Two-Floodlight Illumination ofConvex PolygonsV. Estivill-CastroLaboratorio Nacional de Inform�tica Avanzada, Xalapa, Veracruz, M�xicoJ. UrrutiaDepartment of Computer Science, University of Ottawa, Ottawa, Ontario, Canada.AbstractA floodlight of size

α ισ α λιγητ σουρχε τηατ προφεχτσ λιγητ ιν α χονε οϕσιζε

α. Ιν τηισ παπερ ωε στυδψ τηε προβλεμ οϕ ιλλυμινατινγ α χονϖεξπολψγον υσινγ ϕλοοδλιγητσ. Ωε γιϖε αν

O(n2 ) time algorithm to find anoptimal pair of floodlights to illuminate a convex polygon

P with

nvertices; that is a pair of floodlights to illuminate a convex polygon in sucha way that the sum of their sizes is minimized. When our polygon iscocircular (i.e. all of the vertices of

L (the stage) and aset of floodlights with fixed sizes and apexes, and we are asked to decide if we can rotatethe floodlights around their apexes in such a way that

L is completely illuminated.Floodlight illumination problems can be grouped in two classes, decision typeproblems and optimization problems. In the decision type problems, we usually have aset of floodlights and an object, or collection of objects to be illuminated [BGLOSU,BBCUZ, SS, ECO’RUX, O’RX]. In the optimization type problems, we again have anobject to be illuminated and are asked to find a set of floodlights satisfying certainrestrictions that illuminate our objects subject to the condition that the sum of the sizesof our floodlights or the number of floodlights used is minimized [CRCU, ECO’RUX,ECU, O’RX].In this paper we study the Two-Floodlight Illumination Problem, that is, theproblem of finding two floodlights that illuminate a convex polygon with

n vertices,in such a way that the sum of their sizes is minimized. We give an

O(n2 ) algorithmto solve the Two-Floodlight Illumination Problem. Despite the fact that we arerestricting ourselves to two floodlights and a convex polygon, our problem turns out tohave a rich geometric structure which is used to derive our algorithm. We show that,when the polygon is cocircular,that is, when all its vertices lie on a circle, the Two-Floodlight Illumination Problem can be solved in linear time.We have been unable toobtain a faster algorithm to solve the Two-Floodlight Illumination Problem, butcontrary to the natural intuition that

F^{i of size}

α ισ α λιγητ σουρχε τηατ προφεχτσ λιγητ ιν α χονε οϕ σιζε

α.

Fi will be called an

α − floodlight If the apex of an

α − floodlight is located at a point

p and

p is avertex of a polygon, we call it a vertex

α − floodlight.Consider two points

a and

b on the boundary of a polygon

P, notnecessarily vertices of

P. The vertex interval

P from

a to b. For short, we will refer to the interval

(a,b) rather than to thevertex interval

(a,b). Notice that

(a,b) ≠ (b,a). In particular, when

a and

b areinterior points of edges of

P,

(a,b) ∪ (b,a) is the set of vertices of

P.A pair of floodlights

F1 and

F2 that illuminates a polygon

P will be called afloodlight illuminating pair and will be called a FLIP of

F^{1and}

F2 are disjoint, we call

F1, F2 adividing FLIP, see Figure 1(b). Observe that an optimal FLIP must be either an

opposite FLIP or a dividing FLIP.x yF1F2(a)

F2F1(b)Figure 1Lemma 1: Let

F1, F2 be an optimal FLIP of a polygon

P. Then the apexes of

F1and

F2 are located at vertices of

P. Proof: Suppose that

F1,

F2 is an optimal FLIP of a polygon

P. Two cases arise:a)

F1 and

F2 is an opposite FLIP with apexes at

q and

r such that x,

y and a vertex

p of

P suchthat

C(x,y, p) contains all the vertices of the interval

(x,y) of

P. Notice that theangle spanned by

p and the line segment

l(xy) is smaller than that spanned by

r and

l(xy). Therefore if we replace

F2 by a floodlight

F3 with apex in p and

F^{1 and}

F^{2 form a partitioning pair of floodlights, see Figure 2(b). The reader mayeasily verify that in this case, we can slide the apex of}

F1 and

F2 towards two verticesof

P such that the sum of the sizes of

F1and

F2 decrease.QED.Suppose now that we want to find a FLIP

F1 and

F2 of a polygon

P in sucha way that the apexes of

F1 and

F2 must be located on two fixed vertices

p and q of P and the sum of the sizes of

F1 and

F2 are minimized. Call such a FLIP an optimal

(p,q) − FLIP. We now show:Lemma 2: Given two vertices

y, on the boundary of

P suchthat the sum of the angles

α = ypx and

β = xqy is minimized. Consider the angles

γανδ

δ ϕορμεδ βψ

pxq and

qyp as in Figure 3.

pqxy abdgFigure 3We now observe that minimizing

α + β ισ εθυιϖαλεντ το μαξιμιζινγ

γ + δ.Ηοωεϖερ, τηε μαξιμιζατιον οϕ

x that maximizes

γ ωε οβσερϖε τηατ τηισ ποιντ χορρεσπονδσ το τηε λαργεστ χιρχλε

C(p,q) through

p and

q that is tangent to an edge

e of

P in the chain of edges of

Pfrom

p to

q in the clockwise direction, leaving the other edges of that chain outside of

C(p,q), see Figure 4(a).

pqxpqx(a)(b)Figure 4Thus all we need to do is to locate for each edge

x can be found in linear time. The sameprocedure is applied to find

y. A degenerate case could happen here when

C(p,q) istangent to the edge of

P containing

p, q or both. In the first and last cases simplytake

x = p, in the second case take

x = q.

QED.We now provide a criterion to reduce the number of pairs of vertices of

P joining all pairs of vertices of

P with the property that there is a circle throughtheir endpoints that contains

P. Under our general circular position on the vertices of

P, it is easy to see that the elements of

D induce a triangulation

T(P) of

P. Usingstandard techniques for calculating Voronoi Diagrams of convex polygons,

P is called a c − tripleif {

u,v,w} is the set of vertices of a triangle of

T(P). It is well known that circle

C(u,v,w) determined by {

u,v,w} contains

P. Under our general positionassumption, the number of

c − triples of

P is exactly

n − 2, see Figure 5. We saythat two

c − triples {

u,v,w} and {

x,y,z} are adjacent if they share two commonelements, i.e.

u = x,

v = y and

w ≠ z. The vertices

q of a polygon

P, we say that a

c − triple { r,s,t} separates

p and

q if p and

q are both different from

r, s and

t and when we traverse theboundary of

P from

p to q (and from

q to p) in the clockwise order, we meet eitherone of

r, s or t before we meet

q (resp.

p), see Figure 6.

pqrst xyFigure 6Lemma 3: If two vertices

p and

q of a polygon

P are apexes of an optimal FLIP ofa polygon

c − triple{r,s,t} that separates

p and

q, see Figure 6. Wenow show that

p and

q. cannot be apexes of an optimal FLIP

F1,

F2 of

P..Suppose otherwise that there is an optimal opposing FLIP

F1, F2 of

P such that

pis the apex of

F1 and q is the apex of

F2. Suppose further that

F1 and

F2 meet attwo points

x and

y in the interior of two edges of

P. As in the proof of Lemma 1,the circle through

q itself. Similarly for the circle trough

y, p and

x. However, the reader may now verify that one of these circles has tointersect the circle through

r, s and

t at least four times, which is impossible.QED.From Lemma 3 the following result follows immediately:Corollary 4: Let

p and

q, be the apexes of an optimal FLIP a polygon

P. Thenthere is a circle through

p and

q are the antipodal verticesof two adjacent

c − triples { u,v, p} and {

q,u,v} of

T(P) of

P, and all

c − triples of

P.Step 2:Find all antipodal pairs of vertices for all the pairs of adjacent

c − triples of

P.Step 3:For each pair of antipodal vertices

p and

q of a polygon

P, find anoptimal opposite

(p,q) − FLIP in linear time.Step 4:For each pair of vertices

F^{1 and}

F2.Output the FLIP of minimum weight identified in Steps 3 and 4.Theorem 1:Given a convex polygon

P with n vertices in general position, O-FLIP finds an optimal FLIP of

P in

O(n2 ).Proof: Steps 1 and 2 can be carried out in linear time. Step 3 requires

O(n2 ) time,since there are at most n-2 antipodal pairs, and solving each of them requires

O(n)time. In Step 4, we need to test all pairs of vertices

p and

q of

P. However, for everypair of vertices

P, there are exactly two partitioning FLIP’s of

P be a cocircular polygon, then any optimal FLIP of

P is a dividingFLIP.Proof: Suppose that

P is cocircular and that it has an opposing optimal FLIP

F1,

F2. Let

C(P) be the circle containing the vertices of

P. Assume that the apexes of

F1,

F2 are at two vertices

p and

C(x,q,y) intersects

C(P) in atleast three points, once in the middle of the arc of

C(P) joining the endpoints of theedge of

P containing

x, a second time in the middle of the arc of

C(P) joining theendpoints of the edge of

P containing

y and a third time at

C(P) containing the verticesof

P. Assume that

C(P) has radius 1 and that we measure the lenght of arcs of

C(P)in radians. The vertex set of

P partitions the circle

C(P) into

n arcs of sizes α 1,...,α n. The following two observations will prove useful:

Observation 1: Any FLIP

F1,

F2 of

P illuminates all of

C(P) except two subarcs

C(P) except the arcs

α i and

α j. Notice here that if we want toavoid illuminating two consecutive arcs

α i and

α j of

P, all we need to do is toilluminate

P with a single floodlight placed at the vertex that separates

α i from α j.Theorem 2: Finding an optimal FLIP of a cocircular polygon can be done in lineartime.Proof: Choose the two largest arcs

α i and

α j of

C(P) and illuminate

P as inObservation 2. Our result now follows.QED.It is now easy to see that the results of Sections 2 and 3 can be used to solvethe general Two Floodlight Illumination problem in

O(n2 ) time. The details are left tothe reader. Summarizing, we have:Theorem 3: Finding an optimal FLIP for an arbitrary convex polygons can be donein

P which are candidates to be the apexes of an optimal FLIP.An open question is that of deciding if the complexity of the two-floodlightillumination problem is

O(n2 ) or

O(nlog(n)) or better. The

k-floodlightillumination problem for convex polygons seems to be hard to solve. For instance, wecannot even prove that an optimal set of

k floodlights that illuminate a convexpolygon must have their apexes at vertices of the polygon. We believe this to be true.In general, can we find an

O(nk ) algorithm to solve the optimal k-floodlightillumination problem?Another open problem is that of finding optimal floodlight illuminating setsfor simple polygons.References[AGSS]A. Aggarwal, L.J. Guibas, J. Saxon and P.W. Shor, "A linear timealgorithm for computing the Voronoi diagram of a convex polygon",Discrete and Computational Geometry 4 (1989) 591-604 .[BBCUZ]P. Belleville, P. Bose, J. Czyzowicz, J. Urrutia and J. Zaks, "K-Guarding polygons on the plane", Proc. 6th. Canadian Conference onComputational Geometry, Saskatoon, Sask. Canada (1994) 381-386.[BGLOSU]P. Bose, L. Guibas, A. Lubiw, M. Overmars, D. Souvaine and J.Urrutia, "The floodlight illumination problem", to appear in Int. J.on Computational Geometry.[CV] V. Chv�tal, "A combinatorial theorem in plane geometry", J. Comb.Theory Ser. B, 18 (1975) 39 - 41.[CRCU1]J. Czyzowicz, E. Rivera-Campo and J. Urrutia, "Illuminatingrectangles and triangles on the plane", Journal of CombinatorialTheory (B) 57 (1993) 1-17.

[CRCU2]J. Czyzowicz, E. Rivera-Campo and J. Urrutia, "Optimal floodlightillumination of stages", Proc. 5th Canadian Conference onComputational Geometry, Waterloo, Ont. Canada (1993) 393-398.[ECO’RUX]V. Estivill-Castro, J. O’Rourke, J. Urrutia and D. Xu, "Illuminationof polygons with vertex floodlights", Technical Report (TR#037)Department of Computer Science, Smith College, Northampton, MA01063, Aug. 1994.[ECU]V. Estivill-Castro and J. Urrutia, "Optimal floodlight illumination oforthogonal art galleries", Proc. 6th. Canadian Conference onComputational Geometry, Saskatoon, Sask. Canada (1994) 81-86.[FT] L. Fejes Toth, "Illumination of convex discs", Acta Math. Acad. Sci.Hung. 29 (1977) 355-360.[FI]S. Fisk, "A short proof of Chv�tal’s watchman theorem", J. Comb.Theory, Ser. B 24 (1978) 374 .[KKK]J. Kahn, M. Klawe and D. Kleitman,"Traditional galleries requirefewer watchmen", SIAM J. Algebraic and Discrete Methods 4 (1980)194-206.[O’R]J. O’Rourke, Art Gallery Theorems and Algorithms. OxfordUniversity Press, 1987.[O’RX]J. O"Rourke and D. Xu,"Illumination of polygons with 90ß vertexlights", in Snapshots in Comp. Geometry, Univ. Saskatchewan,Aug. 1994 and Technical Report TR #034, Department of ComputerScience, Smith College, July 1994.[SHER] T. Shermer, "Recent results in Art Galleries", in Proceedings of theIEEE 80 1992) 1384-1399.[SS]W. Steiger and I. Streinu, "Positive and negative results on thefloodlight problem", in Proc. 6th. Canadian Conference onComputational Geometry, Saskatoon, Sask. Canada, 87-92, 1994.[UZ]J. Urrutia and J. Zaks, "Illuminating convex sets on the plane",University of Ottawa Technical Report TR-89 (1989).