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Introduction

Consider the Allen-Cahn equation
“Au=u—u’ inR

» This is a model for phase-transition.

» Solutions to the 1-D problem are fully classified in terms of
the energy E = —3 (/)% + (1 — u?)%.



The Extended Fisher-Kolmogorov equation

Consider the (EFK) equation

A%u— BAu=u —u’ in €2,
u=Au=0 on 0f).
Solutions of (EFK) are critical points of the energy
2

[ |Auf? Vul>  u* u
](u)_/Q > + 8 > +4 2dx




The Extended Fisher-Kolmogorov equation

Theorem (Existence)

Let 8 > 0and Q c RN with N > 1 be a smooth bounded domain or a
hyperrectangle. If \3 + A1 > 1, then u = 0 is the unique weak
solution of (EFK). If

M4+BM <1, (1)
then,
1. thereis ¢ > 0 such that (EFK) admits for each 3 € (3 —¢,5) a
.. . . = 1=
positive classical solution u, where § = " 1

2. Foreach 8 > %2)1/2 there is a positive classical solution u of

(EFK) such that ||ul| (g 62(4+6 )2 and Au < Buin Q.

B

3. Forevery B> /8 there exists a unique positive solution u of
(EFK). Moreover, this solution is strictly stable and satisfies
[llee @) < 1.




Bifurcation branch

Radial solutions of (EFK) in €2 = Bayg483(0) C R2.
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» Solutions are bounded by 1 only for 8 >> 0
» Solutions are monotone only for 5 >> 0.

» For 3 ~ 0, the maximum is close to the boundary.



Bifurcation branch

Continuation of the branch.
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» Positivity is lost along the branch.
» The branch goes back to positive values of /.

» For 8 = 0, the solution oscillates around 1.



Other bifurcation branch for Q2 = (0, 27)



Numerical approximation in squares

B small B large.



Numerical approximation in annuli

[ small B large.



The Extended Fisher-Kolmogorov equation

Theorem (Stability of positive solutions)

Let 92 be of class C*' and 3 > /8. Then any positive solution of (3)
is strictly stable.

| A\

Theorem (Symmetry of stable solutions)

Let 2 be a ball or an annulus and let u be a stable solution of (3) with
B > /12 — 2\ such that [ul|Loe () < 1. Then u is a radial function.

Proposition (Symmetry of positive solutions)

| A\

Let B > /8 and let Q C RN be a hyperrectangle or a bounded smooth
domain which is convex and symmetric in the ey —direction. Then,
any positive solution of (3) satisfies

u(xy,x2,...,xN) = u(—x1,x2,...,XN) forall x = (x1,...,xN) 4
Ox,u(x) <0 for all x € Q such that x; > 0.

N




The Extended Fisher-Kolmogorov equation

GLOBAL MINIMIZERS

Theorem (Positivity and symmetry of some minimizers)

Let 2 be a ball or an annulus, (1) hold, and let u € H be a global
radial minimizer of (2?) with |[u| ) < 1. Then O,u does not
change sign if 2 is a ball and O0,u changes sign exactly once if ) is an
annulus.

Let €) be a ball or an annulus, 3 > V12 —2)\, (1) hold, and let u be a
global minimizer of (2?) in H. Then u is radial and does not change
sign in Q0. Moreover, Oru does not change sign if €2 is a ball while O,u
changes sign exactly once if § is an annulus.




The Extended Fisher-Kolmogorov equation

VA — Au=u—u® in €,

2)
u=Au=0 on 0f) ,

when v — 0.

Theorem (Convergence to second order equation)

Let Q@ C RN be a smooth bounded domain with the first Dirichlet
eigenvalue \y < 1. Let v > 0 and u., be a global minimizer in H of

|Aul>  |Vul?  ut  u?
/Q<72+2+42dx. 3)

There is an open neighborhood of 0 such that, for all v € I N[0, 1]: u,
is the unique global minimizer in H and u~, > 0 in Q. Moreover, the
function I — C*(Q); v +— u., is continuous and uy is the global
minimizer of (3) in H}(S2) with v = 0.




The Extended Fisher-Kolmogorov equation

Lemma (A priori bounds for classical solutions)

Let Q@ C RN be a bounded domain, 3 > 0, f : R — R satisfying

£(0) = 0, and let u € C*(Q2) N Co(Q) be a solution of

A?u — BAu = f(u) in Q such that Au € Co(Q). Set U := maxu,
Q

u :=minu,and g : R — R given by g(s) := %f(s) + 5. Then
Q
u < maxg and YU > ming.
(14, 11] [, 11]
Moreover,

1. Ifu <maxgandf < 0in (1,00), then u < maxg.
[0,1] [0,1]

2. Ifu> r[nior]1g and f > 0in (—oo, —1), then u > [mlirol}g.
u, 49

(4)




The Extended Fisher-Kolmogorov equation

Lemma (Truncation Lemma)

Let Q C RN be a bounded domain, B > 0, f : R — R be given by

%25 ifs <0,
f(s):==<s—35° if s € [0,Cgl, (5)

Cs-C3=-5Cs  ifs>C,

and let u be a classical solution of

A%y — BAu = f(u) in Q,

(6)
u=Au=20 on Of).

Then 0 < u < Mg. Moreover, if 5 > V8, thenu <1.In particular, if
B > Ko, then u is a classical solution of (3).

v




The Extended Fisher-Kolmogorov equation

Theorem (Variational Argument)

Let B > 0and Q) C RN with N > 1 be a smooth bounded domain or a
hyperrectangle. If \3 + A1 > 1, then u = 0 is the unique weak

solution of (3). If)\2 + B\ < 1, then for B > \/J/Z)l/z there is a
4482

positive classzcul solution u of (3) such that |u|p~q) < 62( 3 )’

and Au < u in Q. Additionally, if B > /8 then ”u”Loo y < land
u is the unzque positive solution of (3).




The Extended Fisher-Kolmogorov equation

Lemma (A priori estimates for classical solutions)

Let © c RN be a bounded domain, B > 0, and let u be a classical
solution of (3).

i) If u is nonnegative in §, then ||u(|p~ ) < Mg.
ii) If B > /8 and u is nonnegative in €, then ||u|p= (o) < 1.

iii) If 8> v8and |Jul| () < 4/ %2 + 1, then ||ulpo(q) < 1.




The Extended Fisher-Kolmogorov equation

Proposition (A priori estimates for minimizers)

Let v be a global minimizer of (3) in H. Then

Vit 8

Ol ooy < Y- if B >
ol (@) < -5 if 3> 52
[0]|zooqey < 1 if 8> V8.




The Extended Fisher-Kolmogorov equation

Theorem (Bifurcation argument)

Let Q ¢ RN, N > 1 be a smooth bounded domain or a
hyperrectangle. If the first Dirichlet eigenvalue \; < 1, then there is
e > 0 such that (3) admits a positive solution ug € C+*(Q) for all

B e (B —e,B), where
- 1- )\2
B = v

Additionally, if B > /8 and Q is of class C', then (3) admits a unique
positive solution ug such that |[ug||r~q) < 1forall B € [V8, B).

v




A saddle-solution in R? for the Extended Allen-Cahn

Theorem (Saddle—solution)
IfB >, == 5+ there exists a saddle-solution in the plane, i.e. u s.t.

u(x,y)xy > 0.
Moreover ||ul|ee(q) < 1if B> 2V/2.




A saddle-solution in R? for the Extended Allen-Cahn

» we use the global minimizers on a sequence of squares and
let (a quarter of) the squares go to RT x R*.

» we have a control from below using the minimality so that
the sequence of solutions do not converge to 0.

» when 8 > /8, the profile is monotone (in each quarter)
and the limit is +1 on the diagonals.

» for smaller value of 3, the profile starts monotonically and
the limit is £1 on the diagonals.
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