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Motivation

Idea: Want to relate a cluster algebra A with the Grobner theory of an
ideal I s.t. A= k[x1,...,xm]/l.
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Motivation

Idea: Want to relate a cluster algebra A with the Grobner theory of an
ideal I s.t. A= k[x1,...,xm]/l.

Theorem (Fomin—-Williams—Zelevinsky 20)

Let a be a finite type cluster algebra with X, the set of all cluster
variables. Let Ix C k[Xa] be the saturation of the ideal generated by all
exchange relations. Then

A k[XA]/IA.
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Grassmannian cluster algebra

Let Ay , be the homogeneous coordinate ring of Gr(k, n) under its Pliicker
embedding

Gr(k,n) — P()=L M [det(M))] (1)

[Scott 06] Ak, is a cluster algebra and of finite type if and only if
(k,n) €{(2,n),(3,6),(3,7),(3,8)}.

SIGMA 17 (2021), 59 Lara Bossinger (jt. Fatemeh Mohammadi and Alfredo Néjera Chavez)



Grassmannian cluster algebra

Let Ay , be the homogeneous coordinate ring of Gr(k, n) under its Pliicker
embedding

Gr(k,n) — P()=L M [det(M))] (1)

[Scott 06] Ak, is a cluster algebra and of finite type if and only if
(k,n) €{(2,n),(3,6),(3,7),(3,8)}.
Example

© For Ay, all cluster variables are Pliicker coordinates p;; and the ideal
IAz,,, = b, is the Pliicker ideal generated by

PijPki — PikPj1 + PilPjk
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Grassmannian cluster algebra

Let Ay , be the homogeneous coordinate ring of Gr(k, n) under its Pliicker
embedding

Gr(kn) < P(O-1 M [det(M))] ()
k
[Scott 06] Ak, is a cluster algebra and of finite type if and only if
(k,n) € {(2,n),(3,6),(3,7),(3,8)}.
Example

© For Ay, all cluster variables are Pliicker coordinates p;; and the ideal
IAz,,, = b, is the Pliicker ideal generated by

PijPki — PikPji 1 PilPjk
@ For Az all Pliicker coordinates pjj are cluster variables and there are

two more: x, y that are quadratic binomials in p;ix. So /36 contains
the Pliicker ideal.
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P145D236 — P123Pase — X,

P136P245 — P126P345 — X,

D146P235 — P156P234 — X,

D246P356 — P346P256 — P236P4565
P146P356 — P346P156 — P136P456,
P245P346 — P345P246 — P234P456,
P145P346 — P345P146 — P134P456,
P146P256 — P246P156 — P126P4565
P136P256 — P236P156 — P126P356,
P235P246 — P245P236 — P234P256,
P136P246 — P236P146 — P126P346,
P125P246 — P245P126 — P124P256,
P135P245 — P235P145 — P125P345,
P134P236 — P234P136 — P123P346,
P124D236 — P234P126 — P123D246,
D124P235 — P234P125 — P123P245,
P125D146 — P145P126 — P124D156,

P124P136 — P134P126 — P123P146,

A minimal generating set of 36 C C[p123,. .., pase, X, y]:

P124P356 — P123P456 — Y,

P125P346 — P126P345 — Y,

P134P256 — P156P234 — Y,

P245P356 — P345P256 — P235P456
P145P356 — P345P156 — P135P456,
P235P346 — P345P236 — P234P356,
P135P346 — P345P136 — P134P356,
P145P256 — P245P156 — P125P456,
P135P256 — P235P156 — P125P356,
P145P246 — P245P146 — P124P456,
P134P246 — P234P146 — P124P346,
P134P245 — P234P145 — P124P345,
P13s5P236 — P235P136 — P123P356,
P125P236 — P235P126 — P123P256,
P134P235 — P234P135 — P123P345,
P135P146 — P145P136 — P134P156,
P125P136 — P135P126 — P123P156,

P124P135 — P134P125 — P123P145,

f = p135p24e — P156P234 — Y — p123pase — X — p126P3as.
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Grobner fan and (totally positive) tropicalization

Definition (Mora—Robbiano 88)

For a homogeneous ideal J C Cl[xq, ..., x,] its Grobner fan GF(J) is R"
with fan structure defined by

v,we C° & in,(J)=in,(J).
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Grobner fan and (totally positive) tropicalization

Definition (Mora—Robbiano 88)

For a homogeneous ideal J C Cl[xq, ..., x,] its Grobner fan GF(J) is R"
with fan structure defined by

v,w e C° & in,(J) =in,(J).

Notation: in¢(J) :=iny(J),w € C° and Ac := Cl[xy, ..., xa]/inw(J)
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Grobner fan and (totally positive) tropicalization
Definition (Mora—Robbiano 88)

For a homogeneous ideal J C Cl[xq, ..., x,] its Grobner fan GF(J) is R"
with fan structure defined by

v,we C° & in,(J)=in,(J).

Notation: in¢(J) :=iny(J),w € C° and Ac := Cl[xy, ..., xa]/inw(J)

Definition (Speyer—Sturmfels 04, Speyer-Williams 05)
There is a distinguished subfan of GF(J) called the tropicalization of J:

Trop(J) :={w € R" :in,,(J) Z monomials}.
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Grobner fan and (totally positive) tropicalization

Definition (Mora—Robbiano 88)

For a homogeneous ideal J C Cl[xq, ..., x,] its Grobner fan GF(J) is R"
with fan structure defined by

v,we C° & in,(J)=in,(J).

Notation: in¢(J) :=iny(J),w € C° and Ac := Cl[xy, ..., xa]/inw(J)

Definition (Speyer—Sturmfels 04, Speyer-Williams 05)
There is a distinguished subfan of GF(J) called the tropicalization of J:

Trop(J) :={w € R" :in,,(J) Z monomials}.

If J C R[xy, ..., x,] then the totally positive part Trop™(J) C Trop(J) is
the closed subfan:

Trop™(J) := {w € Trop(J) : in,(J) "Ry [xi,...,x,] = &}
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Example

Take J = (x3x2 + xi — x2x3) C C[x1, x2, x3]. Then GF(J) is R® with the
fan structure and Trop(J) its one-skeleton, Trop™(J) is spanned by r1, r2:

W3:O
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Example

Take J = (x3x2 + xi — x2x3) C C[x1, x2, x3]. Then GF(J) is R® with the
fan structure and Trop(J) its one-skeleton, Trop™(J) is spanned by r1, r2:

W3:O
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Example

Take J = (x3x2 + xi — x2x3) C C[x1, x2, x3]. Then GF(J) is R® with the
fan structure and Trop(J) its one-skeleton, Trop™(J) is spanned by r1, r2:

§ (x4 — X2X3)
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Example

Take J = (x3x2 + xi — x2x3) C C[x1, x2, x3]. Then GF(J) is R® with the
fan structure and Trop(J) its one-skeleton, Trop™(J) is spanned by r1, r2:

w; =0 (d —xx3)

w2
1
I
1
1
1
1
1
1
1

(3 —x3)

Note: B,y = {X? : x2x3 [ x?} gives standard monomial basis for A.
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Family of ideals

Let C € GF(J) be a maximal cone and choose r1, ..., r, representatives

of primitive ray generators of C € GF(J)/L. Let r be the matrix with rows
ny,...,m.
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Family of ideals

Let C € GF(J) be a maximal cone and choose r1, ..., r, representatives
of primitive ray generators of C € GF(J)/L. Let r be the matrix with rows
r,...,rm. Define for f = Zaezgo cox® e J

u(f) == (crg%{rl : a},---,gj;éno{rm -a}) e "
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Family of ideals

Let C € GF(J) be a maximal cone and choose r1, ..., r, representatives
of primitive ray generators of C € GF(J)/L. Let r be the matrix with rows
r,...,rm. Define for f = Zaezgo cox® e J

f):=(min{rn-a},..., mi : zm.
u(f) (crg%{rl at, ,Crzj;po{rm a}) €
In Ct1,. .., tm][x1,.-.,xn] the lift of f is

fi= (", ..., t7%x, t—H() = Z CoxOtra—Hh),

an'io
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Family of ideals

Let C € GF(J) be a maximal cone and choose r1, ..., r, representatives
of primitive ray generators of C € GF(J)/L. Let r be the matrix with rows
r,...,rm. Define for f = zaezgo cox® e J

f):=(min{rn-a},..., mi : zm.
u(f) (CT;'E){“ at, ,Qj;po{rm a}) €
In Ct1,. .., tm][x1,.-.,xn] the lift of f is

fi= (" xq, ..., t7%x, t—H() = Z CoxOtra—Hh),

an%O

Theorem (B.-Mohammadi—N&jera Chévez)

The lifted ideal J := (f :fed)CClt,...,tm][x1,-..,xd] is generated by
{& : g € G}, where G is a Grobner basis for J and C.

Moreover, A is a free C[t1,. .., tm|-module with standard monomial basis
Be.
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Example

Take f = x12x22 +x{ — X2X33 € C[x1, x2, x3] and consider
in GF((f)) the maximal cone C spanned by the rows of
r=(1%%) and L.
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Example

Take f = x12x22 +x{ — xng € C[x1, x2, x3] and consider
in GF((f)) the maximal cone C spanned by the rows of

r=(1%9)and L. We compute

f(tl,tz) = f(tltle,tft2_2X2,X3)t1_4t22

2.2 4
t?xl X5 + tgxl — szg’
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Example

Take f = x12x22 +x{ — xng’ € C[x1, x2, x3] and consider
in GF((f)) the maximal cone C spanned by the rows of
r=(1%9)and L. We compute

3 4,-2 —4.2
f(ti, ) = f(titoxy, tity “xo,Xx3)t; "5
= t‘fljxlzxz2 + 1.“5’x{1 — szg’

0,0) = —xox3 = inc(f),
0,1) = xf — xzxg’ =in,(f),

1,0) = x12x22 — X2x§ =in,(f),

hy Thy Thy Th
—~ ~~

=
—

~—
I
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Example

Take f = x12x22 +x{ — xng € C[x1, x2, x3] and consider
in GF((f)) the maximal cone C spanned by the rows of
r=(1%9)and L. We compute

f:(tl,tz) = f(tltle,tft2_2X2,X3)t1_4t22
6.2.2 3

= XX + tgxf — X2X3
0,0) = —x2x33 =in¢c(f),
0,1) = x{ — x5 = in,, (f),
1,0) = x2x5 — xox3 = in,,(f),
(1,1)="f.
So A = Cty, to][x1, x2, 3]/ (t2xP53 + t3xF — x253).

hy Thy Thy Th
—~
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Example

Take f = x12x22 +x{ — xng € C[x1, x2, x3] and consider
in GF((f)) the maximal cone C spanned by the rows of
r=(1%9)and L. We compute

f:(tl,tz) = f(tltle,tft2_2X2,X3)t1_4t22
6.2.2 3

= XX + tgxf — X2X3
0,0) = —x2x33 =in¢c(f),
0,1) = x{ — x5 = in,, (f),
1,0) = x2x5 — xox3 = in,,(f),
(1,1)="f.
So A = Cty, to][x1, x2, 3]/ (t2xP53 + t3xF — x253).

hy Thy Thy Th
—~
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Theorem (B.-Mohammadi—Ngjera Chévez)

For (k,n) € {(2,n),(3,6)} there exists a unique maximal cone C in the
Grébner fan of Iy , such that
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Theorem (B.-Mohammadi—Ngjera Chévez)

For (k,n) € {(2,n),(3,6)} there exists a unique maximal cone C in the
Grébner fan of Iy , such that

@ inc(lx.n) is generated by products of non-compatible cluster variables
(i.e. it's the Stanley—Reisner ideal of the cluster complex);
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Theorem (B.-Mohammadi—Ngjera Chévez)

For (k,n) € {(2,n),(3,6)} there exists a unique maximal cone C in the
Grébner fan of Iy , such that

@ inc(lx.n) is generated by products of non-compatible cluster variables
(i.e. it's the Stanley—Reisner ideal of the cluster complex);

. = ~ 2 . 5 o 1:1
@ canonically Ay , = A" where universal coefficients <+ rays of C;
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Theorem (B.-Mohammadi—Ngjera Chévez)

For (k,n) € {(2,n),(3,6)} there exists a unique maximal cone C in the
Grébner fan of Iy , such that

@ inc(lx.n) is generated by products of non-compatible cluster variables
(i.e. it's the Stanley—Reisner ideal of the cluster complex);
Q@ canonically /Z\k7,7 = A‘,j“,iv where universal coefficients €3 rays of C;

© standard monomial basis B = basis of cluster monomials;
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Theorem (B.-Mohammadi—Ngjera Chévez)

For (k,n) € {(2,n),(3,6)} there exists a unique maximal cone C in the
Grébner fan of Iy , such that

@ inc(lx.n) is generated by products of non-compatible cluster variables
(i.e. it's the Stanley—Reisner ideal of the cluster complex);

Q@ canonically /Z\,<7,7 = A}jfl,iv where universal coefficients €3 rays of C;

© standard monomial basis B = basis of cluster monomials;

Q CnN Trop(lk,n) = Trop™(lk,,) which is a geometric realization of the

cluster complex:

rays of Trop* (Ix.n) &L Cluster variables

1:1
max cones Ts € Trop+(/k7,,) = seeds s of Ay
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Theorem (B.-Mohammadi—Ngjera Chévez)

For (k,n) € {(2,n),(3,6)} there exists a unique maximal cone C in the
Grébner fan of Iy , such that

@ inc(lx.n) is generated by products of non-compatible cluster variables
(i.e. it's the Stanley—Reisner ideal of the cluster complex);

Q@ canonically /Z\,<7,7 = A}jfl,iv where universal coefficients €3 rays of C;

© standard monomial basis B = basis of cluster monomials;

Q CnN Trop(lk,n) = Trop™(lk,,) which is a geometric realization of the

cluster complex:

rays of Trop* (Ix.n) &L Cluster variables

1:1
max cones Ts € Trop+(/k7,,) = seeds s of Ay

where the toric variety TV (A(Ak n, 8s)) is Proj(Ar).
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Theorem (B.-Mohammadi—Ngjera Chévez)

For (k,n) € {(2,n),(3,6)} there exists a unique maximal cone C in the
Grébner fan of Iy , such that

@ inc(lx.n) is generated by products of non-compatible cluster variables
(i.e. it's the Stanley—Reisner ideal of the cluster complex);

Q@ canonically /Z\,<7,7 = A}jfl,iv where universal coefficients €3 rays of C;

© standard monomial basis B = basis of cluster monomials;

Q CnN Trop(lk,n) = Trop™(lk,,) which is a geometric realization of the

cluster complex:

rays of Trop* (Ix.n) &L Cluster variables

1:1
max cones Ts € Trop+(/k7,,) = seeds s of Ay n

where the toric variety TV (A(Ak n, 8s)) is Proj(Ar).

[llten—Najera Chavez—Treffinger|: generalized (1) for graded cluster
algebras of finte type and (2)/(3) for ADE types.
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Arbitrary Grassmannians (in progress)
[GHKK 18]/[Fujita—Oya 20]/[B.—Cheung—Magee—N3ajera Chavez]:

s seed valuation toric degeneration
VNN

of Ak g An\ {0} »zd of Gr(k,n)
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Arbitrary Grassmannians (in progress)
[GHKK 18]/[Fujita—Oya 20]/[B.—Cheung—Magee—N3ajera Chavez]:

s seed valuation toric degeneration
VNN

of Ak g An\ {0} »zd of Gr(k,n)

[B.21]/[Kaveh—Manon 19]:

toric degenerations maximal cones in
of Gr(k,n) induced  +— Trop(J) for some J
by valuations on Ay , Akn = k[x1, ..., xm]/J
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Arbitrary Grassmannians (in progress)
[GHKK 18]/[Fujita—Oya 20]/[B.—Cheung—Magee—N3ajera Chavez]:

s seed valuation toric degeneration
VNN

of Ak g An\ {0} »zd of Gr(k,n)

[B.21]/[Kaveh—Manon 19]:

toric degenerations maximal cones in
of Gr(k,n) induced  +— Trop(J) for some J
by valuations on Ay , Akn = k[x1, ..., xm]/J

Conjecture (B.)

For every seed s of Ay, exists a maximal prime cone ¢ in Trop™ (J) for an
appropriate ideal J with Ay , = k[x1,...,xm|/J,
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Arbitrary Grassmannians (in progress)
[GHKK 18]/[Fujita—Oya 20]/[B.—Cheung—Magee—N3ajera Chavez]:

s seed valuation toric degeneration
VNN

of Ak g An\ {0} »zd of Gr(k,n)

[B.21]/[Kaveh—Manon 19]:

toric degenerations maximal cones in
of Gr(k,n) induced  +— Trop(J) for some J
by valuations on Ay , Akn = klxi, ..., xm]/J

Conjecture (B.)

For every seed s of Ay, exists a maximal prime cone T in Trop™ (J) for an
appropriate ideal J with Ay , = k[x1,...,xm|/J, s.t. if J is appropriate for
two adjacent seeds s, s’ then 7 and 7o share a facet.

Remark: J is appropriate for s if im(gs) is generated by gs(X1), ..., &s(Xm)-
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Examples

© For every seed s of A

im(gs) = (gs(pij) - 1< i <j<n),

so the Pliicker ideal is appropriate for all seeds.

SIGMA 17 (2021), 59 Lara Bossinger (jt. Fatemeh Mohammadi and Alfredo Néjera Chévez)



Examples

© For every seed s of A

im(gs) = (gs(pij) - 1< i <j<n),

so the Pliicker ideal is appropriate for all seeds.

@ For A3 there exist seeds s for which gs(x) or gs(y) is not in
(gs(pjk) : 1 <i<j< k<6),
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Examples

© For every seed s of A

im(gs) = (gs(pij) - 1< i <j<n),

so the Pliicker ideal is appropriate for all seeds.

@ For Az there exist seeds s for which gs(x) or gs(y) is not in
(gs(pjjk) 11 < i < j < k <6),e.g. seeds from the plabic graphs

so the Pliicker ideal is not appropriate for all seeds.
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Examples

© For every seed s of A

im(gs) = (gs(pij) 1 1 <i<j<n),

so the Pliicker ideal is appropriate for all seeds.

@ For Az there exist seeds s for which gs(x) or gs(y) is not in
(gs(pjjk) 11 < i < j < k <6),e.g. seeds from the plabic graphs

so the Pliicker ideal is not appropriate for all seeds.

© Conjecturally, the ideal /4 of a finite type cluster algebra A is
appropriate for all seeds.
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