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Motivation

X a projective variety, a toric degeneration of X is a flat morphism
⇡ : X! Ad with generic fibre isomorphic to X and special fibre ⇡�1(0) a
toric variety.

Example: X = V (xy � x
2 + ty

2) ⇢ P1
x ,y ⇥ A1

t

Question: How are di↵erent toric degenerations of X related?
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Toric degenerations from valuations

A =
L

i�0 Ai graded algebra and domain, v : A \ {0}! Zd a valuation
with image S(A, v) a finitely generated semigroup of rank d := dimKrull A.

[Anderson] Exists a toric degeneration of Proj(A) with special fibre a
projective toric variety whose normalization is TV (�(A, v)), where

�(A, v) := conv

0

@
[

i�1

⇢
v(f )

i
: f 2 Ai

�1

A Newton–Okounkov polytope

A set {b1, . . . , bn} ⇢ A of algebra generators is a Khovanskii basis for v if
v(b1), . . . , v(bn) generate image(v).
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Gröbner toric degenerations

Reminder: f = x
2 + y 2 C[x , y ] and w = (1, 1), then inw (f ) = y and for

J ⇢ C[x1, . . . , xn] ideal inw (J) := (inw (f ) : f 2 J)

Trop(J) := {w 2 Rn : inw (J) 63 monomials}

Let A := C[x1, . . . , xn]/J with J homogeneous prime ideal and
w 2 Trop(J) such that inw (J) is binomial and prime (i.e. toric).

Then exists a flat family with generic fibre Proj(A) and special fibre the
toric variety Proj(C[x1, . . . , xn]/inw (J)), called a Gröbner toric

degeneration.
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Gröbner toric degenerations

Reminder: f = x
2 + y 2 C[x , y ] and w = (1, 1), then inw (f ) = y and for

J ⇢ C[x1, . . . , xn] ideal inw (J) := (inw (f ) : f 2 J)

Trop(J) := {w 2 Rn : inw (J) 63 monomials}

Let A := C[x1, . . . , xn]/J with J homogeneous prime ideal and
w 2 Trop(J) such that inw (J) is binomial and prime (i.e. toric).

Then exists a flat family with generic fibre Proj(A) and special fibre the
toric variety Proj(C[x1, . . . , xn]/inw (J)), called a Gröbner toric

degeneration.

SIGMA 2021 Lara Bossinger (jt. Fatemeh Mohammadi and Alfredo Nájera Chávez) 3/ 23
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Motivating result

Theorem (Kaveh–Manon, B.)

Let A be a positively graded algebra and domain, v : A \ {0}! Zd
full

rank valuation with finitely generated value semigroup.

Then there exists

an isomorphism of graded algebras

C[x1, . . . , xn]/J ⇠= A

such that the toric variety of the Newton–Okounkov polytope is isomorphic

to the toric variety of a Gröbner toric degeneration for some w 2 Trop(J):

TV (�(A, v)) ⇠= Proj(C[x1, . . . , xn]/inw (J))nor .
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Motivating result

Idea of Proof: Choose a finite Khovanskii basis b1, . . . , bn 2 A. Take

⇡ : C[x1, . . . , xn]! A, xi 7! bi

and J := ker(⇡).

Then algorithmically we construct wv 2 Trop(J):1

inwv(J) is toric , S(A, v) is finitely generated.

Moreover, C[S(A, v)] ⇠= C[x1, . . . , xn]/inwv(J). ⌅
Question: Given a family of full rank valuations with finitely generated
value semigroups, can we find one ideal J that works for all valuations?

Recall: v defines a filtration on A: Fm;v := {f 2 A : v(f )  m} for all
m 2 Zd and  a fixed total order. A vector space basis B of A is adapted
to v if B \ Fm;v is a vector space basis for each Fm;v.

1wv is obtained from Mv := (v(bi ))i2[n] 2 Zd⇥n
by an order preserving projection

e : Zd ! Z, i.e. wv := e(Mv) and inwv(J) = inMv(J).
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Example: Grassmannian cluster algebra
Let Ak,n be the homogeneous coordinate ring of Gr(k ,Cn) under its
Plücker embedding and N := k(n � k) + 1.

[Scott] Ak,n is a cluster algebra, i.e. recursively generated by
1 seeds: maximal sets of algebraically independent algebra generators,

its elements are called cluster variables (c.v.’s);
2 mutation: an operation to create a new seed from a given one by

replacing one element.

Example: A2,4 = C[p12, p13, p14, p23, p24, p34]/(p13p24 = p12p34 + p14p23)

1 2

34

p12

p23

p34

p14
p13

s = {p12, p23, p34, p14, p13}
smut = {p13}

p12p34+p14p23
p13

= p24

exchange relation

1 2

34

p12

p23

p34

p14
p24

s
0 = {p12, p23, p34, p14, p24}

s
0
mut = {p24}

SIGMA 2021 Lara Bossinger (jt. Fatemeh Mohammadi and Alfredo Nájera Chávez) 6/ 23
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Example: Grassmannian cluster algebra
Let Ak,n be the homogeneous coordinate ring of Gr(k ,Cn) under its
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Application: Toric degenerations via cluster algebras

Fix a seed s, then A can be endowed with principal coe�cients at s

A
prin
s ⇢ C[t1, . . . , tn](x1, . . . , xn).

Under some technical assumptions:

1 A
prin
s has a C[t1, . . . , tn]-basis called #-basis2, which is independent of

s;

2 if A is the homogeneous coordinate ring of a projective variety X then
A
prin
s defines a toric degeneration of X to Xs,0.

 All these degenerations share the #-basis, i.e. Aprin
s =

L
#2⇥ # for all s.

2
Due to Gross–Hacking–Keel–Kontsevich.
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Example: cluster algebra

x1 ! x2

1

1+x2
x1
 x2

2

1+x2
x1
! 1+x1+x2

x1x2

1

1+x1
x2
 1+x1+x2

x1x2

2

1+x1
x2
! x1

1

x2  x1

⇠=

Ax1!x2 =
D
x1, x2,

1+x2
x1

, 1+x1+x2
x1x2

, 1+x1
x2

E
⇢ C(x1, x2).
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Example: principal coe�cients

x1 x2

t1 t2

µ1 ⇠=

t1+x2
x1

x2

t1 t2

µ2

t1+x2
x1

t1+x2+t1t2x1
x1x2

t1 t2

µ1

1+x1t2
x2

t1+x2+t1t2x1
x1x2

t1 t2 µ2

1+x1t2
x2

x1

t1 t2

x2 x1

t1 t2

µ1
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Application: Universal coe�cients for cluster algebras

Now assume A has finitely many seeds.

Algebraically, we can endow A with universal coe�cients:

A
univ ⇢ C[t1, . . . , tN ](x1, . . . , xn),

where N is the number of all cluster variables. Moreover, we have a unique
specialization map for every seed s:

A
univ ! A

prin
s .

� A
univ knows all toric degenerations Xs,0,

 A
univ is defined only recursively.
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Example: Grassmannian cluster algebra
For all seeds s of Ak,n exists a full rank valuation gs : Ak,n \ {0}! Zd and
a basis called #-basis adapted to all of them simultaneously. The cluster

algebra with principal coe�cients at s A
prin,s
k,n is a flat

C[tx : x 2 smut]-algebra defining the toric degeneration.

[Fomin–Zelevinsky]/[Reading]: 9 flat C[tx : x m.c.v.]-algebra A
univ
k,n and

projections prs : C[tx : x m.c.v]! C[tx : x 2 smut] for all seeds s that
extend to

prs : A
univ
k,n ! A

prin,s
k,n

called coe�cient specialization.

Example: Aprin,s
2,4 = C[t13][p12, p23, p34, p14, p13, p24]/(p13p24 = t13p12p34 + p14p23),

Auniv
2,4 = C[t13, t24][p12, p23, p34, p14, p13, p24]/(p13p24 = t13p12p34 + t24p14p23).

For each seed s we can apply the Motivating Theorem and get an ideal Js
and a Gröbner toric degeneration of Js corresponding to A

prin,s
k,n .

Question: How are di↵erent Js related and what is Auniv
k,n in this context?
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Gröbner fan and standard monomial bases

Definition/Proposition (Mora–Robbiano)

For a homogeneous ideal J ⇢ C[x1, . . . , xn] its Gröbner fan GF (J) is Rn

with fan structure defined by

v ,w 2 C
� , inv (J) = inw (J).

Notation: inC (J) := inw (J),w 2 C
� and AC := C[x1, . . . , xn]/inw (J)

For C 2 GF (J) a maximal cone inC (J) is generated by monomials. For
every face ⌧ ✓ C we define

BC ,⌧ := {x̄↵ 2 A⌧ | x↵ 62 inC (J)}.

Then BC ,⌧ is a vector space basis for A⌧ called standard monomial basis.

SIGMA 2021 Lara Bossinger (jt. Fatemeh Mohammadi and Alfredo Nájera Chávez) 10/ 23
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Example
Take J = (x21x

2
2 + x

4
1 � x2x

3
3 ) ⇢ C[x1, x2, x3]. Then GF (J) is R3 with the

fan structure:

w1

w2

w3 = 0

⇥L = h(1, 1, 1)i

(x41 )

(x2x33 )

(x21 x
2
2 )

(x21 x
2
2 + x

4
1 )

(x21 x
2
2 � x2x

3
3 )

(x41 � x2x
3
3 )

E.g. Bhr1,r2i = {x̄a : x2x33 6 | xa} gives a basis for A,Ar1 ,Ar2 and Ahr1,r2i.
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Example
Take J = (x21x

2
2 + x

4
1 � x2x

3
3 ) ⇢ C[x1, x2, x3]. Then GF (J) is R3 with the

fan structure:

w1

w2

w3 = 0

⇥L = h(1, 1, 1)i

(x41 )

(x2x33 )

(x21 x
2
2 )

(x21 x
2
2 + x

4
1 )

(x21 x
2
2 � x2x

3
3 )

(x41 � x2x
3
3 )

E.g. Bhr1,r2i = {x̄a : x2x33 6 | xa} gives a basis for A,Ar1 ,Ar2 and Ahr1,r2i.

SIGMA 2021 Lara Bossinger (jt. Fatemeh Mohammadi and Alfredo Nájera Chávez) 11/ 23



Family of ideals

Let C 2 GF (J) be a maximal cone and choose r1, . . . , rm representatives
of primitive ray generators of C 2 GF(J)/L. Let r be the matrix with rows
r1, . . . , rm.

Define for f =
P

↵2Zn
�0

c↵x↵ 2 J

µ(f ) := (min
c↵ 6=0

{r1 · ↵}, . . . , min
c↵ 6=0

{rm · ↵}) 2 Zm.

In C[t1, . . . , tm][x1, . . . , xn] the lift of f is

f̃ := f (tr·e1x1, . . . , t
r·enxn)t

�µ(f ) =
X

↵2Zn
�0

c↵x
↵tr·↵�µ(f ).

Definition/Proposition

The lifted ideal J̃ := (f̃ : f 2 J) ⇢ C[t1, . . . , tm][x1, . . . , xn] is generated by
{g̃ : g 2 G}, where G is a Gröbner basis for J and C .
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Example

L⇥

(x2x33 )

(x21 x
2
2 � x2x

3
3 )

(x41 � x2x
3
3 )

Take f = x
2
1x

2
2 + x

4
1 + x2x

3
3 2 C[x1, x2, x3] and consider

in GF ((f )) the maximal cone C spanned by the rows of
r :=

�
1 4 0
1 �2 0

�
and L.

We compute

f̃ (t1, t2) = f (t1t2x1, t
4
1 t

�2
2 x2, x3)t

�4
1 t

2
2

= t
6
1x

2
1x

2
2 + t

6
2x

4
1 � x2x

3
3

f̃ (0, 0) = x2x
3
3 = inC (f ),

f̃ (0, 1) = x
4
1 � x2x

3
3 = inr1(f ),

f̃ (1, 0) = x
2
1x

2
2 � x2x

3
3 = inr2(f ),

f̃ (1, 1) = f .
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Theorem

Let Ã := C[t1, . . . , tm][x1, . . . , xn]/J̃ and recall A⌧ = C[x1, . . . , xn]/in⌧ (J).

Theorem (B.–Mohammadi–Nájera Chávez)

Ã is a free C[t1, . . . , tm]-module with basis BC and so the morphism

⇡ : Spec(Ã)! Am

is flat. In particular, ⇡ defines a flat family with generic fiber Spec(A) and
for every face ⌧ ✓ C there exists a⌧ 2 Am

and a special fiber

⇡�1(a⌧ ) ⇠= Spec(A⌧ ).

Example: Ã = C[t1, t2][x1, x2, x3]/(t61x21x22 + t
6
2x

4
1 � x2x

3
3 ).
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Toric degenerations

The tropicalization Trop(J) is a subfan of GF (J) of dimension dimKrull A.

Corollary (B.–Mohammadi–Nájera Chávez)

Consider the fan ⌃ := C \ Trop(J). If there exists ⌧ 2 ⌃ with in⌧ (J)
binomial and prime, then the family

⇡ : Spec(Ã)! Am

contains toric fibers isomorphic to Spec(A⌧ ) (a�ne toric scheme) and the

standard monomials BC are a basis for A⌧ .

Question: How are Ã and A
univ
k,n related?
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Back to cluster algebras

A cluster algebra A is of finite type if it has finitely many seeds.

Such A

has finitely many cluster variables x1, . . . , xN and a presentation

C[x1, . . . , xN ]/J ⇠= A

where J is the saturation of the ideal generated by exchange relations.
[Fomin–Williams–Zelevinsky, §6.8]

Grassmannians: Ak,n is of finite type for k = 2 or k = 3 and n 2 {6, 7, 8}.
For A2,n all cluster variables are Plücker coordinates and J = J2,n is the
Plücker ideal.

The cluster variables of A3,6 are Plücker coordinates and two more, so

A3,6
⇠= C[X ,Y , p123, . . . , p456]/J3,6

and J3,6 \ C[p123, . . . , p456] is the Plücker ideal I3,6.
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A minimal generating set of J3,6 ⇢ C[p123, . . . , p456,X ,Y ]:
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Totally positive ideals

Reminder: J ⇢ R[x1, . . . , xn] is totally positive if J \ R�0[x1, . . . , xn] = ?.
The totally positive part of Trop(J) is

Trop
+(J) := {w 2 Trop(J) : inw (J) totally positive}.

[Einsiedler–Tuncel ’01, Handelman ’85] J ⇢ R[x1, . . . , xn] is totally positive
, (R>0)n \ V (inw (I )) 6= ? for some w 2 Rn.

Hence, Trop+(J) ⇢ Trop(J) ⇢ GF (J) are closed subfans.

Example: The initial ideal (x21x
2
2 + x

4
1 ) is not totally positive, but

(x21x
2
2 � x2x

3
3 ) and (x41 � x2x

3
3 ) are.
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Theorem (B.–Mohammadi–Nájera Chávez)

For (k , n) 2 {(2, n), (3, 6)} there exists a unique maximal cone C in the

Gröbner fan of Jk,n such that

1 inC (Jk,n) is generated by products of non-compatible cluster variables

(i.e. it’s the Stanley–Reisner ideal of the cluster complex);

2 canonically Ãk,n
⇠= A

univ
k,n where universal coe�cients

1:1$ rays of C ;

3 standard monomial basis BC = basis of cluster monomials;

4 C \ Trop(Jk,n) = Trop
+(Jk,n) which is a geometric realization of the

cluster complex:

rays of Trop
+(Jk,n)

1:1 ! cluster variables

max cones ⌧s 2 Trop
+(Jk,n)

1:1 ! seeds s of Ak,n

where the toric variety TV (�(Ak,n, gs)) is Proj(A⌧s ).

[Ilten–Nájera Chávez–Tre�nger]: generalized (1) for graded cluster
algebras of finte type and (2)/(3) for ADE types.
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[Ilten–Nájera Chávez–Tre�nger]: generalized (1) for graded cluster
algebras of finte type and (2)/(3) for ADE types.

SIGMA 2021 Lara Bossinger (jt. Fatemeh Mohammadi and Alfredo Nájera Chávez) 19/ 23



Theorem (B.–Mohammadi–Nájera Chávez)
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The reduced Gröbner basis of J3,6 for C consists contains the above
minimal generating set and additionally the following elements:

The first monomial of each relation lies in inC (J3,6).
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Arbitrary Grassmannians (in progress)
[GHKK 18]/[Fujita–Oya 20]/[B.–Cheung–Magee–Nájera Chávez]:

s seed
of Ak,n

 valuation
gs : Ak,n \ {0}! Zd  toric degeneration

of Gr(k,n)

[B.21]/[Kaveh–Manon 19]:

toric degenerations
of Gr(k , n) induced
by valuations on Ak,n

 !
maximal cones in
Trop(J) for some J

Ak,n
⇠= k[x1, . . . , xm]/J

Conjecture (B.)

For every seed s of Ak,n exists a maximal prime cone ⌧s in Trop
+(J) for an

appropriate ideal J with Ak,n
⇠= k[x1, . . . , xm]/J, s.t. if J is appropriate for

two adjacent seeds s, s 0 then ⌧s and ⌧s0 share a facet.

Remark: J is appropriate for s if S(Ak,n, gs) = hgs(x̄1), . . . , gs(x̄m)i.
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s seed
of Ak,n

 valuation
gs : Ak,n \ {0}! Zd  toric degeneration

of Gr(k,n)

[B.21]/[Kaveh–Manon 19]:

toric degenerations
of Gr(k , n) induced
by valuations on Ak,n

 !
maximal cones in
Trop(J) for some J

Ak,n
⇠= k[x1, . . . , xm]/J

Conjecture (B.)

For every seed s of Ak,n exists a maximal prime cone ⌧s in Trop
+(J) for an

appropriate ideal J with Ak,n
⇠= k[x1, . . . , xm]/J,

s.t. if J is appropriate for

two adjacent seeds s, s 0 then ⌧s and ⌧s0 share a facet.
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Examples
1 For every seed s of A2,n

S(A2,n, gs) = hgs(pij) : 1  i < j  ni,

so the Plücker ideal is appropriate for all seeds.

2 For A3,6 there exist seeds s for which gs(x) or gs(y) is not in
hgs(pijk) : 1  i < j < k  6i,e.g. seeds from the plabic graphs

so the Plücker ideal is not appropriate for all seeds.
3 Conjecturally, the ideal J presenting a finite type cluster algebra A

w.r.t all cluster variables is appropriate for all seeds.
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Thank you!
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Combinatorics of C 2 GF (J3,6)

Let {e123, . . . , e456, ex , ey} be the standard basis of R22 and

Ei :=
X

k,j 6=i

eijk + ex + ey .

The lineality space of GF (J3,6) is L = hE1, . . . ,E6i. Let
fi ,j :=

P
k 62{i ,j} eijk and ⇡ : R22 ! R20 away from ex , ey .

# rays of C/L projections
6 ai := ei ,i+1,i+2 ei ,i+1,i+2

6 bi := fi ,i+1 + �i oddey + �i evenex fi ,i+1

2 c
�
i := bi + ei�2,i�1,i + ei�2,i�1,i+1 gi ,i+1,i+2,i�3,i�2,i�1

2 c
+
i := bi + ei ,i+2,i+3 + ei+1,i+2,i+3 gi+2,i+1,i ,i�3,i�2,i�1

Notice: c±i = c
±
j modL if i = j mod 2 and

gi ,i+1,i+2,i�3,i�2,i�1 + gi+2,i+1,i ,i�3,i�2,i�1 = fi+1,i+2 + fi�1,i + fi�2,i�3
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Combinatorics of C 2 GF (J3,6)

The ideal J3,6 is invariant under the action of G := h(123456),w0i ⇢ S6,
so GF (J3,6) has an induced G -action.

# G -orbit of max cone in C \ Trop(J3,6) type of projection #
18 {ai , ai�2, bi�2, bi+3} EEFF 180
12 {ai , c±i , bi�2, bi+4} EFFG 180
12 {ai , ai+2, bi , c

+
i } or {ai , ai�2, bi+1, c

�
i+1} EEFG 360

4 {ai�2, ai , ai+2, c
±
i } EEEG 240

4 {bi�2, bi , bi+2, c
±
i } FFFGG3 15

The type of projected cone refers to the S6-orbits in Trop(I3,6),
respectively Trop+(I3,6), as used [SS04]&[BCL17], the number is the
number of maximal cones in Trop(I3,6) of this type.

3
FFFGG is a bipyramid in Trop(I3,6) and each G -orbit maps onto one of the pyramids.
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