2 = H(l =)

A
where the product runs over the eigenvalues of £2(0) counted with multiplicity.
IfBeUs, €l let BB, ®C" =Y, B ®e; and & =3, & ®e; then

n

(L2(0 = > Z S AlBE BE ) (ks €D e, hses).

(k) EA M1, ma=014,j=1
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Thus

(L20)B)BRC = > Y > AwBh By 0y © PRiES

k:(k,l)€A m1,ma=0 i=1
is analytic on a neighborhood of W; x o \ V.
Remark 2. Transfer operators have the functorial property.
This implies for k = (ko, ... , k) with (k;, ki11) € A
Ly (55 2o (0, 0) 2= Loy (5 2) ** * Lty by (55 2) 1, (0, 0)

dw’ dv’
= — Gi.(w, v, W', v") My (j; 0", v)m(w’, v")
/Bka /5‘th (2mi)? y

where My is defined as My, with cg; replaced by cx = (ux, sk),

Orux (w',v) exp(—z7(w', v))

(w — uk(w',v)) (v — sk(w',v))’

Gr(w, v, w',v") =

and 7y is a holomorphic extension of

Ti(@, Y) = thoky (U (@, Y),Y) + -+ thp 1k © Sl skt O © froky (uk(2,9),Y).
‘We have

(i)™ = S AT )™ ()L s 2).
omk=k

As proved by Rugh [7] and Fried [3] for ¢k = k we have

_exp(=2r" (k) (A DAY

trLi (j; 2) = det(I — Dfi")
Thus
r . _ topm(k)
w(EoO™) = D Toar— Dl
tr(Lo(2)™) +tr(L1(2)™) +tr(La(2)™) = — Z exp(—z7" (k))A™ (k)trp™ (k).
ocmk=k

Therefore the expression

. Rt - S~

provides a meromorphic continuation of Ry ,(z). Similarly
dy(s) = det(I — sLo(0)) = [J(1 — sv)

where the product is taken over the eigenvalues of £4(0), gives an analytic contin-
uation of d,(s).
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4. SPECIAL VALUE OF THE TORSION FUNCTION

In this section we prove Theorem 1 by using (3) and (5) to evaluate Ry ,(0).
Proposition 3 says that this value is the same we obtained in [9] under the as-
sumption that the stable foliation was analytic. To use (5) we need the following
lemmas.

Lemma 1. Let p : m (M) —U(n) be an acyclic representation. Then 1 is neither
an eigenvalue of Lo(0) nor of L2(0)

Proof. Suppose 1 is an eigenvalue of £y(0), then s = 1 is a zero of d,(s) and so it
is pole of Z(s, p). We recall that in order to obtain a meromorphic continuation of
Z (s, p), one changes A\, to a Holder cohomologous function A,,, depending only on
future coordinates, and considers the Ruelle operators A" and N, defined on spaces
of Holder functions on X7 with values in C and C" respectively by

(Ng)(k) = > exp(—Au(1)g(1)
ol=k
Vo) (k) = exp(—=Au(1)prokon (D).
ol=k
Since P(—A,) = 0 we have that 1 is an eigenvalue of N with a positive eigenfunction
h. According to [4] and [6], Z(s, p) has a meromorphic continuation to a disc of
radius > 1 and its poles on that disc are the inverses A~! of the eigenvalues of Noy;
therefore 1 is an eigenvalue of NV,. Let £ be an eigenvector and put n = £/h, then

(6) =3 ’}f(‘f))exp<—Au<1>>pzokon<l>.
ol=k

Let K =max{|n(l)| : 1 € ¥4} and r € ¥4 such that |n(r)| = K. If [n(1)] < K for
some 1 with ol = r then

() < > Z—rexp(—Au(l))m(m < K.

Therefore |n(l)| = K if ¢™1 = r. Since o is transitive |n(k)| = K for any k € X 4.
Thus the left-hand side of (6) is a convex combination of points in the sphere
S ={x € C": |z| = K} and the right-hand side is a point in S. We then have
pio1,(1) =noo(l) for any 1 € X 4.

For a € T choose 1 periodic, say ¢™1 = 1, such that Iy = a and let n, = n(1). If v
is the corresponding periodic orbit of the flow we have

P(Y)Na = Na-
Given k € B4 with ko = a define ki = (kj,k{,...) by kI = I, if s < jm and
k% jm = ks. Then k/ converges to 1 and
p(7)n(k’) = n(k).
Since p is unitary
T Jp(v) (k) = nal = lim |p(v) (n(k7) = 1a)| = 0;
therefore 7(k) = 1. Thus n defines a nontrivial element of H°(M, E,), which
contradicts the acyclicity of p.

Now suppose that 1 is an eigenvalue of the compact operator £2(0) then 1 is
also an eigenvalue of £5(0)* and let 3 be an eigenvector. According to Remark 1, 3
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belongs to the space U’ = @), . ; B), ® C" where By, is the space of analytic functions
on Wy, x C\ V, that extend continuously to the boundary. Restricted to U’, L2(0)*
is given by
(£2(0)°C) = Z ALy @ priC
k:(k,l)€A
where

dwkdvk
Lig&i(wi, vr) / / e Hiyg(wy, vg, wi, 1) & (Wi vk
Wy JOV; i)

Dasp1(wi, vg)
(wr — wpi (wi, vi)) (v = sp(wi, vi))
We see that the restriction of £2(0)* to U’ is the operator Ly(0) for the reversed

time flow and the contragradient representation p* = p. As we have proved 1 is not
an eigenvalue of this operator. O

Hy(wg, v, wy, vp) =

Lemma 2. The holomorphic exterior derivative d intertwines transfer operators at
z=014.e L;11(0)d =dL;(0) provided the left-hand side is defined.

Proof. From (4) we have

dw;dv Ok (wy, v wy, v

Lt (05 0)m (wi, v ) / / ! l vk (W, vg)me(wis vr) 7
ow, Jov, (2mi)? (wi — ur(wi, vi)) (v — spr(wi, vi))

S (wr, k) 13
= Lp(1;0 ;
(Zkl(wk,vk)> k1(1;0) (Cl) (wp, v&)
@) ( &+ 018G )
—&10oupy + det Deg

/ / dwldvl
ow, Jov; (2mi)? (wy — ugr(wi, vr)) (v — si(wi, vx))’

L (2: )1 (we, o) / / dwdu Oa 5k (wr, vi)mi(wi, vy)
’ ow, Jov, (2mi)? (wi, — ug(wi, vi)) (v — sp(wi, vi))

Integration by parts gives

(8)
O0L1(0;0)n / / dwdv, Orug (wy, v )m (wy, vy)
E)wk BWL 3Vl 271'Z wk — ukl(wl, vk))z(vl — skl(wl, Uk))
B / / dw, 0 m(wi,v)
N 2’/TZ oW, WE — ukl(wl, ’Uk) awl v — skl(wl, Uk)
/ / dwldvl o 1015k ]
ow, Jov; (2mi)% " (wp — up)(vr — sp1) (Wi — ug) (V0 — 5x2)?
/ / dwdy; 5'1771 + Oom 015k
ow, Jov; (2mi)? (wy — upr)(vr — Skt)
9)
0L (0;0)n / / 020101 + 01U Orug n O1up1 025k
v ow, Jov, Wk — Ukl Ul — Skl

m(wl, vl)dwldvl
(27ri)2(wk — ukl)(vl — skl)
-~ / / dwidvy[—Oaup 01 + (O1ukiO28k1 — O1Sk102uk1) 0211
~ Jow, Jow, (2m3)2 (wr — ug) (V1 — Sk1) ’
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(8) and (9) imply dLo(0) = £L1(0)d.
o= / / dw;dv; [ 0201511G1
(9’Uk oW, 3VL 27TZ wk — ukl)(vl — Skl)

+(£l + alslel) ( aQukl a25/cl ):|

(w - Ukl) (’Uz - Skl) (wk - ukz)(vz - Skl)2

0Zk / / dw;dv; 515'21%1 det Degi ¢
ow, Jav;

8w;€ 27TZ ’LUk — ukl)2(vl — Skl)
As before
(10)
O0Zm  0Zp / / dwzdvl O uk1925K1Gl
vy, Owy, ow, Jov, (2mi)? wk —ug)?(v; — Sg1)
(& + 01511C1) 02511 0201 511G
(wr, —urr) (v — sk)?* (Wi — upr) (v — Sp1)
/ / dwdv; 62Skl(wl, k) (021 (wi, vi) — 011G (wi, 1))
ow, Jov, (2mi)% (wr — wi(wy, vi)) (v — s (wr, vr))
which implies d£;1(0) = £2(0 O

Propositions 1 and 3 (coming up) complete the proof of Theorem 1.

Proposition 3.

€ € — 2
Ry (0) = det( — A(%zi)et((lo)_)?{)t(f p(0))"

Proof. Let V; be the space of { € U; such that &, is analytic in a neighborhood of
(C \ Wk X W
Let X # 0 be an eigenvalue of £;(0). If (£;(0) — AI)§ = 0 then £ € V;. It follows
by induction that (£;(0) — AI)kn = 0 implies that n € V; and (£;(0) — AI)*dn = 0.
If (£5(0) — A)Fn = 0 for A # 0, there is £ € V; such that n = d¢. Therefore

det(I — £1(0)) = det(I — £2(0)) det(I — £1(0)[kerd N V).

Let
d
W = Tk and H={ €l : & = cpwg,c, € C"}.
WE — Qg
It is straightforward to show that ker d N V; = dVy & H and for £ € H there is
1n € Vy such that
(L1(0))e = > Auplciws + dn.
l:(k,1)€A

Since £1(0)d = dLy(0) we have
det(I — £1(0)|kerd N Vy) = det(I — L(0)) det(I — H)
and so
det(I — £1(0)) = det(I — L2(0)) det(I — Lo(0)) det(I — H).

Since 1 is neither an eigenvalue of L£4(0) nor of £2(0) and I — H is nonsingular
(Proposition 1) we have that 1 is not an eigenvalue of £1(0). By (5) and (3) we
finally obtain Proposition 3. O
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