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4 Lqwur gxf wlr q

Ohw� eh d vhwr i sr lqwv lq j hqhudosr vlwlr q lq wkh sodqh1 D vhw� r i f r qyh{
sr o| j r qv z lwk yhuwlf hv lq � dqg z lwk sdluz lvh glvmr lqwlqwhulr uv lv d f r qyh{
ghf r p sr vlwlr q r i � li wkhlu xqlr q lv wkh f r qyh{ kxoo � M E� � r i � dqg qr
sr lqwr i � olhv lq wkh lqwhulr u r i dq| sr o| j r q lq � 1 D f r qyh{ ghf r p sr vlwlr q
� r i � lv p lqlp do li wkh xqlr q r i dq| wz r sr o| j r qv lq � lv qr wd f r qyh{
sr o| j r q1

M1Xuuxwld 5̂` f r qmhf wxuhg wkdwir u dq| vhw� r i ? � � sr lqwv lq j hqhudo
sr vlwlr q lq wkhsodqh/ wkhuh lv d f r qyh{ ghf r p sr vlwlr q r i � z lwk dwp r vw?n •
hohp hqwv1Odwhu/ R1Dlfkkr o}hudqg K1Ndvvhu 4̂` j lyh d vhw� Œ z lwk ? sr lqwv/
ir uhdfk ? � • � / vxf k wkdwdq| f r qyh{ ghf r p sr vlwlr q r i � Œ kdv dwohdvw? n 2
hohp hqwv1

Lq wklv duwlf oh z h suryh wkdwir u dq| vhw� r i ? � � sr lqwv lq j hqhudosr 0
vlwlr q lq wkh sodqh/ wkhuh lv d f r qyh{ ghf r p sr vlwlr q r i � z lwk dwp r vw • Ž • • • ‘
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hohp hqwv1 P r uhryhu/ z h suryh wkdwli � lv d p lqlp dof r qyh{ ghf r p sr vlwlr q
r i � / wkhq � kdv dwp r vw

� � � � �

� hohp hqwv/ z khuh & lv wkh qxp ehu r i sr lqwv lq
wkh er xqgdu| r i � M E� �1

5 F r qyh{ ghf r p s r vlwlr qv

Ohw� eh d f r qyh{ ghf r p sr vlwlr q r i d vhw� r i sr lqwv lq j hqhudosr vlwlr q
lq wkh sodqh1 Dq hgj h e r i � lv hvvhqwldo lq � li hlwkhu e lv f r qwdlqhg lq
wkh er xqgdu| r i � M E� � r u k ^ q lv qr wf r qyh{ / z khuh k dqg q duh wkh
wz r sr o| j r qv lq � wkdwf r qwdlq wkh hgj h e1 Li e lv qr whvvhqwldolq � / wkhq
E� * i kcqj � ^ i k ^ qj lv d f r qyh{ ghf r p sr vlwlr q r i � z klf k z h ghqr wh e|
� � e1

Ohw� / � dqg � eh sr lqwv lq � 1 Z h vd| wkdwwkh wuldqj oh { � � � lv hp sw|
+z lwk uhvshf wwr � , li wkhuh duh qr yhuwlf hv r i � lq wkh lqwhulr u r i { � � � 1

Wkhr uhp 4 I r u hdf k vhw� r i ? � � sr lqwv lq f r qyh{ sr vlwlr q lq wkh sodqh/
wkhuh lv d f r qyh{ ghf r p sr vlwlr q � r i � z lwk dwp r vw

� � � 	 
 �

� hohp hqwv1

Sur r i1 Li ? ' � / wkhq wkh er xqgdu| r i � M E� � lv d f r qyh{ ghf r p sr vlwlr q
r i � z lwk • hohp hqw1 Z h sur f hhg e| lqgxf wlr q dvvxp lqj ? � e dqg wkdwwkh
uhvxowir oorz v ir u hyhu| sur shu vxevhwr i � z lwk dwohdvw6 sr lqwv1

Li sr vvleoh/ ohw%dqg + eh wz r qr q f r qvhf xwlyh sr lqwv lq wkh er xqgdu|
r i � M E� � dqg ohwu dqg - eh wkh f or vhg kdoisodqhv gh� qhg e| wkh olqh
mr lqlqj %dqg +1 Ohw� 
 ' � _ u dqg � � ' � _ - 1 E| lqgxf wlr q/ wkhuh lv d
f r qyh{ ghf r p sr vlwlr q � � r i � � z lwk dwp r vw � � � � � � �

� hohp hqwv dqg d f r qyh{
ghf r p sr vlwlr q � � r i � � z lwk dwp r vw � � � � � � �

� hohp hqwv z khuh ? � dqg ? � duh
wkh qxp ehu r i sr lqwv lq � � dqg � � uhvshf wlyho| 1

Fohduo| �  ^ � ! lv d f r qyh{ ghf r p sr vlwlr q r i � 1 Ohwk dqg q eh wkh
xqlt xh sr o| j r qv lq � " dqg � # / uhvshf wlyho| / wkdwf r qwdlq wkh hgj h e ' %+1
Vlqf h k ^ q lv d f r qyh{ sr o| j r q/ wkhq e lv qr whvvhqwldo lq � $ ^ � % dqg
wkhuhir uh � ' E� $ ^ � % � � e lv d f r qyh{ ghf r p sr vlwlr q r i � z lwk dwp r vw

$ & ' ( ) $ *

+ n
, - . / 0 , 1

2 � • hohp hqwv1 Vlqf h ? , n ? 3 ' ? n 2/ wkhq � kdv dwp r vw
4 5 6 7 8 9

: hohp hqwv1
Z h p d| qrz dvvxp h wkdwwkh er xqgdu| r i � M E� � kdv h{ df wo| � sr lqwv

z klf k z h ghqr wh e| @/ Kdqg S1
Fdvh 410Wkhuh lv dq lqwhuqdosr lqw%r i � vxfk wkdwqr qh r i { @%K/ { @%Sdqg
{ K%Slv dq hp sw| wuldqj oh1
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I lj xuh 4=Hgj h @%lv qr whvvhqwldolq � � ^ � � ^ � �

Ohw� � ' � _ { @%K/ � � ' � _ { @%Sdqg � � ' � _ { K%S1 E| lqgxf wlr q/
ir u � ' • c2c� / wkhuh lv d f r qyh{ ghf r p sr vlwlr q � � r i � � z lwk dwp r vw

� � � � � 	 


�

hohp hqwv/ z khuh ? � lv wkh qxp ehu r i sr lqwv lq � � 1 Fohduo| � 	 ^ � 
 ^ � � lv d
f r qyh{ ghf r p sr vlwlr q r i � 1

Vlqf h { @%Klv qr whp sw| / wkhq wkhuh lv d sr lqw� lq wkh lqwhulr u r i { @%K
z klf k lv dgmdf hqwwr %lq � 	 1 Wklv lp solhv wkdwdwohdvwr qh r i wkh hgj hv @%
r u K%lv qr whvvhqwldolq � 	 ^ � 
 ^ � � +vhh I lj xuh 4,1

Dqdor j r xvo| / dwohdvwr qh r i wkh hgj hv S%r u K%dqg dwohdvwr qh r i wkh
hgj hv @%r u S%duh qr whvvhqwldolq � 	 ^ � 
 ^ � � 1 Z h f odlp wkdwwkhuh duh
wz r hgj hv e	 ce
 5 i @%cK%cS%j vxfk wkdw� ' E� � ^ � � ^ � � � � i e� ce� j lv d
f r qyh{ ghf r p sr vlwlr q r i � 1

Vlqf h ? ' ? � n ? � n ? � � D/ wkhq wkh qxp ehu r i hohp hqwv lq � lv

m� m ' m� � ^ � � ^ � � m� 2
' m� � mn m� � mn m� � m� 2
�

� � � � � � �

� n
� � � � � � �

� n
� � � � � �  

! � 2
'

� " # $ % & ' ( & ' ) * + , -

.

'
/ 0 1 2 3 4 5 6 7 8

9

' : ; <

6

:

8

9

Fdvh 510Wkhuh lv dq lqwhuqdosr lqw%r i � vxfk wkdwwz r r i { @%K/ { @%Sdqg
{ K%Sduh hp sw| wuldqj ohv1

Z lwkr xwor vv r i j hqhudolw| z h dvvxp h wkdw{ @%K/ { @%Sf r qwdlq qr sr lqwv
r i � lq wkhlu lqwhulr uv1
Vxefdvh 51410{ K%Slv qr wdq hp sw| wuldqj oh1

E| lqgxf wlr q wkhuh lv d f r qyh{ ghf r p sr vlwlr q � = r i � q i @j z lwk dwp r vw
> ? @ A B > C B > D

E 1Fohduo| � > ^ i { @%Kc{ @%Sj lv d f r qyh{ ghf r p sr vlwlr q r i � 1Vlqf h
{ K%S lv qr whp sw| / wkhq wkhuh lv d sr lqwlq wkh lqwhulr u r i { K%S z klf k lv
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dgmdf hqwwr %lq � � 1 Wklv lp solhv wkdwwkhuh lv dq hgj h e 5 i %Kc%Sj z klf k lv
qr whvvhqwldolq � � ^ i { @%Kc{ @%Sj dqg wkhuhir uh � ' E� � ^ i { @%Kc{ @%Sj � �
e lv d f r qyh{ ghf r p sr vlwlr q r i � 1

Lq wklv f dvh wkh qxp ehu r i hohp hqwv r i � lv

m� m ' m� � ^ i { @%Kc{ @%Sj m� •
' m� � mn mi { @%Kc{ @%Sj m� •
�

� � � � � � � � � �

� n 2 � •
' � � � � � �

�

Vxefdvh 51510{ K%Slv dq hp sw| wuldqj oh1
Lq wklv f dvh ? ' e dqg � ' i { @%Kc{ @%Sc{ K%Sj lv d f r qyh{ ghf r p sr vl0

wlr q r i � z lwk 6 hohp hqwv1
Fdvh 610I r uhdfk lqwhulr usr lqw� r i � / h{ df wo| r qh r i { @� K/ { @� Sdqg { K� S
lv dq hp sw| wuldqj oh1

Ohw5 eh dq lqwhulr u sr lqwr i � 1 Z lwkr xwor vv r i j hqhudolw| z h dvvxp h
wkdw{ @5Klv dq hp sw| wuldqj oh1
Vxefdvh 61410Wkhuh lv dq lqwhulr u sr lqw%r i � vxf k wkdw� @%5Klv d f r qyh{
t xdgulodwhudowkdwf r qwdlqv qr sr lqwv r i � lq lwv lqwhulr u1

Ohw� 	 ' � _ { @%S/ � 
 ' � _ { %S5 dqg � � ' { K5S1 E| lqgxf wlr q/ ir u
� ' • c2c� / wkhuh lv d f r qyh{ ghf r p sr vlwlr q � � r i � � z lwk dwp r vw 	 
 � � � 	 �

�

hohp hqwv/ z khuh ? � lv wkh qxp ehu r i sr lqwv lq � � 1 Fohduo| � 	 ^ � 
 ^ � �

^ i � @%+Kj lv d f r qyh{ ghf r p sr vlwlr q r i � 1
Vlqf h { @%Klv hp sw| / wkhq { @%Sf dqqr weh hp sw| 1 Wkhuhir uh wkhuh lv d

sr lqwlq wkh lqwhulr u r i { @%Sz klf k lv dgmdf hqwwr %lq � 	 1 Wklv lp solhv wkdw
wkhuhlvdq hgj he	 5 i %@c%Sj z klfk lvqr whvvhqwldolq � 	 ^ � 
 ^ � � ^ i � @%5Kj 1
Dqdor j r xvo| wkhuhlvdq hgj he
 5 i 5Sc5Kj z klf k lvqr whvvhqwldolq � 	 ^ � 
 ^ � �

^ i � @%5Kj 1 Z h f odlp wkdw� ' E� 	 ^ � 
 ^ � � ^ i � @%5Kj � � i e	 ce
 j lv d
f r qyh{ ghf r p sr vlwlr q r i � 1

Vlqf h ? ' ? 	 n ? 
 n ? � � e/ wkhq wkh qxp ehu r i hohp hqwv lq � lv

m� m ' m� 	 ^ � 
 ^ � � ^ i � @%5Kj m� 2
' m� 	 mn m� 
 mn m� � mn mi � @%5Kj m� 2
� 	 
 � � � 	 �

� n 	 
 � � � 	 �

� n 	 
 � � � 	 �

� n • � 2
'

	 
 � � � � � � � � � � � � 	

�

'
	 
 � � � � � � � �

�

' �  !
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�

�
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Vxefdvh 61510 I r u hdfk r wkhu lqwhulr u sr lqw� r i � / 5 lv dq lqwhulr u sr lqwr i
{ @� K1

Vlqf h { @5K lv dq hp sw| wuldqj oh/ wkhq { @5S p xvwf r qwdlq dwohdvwr qh
sr lqwr i � lq lwv lqwhulr u1 Ohw%eh d sr lqwr i � lq wkh lqwhulr u r i { @5Svxfk
wkdw{ %5@lv dq hp sw| wuldqj oh1 Dqdor j r xvo| / wkhuh lv d sr lqw+ r i � lq wkh
lqwhulr u r i { K5Svxfk wkdw{ +5Klv dq hp sw| wuldqj oh1
Vxevxefdvh 6151410{ S%Klv dq hp sw| wuldqj oh1

Ohw� � ' � _ { @%Sdqg � � ' � _ { %5K1 E| lqgxf wlr q/ wkhuh lv d f r qyh{
ghf r p sr vlwlr q � � r i � � z lwk dwp r vw � � � � � � �

� hohp hqwvdqg d f r qyh{ ghf r p sr 0
vlwlr q � � r i � � z lwk dwp r vw � � � � � � �

� hohp hqwv z khuh? � dqg ? � duhwkhqxp ehu
r i sr lqwv lq � � dqg � � / uhvshf wlyho| 1 Fohduo| � � ^ � � ^ i { @5Kc{ @%5c{ S%Kj
lv d f r qyh{ ghf r p sr vlwlr q r i � 1

Vlqf h { S%Klv dq hp sw| wuldqj oh/ wkhq { @%Sf dqqr weh hp sw| / wkhuhir uh
wkhuh lv d sr lqwlq wkh lqwhulr u r i { @%Sz klf k lv dgmdf hqwwr %lq � � 1 Wklv
lp solhv wkdwwkhuh lv dq hgj h e� 5 i %@c%Sj z klf k lv qr whvvhqwldolq � � ^ � � ^
i { @5Kc{ @%5c{ S%Kj 1

Vlqf h { @5K lv dq hp sw| wuldqj oh/ wkhq { S5K f dqqr weh hp sw| 1 Vlqf h
{ S5K � { S%K̂ { %5K dqg { S%K lv dq hp sw| wuldqj oh/ wkhq { %5K lv qr w
hp sw| 1 Wkhuhir uh wkhuh lv d sr lqwlq wkh lqwhulr u r i { %5Kz klfk lv dgmdf hqw
wr 5 lq � 	 1 Wklv lp solhv wkdwwkhuh lv dq hgj h e	 5 i 5%c5Kj z klfk lv qr w
hvvhqwldolq � 	 1

Z h f odlp wkdw� ' E� 
 ^ � 	 ^ i { @5Kc{ @+5c{ S+Kj � � i e
 ce	 j lv d f r qyh{
ghf r p sr vlwlr q r i � 1

Vlqf h ? ' ? 
 n ? 	 � • / wkhq wkh qxp ehu r i hohp hqwv lq � lv

m� m ' m� 
 ^ � 	 ^ i { @5Kc{ @+5c{ S+Kj m� 2
' m� 
 mn m� 	 mn mi { @5Kc{ @+5c{ S+Kj m� 2
� 
 � � 
 � 
 �

� n 
 � � � � 
 �

� n � � 2
'
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� � � � � � � � �
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�
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� � �

�
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�

�

Vxevxefdvh 6151510{ S+@lv dq hp sw| wuldqj oh1
Lqwhufkdqj h + dqg %dqg @dqg Klq Fdvh 615141

Vxevxef dvh 6151610 Er wk { S%Kdqg { S+@f r qwdlq dwohdvwr qh sr lqwr i � lq
wkhlu lqwhulr uv1

Vlqf h 5 olhv lq wkh lqwhulr u r i { @%K/ wkhq er wk wuldqj ohv { S%Kdqg { @%K
duh qr whp sw| dqg wkhuhir uh { @%Slv hp sw| 1Dqdor j r xvo| { K+Slv dovr hp sw| 1
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Vxevxevxef dvh 615161410Wkh t xdgulodwhudo� S+5%f r qwdlqv dwohdvwr qh sr lqw
� r i � lq lwv lqwhulr u1

Z lwkr xwor vv r i j hqhudolw| z h dvvxp h wkdw� olhv lq wkh lqwhulr u r i { S%51
Ohw� � ' � _ { S%5 dqg � � ' � _ { S5K1E| lqgxf wlr q wkhuhlvd f r qyh{ ghf r p 0
sr vlwlr q � � r i � � z lwk dwp r vw � � � � � � �

� hohp hqwv dqg d f r qyh{ ghf r p sr vlwlr q
� � r i � � z lwk dwp r vw � � � � � � �

� hohp hqwv/ z khuh ? � dqg ? � duh wkh qxp ehu r i
sr lqwv lq � � dqg � � / uhvshf wlyho| 1 Fohduo| � � ^ � � ^ i { @%Sc{ @%5c{ @5Kj lv
d f r qyh{ ghf r p sr vlwlr q r i � 1

Vlqf h { S%5 lv qr whp sw| wkhq wkhuh lv d sr lqwlq wkh lqwhulr u r i { S%5
z klf k lv dgmdf hqwwr %lq � � 1 Wklv lp solhv wkdwwkhuh lv dq hgj h e� 5 i %Sc%5j
z klf k lv qr whvvhqwldolq � � ^ � � ^ i { @%Sc{ @%5c{ @5Kj 1Dqdor j r xvo| / wkhuh lv
dq hgj h e� 5 i 5Sc5Kj z klfk lv qr hvvhqwldolq � � ^ � � ^ i { @%Sc{ @%5c{ @5Kj 1
Z h f odlp wkdw� ' E� � ^ � � ^ i { @+Sc{ @+5c{ @5Kj � � i e� ce� j lv d f r qyh{
ghf r p sr vlwlr q r i � 1

Vlqf h ? ' ? � n ? � � • dv lq Vxevxef dvh 61514/ wkhq wkh qxp ehur i hohp hqwv
lq � lv dwp r vw � � �

�
� 	

� 1
Vxevxevxef dvh 615161510Wkh t xdgulodwhudo� S+5%f r qwdlqv qr sr lqwv r i � lq
lwv lqwhulr u1

Lq wklvf dvh� ' i @cKcSc5c+c%j dqg i { @+Sc{ @+5c{ @5Kc{ K5%c{ K%Sc� S+5%j
lv d f r qyh{ ghf r p sr vlwlr q r i � z lwk S'


 � � 
 � � 
 �

� hohp hqwv1
Vlqf h f dvhv 4/ 5 dqg 6 f ryhu doosr vvlelolwlhv/ wkhq wkh uhvxowir oorz v1

6 P lqlp do f r qyh{ ghf r p s r vlwlr qv

Ohw� eh d vhwr i ? sr lqwv lq j hqhudo sr vlwlr q lq wkh sodqh dqg A eh d
wuldqj xodwlr q r i � 1 Dq hgj h e r i A lv  lssdeoh li e lv f r qwdlqhg lq wkh
er xqgdu| r i wz r wuldqj ohvodqg r r i A vxfk wkdwo^ r lvd f r qyh{ t xdgulodwhudo1
I 1Kxuwdgr e| @, suryhg lq 5̂` wkdwA kdv dwohdvw � �

�

�  lssdeoh hgj hv1
Lq wklvvhf wlr q z hp r gli| wkhlusur r i wr vkrz wkdwA kdvd vhwi e� ce� c� � � ce� j

z lwk dwohdvw � � �

� hgj hvvxfk wkdwwkhidf hvr i A� i e� ce� c� � � ce� j ir up d f r qyh{
ghf r p sr vlwlr q r i � 1

I r u hyhu| f r qyh{ ghf r p sr vlwlr q � r i � ohwC E� � ghqr wh wkh vnhohwr q
j udsk r i � 1 Wkdwlv wkh sodqh j hr p hwulf j udsk z lwk yhuwh{ vhw� lq z klfk
wkh hgj hv duh wkh vlghv r i doosr o| j r qv lq � 1

Li � lv d p lqlp dof r qyh{ ghf r p sr vlwlr q r i � / wkhq ir uhyhu| lqwhuqdohgj h
e r i C E� � / wkh j udsk C E� � � e kdv dq lqwhuqdoidf h ' � z klf k lv qr wf r qyh{
dqg dwohdvwr qh hqg r i e lv d uh h{ yhuwh{ r i ' � 1
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Wkhuhir uh z h f dq r ulhqwwkh hgj hv r i C E� � dv ir oorz v=Wkh hgj hv o| lqj lq
wkh er xqgdu| r i � M E� � duh r ulhqwhg f or fnz lvh/ dqg hyhu| lqwhuqdohgj h e lv
r ulhqwhg wrz dugv d uh h{ yhuwh{ r i ' � 1 Li er wk hqgv r i e duh uh h{ yhuwlf hv
r i ' � / wkh r ulhqwdwlr q r i e lv duelwudu| 1 Ohw

� � � $
C E� � ghqr wh wkh f r uuhvsr qglqj

r ulhqwhg j hr p hwulf j udsk1
Wkh ir oorz lqj ohp p d lv suhvhqwhg khuh z lwkr xwsur r i1

Ohp p d 5 Li � lv d p lqlp dof r qyh{ ghf r p sr vlwlr q r i � wkhq=

d, Wkh lqghj uhh _ � E� � r i hyhu| yhuwh{ � r i
� � � $
C E� � lv dwp r vw� 1

e, Li �$� 5/ �$� 5 duh duf v r i
� � � $
C E� � / wkhq � 5 dqg � 5 olh lq d f r p p r q idf h r i C E� �1

f , Li �$� 5/ �$� 5 dqg �$� 5 duh duf v r i
� � � $
C E� � / wkhq 5 kdv ghj uhh � lq C E� � dqg olhv

lq wkh lqwhulr u r i wkh wuldqj oh � � � 1

Ohp p d 6 Ohw� eh d p lqlp dof r qyh{ ghf r p sr vlwlr q r i � 1 Li & lv wkh qxp ehu
r i yhuwlfhv lq wkh er xqgdu| r i � M E� � / wkhq mT� m� 2mT� mn 2mT � mn mT� m� E&n 2� /
z khuh T� ghqr whv wkh vhwr i yhuwlfhv r i

� � � $
C E� � z lwk lqghj uhh �1

Sur r i1 E| Ohp p d 5e/ wkh j udsk C E� � f dq eh h{ whqghg wr sodqh j hr p hwulf
j udsk 8 � lq z klf k doolqwhuqdoidf hv duh wuldqj ohv vxfk wkdwli �$� 5 dqg �$� 5 duh
duf v r i

� � � $
C E� � / wkhq 8 � f r qwdlqv wkh hgj h � � 1 I r uhdfk yhuwh{ 5 5 T� / ohwA E5�

ghqr wh wkh wuldqj xodu idf h r i 8 � er xqghg e| wkh hgj hv � 5/ � 5 dqg � � / z khuh
�$� 5 dqg �$� 5 duh wkh wz r duf v r i

� � � $
C E� � z lwk khdg lq � 1

Ohw8 � eh wkh sodqh j hr p hwulf j udsk z lwk yhuwh{ vhwT	 ^ T � ^ T� / r ewdlqhg
iur p C E� � e| ghohwlqj dooyhuwlf hv lq T
 1 Qr wlf h wkdwhdfk lqwhuqdoidf h r i
8 � lv d wuldqj oh dqg wkdwA E5� lv d idf h r i 8 � ir u hdfk 5 5 T� 1 E| Hxohu*v
ir up xod/ wkh qxp ehu r i lqwhuqdoidf hv r i 8 � lv 2Em� 
 mn m� � mn m� � m� � E&n 2�1
Vlqf h hdfk yhuwh{ � 5 T� p xvwolh lq wkh lqwhulr ur i d idf h r i 8 � z klfk lv qr wd
idf h r i 8 � / wkhq wkhuh duh dwp r vwdv p dq| yhuwlf hv lq T� dv idf hv lq 8 � z klfk
duh qr widf hv r i 8 � 1 Wkdwlv mT� m� E2EmT
 mn mT � mn mT� m� � E&n 2� � � mT� m'
2mT
 mn 2mT � mn mT� m� E&n 2�1

Wkhr uhp 7 Li � lv d p lqlp do f r qyh{ ghf r p sr vlwlr q r i � / wkhq � kdv dw
p r vw

� � � � �

� hohp hqwv/ z khuh & lv wkh qxp ehu r i sr lqwv lq wkh er xqgdu| r i
� M E� �1

Sur r i1 OhwC E� � ehwkhvnhohwr q j udsk r i � dqg
� � � $
C E� � ehwkh f r uuhvsr qglqj

r ulhqwhg j udsk1 E| Ohp p d 5/ _
�

E� � � � ir u hdfk � 5 T
� � � � $
C E� � � dqg
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Vlqf h wkh hohp hqwv r i � f r uuhvsr qg wr wkh lqwhuqdoidf hv r i
� � � $
C E� � / wkhq

wkh uhvxowir oorz v1
OhwC 7 eh wkh j hr p hwulf j udsk lq I lj xuh 5/ dqg ir u � � • ohwC 8 9 : eh

j hr p hwulf j udsk r ewdlqhg iur p C ; dv lq I lj xuh 6/ z khuh C < lv d f r s| r i C <

z lwk wkh 6 f r qyh{ kxoohgj hv uhp ryhg dqg sodf hg xsvlgh grz q1
I r u � � • / C = lv wkh vnhohwr q j udsk r i d p lqlp dof r qyh{ ghf r p sr vlwlr q

� > r i d vhw� > z lwk ? > ' S� � 2 sr lqwv dqg1 Vlqf h � > kdv o? ' b� � S ' @ A B C D

E

hohp hqwv/ wkhq wklv vkrz v wkdwwkh er xqg lq Wkhr uhp 5 lv wlj kwir u & ' � 1
Dq dqdor j r xv idp lo| r i f r qyh{ ghf r p sr vlwlr qv f dq eh f r qvwuxf whg ir u dq|
& � � 1
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F r ur oodu| 8 Li A lv d wuldqj xodwlr q r i d vhw� r i ? sr lqwv lq f r qyh{ sr vlwlr q
lq wkh sodqh/ wkhq A f r qwdlqv d vhwi e� ce� c� � � ce� j z lwk dwohdvw
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�  lssdeoh

hgj hv vxf k wkdwwkh idfhv r i A � i e� ce� c� � � ce	 j ir up d f r qyh{ ghf r p sr vlwlr q
r i � 1

Sur r i1 Ohw� eh d p lqlp dof r qyh{ ghf r p sr vlwlr q r i � vxf k wkdwdoohgj hv r i
C E� � duhhgj hvr i A1E| wkhsur r i r i Wkhr uhp 7 wkhj udsk/ C E� � kdvdwp r vw
 � � 
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 hgj hv/ z khuh & lv wkh qxp ehu r i sr lqwv lq wkh er xqgdu| r i � M E� �1
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hgj hv lq A z klfk duh qr whgj hv r i C E� �1 Fohduo| hdfk r i wkhvh hgj hv lv
 lssdeoh lq A1

7 I lqdouhp dun

Lwuhp dlqv dv d sur eohp wr ghf lgh z khwkhuwkhuh h{ lvwv d f r qvwdqwSvxfk wkdw
ir u dq| vhw� r i ? sr lqwv lq j hqhudosr vlwlr q lq wkh sodqh/ wkhuh lv d f r qyh{
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