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Zeta functions over �nite �elds

k = Fq

kr = Fqr

k an algebraic closure of k

X an algebraic variety over k

X = X ×k k
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Weil zeta function

The Weil zeta function is given by

Z(X ; t)= exp

( ∞∑
r=1

#X(kr)
tr

r

)
.
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Weil conjectures for Z(X , t)

• Rationality. Z(X , t) is a rational function of t.
• Functional equation. Let E =∆X .∆X . Then

Z

(
X ,

1

qnt

)
=±qnE/2tEZ(X , t)

• Riemann hypothesis.

Z(X , t)= P1(t)P3(t) · · ·P2n−1(t)

P0(t)P2(t) · · ·P2n(t)

with P0(t)= 1− t, P2n(t)= 1−qnt and for
1 ≤ i ≤ 2n−1 we have

Pi(t)=∏
j

(1−αi,jt)

for some algebraic integers with |αi,j| = qi/2.
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The Weil zeta function can be rewritten as

Z(X , t)=
∞∑

n=0
#Symn(X)(k)tn
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The ring of varieties

For an arbitrary �eld k, K0(Var(k)) is given by:

Generators: [X ] isomorphism class fo the variety X .

Relations generated by: [X \ Y ]= [X ]− [Y ], Y ⊆ X closed
[X ×Y ]= [X ][Y ]
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Remark

Denote L := [A1
k] and 1 := [pt]. Then

[P1
k]= L+1
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A multiplicative Euler characteristic with compact support is a
function

µ : K0(Var(k))→ R

such that

• µ[X ×Y ]=µ[X ] ·µ[Y ],

• µ[X \ Y ]=µ[X ]−µ[Y ] for Y ⊆ X closed.
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Kapranov's zeta function

Zµ(X , t)=
∞∑

n=0
µ[Symn(X)]tn ∈ R[[t]].

If µ= idK0(Var(k)) then Zµ(X , t) is called the universal Kapranov zeta
function.
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Properties

Zµ(X
∐

X ′, t)= Zµ(X , t) ·Zµ(X ′, t).

If k is a �nite �eld and µ[X ] :=#X(k) then Zµ(X , t)= Z(X , t).

If k =C, µ=χC then Zµ(X , t)= (1− t)−χC(X).

If k =Q and X ∈ Obj(Var(k)) then X(Fp) is well de�ned for all but a
�nite number of primes. Therefore for p >> 0 the universal
Kapranov zeta function interpolates the Weil zeta functions of the
reductions of X mod p.
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Analogues of Weil's conjectures

If X is an smooth projective curve of genus g, then

Zµ(X , t) is a rational function of t.

Zµ(X , t)= Lg−1t2g−2Zµ

(
X ,

1

Lt

)
.

Zµ(X , t)= Pµ(X , t)

(1− t)(1−Lt)
for some degree 2 polynomial Pµ.
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Nevertheless..

Theorem (Larsen,Lunts)

If X is a product of two curves of genus g > 1 then the universal

Kapranov zeta function is not rational.
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K0(M(k))

The category M(k) of Chow motives over k is a monoidal category
under sums:

(X ,p)⊕ (Y ,q)= (X
∐

Y ,p+q) .

Therefore, we can construct the Grothendieck group K0(M(k)) over
the monoid of isomorphism classes of motives. We will denote the
class of the motive (X ,p) by [X ,p].
K0(M(k)) can be endowed with a ring structure with multiplication
induced by the tensor product of motives.
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Moreover, we have a ring morphism:

η : K0(Var(k)) → K0(M(k))
[X ] 7→ [X ,∆X ]
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The motivic zeta function

The motivic zeta function is the Kapranov zeta function given by

Zmot(X , t) := Zη(X , t)=
∞∑

n=0
[Symn(X)]tn ∈ K0(M(k))[[t]].

Remark. Zmot(M ⊕M ′, t)= Zmot(M, t) ·Zmot(M ′, t).
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Finite dimensionality

We say a motive M ∈ M(k) is �nitely dimensional if it can be
decomposed:

M ∼= M+⊕M−

and there is a positive integer N such that

ΛN M+ = 0

SymN M− = 0 .
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Kimura-O'Sullivan conjecture

Every motive with Q coe�cients is �nitely dimensional.
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Consequences

(Andre) Zmot is rational.

(Kahn) We have a functional equation

Zmot(M∨, t−1)= (−1)χ+(M) ·det(M) · tχ−(M) ·Zmot(M, t) .

where det(M)=Λχ+M+⊗ (Sym−χ− M−)−1.
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Chow-Künneth decomposition

De�nition

Let X ∈ Obj(Var(k)) with dimX = d. We say that X has
a Chow-Künneth decomposition if we can �nd cycle classes
π0(X), ... ,π2d(X) ∈ CHd(X ×X ,Q) such that

a) πi(X)◦πj(X)= δi,jπi(X).

b) ∆X =
2d∑
i=0

πi(X).

c) (over k) πi modulo (co)homological equivalence
(for example, in étale cohomology) is the usual
Künneth component ∆X (2d− i, i).

19 / 26
N



If we de�ne hi(X) := (X ,πi(X)), then we will say that

h(X)=
2d⊕
i=0

hi(X)

(or equivalently, the collection π0(X), ... ,π2d(X)) is a
Chow-Künneth (CK) decomposition for X .
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Murre's conjectures.

A) Every smooth projective d dimensional variety X has
a Chow-Künneth decomposition:

h(X)∼=
2d⊕
i=0

(X ,πi(X))

B) For each j, π0(X), ... ,πj−1(X),π2j+1(X), ... ,π2d(X) act
as zero on CH j(X ,Q).

C) If FνCH j(X)=
ν−1⋂
i=0

ker(π2j−i)⊆ CH j(X) then this

descending �ltration is independent of the choice of
the π′

is.

D) F1CH j(X)= CH j(X)hom.
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Theorem (Jannsen)

Murre's conjectures are equivalent to Bloch-Beilinson conjecture

on a �ltration for Chow groups. Moreover both �ltrations coin-

cide.
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Some results about Murre's conjec-

tures

A)-D) are true for curves and surfaces.

A), B) and D) are true for threefolds of type X = C1 ×C2 ×C3 with
Ci curve and of type X = S×C with S a surface and C a curve.

For abelian varieties A) is true and part of B) is true. If B) is true
then C) is also valid.

For uniruled threefolds A) and B) are true.

If π : Y → X is a �bration locally trivial in the Zariski topology, and
with �bers having a Bruhat decomposition then A) and B) are true.
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Relations between all of these con-

cepts

Kimura−O′Sullivan

qy jjjjjjjjjjjjjj

jjjjjjjjjjjjjj

%-SSSSSSSSSSSSSS

SSSSSSSSSSSSSS

Murre conj. A) Zmot rational
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Murre′s A)−D) for powers of X

��
finite−dimensionality for X

��
rationallity of Zmot(X , t)
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Thank You
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