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0 INTRODUCTION

Let G be a finite group. In [6] we constructed a transfer for ramified covering G-
maps in Bredon-Illman equivariant homology with coefficients in a homological
Mackey functor M. The main objective of this paper is to study G-equivariant
ramified covering maps of simplicial sets and of simplicial complexes, and to
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construct a transfer for them in Bredon-Illman equivariant homology with coef-
ficients in an arbitrary Mackey functor M. We show that this transfer has the
usual properties of a transfer.

In order to define the transfer, we shall use the homotopical definition of Bredon-
Illman homology HS(—; M) given in [2]. Namely, to each pointed G-space X
and each Mackey functor M for G, we associate a topological abelian group
FC(X, M) such that 7,(F%(X,M)) = H%(X; M).

The paper is organized as follows. In Section 1, we recall the transfer t, :
FG(X,M) — F%(E, M) for the so-called n-fold G-functions with multiplic-
ity (in the category of G-sets) defined in [6], and recall its main properties,
namely the pullback property, additivity, normalization, and that when M is
homological, then its composite with p¢ is multiplication by n. In order to deal
with the topological case, one needs to study G-equivariant ramified covering
maps in the category of simplicial sets. This we do in Section 2, where we intro-
duce the concept of G-equivariant simplicial (special) ramified covering map p
(2.1) and prove several properties of the class of those p, like the fact that it
is closed under pullbacks, that their geometric realization is a topological ram-
ified covering G-map, etc. In Section 3, we define the transfer in the simplicial
context and show that it is a simplicial map (3.2). This is the core of the paper,
since as a consequence, we obtain the continuity of the topological transfer for
the geometric realization |p| of a special simplicial ramified covering map (3.4).
Next, in Section 4, we give the definition of a (special) G-equivariant ramified
covering map of simplicial complexes p (4.1), and in a natural way, we associate
a ramified covering map of simplicial sets K (p) (4.4) in such a way that the
geometric realizations [p| and |K(p)| coincide. This allows us to prove that the
transfer of the geometric realization of a special G-equivariant ramified cover-
ing map of simplicial complexes is continuous (4.6). At the end of this section,
we pass to Bredon-Illman homology (applying the homotopy-group functors)
and give in the homology setting the transfer and its properties.

1 THE TRANSFER IN THE CATEGORY OF (G-SETS

In this section we recall all the facts about the transfer at the level of G-sets,
as we did in Section 1 of [6].

Definition 1.1 By an n-fold G-function with multiplicity we understand a
G-function p : F — X between G-sets with finite fibers, together with a G-
invariant function p: E — N, called multiplicity function, such that for each



e X,

Z ula) =n.

acp~!(z)

We say that the n-fold G-function with multiplicity p : E — X is pointed if
the spaces E and X have base points, which are fixed under the G-action, and
p is a pointed function. Associated to p: F — X one has the G-function

wp: X — SP"E
given by
op(x) =(a1,...,a1,...,0p,...,07).
N——r SN———
p(a1) w(ar)
Definition 1.2 Let p: F — X and p' : E/ — X’ be n-fold G-functions

with multiplicity functions p and i, respectively. A morphism from p to p’ is
a pair of G-functions (f, f) such that

(a) the following diagram commutes:

(b) for each z € X, the restriction !ﬂpq(m) cp () — p'~Y(f(z)) is surjec-
tive,

(c) for each x € X and o’ € p'~1(f(z)), one has the equality
(1.3) pa)y=" Y.  pla), and
pla)=z, f(a)=a’
(d) for each a € E one has the formula

(1.4) G, = Gp(a) N Gf(a)

for the isotropy groups.
There is a category whose objects are G-functions with multiplicity and its
morphisms are as just defined.

We have the next useful characterization of a morphism of G-functions with
multiplicity [6, Prop. 2.4].



Proposition 1.5 Let p: E — X and p' : E' — X' be n-fold G-functions
with multiplicity, and let f: X — X and f: E — £ be G-functions such
that fop' = pof and fora € E, G, = Gp(a)me(a)- Then (f, f) is a morphism
from p to p’ if and only if

oy of=SP"fop,: X — SP"E,

where the @s are as given in Definition 1.1. [

ExAMPLES 1.6 The following are useful examples of morphisms.

(a) Let p: E — X be a n-fold G-function with multiplicity p, and let
f:Y — X be a G-function. Consider the pullback diagram

(1.7) FE—l.p

X
Y T> y

where f*E =Y xx E = {(y,a) | f(y) = p(a)}, and ¢ and f are the
projections. Clearly, ¢ is also an n-fold G-function with multiplicity u’

given by 1/(y,a) = p(a), since 1i'(g(y, a)) = p'(gy, ga) = p(ga) = p(a) =
1/ (y,a). Consider the restriction of f from the fiber ¢~!(y) to the fiber
p~1(f(y)). This bijective function induces a surjective function

q ()/Gy — p  (F(Y)/ Gy -

Clearly, conditions (a), (b), and (c) in the previous definition hold. More-
over, clearly G, .y = Gy NG, thus condition (d) also holds. Hence (f, f)
is a morphism from ¢ to p.

(b) Let X be a G-set and consider the G-function 7 : X" x5, n — SP"X

given by m(xy,...,xn;1) = (x1,...,2,), where G acts on both sets diago-
nally and trivially on the set @ = {1,2,...,n}. Define p: X" x5, 7 — N
by

plasi) = #aH(x(i)

where one regards the ordered n-tuple (z1,...,z,) as a function z :
n — X. Then p is an n-fold G-function with multiplicity, since the
sets z 1z (i) form a partition of the set 7. Furthermore, p is clearly G-
invariant. The function ¢, : SP"X — SP"(X" xx,_7) is given in this
case by

Onlxr, .o xn) = (@1, oz 1)y ooy (@1, .o Ty )



Let X and Y be G-sets and let f: X — Y be G-equivariant. We say
that f is n-permutable if the equality

(1.8) Gloryonity = Glar,zn) NV G(f(@1),f@n)id)

holds in terms of isotropy groups, where (z1,...,x,;7) € X" Xy, 7,
(X1,...,xy) € SP"X  and (f(z1),..., f(xn);i) €Y xy . If m: X" x5
n— SP"X and 7' : Y" xy, m — SP"Y are as above, then the pair of
G-functions (f™ xy,, idm, SP™f) is a morphism from 7 to 7. To see this,
we use Proposition 1.5 above. Namely, one has to show that

o 0 SP™ f = SP™(f" xy, id7) 0 pr : SP"X — SP™"(Y" xy,_ 7).

This is done in [6, 2.5(b)] and we omit it here.

We now recall the definition of the groups F(Y, M) and F&(Y, M) for a pointed
G-set Y and a Mackey functor M for the group G. First one has the set
M = UnceM(G/H), which has a G-action given for g € G and | € M(G/H)
by g-1 = M.(R,1)(I) € M(G/gHg™"). Then F(Y,M) consists of functions
u:Y — M such that u(y) € M(G/Gy), u(*) =0, and u(y) = 0 for all but
a finite number of elements y € Y. The canonical generators of this group are
functions denoted by ly given by

1)) = {Z v

0 otherwise,

where | € M(G/Gy) and y € Y — {}. The group F(Y, M) has a natural (left)
action of G given by defining (gu)(y) = g - u(g~'y). Define F&(Y, M) as the
subgroup of the functions u that are G-equivariant or, equivalently, the fixed
points of F'(X, M) under the described G-action. The canonical generators of
F&(Y, M) are functions denoted by ’ny (1) given by

7y (1) =Y Mu(R,-)(D)(g59)
j=1

where [ € M(G/Gy), y € Y —{x}, and G/Gy ={[gj] | 1 = 1,...,m}. Given
a pointed G-function f : X — Y, the homomorphism f& : F¢(X, M) —
F&(Y, M) is given on the generators by

FEOEW) = A Mo (F)(D),

where f, : G/Gy — G/G f(z) is the canonical quotient function (see [2, 4] for
details).



Definition 1.9 Let p: F — X be a n-fold G-function with multiplicity u,
and let M be a Mackey functor. Define a homomorphism
ty: F(X,M) — F(E,M),
by
tp(u)(a) = p(a) M (pa)u(p(a)),
where u € F(X, M) and a € E. If we assume that u € FY(X, M), i.e., that
u(gz) = g - u(x), then

a)M* (Pga)(g - u(p(a)))
a) M (Pga) Mi(Rg-1)(u(p(a)))
a) My (Rg-1)M™ (pa)(u(p(a)))

where the next to the last equality follows from the pullback property of the
Mackey functor. Thus t,(u) € FY(E, M). Therefore, the homomorphism t,
restricts to a transfer homomorphism

tS: FO(X, M) — FY(E,M).

REMARK 1.10 Let p: E — X be a n-fold G-function with multiplicity u.
The isotropy group G, acts on p~!(z) and the inclusion p~!(z) — p~!(Gz)
clearly induces a bijection p~!(z)/G, — p~1(Gz)/G. Let {a,} C p~i(z) be
a set of representatives one for each G-orbit. Let 75 (I) be a generator of
F&(X,M). Since the value of this function is zero on points which do not
belong to the orbit Gz, and 7S (1)(x) = I. One can give the transfer tf on the
generators v (1) by the formula

(1.5) s = Y wla)g (M (Pa) 1) -
aJep )/

The next follows from what was done in [6, Section 2].

Proposition 1.6 The transfer has the following properties: Naturality (with
respect to morphisms of G-functions with multiplicity), Pullback, Normaliza-
tion, Additivity, Quasiadditivity, Functoriality, Invariance under change of co-
efficients, and if M is homological, then the composite

pSots  FO(X, M) — FO(X, M)

is multiplication by n. [ |



2 EQUIVARIANT RAMIFIED COVERING MAPS OF SIMPLICIAL SETS

In this section, we shall understand by a G-equivariant simplicial ramified cov-
ering map. Our definition is based on the concept of a weighted map given by
Friedlander and Mazur [8]. We show that these simplicial ramified covering G-
maps have properties analogous to those proved by Smith [11] and Dold [7] for
topological ramified covering maps.

Definition 2.1 Let p : K — (@ be a pointed simplicial function between
pointed simplicial sets. We say that p is an n-fold G -equivariant simplicial
ramified covering map if the following conditions hold:

1. For each m, py, : Ky — @, has finite fibers.

2. The function dz»l(‘p:nl(x) cp () — p;ll_l(sz(a:)) is surjective for all 7.

3. There is a family of G-invariant multiplicity functions pn, : K, — N,
such that:

(a) For all z € Q,,, one has Zaep#(z) pm(a) =n.
(b) Mm—i—losz'l(zﬂm:Km—’N-
(c) Forall x € Qy, and a € p,,}(x) one has piy,—1(d¥(a)) = S0 pm(aa),
where {a1,...,a,} = (dF)7"H(dE(a)) N p;,L ().
We call p special if, furthermore, the following condition holds.

4. For each a € Kp,, one has Gq = G, (o) N Gyr () for all 7.

REMARK 2.2 Properties 3 (a) and (b) imply that the restrictions sX| : p,,)}(z) —
Q

p;llJrl(Si (x)) are bijective.
REMARK 2.3 The corresponding definition in the nonequivariant setting is
given in [5].

Proposition 2.4 Let p: K — @ be a map of simplicial G-sets. Then p is a
special n-fold G-equivariant simplicial ramified covering map if and only if p,,
is an n-fold G-function with multiplicity u,, and the pairs (d, dZQ), (sk, s?)
are morphisms of G-functions with multiplicity for all face and degeneracy
operators.

Proof: The conditions on the face operators d; in Definition 2.1 are exactly the
same as the conditions for the pair (dX, d?) to be a morphism of G-functions
with multiplicity. Moreover, since the degeneracy operators s; are always in-
jective, then condition 3(b) is equivalent to the condition of the pair (sX, s?)

being a morphism. [ |



Proposition 2.5 Let p : K — @ be an n-fold G-equivariant simplicial
ramified covering map. If p,, is isovariant for all m, then p is special.

Proof: 1If pp, is isovariant, then G, = G, (o) for all a. Since dZ-K is G-
equivariant, G, C G K (a) - Thus condition 4 holds. [ |

Corresponding to [5, Thm. 3.5], we have the following.

Proposition 2.6 Let p: K — @ be an n-fold G-equivariant (special) sim-
plicial ramified covering map, and let f : Q' — @Q be a simplicial map. Then
the pullback of p over f, p' : K' = Q' xqg K — @', is an n-fold (special)
simplicial G-equivariant ramified covering map.

Proof: By [5, Prop. 1.4], we have that p’ is an n-fold simplicial ramified cover-
ing map. Since the map p’ is clearly G-equivariant, we only have to prove that if
p is special, then also p' is special. To see this, take o’ = (V/,a) € Q), x@,, Km-
Since p is special, we have G, = G}, () N Gy (4)- Notice that since fm(0) =
pm(a), one has Gy C G, (a)

Gy =Gy NGy =Gy N Gpm(a) N GdZK(a) =Gy N Gdf(a) .
On the other hand,

Gy (a) N GdiK’(a’) =Gy N Gd?'(b')

. Hence

NGax(a) = Gy NGy (q) -
Hence p’ is special. [ ]

The following is the equivariant version of [5, Prop. 1.6].

Proposition 2.7 Let T be a simplicial G-set. Then the simplicial function
m:T" Xy, m— T" /%, where m = {1,2,...,n}, is a G-equivariant simplicial
n-fold ramified covering map.

Proof: T is a contravariant functor A — G-Set, where A is the category
whose objects are the sets n = {0,1,2,...,n}, n > 0, and whose morphisms
are order-preserving functions (see [9] or [10]). Consider the functors

E, : G-Set — G-8et and B, :G-Set — G-Set

given by S +— S"™ xy, 7 and S —— S"/%,,, respectively, where G acts diag-
onally on S™. Then T™ xy, n = E, oT and T"/%, = B, oT. The natural
transformation F,, — B,, that maps (si,...,Sp;j) to (s1,...,s,) determines
the function of simplicial sets

m:T" xy, n—T"/%,.



Proposition 2.8 The functions ¢, : Qmn — SP"K,,defined in 1.1 deter-
mine a map @, : Q — SP" K of simplicial G -sets.

Proof:  Since the multiplicity functions u,, are G-invariant, the functions ¢y, ,
are clearly G-equivariant. By [5, Prop. 1.8 and Thm. 1.9], these functions define
a map of simplicial sets. [ |

Theorem 2.9 Let p: K — @ be a simplicial G -equivariant ramified covering
map and take ¢, : () — SP"K . Then p is the pullback over ¢, of the simplicial
G -equivariant ramified covering map 7 : K" xx, n — SP"K.

Proof: By [5, Thm. 1.9], it follows that p is the pullback of 7 over . Moreover,
since the face operators of K are isovariant, by 2.7, 7 is special, and by 2.6, p
must be special. [ |

The next is the equivariant version of [5, Thm. 3.1].

Theorem 2.10 Let p : K — @ be a map of simplicial G-sets. Then p
is an n-fold simplicial G-equivariant ramified covering map with multiplicity
functions iy, if and only if there is a map of simplicial G-sets ), : Q — SP"K
such that for each m the following hold:

1. If a € K,y,, then a € ¢, (pm(a)).
2. The composition SP"py, © ¢p,. : Qm — SP"Q., is the diagonal map.
Proof:  Assume first that p : K — @ is an n-fold G-equivariant simplicial

ramified covering map with multiplicity functions pi,,. Define ¢, : Qn —
SP"K,, by

Op () =(a1,...,01,...,0r,...,0p),
S——— S——
pm(a1) o (ar)

where p;}(z) = {a1,...,a,}. By [5, Prop. 1.8], the functions ¢, determine a
map ¢, of simplicial sets. Since the functions p,, are G-invariant, ¢, is a map
of simplicial G-sets. By [5, Prop. 3.1], the functions ¢, satisfy conditions 1
and 2.

Conversely, suppose that there is a map of simplicial G-sets ¢, : Q — SP"K
which satisfies conditions 1 and 2. Take a € K, and consider ¢, (pm(a)) €
SP"K,,. If (a1,...,a,) € K}, is a representative of ¢, (pm(a)). Then define
P Ky — N by
im(a) = #4i € 7 | ai = a}

Again by [5, Prop. 3.1], p: K — @ together with the family {u,,} is an n-fold
simplicial ramified covering map. Since ¢, is G-equivariant, the functions ji,
are (G-invariant. [



We have the following.

Theorem 2.11 Let p: K — @ be an n-fold G-equivariant simplicial ram-
ified covering map. Then there exists a simplicial G-set W provided with a
simplicial action of the symmetric group X, such that there are simplicial
equivariant isomorphisms o : W/%,_1 — K and : W/%, — Q such that
the following diagram commutes:

W/Enfl — K

o lp

I/I/v/z]n*ﬁ> Q7

where w: W/X,,_1 — W/, is the canonical projection.
Proof:  Define the simplicial set W as follows. Take
Wi =A{(z5a1,...,an) € Qm X K}, | ©p,, (2) = (a1,...,an)}.

If f:k — m is a morphism in A, define f" : W,, — W, by

V(a1 an) = (F9@); 5 (@), [ (an))
This is well defined, since ¢, is a map of simplicial sets.
We define a right action of X,, on W,, by

(z3a1,...,an)0 = (T;05(1), - -+, Ag(n)) -
We consider ¥,_1 as the subgroup of those permutations that leave the first
coordinate fixed. Let oy, : Wy, /-1 — K, and Gy, : Wy, /2, — Qum be
given by
am([z;a1,...,an]s, ) =a1 and  Gn(r;a,...,an)xn,) =.

Let mp, : Wi, /E0—1 — Wi, /X, be the canonical surjection. Clearly py, oy, =

Bm oM, . One can easily check that both a,,, and 3, are bijective and determine
maps « and [ of simplicial sets. Observe that the 3, -action on W is simplicial.

Now we define a left action of G on each W,, by
g(x;alv CIEaE 70’71) = (gx;gah CIEaE 7gan) .

Since ¢y, is G-equivariant, then this action is well defined. Notice that the left
G-action and the right >, -action satisfy the following associativity condition:

g((z;a1,...,an)0) = (9(z;a1,...,ay))0 .
This guarantees that the G-action passes to the quotients. One easily verifies
that the isomorphisms « and § are G-equivariant. Observe that the G-action
on W is simplicial. [ |

10



Conversely, we have the following.

Theorem 2.12 Let I' be a finite group and A C T" be a subgroup of index
n, and let W be a simplicial (left) G-set. Assume that I' acts (simplicially) on
the right on W, in such a way that

g(wy) = (gw)y,
for all w e W, g € G, and ~v € I'. Then the orbit map of simplicial sets
m: W/A— W/T
is an n-fold G-equivariant simplicial ramified covering map.

Proof: We shall prove that p satisfies conditions 1 and 2 of Theorem 2.10. Let
x: W/T'— SP"W/A be given for [w|r € W, /T by
P ([wlr) = ([wni]a, -, [wyn]a) € SP"Wi /A,
where T'/A = {[v1],...,[W]} (1 =e€T).

Since the action of I' on W is simplicial, one easily verifies that ¢, is a map of
simplicial sets. To see condition 1, take a = [w]|p € W,,/A; since 71 =€, a =
[wy1]A € @n,,Tm(a) = ©r,, ([w]r). To see condition 2, take x = [w]p € W,,,/T.
Then

SP o ((fwmla, - fwnla))

= ([wmn]r, ..., [wn]r)
= ([wlr, ..., [w]r)
= (z,...,2)

Corollary 2.13 Under the previous hypotheses, assume that the following
condition holds for every w € Wy, and all m:

o Ifg¢ G, and gw = wry, then v € A.

Then the n-fold G-equivariant simplicial ramified covering map = : W/A —
W/T is such that m,, is isovariant for all m; thus = is special. In particular, if for
each w € W, and g ¢ G,, we have that gw # wvy, v €', then m : W — W/T'
is special.

Proof:  Take w € Wy, and assume that e # g € G|, that is glw]r = [w]r.
Then gw = wry, with v € T and so, by the condition, v € A, and thus g[w]y =
[w]x. Hence G, C Gy, and so 7y, is isovariant. The second part follows
taking A to be the trivial subgroup of I'. [

11



Similarly to [5, Thm. 5.8], we have the next.

Theorem 2.14 Let p: K — @ be an n-fold simplicial G-equivariant rami-
fied covering map. Then |p| : |K| — |Q)] is a topological n-fold G-equivariant
ramified covering map. ]

3 THE TRANSFER IN THE CATEGORY OF SIMPLICIAL (G-SETS

Definition 3.1 Let p: K — @ be a simplicial G-equivariant ramified cov-
ering map. We can define t;(,;m : FG(Qum, M) — FY(K,,, M) on generators, as
before, by
t, (g (1) = Do (@) M () (D)
{[al}=pm' (2)/Ga

The following is the main result of this section.
Theorem 3.2 If p: K — @ is a special simplicial G-equivariant ramified

covering map, then the set of maps {tgm | m € N} determines a morphism
t§: FY(Q, M) — FC(K, M) of simplicial scts.

Q

i

K

Proof: The compatibility of tg with the degeneracy functions s;* and s

and with the face functions diK and diQ is an immediate consequence of the
naturality of the transfer with respect to G-functions with multiplicity and
the fact that the pairs (X, diQ), (sK, s?) are morphisms of G-functions with
multiplicity, as shown in 2.4. [ |

In [2, 3.3(b)], for any simplicial pointed G-set S and a Mackey functor M for
the group G, we defined an isomorphism of topological groups
05 : FE(S|, M) — [FE(S,M)],

by 05(75 1 () = [YS(1),t], where (o,t) € S, x A™ is a nondegenerate repre-
sentative. We have the following.

Proposition 3.3 Let p: K — @ be a special simplicial G-equivariant ram-
ified covering map. Then the following is a commutative diagram:

+G
|pl

FE(Ql, M) —— FE(|K|, M)

eQig %J/GK

|FS(Q, M)| —5= [F(K, M)|.

[tS]

12



Proof: Take an element 'yﬁt](l) € FC(|Q|, M) such that (x,t) € Q. x A™ is
a nondegenerate representative. Then G|, ) = G, (see [2, 2.4]). By [5, 4.1] and
Remark 2.2, there is a bijection p,!(z) ~ |p|~![z,t] given by a ~ [a,t]. The
representatives (a,t) € K, x A™ are clearly nondegenerate. Since G|,y = G,

Pljg.4) = Pmq- Hence

Gth\(Vg,t](l)) = Ok ( Z M[%t]’y[it}M*(|P’[a,t])(l))
[[a.t)]€lp|~ zt]/ Gl 1
= Y (@B M () (1), 1]
[al€pn (x)/Ga
= [t (v (D), 1) = 1510 (v 4 (1) -
n

Corollary 3.4 Let p: K — @ be a special simplicial G-equivariant ramified
covering map. Then t|Gp| : F9(|Q|, M) — FY(|K|, M) is continuous. |

REMARK 3.5 By [3, Cor. 2.6], resp. [2, Prop. 3.3(b)], for any simplicial pointed
G-set S and any G-module L, the topologies on F'%(|S|, L) and on F(|S|, Mp)
coincide. Thus in the case M = M, , the continuous transfer ti in the previous
corollary coincides with the one in [6, Prop. 3.5]. More generally, since |K| and
|Q| are p-spaces, the transfer with coefficients in a homological Mackey functor
M also coincides with the transfer given in [6, Thm. 4.12].

4 THE TRANSFER IN THE CATEGORY OF SIMPLICIAL (G-COMPLEXES

Recall ([12]) that a simplicial complex C' is a family of nonempty finite subsets
of a set Vo, whose elements are the vertices of C' and which have the following
two properties:

(i) For each v € Vi, the set {v} € C.

(ii) Given 0 € C and ¢’ C o, then ¢’ € C'.
A map f: C — D of simplicial complexes is given by a function f : Vo — Vp
such that if {vg,...,v,} € C, then {f(vy),..., f(vy)} € D.

In what follows, we shall assume that any simplicial complex C' is ordered,
that is, the vertices of C' have a partial order such that each simplex is totally
ordered. Moreover, we can also assume that any simplicial map p : C — D
preserves the order. This can always be achieved by considering the barycentric

13



subdivision of each of the simplicial complexes, sd(C), sd(D), with the order
given by inclusion. We denote by ¢ the ith face of any ordered m-simplex
o= (vp < --- < vp) in a simplicial complex, which is defined by o = (v <
<0 <0y < -+ < vypy,), where we omit the ith vertex.

Definition 4.1 Let p : C — D be a simplicial map between simplicial
complexes. We say that p is an n-fold ramified covering map of simplicial
complexes if there exists a multiplicity function p : C — N such that the
following conditions hold:

1. For each vertex w of D, the fiber p~!(w) is a finite nonempty set and if
o € p~1(7), then o and 7 have the same dimension.

2. For each simplex 7 € D and each simplex ¢’ € C, such that p(c’) = 79,
there is a simplex o € D such that p(¢) = 7 and ¢ = ¢’.

Z (o) =n.

p(o)=7

3. For each simplex 7 in D,

4. For each simplex o € C,

wo® = 3 o).

p(a)=p(o’)
o) =¢"(8)

Proposition 4.2 Let p : C — D be a simplicial map between simplicial
complexes, and let sd(p) : sd(C') — sd(D) be the induced map between the
barycentric subdivisions. Then, if p is a ramified covering map of simplicial
complexes with multiplicity function p, so also sd(p) is a ramified covering
map of simplicial complexes with multiplicity function sd(u), where

sd(pu)(o0 & -+ & om) = plom) -

Proof: Notice first that there is a bijection sd(p) ™1 (70 & - -+ € 7o) ~ p~H(7m),
since clearly o, € p~!(7,) determines o; such that p(o;) = 7;. Therefore, 1
holds for sd(p).

To see 2, let
sdp)(o0 & G o1 GO G GCom) =(T0 G ETic1 G i1 & & i)
:(Tog(;»rm)(z)

Since 7, € D is a certain face of 7,41 € D, one should take the corresponding
face of g;41 and call it o;. Then, since p preserves faces, clearly

sd(p)(o0 & -+ G om) = (10 & -+ & Tm)
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and

(0G Com) D =(00C  Coi1 GO G G om).

Condition 3 follows immediately from the definition of sd(x) and the remark
at the beginning of this proof.

Finally, to show condition 4, we have two cases:

Case 1. If i < m, then we have

sd(u)((10 & -+ & 7)) = p(7in)
and the condition follows immediately

Case 2. If i = m, then we have
Sd(:u')((TO G & Tm)(z)> - U(Tm—l) :

Tm—1 1S an iterated face of 7,,. We assume first that 7,,_1 = T(j ). Then the
condition follows immediately from condition 4 for p. In the general case, one
can proceed inductively. [ |

We understand by an ordered simplicial G -complex an ordered simplicial com-
plex C' together with an order-preserving action of G on the set of vertices Vi,
such that each g € G induces a simplicial map. We can always assume that
a simplical G-complex is ordered by passing to the barycentric subdivision, if
necessary. A simplicial G-map p : C' — D of simplicial G-complexes is an
order-preserving simplicial map which is G-equivariant. In what follows, we
shall always consider ordered simplicial G-complexes.

Definition 4.3 We say that p: C — D is an n-fold G -equivariant ramified
covering map of simplicial complexes with multiplicity function pu, if p is an
n-fold ramified covering map such that C' and D are G-complexes, p is a G-
map, and p is G-invariant. We say that p is special if the following condition
holds:

5. For each m-simplex o € C, one has G, = G
0,...,m.

p(o) 1 G, ), for all i =

Proposition 4.2 allows us to assume that the G-actions in a G-equivariant
ramified covering map of simplicial complexes preserve the orderings. From
now on we shall assume that this is the case.

Recall (][5, Def. 5.4]) that given a simplicial complex C', one has a simplicial set
K(C) such that

K(C)m:{(/U07"‘7vm)|{UOa"'7/Um}ECu UOS"'S’Um};
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: K(C)py — K(C)m—1 is given by

diK(C)(’on--wvm) = (V0y ey Viy ey Um) s
and sl-K(C) : K(C)p — K(C)m+1 is given by
sf((c)(vo, ceyUm) = (V0y vy Viy Uiy o e Upy)

If p: C — D is an n-fold ramified covering map of simplicial complexes,
call K(p)m : K(C)pm — K(D),, the induced map of simplicial sets, given
by K(p)m(vo,...,vm) = (p(v0),-..,p(vm)). Define pp, : K(C)y — N by
pm (o) = u(o’), where o’ € K(C);, | < m, is the unique nondegenerate simplex
such that s%(©) (') =5.

Proposition 4.4 Let p: C — D be an n-fold G-equivariant ramified cov-
ering map of simplicial complexes. Then K (p) : K(C) — K(D) is an n-fold
simplicial G-equivariant ramified covering map. Furthermore, if p is special,
then so is K(p).

Proof: By [5, Thm. 5.6], K(p) is an n-fold simplicial ramified covering map
and is clearly G-equivariant with the obvious actions. One easily verifies that
W 18 G-invariant for every m.

Now assume that p is special and take a = (vo < -+ < vy,) € K(C)p,. Let
U(I):'U(]:"':’Ujl—1<U/1:’Uj1 :---:Uj271<---<vﬁn/:vjm, =" =Un,

and take ¢ such that 0 < i < m. We have that (v, < --- </ ,) is the unique
nondegenerate simplex associated to (vg < -+ < v,,). There are two cases:

Case 1. The vertex v; appears more than once in a = (vg < -+ < vy,). In this
case, a and a(® have the same nondegenerate associated simplex and condition
4 in Definition 2.1 follows trivially.

Case 2. The vertex v; appears once in a = (vg < -+ < v,,). In this case, the
nondegenerate associated simplex of a(? is (vh < -+ < v/ ), where v; = vl
and condition 4 in Definition 2.1 follows from condition 5 in Definition 4.3
applied to the nondegenerate associated simplexes. [ |

REMARK 4.5 Let us recall that given a simplicial complex C, its geometric
realization is given by

ICl={a: Ve —T|a(0,1] € Cand > a(v)=1}.

veVeo
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It has the coherent topology with respect to the family of realizations |o| that
are homeomorphic to A™ for some n. If 0 = {vg < -+ < vy}, then the
homeomorphism |o| — A" is given by a — (a(vp), ..., a(vm)).

Given an n-fold ramified covering map of simplicial complexes p : C — D, by
Property 1 in Definition 4.1, p(o) = {p(vg) < -+ < p(vy)}. Therefore we have
the commutative square

o] ——1Ip()]

Am > Am
id
Hence |p| maps the realization of every simplex of C' homeomorphically onto
the realization of a simplex of D.

As a consequence of the previous result we can formulate the following.

Proposition 4.6 Let p: C — D be a special n-fold G-equivariant ramified
covering map of simplicial complexes, and let M be a Mackey functor for G.
Then t% : F9(|D|, M) — F&(|C|, M) is continuous.

Proof:  For any simplicial complex C, there is a homeomorphism ¢¢ : |C] —
|K(C)| given by ¢c(a) = [vgy ..., vm;a(vg),...,a(vy)], where a @ Vo — T
is such that a=(0,1] = {vo,..., v} is a smlplex of C' and ZUEVC Bv) =1
(see [5, 5.5]). Moreover, for any simplicial set K, there is an isomorphism of
topological groups ¢ : FY(|K|, M) — |F%(K,M)| given by SOK(’Y[?.,t](l)) =
Y& (1),t], where (o,t) is a nondegenerate representative of [o,t] € |K| (see [2,
2.6]). It will be enough to prove that the following diagram is commutative.

(A7) FE(D|, M) - FO(K(D)|, M) 22 |FG(K (D), M)
tp|l 1% ()|
FO(C1, M) 2= FOK(C). M) == [F(K(C). M),

To see this, take 'yg(l) € FY(|D|, M). If we chase 'yg(l) along the top of the
diagram and then down, we have that

(4.8) |5 )| P (D) P B (15 (1 [ZVGM* )(l),t],

ed
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where 71(0,1] = {wo < --+ < wp}, t = (B(wo), ..., B(wn)), and {[o,] | ¢ €
I} = K(p)" (wo, - -+ s wim) /G wo,....0,0)

If we now chase the same element down and then along the bottom of the
diagram, we have that
(49) SOII((C)QOg*mGp\(’Yg(l)) = Z [Vfgl(o’l]M*(’pMn)(l)vSH:| )
KeEXK
where {[a] | & € K} = |p|7Y(B)/Gs, a;1(0,1] = (v§ < -+ < vf), and

s = (ag(vf), ..., ax(vy)).

First we define a bijection

folpl7HB) — p (8710, 1))
for each 8 € |D| by f(a) = a=1(0,1]. To see that f is well defined, recall that
|p| () (w) = Zvepﬂ(w) a(v). Hence

B0 =SweVb| > al) >0
vep~(w)
={w € Vp | a(v) > 0 for some v € p~'(w)}
=pla(0,1)).
To see that f is surjective, take o € p~1(371(0,1]) and let 371(0,1] = {wp <
-+« < wp, }. Then by Property 1 in Definition 4.1, we have that o = {vg < -+ <
Um }, where p(v;) = w;, i = 0,...,m. Define

Bp(v) ifv=w; i=0,...,m,
a:Vo—1 by av)= {0 otherwise

Clearly f(a)=o0.
On the other hand, by 4.5, f is also injective.
Furthermore, there is also an obvious bijection
frop 1 (B7H0,1]) — K(p) " (wo, - .., W)

given for 0 = {vg < -+ < vy} by f'(¢) = (vo,...,vm). Thus we have a
bijection |p|=1(8) — K(p)~ (wo, ..., wn).

Recall the G-equivariant homeomorphism |D| — |K(D)| that sends an ele-
ment 5 € |D] to the element [wy, ..., wm; B(wo), ..., S(wn)]. Thus the isotropy
groups Gg and Gy, .. w,, 1 coincide, where t = (8(wo), . .., B(wp,)) is as above.
Since the representative (wy, ..., wm,t) is nondegenerate, by [2, 2.4], the groups
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G[wo,...,wm,t} and G(wo,...,wm) also coincide. Hence G = G(wo,...,

a bijection

wy,) and we have

’p‘_l(ﬁ)/Gﬂ - K(p>_1(w07 s 7wm)/G(w0,...,wm) :
So we have that X = 7.

Finally, since 3(w;) = |p|(cw)(w;) = a,(vt), i =0,...,m, for any o, € |p|~*(83),

where a;1(0,1] = {v§ < -+ < 04}, we have s, = (a,(v}),...,at(vh,)) =
(B(wo),- -, B(wm)) =t € A™. Hence (4.8) and (4.9) are equal and diagram
(4.7) commutes. So the transfer ¢, is continuous. [ ]

REMARK 4.10 In the previous result, notice that since |p| : |C| — |D| is a
ramified covering G-map in the category of p-spaces, if the Mackey functor is
homological, then by [6, Thm. 4.12] it need not be special in order for t% to
be continuous.

To finish this section we define the transfer in Bredon-Illman homology by just
applying the homotopy-group functors 7, to the transfer between topological
groups. Using Propositions 4.6 and 1.6, we obtain the following.

Theorem 4.11 Let p: C — D be a special n-fold G-equivariant ramified
covering map of simplicial complexes, and let M be a Mackey functor for G.
Then there exists a transfer

Ty : HE(|D|; M) — HE(|C|; M)

with the following properties: Pullback, Normalization, Additivity, Quasiaddi-
tivity, Functoriality, Invariance under change of coefficients, and if M is homo-
logical, then the composite

[pl. o 7y« HC(IDJ; M) — HE(DJ; M)
is multiplication by n.
Proof: Assume that p : C' — D is a special n-fold G-equivariant ramified
covering map of simplicial complexes and that f: D’ — D is a G-equivariant

pointed simplicial map. The pullback property follows from the fact that there
are canonical homeomorphisms

D' xpy |C] = |K(D")| X|x(py| [K(C)] | K(D') X r(py K(C)].

The first one follows from the homeomorphism mentioned in the proof of 4.6.
To see the second one, notice that there is a natural homeomorphism |Q' x K| ~
|Q'| x |K| for arbitrary simplicial sets Q" and K (see [10]), which restricts to
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a homeomorphism |Q" xg K| ~ |Q'| X|Q |K| for any maps K N Q g Q'
Furthermore, under these homeomorphisms, the pullback diagram

Il
|D'| x|p| |C] —|C|

Ip’l llp

D] ———=ID|

corresponds to the diagram

K(D') x ey KO -“Pn 1 ()
K(p)'i J{|K(p)|
(D) k(D).

()]

Therefore, since the pullback property of the transfer holds in the category of
simplicial sets, it holds also in this case.

In order to prove the additivity property, assume first that for each a =
1,2,...,k, po : Co — D is an n,-fold G-equivariant ramified covering map of
simplicial complexes. One can take the wedge sum C' = C1VCyV-- -V . If the
set of vertices of each C,, is partially ordered, so that every simplex is totally
ordered, then the partial orders define a partial order in the set of vertices of C
such that it induces the given order in the set of vertices of each C, and each
simplex in C', which is a simplex in some C,, is totally ordered. Then one has
a homeomorphism of topological spaces

|C’1\/Cg\/-~-\/Ck|z\01|\/\02|\/---\/|0k|.

By [5, Thm. 4.2], each |ps| : |Coa| — |D| is a (topological) n,-fold ramified
covering G-map. Hence, from [6, 3.2(a)], 7 : |C1| V |C2| V --- V |Cx| — |D],
given by 7||c,| = |[Pal, is an (n1 +n2 + - - - +ny)-fold ramified covering G-map.
By the additivity property of the transfer for G-functions with multiplicity [6,
2.19], the desired additivity property follows, namely, for all £ € HE(|D|; M),

T (&) = 14Ty | (&) Fi2uTpy  (€) - H ikuTlpy (€) € HE (|C1IV|Ca| V-V [Cls M)

where i, is the inclusion. Notice that using [5, Thm. 3.1], one can easily show
that p: K(C1)VK(Cy)V---VK(Cy) — K(D) given by p|g(c,) = K(pa) is a
(G-equivariant ramified covering map of simplicial sets, and it has the property
that its realization corresponds to 7. Thus the transfer of m corresponds to the
realization of the transfer of p defined on simplicial sets.
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The functoriality follows from the fact that if p: C — D and ¢: D — FE
are (G-equivariant ramified covering maps of simplicial complexes, then by [1,
4.20] the composite |g| o |p| is a (topological) ramified covering G-map and
the corresponding property of G-functions with multiplicity [6, 2.21]. Notice
that the composite qop is a G-equivariant ramified covering map of simplicial

complexes such that |gop| =|g|o|p| and ¢

G G
— . | ]
lalolpl = Flgopl
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