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Consider the problem

—Au=u—ud inQ:=10,10] x [0,10],
u=0 ondQ.

A positive solution
® exists,
® is unique,
o is bounded by 1,
o isstable,
® is symmetric,

® is monotone,

® achieves its maximum at the origin.



On the other hand, consider the problem

ANu=u—u’ inQ:=10,10]x[0,10],
Au=u=0 or dyu=u=0 o0ndQ.

Positive solutions
o can be approximated numerically,
uniqueness is not Known,
are not bounded by 1,
stability is not Known,

symmetry probably holds, but is not clear
due to the many oscillations at {u = 1},

are not monotone,

® achieve their maximum close to the
corners and not at the origin.



Similar things happen in annuli.
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Pictures taken from: L.A. Peletier and W.C. Troy. Spatial patterns.




‘Even on linear problems there are important differences

{—Au:f>0 inE = {x2+25y% < 1}, oy 0mE
inkE,

u=20 ondE.

= u changes sign in E.

(—A’u=f>0 inE:={x>+257%<1},
du=u=0 ondE.

(Shapiro-Tegmark, 1994)




How does this happen?

Let us looK at the intermediate powers of the Laplacian: (—A)* fors € (1,2).



Some fractional questions:

o Ifuy is the solution of (—A)’us = f + b.c., is S — Uy continuous in some sense?

o If(—A)? requires two boundary conditions for well-posedness and —A only one, what
happens with the extra boundary condition ass \ 17

o Are solutions increasingly ‘bad’ass /2 oris it essentially the same for anys > 17

o Is the Green function for (—A)® in the ellipse E = {x* +25y* < 1} sign-changing for all
s>1?



Pointwise evaluation of (—A)* fors € (1,2)

LetN €N, s € (0,2), then

(=AY u(x) = ey /RN u(x+2y) —4u(x+y) +|$|b]tv(icgs— 4u(x—y) 4 u(x—2y) .

Herecy s > 0 is a normalization constant such that F ((—A)*u) = |E|* Fu.

In particular, for a suitable (fixed) functionu : RY — R,

lim(—A)*u(x) = (A ?u(x) and lim(—A) u(x) = —Au(x)

5/2 s\
Intuition:
lim M — ), tim £(21)—4f(1) +6 f((t)z —4 (L2 _ gy



Nonhomaogeneous linear problems in a ball B := {|x| < 1}

dy.

Lets € (1,2),
B u(x+2y) —4u(x+y) + 6u(x) —4u(x —y) +u(x —2y
() [, D)) Gt +u:—2)
RY M
‘ AN’u=f inB,
{—Au:f inB, u="h ondB
sy el —oyu=g ondB.

Note that: 2—s € (0,1),

(=A)’u=f inB,
U= onR¥\B,
lim (1 — [x|?)>*u(x) = h(z) forz € 9B,

X—Z

lim —ay [((1 — > u(x)] = g(z)  forz€ IB.



The Green function, s € (1,2)

(—AYu=f inB,
u=0 onRV\B,
: 4]2)\2—s _
)l}_}n%(l [x[)" " u(x) =0 forz € 9B,

)
lim —a (1 - )2 5u(x)) =0 forz € dB.

The unique solution is
o) = / Gs(x,y)f()dy  (note thatu > 0 if f > 0),
B

where (Dipierro-Grunau, 2016), (Abatangelo, Jaroks, S., 2016)

(1—\x\2>+(12—\y\2>+ 1

2s—N x—

Gy(x,y) = knglx—y|” b v dr, x,yeRN, x+#£y.
2

(t+1)
T dbeesddaie ]



The nonlocal Poisson Kernel, s € (1,2)

(~AY'u=0 inB,

u=v onRV\B,
: IR PAVARS —
)1(13;(1 [x[7)" " u(x) =0 forz € 9B,
CO _14[2)2—s —
;lcbni Av((1—|x|7)""*u(x)) =0 forz € dB.

The unique solution is
u(x) = / Cy(x,y)v(y) dy (note thatu < 0 if v > 0),
RN\B

where (Abatangelo, Jarohks, S. 2017)

(1=
(PP = 1)slx—y[¥
- afbertoSaldeia |

Cy(x,y) = (=) vs forx e RN, y e RV\B.



The boundary Poisson Kernels, s € (1,2)

(—A)’u=0 inB,
u=0 onRV\B,
lim(1— |x*)>~Su(x) = h(z) forz € B,
xX—z

. 2\2—s _
)161_>rr;—8v((1—|x\ )" u(x))=0 forz € dB.

The unique solution is
u(x) = /a Eo(x,2)h(z) dz (note thatu > 0 if h > 0 and N < 4),
B
where (Abatangelo, Jarohks, S. 2017)

1 (1—=[x[?)*
Eo(x,2) = —— U=P°

= Joy o=V (N(1—[x|*) + (4 —N)|x—2*) forxeRY, y € 9B.



The boundary Poisson Kernels, s € (1,2)

(—A)’u=0 inB,
u=0 onRV\B,
lim(1— |x*)>~Su(x) =0 forz € IB,
X—Z

lim —3y (1~ |xP)*~u()) = g(z) ~ forz € 9.

The unique solution is

u(x) = /a E\ s(x,2)g(2) dz (note thatu > 0 ifg > 0),
B
where (Abatangelo, Jarohks, S. 2017)

1 (1—1x?)*
El,s(X,Z) = W_N% forx € RN, y € dB.



Some previous results

s e N:
Green function: Green (1828), Boggio (1905).
Poisson Kernels: Poisson (1820), Lauricella-Volterra (1896), Edenhofer (1974).

s€(0,1):
Green function: Blumental-Getoor-Ray (1961).
Nonlocal Poisson Kernel: Riesz (1937).
Boundary Poisson Kernel: Bogdan (1999).



Applications: Representation formulas, s € (1,2)

Theorem (Abatangelo, Jarohs, S. 2017)
Letr > 1 andu € LI NC*¥(B) (25+a & N ) be such that

(1—x*)>"uec™*B), (-A)’uecC*B), and  u=0 inB\B.
Then, forx € B,
) = [ Gole) (A ut) dy+ [T y)uts) dy

+ / Eo,s(x,0)D°2u(8) 40 + / E1y(x,0)D"'u(6) d.
JB JB

D 2u(z) := lim(1 — |x[*)**u(x), D u(z) == lim —ay [(1 — |x|*)*Su(x)]

X—Z X—Z

L= {ueL}OC(RN) ;/ |u(x)|dx<°°}.

R’V 1+ |x|N+2s



Applications: Characterization of §-harmonic functions, s € (1,2)

A function is s-harmonic in B if (—A)*u = 0 in B.
Theorem (Abatangelo, Jarohs, S. 2017)

Ifu € C¥+%(B) iss-harmonic in B, (1 — |x|*)*~Su € C"*%(B), andu = 0 in RN\B, then

_x2 s—1 _x25
at) = [ LB o)+ T 41 (0) o

x— 6N x— 6N
for some uniquely determined functions go,g1 € C(IB). In particular,
(=Au=0 inB  impliesthat  (—A)"((1—|x*)'u)=0 inB.
forall t>1-—s.




Applications: Higher-order fractional Hopf Lemma, s € (1,2)

Theorem (Abatangelo, Jarohs, S. 2017)

Let f € C*(B)\{0}, & € (0,1) be nonnegative and let u € H#;*(B) be the unique weak.
solution of
(=Au=f>0 inB with  u=0 onRY\B.
Then,
_1v]2)s
0, [ 0=

Bwf()’) dy>0 forallz € JB.




A sign-changing Green function fors € (1,2)

Theorem (Abatangelo, Jarohs, S. 2017)

Let Q be the union of two disjoint open balls. If G§y denotes the Green function of (—A)* in Q,
then G, changes sign.

Ini1D: Q = (0,1)U(2,3),G§z RxR — R,

fors € (0,1) fors € (1,2)




Sign-changing solutions fors € (1,2)

Theorem (Abatangelo, Jarohs, S. 2016)

Let Q be the union of two disjoint balls. There is a positive f € C*(Q)\{0} such that the
unique solution of

(~Au=f>0 inQ, u=0 inR\Q, D" 2u=D"'u=0 0ndQ

changes sign in Q.

00
Note: If N > 2, the two balls can be joined by a thin tube. \J



What if s /2 ?

D uy(z) == lim(1 — ) u(x), D lug(z) = lim —dy (1 — [x?)* g (x)]

g/ |lug] =

//"’ N\
—Au; =1 inB, ‘
(
us;=0 onRV\B, y ”2/||”2||L”
D lug(z)=0 forz € IB, / \
/
D 2uy(z) =0 forz € dB. // " \
/'/ \
Auy=1 inB, —X
—dyup =0 ondB,
up=0 ondB. o tfe (normalized)us approximates the

(normalized)uy “from above’.



What if s /2 ?

D 2ug(z) := Him(1 — |x|?) > *uy(x),

X—z

(=A)u; =0 inB,
ug=v onRV\B,
D lug(z) =0 forz € IB,
D %ug(z) =0 forz€ dB.

A’u =0 inB,
—oyup =0 ondB,
u, =0 ondB.

D™y (z) = lim —0y[(1 = x]*)*us ()

0.2

-0.4

-0.5

® u; goes uniformly to 0 (note that v = O close
to dB).



What if s /2 ?

D 2ug(z) := lim(1 — |x|*)*> Suy(x),

X—2Z

(—A)*us =0 inB,
us;=0 onRN\B,
D lug(z)=1 forz € B,
D %ug(z) =0 forz € dB.

A%u, =0 inB,
—odyur =1 ondB,
uy =0 ondB.

0.5

® u, goes uniformly touy ‘from above”..



What if s /2 ?

D 2ug(z) := Him(1 — |x|?) > *uy(x),

X—z

(—A)sus =0 )
us;=0 onRN\B,
D lug(z) =0  forz € 9B,
D 2u(z) =1 forz € dB.

A’u =0 inB,
—odyup =0 ondB,
w =1 ondB.

® u, goes uniformly to 1 in compact sets of

(=1,1) “from above”.




What if s \( 1 ?

D 2ug(z) == lim(1 — |x]?)*Suy(x),

X—Z

(=A)u; =1 inB,
us;=0 onRN\B,
D lug(z) =0 forz € 9B,
D %ug(z)=0 forz€ dB.

—Au; =1 inB,
uy =0 ondB.

o The (normalized) ug approximates the
(normalized)u; “from below”.



What if s \( 1 ?

D 2us(2) = lim(1 = x?)*“ugx), D ug(z) = tim —0y [(1 — [x[*)*~us (x)]

X—Z

02

01|

(=A)ug=0 inB,

ugs=v onRN\B, z
D lug(z) =0 forz€ 9B,
D*2us(z) =0 forz € dB.

-0.4 1

—Au1 :0 mB, -05LC
ui =0 onaB.

® u; goes uniformly to 0.



What if s \( 1 ?

D 2us(2) = lim(1 = x?)*“ugx), D ug(z) = lim —dy (1 — xl?)2 s ()]

(=A)u;=0 inB, u =1
us=0 onRV\B, P
D lug(z) =1 forz€ 9B, U
D 2us(z) =0 forz € B. 0sf
—Au; =0 inB, o 05 05
uy=1 ondB.

® u; approximates uy ‘from below"”.



What if s \( 1 ?

(—A)uy =0 inB,
u; =0 onRN\B,
D lug(z) =0 forz € IB,
D %ug(z)=1 forz€ dB.
0.5
T R
But, forN =1,
1 1

(1 =21 =

ug converges to (1 — x*) ™\, which is

— 0.
(x+1)3 (x—1)3 7
o not integrable,

® not harmonic.




Some fractional questions (revisited):

o Ifuy is the solution of (—A)’us = f + b.c., is S — Uy continuous in some sense?

o If(—A)? requires two boundary conditions for well-posedness and —A only one, what
happens with the extra boundary condition ass \ 17

o Are solutions increasingly ‘bad’ass /2 oris it essentially the same for anys > 17

o Is the Green function for (—A)® in the ellipse E = {x* +25y* < 1} sign-changing for all
s>1?



Some extensions: Generals > 0

Lets € (0,n),n €N, then

e —1)k 2n u\x
(-8 u) = evsn [ T (DA (Z)ulethy)

y‘N+23

In the ball, the Green function G and the nonlocal Poisson KernelI's have the same formula,
whereas

N-2
Bua(s,0) = o (1= WD), whon L= 2
and
SN . )
D ule) = = lim sl = R 0u)] - forze 0B.

(1)



Some extensions: The halfspace

Let

x+e -
Kx = ZW —e1,  Ku(x):=|x+e|* Nu(kx)

Then

(—A)S(Ksu) (x) _ 22s KY((_A)SM) (X) : ie. (7A)s< uo K(X) ) _ 22s (7A)SM(KX)

|x+e1|4s |x+el|N72s |x+e1|N+23'
Then k(B) = RY := {x; > 0} and

u is s-harmonic in B if and only if Ksu is s-harmonic in R .



Some extensions: The halfspace

Fors=m+0:
Dk+671u(z). lim 31[ %ulx)], ke{0,1,...,m},
k'x1—>0
()%
L(x,y) :=(=1)" —_—
S( y) ( ) YN’S(—y1)°|x—y\N
Gi(x,y) := k1\/7S|)c—y|2S_N/‘k'VI — dv,
0 (v+1)7
%5 kJ (xl).jimfkui

z
Eps(x,y) Z, N“W
Fork € {0,...,2m+1}, xk+6 Vis s-harmonic in RY (note that x{ ~ Vis singular).

(joint work with N, Abatangelo, S. Dipierro, M.M. Fall, and S. Jarohs)
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