Math 322 : Midterm 1

Instructor: Gerardo Herndndez

March 1st, 2013
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u(a,0)=f£(6)

\ X

Insulated diameter

Problem 1. Solve Laplace’s equation inside a semicircle of radius a (0 <7 < a,0 <8 < m) subject
to the boundary conditions: (see figure above)

{ the diameter is insulated, and
u(a,d) = f(6).

Hint: —% = Siﬂ(@)?)_:f g ‘305;(9) %%
You can assume that the solution is bounded at the origin.
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Problem 2. Find the steady-state solution of the heat equation

ou_,
ot  Ox2

with the following boundary conditions
_'g—g(oit) = h’(TO _U(Oat))a
B(Lt) = WT—u(l,1),

where Ty, T4, h are constants with h > 0.
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Problem 3. This problem provides an example of a homogeneous linear PDE with no separated
solutions other than w(z,y) = constant. Suppose that u(z,y) = a(z)b(y) is a solution of the
equation

ou B
%+(x+y)- %—0.

Show that a(z) and b(y) are both constant.
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Problem 4. Consider the heat equation

ou _, o
ot 0x?’

subject to the boundary conditions

w0:2) =0, u(l,t)=0.

Solve the initial value problem if the temperature is initially

= L
u(x,O):{ 11’ Oz 5

§<x<L
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Problem 5. Consider a one-dimensional rod with constant thermal properties: e = 1. p= 1 Kg=
1, and heat source Q = 1. Suppose that the temperature satisfies the heat equation with boundary
conditions g—g(o, 1= %(L, t) = 1, and that the temperature is initially u(z,0) = f(z).

(a) Calculate the total thermal energy in the one-dimensional rod as a function of time
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b) From part (a), determine a value of 8 for which an equilibrium exists. For this value of B,
q

and assuming that u(z,t) converges to the equilibrium distribution as ¢ — o0, determine the
limit limg o0 u(z, t).
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