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1 Introduction

The aim of this note is to show that that gentle algebras are Gorenstein.
These are both interesting classes of (finite dimensional) algebras. The first
class was introduced in [2] as appropriate context for the investigation of
algebras derived equivalent to hereditary algebras of type A,. The gentle
algebras which are trees are precisely the algebras derived equivalent to
hereditary algebras of type A, see [1]. It is also known from [12] that the
algebras with derived discrete category which are not piecewise hereditary
are gentle algebras with one cycle violating the clock condition, see [4] for
their derived classification. It is interesting to notice that the class of gentle
algebras is closed under derived equivalence [11]. See also [10] for further
interesting properties.

On the other hand the concept of a Gorenstein algebra A, where by def-
inition A has finite injective dimension both as a left and a right A-module,
is inspired from commutative ring theory. This class of algebras contains
both the selfinjective algebras and the algebras of finite global dimension,
and were investigated in [3],[7].

In the bounded derived category D?(A) consider the subcategories K°(P)
of bounded complexes of projectives and K°(Z) of bounded complexes of
injectives. Then A is Gorenstein exactly when the last two coincide, and it is
easy to see that the property of being Gorenstein is preserved under derived
equivalence, see [7]. Moreover the AR-translation 7: K°(P) — K%()
shows that we have AR-triangles in K°(P) in this case, see [6, 1.4].

The property of beeing Gorenstein is also preserved under the skew group
ring construction with a finite group whose order is invertible in A, see [9],[3].
Thus we may conclude that also the skewed-gentle algebras considered in [5]
are Gorenstein, at least if the field is not of characteristic 2. Skewed gentle
algebras form a class of derived tame algebras which is not closed under
derived equivalence.



2 Definitions and setup

2.1 (Gentle algebras) Let k be a field, and note that we compose arrows
in a quiver @ from left to right. We call a finite dimensional k-algebra A
special biserial if it is Morita equivalent to an algebra k@ /I where @ is a
quiver and I C k@) an admissible ideal subject to the following conditions:

(1) at each vertex of @) at most 2 arrows start;
(1’) at each vertex of @) at most 2 arrows stop;

(2) for each arrow 8 € @ there is at most one arrow v € @1 with 3v a
path not contained in I;

(2’) for each arrow ( € @ there is at most one arrow o € @1 with af a
path not contained in [;

If moreover the following conditions are fulfilled we call A gentle
(3) I is generated by paths of length 2;

(4) for each arrow 3 € @1 there is at most one arrow 7' € Q1 with 3+ a
path contained in I;

(4’) for each arrow 3 € Q1 there is at most one arrow o’ € Q1 with o/ a
path contained in I;

It is known [8] (see also [10]) that A is gentle if and only if the trivial
extension T'(A) (or equivalently the repetitive algebra A) is special biserial.

2.2 (0 and 7) It will be convenient to give a description of gentle algebras
in terms of the existence of two functions o,7: @1 — {—1,+1}. Denote by
s and t the functions from @1 to )y which assign to each arrow « its start
and end point respectively, so that we have s(a) = #(c). Then we have the
following:

Lemma Let A = kQ/I, where I is generated by paths of length 2. Then
the following are equivalent:

(i) A is gentle.

(i) There exist two functions o,7: Qo — {—1,+1} with the following
properties:



(a) If s(a) = s(B) and o(a) = o(B) then o = 3.
(a’) If t(a) = t(B) and T(a) = 7(B) then o = 3.
(b) Ift(a) = o(B), then T(a) = o(B) if and only if af € I.

Proof: (i)== (ii). We may concentrate on one vertex ¢ € ();. Since at most
two arrows start at ¢ we may define o((1) = 1 if 31 is one such arrow, and
o(fB2) = —1 if there is an other one, #2. Next define 7 for the arrows ending
at g. If no arrow starts at ¢ we may do this similar as for 0. Otherwise let
G be an arrow starting at g. Then we set

(@) = o(B) ifafel
= —o(p) otherwise

for each arrow « ending at q. It follows easily from the definition of gentle
that this is well defined and that the pair (o, 7) has the desired properties.
The other implication follows directly from the definitions. 0.

2.3 (Words) In order to state our findings efficiently we need some more
notation. We introduce formally a set of inverse arrows Ql_l = {a7! |
a € @1} and extend our definitions by: s(a™!) = t(a), o(a™!) = 7(a),
t(a™1) = s(a) and 7(a™!) = o(a).

A walk of length n in @ is a sequence v = wy - - - w, of elements w; €
Q1 U Q7! with t(w;) = s(wiy1) for 1 < i < n. The inverse walk w~! is
wytwy ! where we formally set (a~1)~! = a. We call a walk direct resp.
inverse if all its elements are from ()1 resp. Ql_l. We extend the functions
s,o0,t, 7 in the obvious way to walks.

A word is a walk w = w1y -+ w, with 7(w;) = —o(w;y1) for 1 < i < n.
We need moreover a trivial word 1, and its formal inverse 1q_]L for each vertex
q of Q, with s(13) = ¢ = #(17) and o(17) = ¢ = —7(17) for e € {~1,+1}.
We agree to consider 17 as both a direct and inverse word of length 0.

If v and to are words with ¢(v) = s(v) and 7(v) = —o(w) then the
concatenation vtv is again a word, and if w1lg is a word we write ol = w.

In order to describe the indecomposable injective and projective modules
we need the following words: For (¢,e) € Qo x {—1,+1} denote by i(1)
the unique direct word o of maximal length with w = wlg. Similarly we
define p(17) to be the unique direct word v of maximal length with 10 = v.
Some of these words may be trivial. We finally write i, = i(1;1)i(1,)"! and

pg = p(1y) 'p(1;1).



3 Main results

In order to prove our results it will be useful to obtain a convenient descrip-
tion of syzygies of injective modules. First we assign to each word tv a right
k@ /I-module M (1) in the obvious way. In particular for each vertex ¢ € Qo
the module M(i;) resp. M (p,) is the associated indecomposable injective
resp. projective.

3.1 We call an arrow (3 gentle if there exists no direct walk a8 with 7(a) =
o(8), moreover we call a direct walk ro = avy - - - oy, critical if T(;) = o(iy1)
for 1 < i < n. For such a critical walk there exists at most one arrow «g
such that apag - - - ay, is critical, and there is at most one arrow a,,+1 such
that aq - - - oy is critical.

Lemma For a gentle algebra A = kQ/I there exists a bound n(A) < |Q1]
for the maximal length of critical walks starting with a gentle arrow.

Proof: Assume o - - - a1 is critical with aq, ... , o, pairwise different and
a; = ape1 for some i < n. Since «y is gentle we have ¢ # 1. Then we find
a;_1a4 € I and a,; € I, a contradiction. O

Remark: If A has no gentle arrows at all, we set n(A) = 0.

3.2 For a word w it is convenient to consider the sets L(w) = {a € Q1 |
a"!t a word} and R(w) = {3 € Q1 | w3 a word}, each of them having at
most one element.

Lemma For a gentle algebra A = kQ/I the arrows in L(ig) U R(iy) are
gentle for any vertex q.

Proof: Assume L(i;) = {f}. If B is not gentle let a be the arrow with
t(a) = s(8) and 7(a) = (). But then ai(1;') would be a direct word, a
contradiction. O

3.3 For an arrow a = 1ga we denote by p(a) the unique direct word with

p(13) = ap(a).

Proposition Let A = kQ/I be a gentle algebra, and M(iy) an indecom-
posable injective module. For j > 1, each indecomposable non-projective
summand of QI M (i) is of the form M(p(c;)) for a critical path cyag - - - )
with aq gentle.



Proof: 1t is easy to see that

Q' (M (ig)) & Baeri,)uri,) M (p(a)) @ P,

where P = 0 if M(i;) is uniserial and P = M(p,) otherwise. Since by the
above lemma « is gentle, this proves our claim for j = 1. Suppose now that
our claim is true for j > 1. M(p(c;)) is projective if and only the critical
path aq ---a; was right maximal, and there is nothing to show. Otherwise
we find a1 such that aq---ajaj41 is critical, and it is easy to see that
QM (p(ay)) 2= M(p(aj). m

3.4 Theorem Let A = kQ/I be a gentle algebra with n(A) the mazimum
length of critical walks starting with a gentle arrow. Then idy A = n(A) =
pdp D(A°P) if n(A) > 0 and idpy A = pdy D(A?) < 1 if n(A) = 0. In
particular A is Gorenstein.

Proof: pdy D(AP) < n(A) + &g () follows directly from the above propo-
sition.

Assume n(A) > 0 and let aj---«a, be a critical path with a; gen-
tle. If there is an arrow 8 # a; with s(8) = s(aq) it is easy to see that
pd M (iyg)) = n. Otherwise pd M (iy(,)) > n.

On the other hand A°P is also gentle and it is not hard to see that
n(A°P) =n(A). Now idpy A = pdpep D(A) = n(A°P). O

The above theorem can not be extended to special biserial algebras.

«

3.5 Example Let Q) be the quiver 1 C 2 and I = (afa). Then kQ/I
B
is special biserial but not Gorenstein.
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