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CCINCIDENCE INDEX FOR FIBER-PRESERVING MAPS

AN APPROACH TO STABLE COHOMCTOPY
CARLOS PRIETO

A Coincidence index in any generalized (multiplicative) cohomology theo-
ry is defined for certain pairs of maps between euclidean neighborhood
retracts over a metric space B.

By taking an adequate geometric Equivalence rei?tion between two such co-
incidence situations, groups FIX (B) and FIX (B,A), for A closed in
B, k an integer, can be defined. The purpose of this paper is to show
that these groups constitute a generalized multiplicative cohomology theo
ry. Moreover, we show that the index determines an isomorphism between
this theory and stable cohomotopy.

0. INTRODUCTION

Dold, 1974 [Dol], defined a fixed point index for fiber-preser-
ving (self-)maps of ENRB's, which is an endomorphism of h(B), the coho-
mology of the base-space B, or equivalently, an element in h°(B) if h
is a multiplicative cohomology theory. If the multiplicative theory is
stable cohomotopy he showed that the indexes of two maps coincide if and
only if a certain geometric equivalence between the two maps exists; more
over he showed that every element of the Oth stable cohomotopy of B oc-
curs as the index of a fiber-preserving map, thus showing that the Oth
stable chomotopy group of the base space has a geometric description as

a set (ring) of equivalence classes of fiber-preserving maps.

In this paper, a coincidence index for (certain) pairs of fiber
preserving maps is defined. This is an endomorphism of h(B), now of de-
gree k (depending on the pair) or an element in hk(B) if h dis a mul
tiplicative theory. A geometric equivalence between these pairs is intro
duced and it is shown that this gives a geometric description for the k-th
stable cohomotopy group of the base space, thus extending the results of
Dold. Furthermore, given this geometric description of the stable cohomotopy
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groups, suspension isomorphisms, as well as other structure-homomorphisms
of a cohomology theory have a geometric description.

In his thesis [Sch]l, B. Schafer gave a description of the sta-
ble homotopy category where the morphisms were described by fixed point
situations, (Kap. 4 and 5). By specializing these morphism groups (vary-
ing the domain and letting the codomain to be a point) one gets the
groups that I study here.

I want to express my gratitude to A. Dold, L. Montejano, B.
Schafer and H. Ulrich for very enlightening conversations.

1. COINCIDENCE INDEX HOMOMORPHISM

The topological background for this section can be found in [ Doll
and [Do2] where the definitions not given here, appear.

1.1 Let B be a metric space and p: E+ B be an ENRB. We shall study
the following situations: Let VC E be open; a map over B

EDV——'R xE

\ /cpr‘OJE

is said to be compactly k-fixed if its k-fixed point set, Fixk(f) =
= {VEV : f(v) = (0,v)}, lies property over B, i.e. if p|FixK(f)
Fixk(f) + B is a proper map. Observe that Fixk(f) is the coincidence
set of f with the O-section E - kaE, whence the terminology "coin-
cidence index". Anyway, I will prefer to use the terminology "k-fixed
point index", since first, the case k = 0 will be the fixed point in-
dex studied by Dold and second, we are really studying fixed points of
maps defined on open sets of the O-section of kaE, i.e. of certain
partial self maps of lkx E.

1.2 We begin by studying compactly k-fixed maps in the case E = R"xB
with p the projection onto B. Since plFixk(f) is proper, we know
[Do2,(1.3)], that there exists a continuous function o : B > (0,2) CR
such that

Fixk(f) € {(y,b) € R"xB : Uyl < p(b)} = E,
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Define the k-<index homomorphism of f by

. ktn .
¥ nd(e) O IR KN gk gy g) Lmf)T pItkENGy ypixk())

htR e e FixK(e)) > h‘j+k+n(E,E-Ep)
. n .
hITKEN(R" R"-0)xB) %= hItK(B)
k+n

» resp. on, is the (k+n)-, resp. n-fold suspension isomor-
k+n

where o
phism and (1-f) : V> RK"™B = RXE s such that (1-f)(y,b) =
= ((0,y)-¢(y,b),b) with ¢ the first component of f, f(y,b) =
(¢(y»b),b) € (RKXR™)xB.

This k-index has properties analogous to those of Dold's in-

dex. We 1ist them without proofs since they are essentially the same
as Dold's.

1.4. Localization in E. I§ W is open <n V and FixK(f) c W,

then f|W .8 compactly k-gixed and I? = Iﬁlw' 0
1.5. Localization in B. The k-index factons as gfollows:

hi(B) » ni**(8,a) » n3*K(p)
gorn any A such that p(Fixk(f)) < B-A. O

1.6. Additivity. 14 V = VIU V2 45 a union of open sets such that

floc f]Vlﬂ Vo land f) is compactly k-gixed, then f, = fIV1 and

. k k k k
f, = fIV2 are compactly k-fixed and Ig + If1 ) = Ifl + Ifz. m]
1.7. Units. 1§ s : B+ E 48 a section, then the k-index of
(0,sp) : E »R*XE s the identity of h(B) &§ k=0 and 0 4if
k > 0. a

1.8. Naturality in B. Let B' be metrnic and B : B' -+ B be conti-
nuows. 1§

£ o v rKE!

N

BI
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A48 the induced map agter taking pullbacks oyer B , then f' .4 com-
pactly k-4ixed and the diagham

ik
hd (B) — L ni*k(g)
B*. Ik| ' g*
hJ(B’) f hJ+k(B')
commutes . ]
k

1.9. Homotopy Invariance. 1I§ g : W->RxF, WCF open, {5 com-
pactly k-gixed over BxI, with profection F - BxI (I =[0,11) and
4§ 9y W, > RNKF, &5 the pant of g over Bx{t} =B, then 1'9‘ -

t
= Ik . ]
9o
1.10. Multiplicativity. 14 f: V-RKE and f' : V' > RK xE'
are compactly k- and k'-f§ixed over B, then
fxBf' : VxBV' > (kaE)xB(Rk xE') = rk¥K x(ExBE')

48 compactly (k+k')-f§ixed and

kL, = 1Ko 1kl o () - nIHRK (p). O

fxBf'
As in [Dol], we have the special case:

1.11. Stability. I4 e : R->R .8 constant, then fxe : VxR -

- kaExR 48 compactly k-fixed as a map over B with respect to

EXR>E->B and IFXE=I:§. o

1.12. Commutativity. Assume p: E->B and p' : E' > B are ENRB'A

and UCE and U' CE' are open. Let f:U->RE' and g : U' >

> Rk XE be continuous over B. 1§

k k+k'

(1xg)f : £ L(Rxu") > REXRK xE = RK*K'xE

48 compactly (k+k')-4ixed, then s0 is

(1xf)g : g LRK'xU) » RX'xRKxE'= RKHK'xE!
k' L g KK kK
(1xg)f (-1) I(le)g'

The proof is essentially the same as for [DoO,VII,5.91. O

and 1
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1.13. Naturality inh. T4 T : h

- h2 48 a natural thansformation

1
04 cohomology theonies, then
. ko
hd(B) —Lwnd*k(3)
o
hd(8) —= n3*(p)

£5 commutative.

1.14. The k-Index Element. (PROPOSITION and DEFINITION) I§ h s a
multiplicative cohomology theonry, then I¥ : h(B) > h(B) 4s a homomon-
phism of degree k of h(B)-modules, <.e.

I?(x) =xU I?(l)

fon atl x € h(B), whene 1€ h®(B) s the unit element.
The element Ii(l) € hk(B) completely describes I? and is called the

k-index of f; it is denoted by IN(f). O

1.15. PROPOSITION and DEFINITION. 1§ p: E~>B (s any ENRy and
VCE 4s open, then every continuous map f : V> kaE admits a de-
composition

£V ey Lorkse

over B, where U 45 open in some R"XB. 14§ f 48 compactly k-{fixed,
s0 45 g = (Ixa)B : B L(R*xV) » R (R™B), hence 1; . nI(8) » nitk(p)

44 defined. Moreovenr, I; depends only on f and not on the decom-
position f = Ba.

s k k . .
By definition Ie= I(lxa)B is the k-<ndex homomorphism of f, (resp.

Ik(f) = Ik((lxa)B) the k-index of f if h is multiplicative). ALE

the propenties 1.4. - 1.14. stilE hold for this general case.

The proof is an application of commutativity 1.12. a

2. THE IMAGE OF 1K IN hX(B)

2.1. As in[Doll, let s€ hl(R,R-O) = hl(Sl) denote the image of
S

1€ h(%) under the isomorphisms h%(x) = h°(R-0) = hl(R,R-0), i.e.

under the suspension isomonphism. Recall that the general suspension

237




PRIETO
isomorphism in h 1is given by multiplication with s, and its n-th ite-

rate o" by multiplication with s", where s" = o"(l) is the image
of 1€h%(«) under hO(x) = h"(R",R"-0) = A"(S").

2.2. There is a k-analogue of [Dol, (3.2)] through which k-stably
spherical elements may be defined. Consider the

2.3. DEFINITION. Define the k-stabfe cohomotopy grour of the space
X by
"k(x) = 1j D'j X+ k+j
s = ‘]m[ ( )s s ]
Using the k-stable cohomotopy group one can give an alternative definition

of k-stably spherical elements. We have as in [Dol]

2.4 PROPOSITION. 1§ h 48 a multiplicative cohomology theony, then

y € h5(B) = WX(B*) s k-stably sphericat if and only i§ y 4is in the

Amage of the Hurewdicz-homomonphism €: wg(B) > hk(B) (which sends

f: DY) » sk o oTIF(sKH)). o
Following the same techniques as Dold we can prove the k-ana

logue of [(Dol, (3.7)], namely

2.5. THEOREM. Let h be a multiplicative cohomology theony and B be
metrnic. The elements of hk(B) which occun a8 k-indices of compactly
k-g§ixed maps over B are precisely the k-stably spherical ones; 4.e.
the image of 1X coincides with the image of e: w(B) > hK(B) o
3. HOMOTOPY INVARIANCE AS THE FUNDAMENTAL PROPERTY OF Ik;
THE MoNOID  FIXK(B)

If the cohomology theory h 1is stable cohomotopy T then
every element y € hk(B) = WE(B) is stably spherical. This shows that
f ﬂ-Ik(f) is surjective by 2.5. We now answer the question about injec-
tivity; we show that Ik(fo) = Ik(fl) if and only if f; and f1 are

homotopic in the sense of 1.9.
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3.1. DEFINITION. If B 1is a metric space, let Fk(B) be the set of
(fiberwise homeomorphism classes of) compactly k-fixed maps over B. We

k . ,
call two elements fO: V0 > R xE0 and flz V1 > kaE1 in Fk(B) equiv
alent, in symbols fo ~ fl’ if there exists a compactly k-fixed map
g: W~ kaF over BxI such that 9 = fo and 9, = fl' We denote the
class of f by [f] and the set of equivalence classes by FIXk(B) =

= F(B)/n = 111D
The main result of the first part of this paper is the following

3.2. THEOREM. T4 h (s stable cohomotopy, then Ik L8 Asomorphic, £.e.

k

1%: Fixk(s) = w';(s)

fon atl k=0.

In the last section we saw that Ik is surjective. The injectivity in
the general case (k>0) follows essentially in the same way as for Dold's
case (k = 0), therefore we omit the proof. However, we give the formu-
lation of the series of lemmas that lead to this result since some of them

will be of interest in what follows. 0

3.3. LEMMA. I¢ fy: Vo> REE, and fi: V) > RME,  are compactty

k-§ixed maps over B, such that E0 48 an open subset of El’

FixK(F)) V€V, and folv) = F,(v) fon atl vE€Vy, then fonfy. o©

3.4. LEMMA. Let i: E~> D be an inclusion over B of ENRB'A and Let
r: D+ E be a netraction over B. If f: V> kaE L5 a compactly
k-gixed map over B then s0 is f' = (1xi)fr : r°1(V) > kaD and f'~vf. O

3.5. PROPOSITION. Every element § € FIXk(B) has a representative of
Zthe fom f: R"xB kakan such that
(<) 1(0,y) - ¢(y,b)lIl = lyl

(44) ¢2(>‘y’b) = )\‘Pz(.ysb)
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for akt bEB, yER", A>0, where f(y,b) = (o(y,b),b) =
= (p,(¥sb), 0 (y.b).b). Tn particutar (&) = Fixk(f) = (o}xe. o

4. THE RELATIVE CASE.  FIX* AS A COHOMOLOGY THEORY

In this paragraph we extend the definition of the functor FIXk

to pairs of metric spaces

4.1 DEFINITION. Let A CB. A k-fixed point situation over (B,A) is
a compactly k-fixed map f: V » ka E over B such that

Fix“(F) np7L(a) = ¢

where p: E -+ B 1is the projection. Two such k-fixed point situations

fo and f1 over (B,A) are equivalent if there exists a k-fixed point

situation g over (B,A)xI = (BxI,AxI) that restricts to fO and fl

at the levels 0 and 1 respectively. Let FIXk(B,A) denote the set of
equivalence classes under this relation. It is an abelian group under
disjoint union, the negative given by taking the exterior product by

the element 2-: R+ R (multiplication by 2) in FIX°(x). ( Exterion
product of an element [f] € FIXX(X,A) with the element [g] € FIXX (V,B)
is the element [ fxg]l € FIXk+kl(XxY,YxB U AxY) represented by the
cartesian product fxg of f and g).

In what follows we shall show that these groups constitute a multi
plicative cohomology theory and furthermore we shall see that the index
I is a natural transformation of cohomology theories, thus proving that
FIX* is isomorphic to stable cohomotopy.

4.2. Given an element in FIXk(B,A) we can apply to it the "forgetful"
homomorphism to obtain an element in FIX (B) which obviously restricts
to the trivial element in FIXk(A). This shows that the composite

4.3 FIX¥(B,A) -~ FIX(B) » FIxX(a)
is zero. We have

4.4. THEOREM. 1§ A CB .8 closed, then the sequence 4.3 is exact.

kx E represent an element in FIXk(B) that goes

f
to zero in FIXk(A). This means that the restriction EA D VA-——A* kaEA

Proog. Let EDV IR
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is equivalent to a k-fixed point free situation. Let

F oW —Iw R

AxI

be such an equivalence, i e. 9ax{0} fy and Fixk(gAx{l}) =¢. We

can consider

Ex{0} U F o vx{0} u w X{0F Y g gkyevio} U F)

4.5. \\\\\\\\\\u ,,/’///’/”
Bx{0} U AxI

by taking the obvious identifications. By 3.4. we know that fx{0} U g
in 4.5. is equivaient to a compactly k-fixed map

R"x(Bx{0} U AxI) > U—T s RKR™ (Bx{0} U AxI)

/

such that Fixk(h) > Fixk(fx{O} U g) over Bx{0} U AxI. Moreover, we
may assume that 0 - Bx{0} U AxI is proper, (since, if not, there is a
tubular neighborhood of Fixk(h) with proper closure that we may inter
sect with U, and of course, apply 3.3.).

Bx{0} v AxI

Since Bx{0} U AxI 1is closed in BxI we may assume that there
is an open neighborhood U" of Fixk(h) in R"xBxI such that U is
clesed in U" and, moreover, such that 0" -+ BxI 1is proper (by
Tietze's lemma we can extend the function that defines the tubular neigh
borhood to the whole BxI).

We can now apply Tietze's lemma to extend (the euclidean part of)
h to U". Let h" : U" - kaRanxI be such an extension. We may as-
sume that h" 1is defined also on the boundary 3U" (since if not, we
can change U" by another neighborhood U; of Fixk(h) such that
U; cuU"). Let C= Fixk(h") nau", since p|C is proper, we have that
p(C) s closed and contained in BxI - (Bx{0} u AxI), because h" co-
incides with h over Bx{0} U AxI and thus has no k-fixed points on
aU" over it.

There exists amap 7 : B~ [0,1], such that 7|A =1 and
{(b,t) € BxI : t <7(b)} n p(C) =¢. Define v : BxI = BxI by
y(b,t) = (b,mintt,7(b}). Let h' : U' ~RX®"xBxI be the pullback
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of h" over 7v; clearly Fixk(h‘) has no common points with 3U',

hence Fixk(h') -+ BxI is a proper map. h' is a compactly k-fixed
deformation of f to a map with no k-fixed points over A, thus show-
ing that [f]l comes from FIXk(B,A). o

Before going on proving the existence of the long exact
sequence we prove the Homotopy Axiom.

4.6. THEOREM. 14 @ = 0y (B', A') > (B,A) are homotopic maps of

pairs, then of = af : Fixk(s,A) - Fixk(s',A").
Proof. Let o : (B',A')xI > (B,A) be a homotopy and let f : V » R¥xE

represent an arbitrary element in FIXk(B,A). The pullback of f over
a s an equivalence between aa(f) and a{(f), thus as[f] = a{[f]. a]

4.7. COROLLARY. 1§ the pair (B,A) 48 homotopy equivalent to a
closed pain (L.e. (B,A) = (B',A'), A' CB' closed), then

Fixk(s,A) - FIXK(8) » F1xK(A)
L8 exact.

Proof. This sequence is isomorphic to the corresponding sequence of
(B'5A'). Apply 4.4. o

Given the nature of the functors FIXk the most natural
suspension isomorphism can be given in terms of the suspension given
by multiplying by (R, R-0). We define

4.8. o : FIX¥(B) » FIxk*1

((R,R-0)xB)

as exterior product by the element s € FIXI(R, R-0) given by A: R>RxR,
A(t) = (-t,t), i.e. off)(t,v) = (-t,f'(v), t, fz(v)) if f(v) =

= (£ (v), (V).

4.9. THEOREM. o0 48 an Lsomonphism.

One can construct an explicit inverse to o, but since the theorem

follows automaticly from 4.23, we omit this construction. o
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4,10. REMARK. It is straightforward to show the compatibility of o
with suspensions in general cohomology, namely to show that Ikﬂ(a[ fl) =
= o(11) nolds.

We now have all the ingredients to show the existence of a long
exact sequence for a pair (B,A), A CB closed.

Observe that combining 4.6. and 4.9. we have an isomorphism

k’l(

4.11. o : FIxKa) - Fixk((1,01)xA)

k-1 x IxE] so that

given, say, by sending [f] to [o(f): IXE >~ RxR
o(f)(t,v) = (1-2t, f'(v), t, F(v)) if f = (f',F). Whence, in order to

define 8: FIXK"1(A) » FIxX(B,A) it is enough to define

4.12. 5': FIX((1,01)xA) » FIxXX(B,A),

which can be done as follows.
Suppose first that one takes an element in FIXk((I,aI)xA)
represented by

R"x IxA O v —% RKx R"x 1xA
over IxA such that F'ixk(g) C R"x (0,1)xA. Without loss of generality
we may assume that the closure of V, V, is contained in R"x (0,1)xA,
lies properly over IxA and that g can be extended to the boundary,
9V, of V. 1In particular g will not have any k-fixed points on the

boundary.

Let V" be open in R"xIxB, so that V' N (R"xIxB) = V ,

V" > IxB s proper and V" C Rnx(o,l)xB. By Tietze's lemma we may extend

k

g to g": V" > R"x R"xIxB (compare with the proof of 4.4).
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We can assume that g" can also be extended to the boundary of V".
g" might fail to be compactly k-fixed, i.e. it may have k-fixed
points on 3V". These k-fixed points on the boundary (after shrinking
V" if necessary) are contained in R"xIx(B-A) and lie properly over
IxB (since 3V" does). Whence, their image on IxB 1is a closed set
contained in (0,11 x(B-A). Again, as in the proof of 4.4., there ex-
ists a continuous map 7 : B> I such that 7|A =1 and {(t,b) €

€ IxB : t < 7(b)} does not intersect this image. Pulling g" back
over 7 : IxB » IxB, 7¥(t,b) = (min{t,7(b)},b), we get a compactly
k-fixed map g' : V'~ kakanxB extending g and having no k-fixed
points over {0}xB U {1}xA. Let 6'(g) = [gil}xﬁ eFIXk(B,A). Clear-
Ty

4.13. (91358 = 0 € Fixk(s)

4.14. PROPOSITION. &' determines a well defined homomomonphism
FIX((1,01)xA) ~ FIX*(B,A).

Prnoof. We prove first that two compactly k-fixed extensions 96 and
gi of g without k-fixed points over Bx{0} are equivalent in such

a way that their restrictions to {1}xB become equivalent over (B,A).
Take IxBxI and define G over IxBx3I u IXAxI by gé over

IxBx{0}, gi over IxBx{l1} and by g over IxAx{s} for all se€ I.
As before, extend G to G" on an open set over (0,11xBxI with pro-
per closure, take amap 7 : BxI = I such that 7|3IxB U IxA =1

and {(t,b,s) € IxBxI : t < 7(b,s)} contains no image of a k-fixed
point of G" that 1ies on the boundary. Hence, the pullback, G', of
G" over 7 : IxBxI -+ IxBxI, 7(t,b,s) = (min{t,7(b,s)},b,s) is the
compactly k-fixed point deformation we were looking for.

In order to extend the definition of &' to a general

EDV -—9—+RkXE

N\

IxA

such that pFixk(g) c (0,1)xA, we need the following lemma as in the
case of the suspension (cf. 4.12.)

4.15. LEMMA. Let
R"'xIxA 5 v, 3 RER™2x IxA
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and R™xIxA 5V, & RMx1xA
be such that
R"2xIxA 5871 (V)) 2B R RMx1xA

Ais compactly k-fixed over (I,9I)xA, then also

k

R™MxIxA Da'l(ﬂl xV Mkkxknlxle

2)
45 compactly k-fixed over (I,9I)xA and
4.16. §'(@B) v §'((1xB)a)

holds.

Proof. We only have to prove 4.16. We shall sketch it: Extend o to
" and B to B" over IxB (with similar conditions on the open
sets as before). If a"g" is not already compactly k-fixed, produce
v and vy (as before) such that the pullback of a"B" over it,is.
Let o' and B' be the pullbacks of o" and B" over vy, then
a'B' is precisely &'(aB) and is equivalent by commutativity to
(1xg')a' which is precisely &'((1xB)a). This proves the lemma. o

4.17. THEOREM. The sequence

4.18. - Fix¥ 1) T ekl S rixke,a) 3T rixkes) o .

45 exact, where & =8' , and i1 and j anre inclusions.
Proog. By the naturality of ¢ it is enough to prove the exactness of

5 '

Kr,am)xa) & Fixk(e,a) 3T Fixk(e)

4.19. FIXK((1,51)xB) 5 FIX

At FIXK((1,51)xA):
§'i* = 0 clearly,

§'(g) =0 = gil}xB can be deformed to a k-fixed point free map,
whence g has an extension to IxB without any k-fixed points on
9IxB.

At FIx¥(B,A):
J*§' = 0 as we already saw,

j*(f) =0 =>4 g' over IxB such that gil}xB = f (hence has no
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k-fixed points on {1}xA) and gI{O}XB is k-fixed point free. Its
restriction, g, to IxA has no k-fixed points on 3IxA, whence,
[g] € FIXK((1,01)xA) is such that 8'[g] = [f].
The exactness at FIXk(B) is the contents of 4.4. o

4.20. Take the following sequence of maps of pairs:

(1,31)xA + (ZA* %) & (cA* U BY, %) « (IxA U {0}xB,{1}xA)
+ (IxB,{1}xA) « (B,A)

where k is the map of the Puppe sequence that maps canonically the mapp
ing cone of the inclusion At c gt (X+ = XU %) onto the suspension of
A+ and the rest of them are also canonical maps that are equivalences,
the last of them being inclusion on the top. By pulling back or "pushing
forward" a k-fixed point situation g over (I,3I)xA along the se-
quence we obtain precisely &'(g) over (B,A). Combining this fact with

the remark 4.10. we find that
4.21. The k-index s compatible with the coboundary homomonphism §&.

4.22. PROPOSITION. Let (X = X1 U X2; X1 s X2) be an excisive triple,

then the canonical homomorphism

k k
FIX (X,X2) + FIX (X1 s Xy N X2)

1
A& an Lsomonphism.
There is a direct proof of this fact, which we omit, since this is also

a consequence of 4.23. o

With this last proposition we have our main

k together with the

4.23. THEOREM. Let k = 0. (4&) The functorns FIX
natural thansformations 8 constitute a mubtiplicative cohomology theory
FIX* on the category of metrnic spaces.

(id) The indices 1X: FIXK 5 hK define a natunat transfommation of mut-

tiplicative cohomology theonies. And
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(i) 1% FIxK - wz 48 a natural equivafence between the theory FIX*

and Atable cohomotopy (k = 0).

Proog. (4£) The homotopy axiom is proved in 4.6., the excision axiom is

4.22. and the exactness axiom is 4.17, The multiplicative structure is

given as follows. Let
o: FIXK(8,A) 8 FIX¥' (8,A') » FIxK*k'(B,a U A")

be defined on representatives

E{\i-f—’ RKXE E'{V; £ mkye
(B,A)/ (B,A')/

by letting [f]l U[f'l be represented by

fx,f' ,
ExgE' 2 VxgV' —B  gkxrk X EXgE'

(BLAUA")

(£44) Naturality in B, 1.8, multiplicativity, 1.10. and 4.25 show that
Ik defines such a transformation.
(£id) Using (4d) together with theorem 3.2. and the five-lemma we get

k

the proof that I~ is an isomorphism also for pairs.

4.24. REMARKS.
(a) One may define FIXk also for negative k as follows. The ele-

ments of FIXk(B,A) are represented by k-gixed point situations

4.25. \B/

such that Fixk(f) = {(y,e) € V: f(y,e) = e} lies properly over B and

has no points over A. The equivalence between two of these is a k-fixed

point situation over (B,A)xI.

We have analogously to 4.9. that there is an isomorphism
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o: FIXK(B,A) » FIXK*1((R, R=0)x(B,A))

given again by taking the exterior product with the element A: R-RxR,

A(t) = (-t,t), in FIXY(R, R-0) .

(b) If k is negative the k-index can still be defined, formally in

the same way as in 1.3., namely

1% ndp) o0 R (R", R" - 0)xe) L2 l8 hI* (v v-Fixk(£))

k -k

XE-FixK(£)) » WM (R KxE, R K xE-(R

. -k+n .
= R RTKNg)x) O = nItK(p)

xE) )

~ hj+n(m'kxE,R- 0

for E = R"xB in 4.25., where S e R"xB = E is such that 1(yse)

= e and (R'kx E) (R'k+an)p is a tubus of radius p: B + (0,»)

o =

containing Fixk(f).
4.26. 1% wite have simitan propenties to 1.4.- 1.15.

(c) If p:E-+B is a proper ENRB and f: E » ka E is a continuous
map, k > 0, then one easily proves that f 1is equivalent to a k-fixed
point free map, hence the index Ik(f) is zero for every cohomology
theory; in particular there is no interesting Lefschetz-Hopf formula for

the k-index if k > 0.

(d) More generally, if &,m7 ~ B are vector bundles one can consider
(& ,n)-fixed point situations
axE DV — gxE

B\B/B

such that Fixs’n(f) = {(y,e) € V: f(y,e) = (0,e)} Tlies properly over B
and has no points over A. These situations define a group FIXE’"(B,A)
which can be shown to depend only on the difference [¢]-[n] € K(B). If

g£,m are pullbacks of corresponding bundles £,7 ~ X by some map B -+ X
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then, by varying B, these groups are seen to constitute a cohomology
theory in the category of spaces over X which is graded by K(X).
Details will appear elsewhere.

2

4.27 EXAMPLE: Let S” =€ U {«=} be the Riemann-sphere. FIX =12

2(s?)
If n€Z then the compactly 2-fixed map over S2

s2 5 ¢ o gxs?
z— (2",2)

represents n. (Note that Fixz(f) = {0} for all n).
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