Open problems of separoids
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A separoid is a set S endowed with a symmetric relation  C (223 ) defined on its pairs of disjoint
subsets which is closed as a filter in the natural partial order induced by the inclusion. That is, if
A, B C S then

e AfB = ANnB=1,

¢ ATB& BCB (CS\A) = A7B.

The pair A 1 B is a Radon partition, each part (A and B) is a component and the union AU B is
the support of the partition. The separoid is acyclic if A1 B = |A||B| > 0.

Theorem 1 (Arocha et al. [1] and Strausz [7, 8]) Every finite separoid can be represented by
a family of convex sets in some Euclidean space; that is, for every separoid S there exists a family
of convex sets F = {C; CTE?: i € S} such that, for A,BC S

(+) AfB < (C,€F:acAN(C,eF:beB)#0 (and ANB=0),

where (-) denotes the convex hull. Furthermore, if the separoid is acyclic, then such a representation
can be done in the (|S| — 1)-dimensional Euclidean space.

For the acyclic case, let S be identified with the set {1,...,n}. For each element i € S and each
pair AT B such that i € A, let pfﬁB be the point of IR"™ defined by
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where {¢;} is the canonical basis of IR™. Observe that all such points are in the affine hyperplane
spanned by the basis. Now, each element i € S is represented by the convex hull of all such points:

i Ci=(php:ic Aand At B).

From here, it is easy to prove (x). o

Question 1 ;Is there a geometric representation theorem for infinite separoids? Guess: YES.



The minimum dimension where the separoid S can be represented is the geometric dimension of
S and it is denoted by gd(S). The (combinatorial) dimension d(S) is the minimum d such that
every subset with d 4+ 2 elements is the support of a Radon partition. The separoid S is in general
position if no d(S) + 1 elements are the support of a Radon partition. The seaporid S is a point
separoid if it can be represented by a family of points P C IE? in some Euclidean space (cf. [4]).

Theorem 2 (Bracho & Strausz [2]) Let S be a separoid in general position. S is a point separoid
if and only if d(S) = gd(95).

Marcos: The smallest non-point separoid S such that d(S) = gd(9).

Question 2 ;s there a polynomial-verifiable property of separoids V which makes the following
statement true: S is a point separoid if and only if V(S) and d(S) = gd(S)? Guess: YES.

Given two separoids S and T', a mapping h:.S — T is a homomorphism if the image of minimal
Radon partitions are minimal Radon partitions; that is, for A, B C S,

AT B minimal = h(A) { h(B) minimal.

Theorem 3 (NesSettil & Strausz [6]) The category of separoids endowed with homomorphisms
18 a universal category. That is, every category can be represented by an induced subcategory of
separoids’ homomorphisms.

Question 3 ;Is the subcategory of point separoids universal? Guess: NO.

The homomorphisms order of separoids is defined with the relation
ST <= Jh:S — T,

and identifying those separoids S and S” which S < S and S’ <X S. A partially ordered set (X, <)
is fractal if for each interval [z,y] := {z € X : © < z < y} there exists a monotone and injective
function ¢: X — [z, y].

Theorem 4 (Nesettil [5]) The homomorphisms order of graphs is fractal.

Question 4 ;Is the homomorphisms order of separoids fractal? Guess: YES.



A pair of disjoint subsets AN B = () which are not a Radon partition, are said to be separated and
denoted A | B. A mapping u: S — T is a morphism if the preimage of separations are separations;
that is, for C, D C T,

C|D = p H(C)| n (D).

A morphism is a monomorphism if it is injective.

Theorem 5 (Strausz [9]) Let S be a d-dimensional separoid of order |S| = (k —1)(d + 1) + 1.
Suppose that in addition there exists a monomorphism p:S — P into a d-dimensional point
separoid P in general position. Then there exists a k-colouring ¢: S — {1,...,k} such that each
pair of chromatic classes are the components of a Radon partition; that is,

1<i<ji<k = < () ts71()).

Question 5 ;How far the additional hypothesis can be weakened —the hypothesis “u . ..”— while
maintaining the conclusion of the previous Theorem? ;Is there a purely combinatorial Tverberg-type
theorem for separoids? Guess: Not much and...I do not know.

A morphism is an epimorphism if it is surjective. An epimorphism ¢:.S — T is a chromomorphism
if the preimage of minimal Radon partitions are Radon partitions; that is, for C, D C T,

C 1 D minimal = g_l(C) J[g_l(D).

The complete separoid K}, is the separoid of k elements such that ¢ t j, for all 4,5 € K. The
(k, d)-Tverberg number ¥(k,d) is the minimum n such that all d-dimensional separoids of order at
least n maps onto Kj with a chromomorphism; that is, J(k, d) is minimal with the property

|S] > 9(k,d(S)) = F:5 — K.

Theorem 6 (Montellano et al. [3]) For all d > 0 and k > 2 it follows that
k
(k=1)(d+1)+1 <k, d) < (2)(d+ 1)+ 1.

Furthermore, for each d > 0 there exists a constant Cy such that for oll k > d + 2,

9(k,d) < Cqklogk.

Question 6 ;Is it true that 9(k,d) € O(kd)? sCan 9(k,d) be precisely determined? Guess: YES
and. .. I do not know, I am working on that.

Metaproblem. Choose your favourite problem from graph theory and/or discrete geometry and
generalise it to include all separoids. Now, solve it!

For instance:

i.Does the perfect separoids conjecture holds?

iDoes Erdds-Szekeres theorem holds for separoids?

i.Does wvisibility separoids have chromatic number bounded by a function of their clique number?
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