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Motivation: Why toric degenerations?

For toric varieties we have a dictionary between

algebraic and geometric combinatorial
properties -~ data
e.g. smooth, compact e.g. polytope, fan
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Motivation: Why toric degenerations?

For toric varieties we have a dictionary between

algebraic and geometric combinatorial
properties ~ data
e.g. smooth, compact e.g. polytope, fan

Want to use this dictionary for an arbitrary variety X by
constructing a flat family

7 X - Al st 7 10)= T toric variety
and 77l(t)= X fort#0.
Flatness preserves (some) algebraic and geometric properties, e.g.

dimension, degree, Gromov-width..
~~ can use (parts of) the dictionary for X.
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Motivation: Why flag varieties?

oThe flag variety F¢, is the set of all flags of C"-vector subspaces

V:{0}=Wwcwic---CcV,.1CV,=C" dimV;,=1.
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Motivation: Why flag varieties?

oThe flag variety F¢, is the set of all flags of C"-vector subspaces
V:{0}=Wwcwic---CcV,.1CV,=C" dimV;,=1.

e Can also be realized as SL,,/B, where B is the subgroup of upper
triangular matrices with determinant 1. So we can use
representation theory of SL,.
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Motivation: Why flag varieties?

oThe flag variety F¢, is the set of all flags of C"-vector subspaces
V:{O}: VoCcWiC---CV,1C V,,:Cn, dimV; = /.

e Can also be realized as SL,,/B, where B is the subgroup of upper
triangular matrices with determinant 1. So we can use
representation theory of SL,.

e Consider U C B matrices with all diagonal entries being 1. Then
SL,/B and SL,/U differ only by (C*)". The homogenous
coordinate ring C[SL,/U] has the structure of a cluster algebra.

~ lots of additional information to explore different theories
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A: Tropical Geometry

Using the Pliicker embedding Gr(k, n) < P()~1 for
Grassmannians we fix the embedding

Flp— Gr(1,n) x -+ x Gr(n—1,n) — p(D)-1 x ... x pla?)T,
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Using the Pliicker embedding Gr(k, n) < P()~1 for
Grassmannians we fix the embedding

Flp— Gr(1,n) x -+ x Gr(n—1,n) — P()-1 ... x Pl L

As a result we obtain an ideal I, C Clp; | I C {1,...,n}] with
V(l,) = F, and I, is generated by Pliicker relations, e.g.

I3 = (p1p23 — p2p13 + p3p12).
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A: Tropical Geometry

Using the Pliicker embedding Gr(k, n) < P()~1 for
Grassmannians we fix the embedding

Flp— Gr(1,n) x -+ x Gr(n—1,n) — P()-1 5 ... x PlLI)-L,

As a result we obtain an ideal I, C Clp; | I C {1,...,n}] with
V(Il,) = F¢, and I, is generated by Pliicker relations, e.g.

I3 = (p1p23 — p2p13 + P3p12)-

Definition
Let | C C[xi,...,xpn] be an ideal and f =) ayx" € I. We define
with respect to w € R”

o the initial form of f as inw(f) = "4 minimal dux", and

o the initial ideal of | as iny (/) = (inw(f) | f € 1).
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A: Tropical Geometry

Take I3 C C[P17P2>P37P127P137P23] and w = (0707 17070a0) € R
Then

inw(p1p23 — p2p13 + P3p12) = P1P23 — P2pi3-

Computing toric degenerations of flag varieties Lara Bossinger 6/ 18



A: Tropical Geometry

Example

Take I3 C C[PlaP2aP3aP127P13aP23] and w = (0707 17070a0) € R
Then

inw(p1p23 — p2p13 + P3p12) = P1P23 — P2pi3-

Let X = V/(I) for I C C[x1,...,xn] and w € R" arbitrary. Then we
have a flat family 7 : X — Al with

71 (t) = V(1) for t # 0, and 771(0) = V(iny(/)).
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A: Tropical Geometry

Example

Take I3 C C[PlaP2aP3aP127P13aP23] and w = (0707 17070a0) € R
Then

inw(p1p23 — p2p13 + P3p12) = P1P23 — P2pi3-

Let X = V/(I) for I C C[x1,...,xn] and w € R" arbitrary. Then we
have a flat family 7 : X — Al with

71 (t) = V(1) for t # 0, and 771(0) = V(iny(/)).

If inw(/) is binomial and prime, then V(iny(/)) is a toric variety.
Hence, the flat family defines a (Grdbner) toric degeneration of X.
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A: Tropical Geometry

The tropicalized flag variety is defined as

trop(F,) = {w € RO++(:0) | inw(/,) contains no monomials}.
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A: Tropical Geometry

The tropicalized flag variety is defined as
trop(F,) = {w € RO++(:0) | inw(/,) contains no monomials}.

o It has a fan structure: for w, w’ in relative interior of a cone C
inw(1n) = inw (1) =:inc(1).
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A: Tropical Geometry

The tropicalized flag variety is defined as
trop(F,) = {w € RO++(:0) | inw(/,) contains no monomials}.

o It has a fan structure: for w, w’ in relative interior of a cone C
inw(1n) = inw (1) =:inc(1).
o The S,-action on F¥,, for o € S,, induced by

P{iv,....ic} > SEN(T)PLo(ir),...o(ik)}>
and the Z2-action induced by p; — Prn)\/ extend to trop(Fy).
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A: Tropical Geometry

The tropicalized flag variety is defined as
trop(F,) = {w € RO++(:0) | inw(/,) contains no monomials}.

o It has a fan structure: for w, w’ in relative interior of a cone C
inw(1n) = inw (1) =:inc(1).
o The S,-action on F¥,, for o € S,, induced by
Piis,...ic} 7 SENT)Pio(ir),....o(ik)} >
and the Z2-action induced by p; — Prn)\/ extend to trop(Fy).
Aim: Find (up to symmetry) all maximal prime cones

C C trop(F¢p), i.e. inc(ly) is binomial and prime.
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A: Tropical Geometry

Kaveh-Manon construction:

C C trop(Fp)
maximal
prime cone
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A: Tropical Geometry

Kaveh-Manon construction:

maximal
prime cone

C C trop(Fy,) { full rank }

valuation v¢
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A: Tropical Geometry

Kaveh-Manon construction:

full rank

. Okounkov
valuation v¢

polytope NO¢

maximal
prime cone

C C trop(Fp) { } Newton-
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A: Tropical Geometry

Kaveh-Manon construction:

Newton-
Okounkov
polytope NO¢

maximal
prime cone

C C trop(Fy,) { full rank }

valuation v¢

NOc is the polytope associated to the normalization of the toric
variety V(inc(/p)).

Computing toric degenerations of flag varieties Lara Bossinger 8/ 18



A: Tropical Geometry

Theorem (B.-Lamboglia-Mincheva-Mohammadi)

For Ft4 there are 78 maximal cones in trop(Fs) grouped in five
S4 x Z2-symmetry classes.
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A: Tropical Geometry

Theorem (B.-Lamboglia-Mincheva-Mohammadi)

For Ft4 there are 78 maximal cones in trop(Fs) grouped in five
S4 x Z2-symmetry classes.

Orbit | Size | Prime | F-vector of NO¢

1 24 | yes | (42, 141, 202, 153, 63, 13)
2 12 yes (40, 132, 186, 139, 57, 12)
3 12 | yes | (42, 141, 202, 153, 63, 13)
4 24 | yes (43, 146, 212, 163, 68, 14)
5 6 no Not applicable
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B: Representation Theory

Two examples of toric degenerations in representation theory are

Computing toric degenerations of flag varieties Lara Bossinger



B: Representation Theory

Two examples of toric degenerations in representation theory are

O String polytopes (defined by Littelmann [Lit98] resp.
Berenstein-Zelevinsky [BZ01], degeneration due to Caldero
[Cal02])
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B: Representation Theory

Two examples of toric degenerations in representation theory are

O String polytopes (defined by Littelmann [Lit98] resp.

Berenstein-Zelevinsky [BZ01], degeneration due to Caldero
[Cal02])

Q@ FFLV polytope (definition and degeneration due to

Feigin-Fourier-Littelmann [FFL11], existence conjectured by
Vinberg)
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B: Representation Theory

Two examples of toric degenerations in representation theory are

O String polytopes (defined by Littelmann [Lit98] resp.
Berenstein-Zelevinsky [BZ01], degeneration due to Caldero
[Cal02])

Q@ FFLV polytope (definition and degeneration due to

Feigin-Fourier-Littelmann [FFL11], existence conjectured by
Vinberg)

Both can be realized as NO-polytopes due to Kaveh, resp.
Kiritchenko.

~~ compare to degenerations from trop(F¥¢,)
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For F¢4 up to isomorphism there are four classes of string
polytopes and one FFLV polytope. We compare the NO-polytopes
from trop(F?4) to those using polymake:
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For F¢4 up to isomorphism there are four classes of string
polytopes and one FFLV polytope. We compare the NO-polytopes
from trop(F?4) to those using polymake:

Orbit

Combinatorially equivalent polytopes

1

String 2

String 1 (Gelfand-Tsetlin)

String 3 and FFLV

2
3
4
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C: Cluster Algebras

Idea: start with set of algebraically independent generators (seed)
for C[SL,/U] and use mutation to sucessively generate all seeds.
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C: Cluster Algebras

Idea: start with set of algebraically independent generators (seed)
for C[SL,/U] and use mutation to sucessively generate all seeds.

Example
For C[SL4/U] choose as initial seed

So = {@, P3, P23, P1, P12, P123, P4, P34, P234}-
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C: Cluster Algebras

Idea: start with set of algebraically independent generators (seed)
for C[SL,/U] and use mutation to sucessively generate all seeds.

Example
For C[SL4/U] choose as initial seed

so = {P2, P3, P23, P1, P12, P123, Pa, P34, P234} -

Start replacing red ones (one at a time) by others using mutation,

e.g.
_ P1p23 + p3p12

P13
P2
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C: Cluster Algebras

Idea: start with set of algebraically independent generators (seed)
for C[SL,/U] and use mutation to sucessively generate all seeds.

Example
For C[SL4/U] choose as initial seed

so = {P2, P3, P23, P1, P12, P123, Pa, P34, P234} -

Start replacing red ones (one at a time) by others using mutation,

e.g.
_ P1p23 + p3p12

P2
Then po(so) = {p13. p3, P23, P1, P12, P123; P4, P34, P234 }-

P13
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C: Cluster Algebras

Proceed and obtain the mutation graph for C[SL4/U]:
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C: Cluster Algebras

Proceed and obtain the mutation graph for C[SL4/U]:




C: Cluster Algebras

Proceed and obtain the mutation graph for C[SL4/U]:

X = P3p12P13a+P2p3api23
P23
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C: Cluster Algebras

[GHKK14] construction:
For a fixed seed s in C[SL,/U] we have

Computing toric degenerations of flag varieties Lara Bossinger



C: Cluster Algebras

[GHKK14] construction:
For a fixed seed s in C[SL,/U] we have

superpotential
function W/|s
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C: Cluster Algebras

[GHKK14] construction:
For a fixed seed s in C[SL,/U] we have

cone =g

superpotential - .
{ function W/|s } dterglpned by
W|sP(x) >0
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C: Cluster Algebras

[GHKK14] construction:
For a fixed seed s in C[SL,/U] we have

{superpotential} - dce(;inneedzsby - { polytope }
function W/| W|§r°p(x) >0 =s(\) ==s N H,y
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C: Cluster Algebras

[GHKK14] construction:
For a fixed seed s in C[SL,/U] we have

cone =g

superpotential} : { polytope }
. ~ defined by ~ 9 — Tz
{ function W/| W|§r°p(x) >0 =s(A\) ==s N H)y

There is a flat degeneration of F¢, to the toric variety associated
to =5(N).
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Question: Does the GHKK-construction specialize to string
polytopes?
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Question: Does the GHKK-construction specialize to string
polytopes?

Theorem (B.-Fourier)

For every string polytope there exists a unique seed s such that the
string polytope is unimodularly equivalent to the polytope =¢(\).
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B vs. C

The string polytopes (resp. ) located in the
mutation graph of C[SLs/U] up to unimodular (resp. combinat.)
equivalence.
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B vs. C

The string polytopes (resp. ) located in the
mutation graph of C[SLs/U] up to unimodular (resp. combinat.)
equivalence.
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Thank you!
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