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Why toric degenerations?

Toric varieties are nice:

algebraic and combinatorial
geometric > properties
properties of polytope, fan

~ get close by toric degenerations:

X and Y fibres in flat family 7 : X — A",

many applications:
mirror symmetry, algebraic statistics, symplectic geometry ...
~> each needs certain properties
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Motivation: Example

Gr(2,C*) = {2-dimensional subspaces of C*},
I = (p12p34 — p13p24 + p1ap23) C Clp12, ..., p3a),

Iy = <P12P34 — p13p24 + tP14P23> C C[t] [P12, S ,P34],
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Various constructions of toric degenerations

Toric degenerations

Flag and Schubert

varie“cieS/ﬂ

Cluster
algebras

Tropical
Geometry

Grassmannians

Representation
Theory

=~
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Valuation and Newton-Okounkov body

X9 = V() — Pl ~o C[X] =Clx1,...,xal/!
o v:C[X]\ {0} = (29, <):

o(fg) = vo(f)+o(g),
o(f +g) = min{o(f),0(g)},
o(cf) = of).

o image S(v)
o A(v) := Convyso{v(f)/k | f € C[X]k}
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Strategy

valuation , show S(v) This is hard!!!
v:C[X]\0— 79 finitely generated
? i
Lf/ N
get toric  ¢--------- compute explicitly This can
degeneration of X A(p) still be hard!
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(Higher) Grobner degenerations

X = V() M € zdxn V(inm(1))
/ Q(C[X]_,...,Xn] inM(I)g(C[Xlw"?Xn]
f=ax™ 4.4 ax™ iny(f) = agx" +--- 4 a; x"

1<ip<---<ir<s

ut: in general not toric!
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Machinery

valuation v
on C[X] =
Clx, ..., xn]/!

Theorem 1 (B.)

My ez, inm(l)C
columns v(x;) Clx1, .-, xn]

If inpg, (1) is prime:
- S(v) is finitely generated,
- A(v) = conv(v(X;);).

Toric degenerations Lara Bossinger (IM-UNAM Oaxaca) 8/ 20



Representation Theory

X variety with group action
~» use action to define valuation
~> birational sequences

Problems:
@ S(v) finitely generated?
Q@ Compute A(p)?

Toric degenerations Lara Bossinger (IM-UNAM Oaxaca) 9/ 20



Valuation from fixing coordinates

suppose ¢ : C(Gr(k,C")) = C(y1, ..., yq), want
v : C[Gr(k,C™)]\ {0} — (29, <)
Q F =2 mene amy™ #0
v(f) := min{m | am # 0}
Q f/geCyr,...,ya)\ 0
o(f/g) :=v(f) —v(g)
O p e ClGr(k,C™)]\ 0
v(p) := v(¥(p))
~ 5(v) finitely generated? A(v)?
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Birational sequences for Gr(k,C")

<J
() (BU88) o
U= = <I*1o>a k= <**10>’U(i,j) = id +yE,i)
* ok k1 * %01

Definition (Fang-Fourier-Littelmann)

S = (e, — €y, ..., €, —€j,) is birational, if image of

(isia) u”

Ys (= mult : U(71J1) X - X

is birational to U, .

Problem: very few S known
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(Non-)examples for Gr(2, C*)

O Non-Example S = (1 — €4,€1 — €4,€1 — €3,€2 — €3)

1000 1000 1 100 1
0100 0100 0 010 _ 0
0010 0010 y: Oys 1 - ¥3
1001 2001 0 000 yi+y2

0
o) 4
1

Q Example: S = (61 — €4,€3 — €4,€1 — €3,€2 — 63)

1000 1000 1000 1000 1 0 00
0100 0100 0100 0100) _ 0 1 00
0010 0010 y3010 Oys10 | = V3 ys 10
y1001 001 0001 0001 Yity2ys yaya y2 1

IS
o OO

oroo
— ooco
~ ooco
of o

w
o oo

w
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Compute vs for Gr(2,C")

V(we) = N*C" = U(w).(e1 A e2), pjj = (ei A gy)”

Theorem[FFL]: vs(py) = m<in{m EN? [ f".(e1 A &) = e A g}

S =(e1—€s,€3 —€4,€1 — €3,€2 — €3)

Us | €1 —€ €3—€ € —€3 € —¢€3
P12 0 0 0 0
P13 0 0 0 1
P23 0 0 1 0
P14 0 1 0 1
P24 1 0 0 0
P34 1 0 0 1

zd < A
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Results for Gr(2,C")

New class: iterated (birational) sequences

Proposition (B.)
S iterated sequence for Gr(2,C"), then

inm, (1) is prime.

In particular,
@ S(vs) finitely generated!
Q A(vs) = conv(vs(pjj)ij)!
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Tropical Geometry

X=V() --------- » | Trop(X) C R" | Hard to compute!
get toric  ¢--------- C cone: in¢(/) , _
Might not exist!
degeneration of X binomial & prime ST nok e
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Tropical Geometry Gr(2,C")

Theorem (B.)
For Gr(2,C") we have

toric toric

degen. by _ degen. by
Trop(Gr(2,C"™)) iterated seq.
9
e &
up to isomorphism. €D
Algorithm:

iterated sequences S ~» maximal cone Cs C Trop(Gr(2,C"))
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Cluster Algebras

Commutative ring with

O seeds

@ mutation

C[Gr(2,C*)] is cluster algebra:

P12P34+p14p23

= P24
{plz, P23, p34} P13 {plz, P23, p34}
P14, P13 P14, P24
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Cluster Algebra C[Gr(k, C")]

S(vp) finitely generated?

fix seed P ~» valuation vp ~~ Compute A(bp)?

Theorem (B. and B.-Fang-Fourier-Hering-Lanini)
For Gr(2,C") we have

inm,,, (1) is prime V P.

In particular,
O S(vp) finitely generated,
O A(vp) = conv(vp(pjj)i )-
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Thank you!
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