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The purpose of this article is to observe that the zero sets of continuous-state branching processes with im-
migration (CBI) are infinitely divisible regenerative sets. Indeed, they can be constructed by the procedure
of random cutouts introduced by Mandelbrot in 1972. We then show how very precise information about
the zero sets of CBI can be obtained in terms of the branching and immigrating mechanism.
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1. Introduction

The problem of characterizing the zero set of a real-valued random process is, in general, not
straightforward. When the process is a one-dimensional diffusion, several methods have been
developed to study their zero sets. When dealing with Markov processes with jumps, the prob-
lem is rather involved and remains highly studied. We refer for instance to the recent survey
of Xiao [34] where fractal properties for Lévy processes and other Markov processes are dis-
cussed. In this paper, we characterize the zero set of continuous-state branching processes with
immigration (here called CBI processes).

Fundamental results on CBI processes, including their characterization as the large population
limit of Galton—Watson processes with immigration and the complete determination of the gen-
erator, are obtained by Kawazu and Watanabe [23]. Since then, this class of processes have been
studied extensively in several directions.

The time evolution of the CBI process in general incorporates two kinds of dynamics: re-
production and immigration. Indeed, Kawazu and Watanabe [23] show that the law of a CBI is
characterized by the Laplace exponents W and ® of two independent Lévy processes: a spectrally
positive Lévy process (which describes the reproduction) and a subordinator (which describes the
immigration).

One of consequences of introducing immigration is that zero is not an absorbing but a re-
flecting state. We provide necessary and sufficient conditions for zero to be polar, transient or
recurrent. These results are obtained thanks to a connection between the zero set of a CBI and
the random cutout sets defined by Mandelbrot [28]. Let Y be a CBI process started at zero asso-
ciated to (W, ®). Define the random set

Z:={t>0;Y; =0},
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and denote by vy the solution to the differential equation

dvy
— =—V(v;) and vt = 00.
ds

Our main result is the following theorem.

Theorem 1.

(i) Z=1{0} ifand only iffol exp[— [} @ (vy) ds]du = o0.
(i) If fi) expl— [i ®(vy) ds]du < oo, then
(a) The random set Z is the closure of the range of a subordinator with Laplace exponent

00 1 -1
L(g) = [/ e‘”exp(/ <I>(v5)ds> dt]
0 t
00 vy -1
=|:/ e_qtexp</ il Q) du) dt:| .
0 vy W(u)

(b) The random set Z has almost surely a positive Lebesgue measure if and only if
900 ?f,gg ds < oo (in that case, we say that the zero set is heavy, otherwise the set

is light).
(¢) The random set Z is almost surely the union of closed nonempty intervals if and only

if ® is the Laplace exponent of a compound Poisson process.

Under an assumption of regular variation on the ratio R:u +— ®(u)/ WV (u), we are able to
give more details on the zero set. Loosely speaking, the index of regularity of the map R at
400 denoted by p measures the strength of the immigration over the reproduction. We prove for
instance that if p > —1 then O is polar. When p = —1, some new constants are involved in the
nature of the state zero. We also get an upper and a lower bound for the Hausdorff dimension of
the zero set.

The connection made between random covering of the real line and the zero set of a CBI can be
extended to another celebrated class of processes: the so-called generalized Ornstein—Uhlenbeck
processes (OU processes). Besides obtaining results to generalized OU processes which are CBI
processes, we provide a characterization of the zero set of Ornstein—Uhlenbeck processes driven
by stable Lévy processes.

The paper is organized as follows. Section 2 contains preliminaries on CBI processes and
Mandelbrot’s random cutout construction. Section 3 contains the first implications of Theorem 1
to properties of the zero set of CBI processes as polarity, transience, recurrence, and Box counting
and Hausdorff dimensions. In Section 4, we link the zero set of a CBI process to random cutouts
through the spine decomposition and prove Theorem 1. We then particularize to the case when
the ratio of the immigration and branching mechanisms of our CBI process is regularly varying
in Section 5. Finally, Section 6 is devoted to a characterization of the zero set of an Ornstein—
Uhlenbeck process driven by a stable Lévy process.
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2. Preliminaries

2.1. Continuous-state branching processes

Let x € Ry. A Markov process X (x) = (X;(x),t > 0), where Xo(x) = x is called a branch-
ing process in continuous time and continuous space (CB for short) if it satisfies the following
property: For any y € R

X(x+9) L X(x)+ X,

where X (y) is an independent copy of X (y).
Let X (x) be a CB issued from x. There exists a unique triplet (d, o, v) with d,o > 0, and v
a measure carried on R satisfying

/00(1 Ax2)v(dx) < o0
0

such that the Laplace transform of the one-dimensional distribution of X;(x) is given by
E[e_”’(")] =exp(—xv/ (1)),

where the map ¢ — v; (1) is the solution to the differential equation

9
S U = —¥(v,(V), v =Ax
with
2 00
W(g) = %qz +dq+ /0 (e =1+ gxl,<1)v(dx). (1

The process is said to be critical, subcritical or supercritical according as ¥/ (0+) =0, ¥/(0+) >
0 or ¥/(0+) < 0. For any x > 0, define the extinction time of the CB(X;(x), r > 0) by

¢ = inf{t >0; X;(x) = 0}.

Recall the following result regarding the distribution of the extinction time (see, e.g., Theo-
rems 3.5 and 3.8, pages 59-60 of [27]):

Pr[¢ <t] =exp(—xvy),
where v; = limy—, 5o v; (1). Also, recall Grey’s theorem.

Theorem 2 (Grey [20]). The CB(X;, t > 0) is absorbed in 0 with positive probability if and only
if there exists 6 > 0 such that V(z) > 0 for z > 0 and

[} dq
/e —\y(q)<oo. 2)
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Under that integrability condition (called Grey’s condition), the real number v :=1im |,_,  v; €
[0, oo is the largest root of the equation ¥V (x) = 0 and

Py [¢ < oo] =exp (—xv).

In the (sub)critical case, v =0 and the CB(V) is absorbed at zero almost surely. In the super-
critical case, v > 0.

2.2. Continuous-state branching processes with immigration

A continuous-state branching processes with immigration (CBI for short) started at x is a Markov
process Y (x) = (¥;(x), t > 0) satisfying the following property: for any y € R

d
Y(x+y)=Y(x)+X(y),
where X (y) is an independent CB with mechanism W. Any CBI process is characterized by two
functions of the variable g > 0:

oo

1
W(g) =dq + Eozqz + /O (79" — 1+ qulye,n)vi(du),

o0
®(q) = Bq +/ (1 —e™)vy(du),
0
where o2, B >0 and vp, vy are two Lévy measures such that

/00(1 Au)vg(du) < oo and /00(1 Au?)vi(du) < 0.
0 0

The measure v; is the Lévy measure of a spectrally positive Lévy process which characterizes
the reproduction. The measure vg characterizes the jumps of the subordinator that describes
the arrival of immigrants in the population. The nonnegative constants o> and 8 correspond,
respectively, to the continuous reproduction and the continuous immigration. Let P, be the law
of a CBI(Y;(x),t > 0) started at x, and denote by E, the associated expectation. The law of
(Y:(x), t = 0) can then be characterized by the Laplace transform of its marginal as follows: for
every g >0 and x e Ry,

t
Ex[e™7"] =eXp<—xvt(q) —/ <I>(vs(q))ds>,
0
where

t
vz(q)=q—/0 W (vy(q))ds.

The pair (W, ®) is known as the branching and immigration mechanisms. A CBI process
(Y;,t = 0) is said to be conservative if for every + > 0 and x € [0, oco[, P,[¥; < co] = 1. A result
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of Kawazu and Watanabe [23] states that (¥;, > 0) is conservative if and only if for every ¢ > 0,

& 1
- dg=
/0 W(g) 7

See Theorem 10.3 in Kyprianou [25] for a proof.

Contrary to the simpler setting of continuous-state branching processes without immigration,
nondegenerate stationary laws may appear. The following theorem provides a necessary and
sufficient condition for the CBI to have a stationary distribution. Properties of the support of its
stationary law have been studied by Keller-Ressel and Mijatovié in [24].

Theorem 3 (Pinsky [31], Li [27]). The CBI(V, ®) process has a stationary law if and only if

% ®(u)
W(u)

U (0+)>0 and / du < co.
0

If the process is subcritical (W' (0+) > 0), the convergence of this integral is equivalent to the
following log-condition

/ log(x)vi(dx) < oco.
x>1

The main ingredient of the proofs provided in this work relies on a connection between the
zero set of the CBI and a particular random set, called random cutout set.

2.3. Random covering of the real half-line

We recall here the definition of a random cutout set studied first by Mandelbrot [28]. For a
textbook presentation of the main theorems regarding random cutouts, we refer to the course of
Bertoin [3]. The main results we shall use in this paper may be found in. Consider a o -finite
measure i on R which is finite on compact subsets of (0, 0c0). Denote its tail w([x, oo[) by
i(x) for all x € Ry. Let A/ be a Poisson point process on Ry x R with intensity df ® p.
Denote by (¢, x;);c7 its atoms:

N = Za(tivxi)'

iel
We recover the half line by the intervals ]t;, t; 4+ x;[, i € Z. The set of uncovered point is
R =10,00) — | J1ti, 1; + xil.
iel

The measure y is called the cutting measure. A random set R is said to be a random cutout set if
it is obtained by such a construction. Any random cutout set is a regenerative set (i.e., the closure
of the range of a subordinator).
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Theorem 4 (Fitzsimmons, Fristedt and Shepp [17]).

1 1
If/ exp(/ (s) ds) dt = oo then R = {0} a.s.
0 t

Otherwise 'R is the closure of the image of a subordinator with Laplace exponent L given by

L—/me_‘”ex (/l "(s)ds)dt
L@ Jo VA ‘

Moreover if [° exp(ft1 ii(s) ds) dt = oo, then the set R is unbounded.

These random cutout sets have been intensively studied. As mentioned in the Introduction, we
shall prove that the zero set of a CBI process is a random cutout set. Along the article, we shall
use results on their geometry and refer the reader to the monography of Bertoin [3]. For instance,
we mention that Theorem 4 matches with Theorem 7.2 of [3].

We end this section with the notion of infinitely divisibility for a regenerative set. A regenera-
tive set R is said to be infinitely divisible if for any n > 1, there exist n independent identically
distributed regenerative sets (Ri, 1 <i <n) such that

n
RE MR
i=l1

Any random-cutout set is infinitely divisible (cf. [17], Theorem 3). To the best of our knowledge,
the converse is still an open question (cf. [29], Open problem 2.24, page 334).

3. The zero set of continuous-state branching processes with
immigration

In this section, we give some basic consequences of Theorem 1. The latter theorem is proved in
Section 4. We shall focus on a CBI(W, @) started at O such that W satisfies Grey’s condition. As
we shall see in Section 4, this is of no relevance for the study of the zero set. By a slight abuse of
notation, we denote by (Y3, t > 0) the process (¥;(0), ¢ > 0). Define the random set

Z:={t>0;Y;=0}.
Proposition 5. The random set Z is infinitely divisible.

Proof. Let n > 1. Consider n independent CBI processes Yihl1<i< n) started at 0 with
branching mechanism W and immigrating mechanism %CD. We have clearly the following equal-
ities in law

n
(Y.1=0)2 (ZY,’}tzO>,

i=1
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and therefore
n
22N {r=0v/ =o).
i=1

]

If the set Z is not reduced to {0} and bounded (resp., unbounded), the state O is transient (resp.,
recurrent). Recall that the state O is said to be polar if

Py[3t>0,Y, =0]=0
for any x # 0.

Remark 3.1. If the process is supercritical, then clearly 0 is polar or transient. This can be easily
observed using Theorem 1.

The next result is a corollary of Theorem 1. Since the supercritical case is plain, we focus on
(sub)critical reproduction mechanism when studying the recurrence and transience of 0 (state-
ments (ii) and (iii) below).

Corollary 6. Let 6 > O such that ¥ (u) > 0 forallu > 6.
(1) The state O is polar if and only if

/Ooexp[/z Pl du:|Ldz = 00.
) o V() W(z)

Assume further that V is (sub)critical, the state 0 is
(1) transient if and only if

o |: 2 d(u) i| 1 o O d(s) dx
/ exp / du|——dz<oo and / exp|:— / dsj| <00
9 o V) [¥(2) 0 x V) ¥

(iii) recurrent if and only if

o 2O (u) 1 o ? o(s) dx
exp du|——dz<oo and exp| — ds =00
0 o W) V() 0 x W) W)
Remark 3.2. We may compare the integral conditions with those for the continuous-state branch-
ing process without immigration. The first statement has to be compared with Grey’s condition.
The probability of blow-up of the CB (and CBI) depends on the behaviour of W at 0. Assume that
the process is conservative, which holds if and only if f(? \vd(); 5 = 00. If moreover f(f $8 ds < o0,

then the second condition in statement (iii) is always satisfied. Note that if the process is not con-
servative, obviously the state O is either polar or transient.

Proof of Corollary 6. Statements of the corollary are easily obtained by substitution in the
integrals appearing in Theorem 1. Recall that v = oo, the first statement is equivalent to the
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statement (i) of Theorem 1 by considering u = v,. The transience or the recurrence of zero hold,
respectively, if the set Z is bounded or unbounded. As already explained, this is equivalent for the
underlying subordinator to be killed or not. If the state O is not polar, then the zero set is bounded
if and only if L(0) > 0. By the same substitution in the integral condition of Theorem 1, we
get floo (v, dr = fvvl % du. The constant v is the limit of (v, # > 0) when ¢ goes to co and
equals to O since we focus on the (sub)critical case. The constant vy does not play any role here

and may be replaced by 6. (|

Recall the definition of the lower and upper box-counting dimension. See, for instance, Sec-
tion 3 of [34] or Chapter 5 of [3]. For every nonempty bounded subset E of R, let N (E) be the
smallest number of intervals of length & needed to cover E. The upper and lower box-counting
dimension of E are defined as

dim(E) := limsup log(Ne(E))
e—0 log(1l/e)

and
log(N,(E))
log(1/¢)
We provide now a last general result on the zero set. The proof is postponed at the end of Sec-
tion 4.

dim(E) :=liminf
e—0

Lemma 7. The random set Z has the following upper and lower box-counting dimensions.
For every t > 0,

—_— . 1 "D (s)
dlm(Z nIo, t]) =1 —liminf ds a.s.
u—0 log(1/u) J,, W(s)
and
. . 1 D (s)
dlm(Z N[0, t]) =1 — limsup ds a.s.
u—0 log(l/u) J,, W(s)

Moreover if Z is bounded almost surely, then the law of the last zero of (Y, t > 0),
8oo :=sup{s > 0; s € Z}

is given by

B ( | ) B ( o
Plgoo €dt] =k~ exp / D (vg)ds Jdr =k~ " exp / du | dt,
' v Y@

1

with k the renormalization constant.

Remark 3.3. The lower box-counting dimension and the Hausdorff dimension (denoted by
dimpg) of a regenerative set coincides almost surely (see Corollary 5.3 of [3]).
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4. Analysis of the zero set: Spine decomposition and random
covering

The objective of this section is to recall a construction of CBI processes which will then be used
to prove Theorem 1.

A CB(W) process reaches zero with positive probability if and only if the branching mecha-
nism W satisfies Grey’s condition. Intuitively, a CBI(W, ®) cannot touch zero, unless the corre-
sponding CB (W) can reach zero. We begin by establishing rigorously this idea. Let x > 0; the
branching property stated in Section 2.2 provides that the CBI(W, ®) process Y (x) satisfies

law

Y(x) =Y(0) + X(x)

for a CB(W) X (x) that starts at x. If x > 0 and Y (x) reaches zero with positive probability, then
plainly the CB(W) X (x) reaches also zero with positive probability. Theorem 2 ensures then that
W verifies Grey’s condition. In order to handle the case x = 0, we note that ® # 0 implies that

E(e—,\y,(())) — e Jo@sGds _ g

and so Y;(0) > O with positive probability for any ¢ > 0. If Y (0) reaches zero with positive
probability, then it does so after time ¢ for some ¢ > 0. Applying the Markov property at time ¢
on the set ¥;(0) > 0, we are reduced to the previous case and conclude that Grey’s condition
holds. Thus, we see that imposing Grey’s condition on the branching mechanism merely rules
out a trivial case in which the zero-set of Y (0) is almost surely {0}.

In order to prove Theorem 1, we now recall a Poissonian decomposition of CBI processes, also
called the spine decomposition, which is obvious in the simpler setting of Galton—Watson pro-
cesses in immigration and indeed has been considered by a number of authors in the continuous
setting. For example, [32] use it to obtain a decomposition of Bessel bridges or in [15] it allows
representations of superprocesses conditioned on nonextinction, a work which has continued
in [14,18].

The spine decomposition of CBI processes is found in Section 2.1 of [9] or as a particular case
of the construction of Section 2.2 of [1]. In the case of CB processes with stable reproduction
mechanism conditioned on nonextinction, which are self-similar CBI processes, the spine de-
composition is found in [16]. The spine decomposition is based on the N-measures constructed
for superprocesses in [13] and specialized to the case of CBI processes in Theorem 1.1 of [9].
We now give a streamlined exposition of the construction of this specialized N-measure, based
on [32], by assuming Grey’s condition.

Starting in [32], a Poisson process representation for (continuous) CBI processes has been
achieved by means of a o-finite measure which can be understood as the excursion law of a
CB(W) although, in general, one is not able to concatenate excursions to obtain a recurrent
extension of a CB (W) (cf. [32], page 440).

For a CB(¥), we have

E)\Cll (ef)»X,) — efxvt()»)
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for any x > 0. Hence, A — v;()) is the Laplace exponent of a subordinator, under (2), it is a
driftless subordinator since

li v (M)
m —— =

r—o00 A

0.

See, for instance, Corollary 3.11 page 61 of [27]. (This is the fundamental simplification in
comparison with [9].) Let (P, t > 0) be the semigroup of the CB(W¥) and 5, stand for the Lévy
measure of the Laplace exponent v; so that

uy= [ (1=,

By the composition property v; o vg(A) = v;44(A) and so
A / e 45 (y, 00) dy = / 1 — e 045 (dx) = vrgs (M)
= / 1 —e ™y, (dx)

—a f = / Py (X, > )7, (dv) dy.

We then see that 7,4 and 71, P; have the same tails and that therefore, (1, > 0) is an entrance
law for the semigroup P;. Hence, we may consider the o-finite measure Q on the space of
cadlag excursions starting and ending at zero characterized by its finite-dimensional marginals:
forO<tf < --- <ty

(rr,dx2) - Py (et dn).

n—In—1

O(Xy, €dxy, ..., Xy, €dxy) = Ly =071 (dx1) Py,

211

This can be thought of as an excursion law for the CB(W). It is not a trivial point that X; — 0
as t — 04 Q-almost everywhere. Pitman and Yor argue, in the case of diffusions, by stating a
William’s type decomposition of the measure Q: on the set where X reaches a height > x, the
measure Q is proportional to the probability measure which concatenates the law of a CB(W)
conditioned to stay positive (started at zero) until the process reaches a height > x with a tra-
jectory of a CB(W) until it reaches zero. Although not explicitly stated, this point of view is
the basis for the proof given in [26], Section 2.4, that Xo4y = 0 under Q. Also, under Q, X is
Markovian and with the semigroup of the CB(W). To characterize the image of the length of the
excursions under Q, say ¢, notice that

Q(¢>1)= lim Q¢ >t+h)= lim /Pj’(g > t)np(dx)
h—0+ h—0+

= 1 1 —e™*™ dx) = li = Ur.
h—1>I(I)1+ ( e )nh( ) h—1>I{)1+vh(vt) Vs

Now use ® and Q to construct the o -finite measure N on excursion space by means of

N=pQ+ [ v@ort,
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which will be the intensity of the Poisson point process
@ - Z(S(fiyxi)'
iel

Finally, let

Y=Y X|_,.

1<t
Theorem 8. Y is a CBI(W, ®) which starts at 0.
This is what we refer to as a spine decomposition of a CBI process.

Proof of Theorem 8. We start with a preliminary computation which uses the exponential for-
mula for Poisson point processes:

E(e™)=E <exp—,\ > Xl t>=exp<—/O[N(1—e—”H)ds>

iel;t; <t

= exp(— /t /00(1 — e_yvt—x()t))])(dy) ds — ,3 /r /(1 — e_xx)ntfs(dx) dS)
0 Jo 0
t t
= exp(— / P (vi—s (1)) ds) = exp(—/ D(vs(M) ds).
0 0

Hence, at least Y has the correct one-dimensional distributions. To prove that Y is a CBI, we
need to compute conditional expectations. Let

1 ZG{ZS(zi,x;'_,,.>}-

i<t

Then
|:3XP< Z Xz+s z>‘-7'—ti| =IEI:GXP( Z Xt—H t,)i|
1<t <t+s 1<t <t+s
t+s
= exp(—/ q>(UtJrsfr ()\)) dr)
t
s
= exp<—/ <I>(vu (A)) du).
0
On the other hand:

[exp( 2 X, ,l)‘]:,]_exp( 3 xi_ ,le(A)>=exp(—vs(A)Yl).

i<t i<t
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Hence,

E(e "+ |F) = exp(—thx ) — fs ®(vu (1)) d”)‘
0

Because Y is adapted to the filtration (F;, t > 0) and since the conditional expectations of func-
tionals of Y;4, given F; depend only on Y; we see that Y is a homogeneous Markov process.
Since the Laplace transform of the semigroup of Y coincides with that of a CBI(W¥, &), we con-
clude that Y is a CBI(W, ®) process started at 0. O

Remark 4.1. We mention that for the excursion measure Q to exist (and then for this spine
decomposition to hold), one only needs that o > 0 or fooo(l A u)vi(du) = oco. We refer the
reader to Duquesne and Labbé [11]. Moreover, this spine decomposition has also been used in
the framework of stationary CBIs by Bi [4] to study the time of the most recent common ancestor.

Proof of Theorem 1. From this spine decomposition, we establish a useful connection between
the random covering procedure and the set of the zeros of the CBI. Results due to Fitzsimmons
et al. [17], recalled in Section 2.3, will allow us to study the set Z. Denote for eachi € Z, {; =
inf{r > 0; X ; = 0}. By standard properties of random Poisson measures, the random measure
Y ic1 8w ¢ is a Poisson random measure with intensity df ® N(¢ € dr). Plainly, we have

{tZO,Yt=0}=R+\|: U (4,4 + &Y U ]tiati+§i[j|-

ieZ;Xi>0 ieZ; Xh=0
The following crucial equality holds
z=R:\ Ukt +al 3
iel

Notice that some #; may belong to R \ Uie,]ti, t; + ¢i[ and not to {t > 0, Y; = 0}. However such
point #; is a left accumulation point of the set {r > 0, Y; = 0}. Namely, consider ¢; € Z, assume
by contradiction that there exists ¢ > 0 such that [#; — ¢, ;[N {t > 0; Y¥; = 0} = &, then taking the
closure we have [t; — ¢, ;] N Z = @ which is impossible since t; € Z. Hence, equality (3) holds
almost surely. Moreover, we have

N@>0=ﬂQk>ﬂ+A Py(¢ > Hvo(dr)

= Bu; +/0 (1 - exp(—xvt))vo(dx)
= @(U;).

In order to establish the statement, we can directly use the results of Section 2.3. Part (i) and
statement (a) of (ii) readily follow from Theorem 4, taking

(@) =N >1) = P(v;)
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for all + > 0. We get Z = {0} if and only if

1 u
/ exp|:—/ <I>(vs)ds:| du = oo.
0 1

Using the differential equation satisfied by v, the substitution z = v; and the condition vg+ = 0o

we get
1 u 00 b4 d(u) 1
/0 exp|:—/l CD(vS)ds] du = /vl exp|:/v1 T du]mdz = 00.

Statement (b) follows from Proposition 1 of [17] (see also Corollary 7.3 of [3]). Namely the set
Z has a positive Lebesgue measure if and only if

00 1
/ (s A Du(ds) :/ O (vg)ds < o00.
0 0

By the same substitution, this yields

The last statement (d) follows from Corollary 2 of [17]. Namely, the necessary and sufficient
condition for the uncovered set to be a union of intervals is that the intensity measure N(¢ € dr)
has a finite mass. Therefore, assume that ® (v;) —>;_.¢ ¢ < 00. We have v; —>;_, 00 and

(o) = pvi + fo (1= ") p(d).

By monotone convergence

o0
/ (1 —e ") vo(dx) - vo([0, oo[).
0 t—
Thus we get the conditions 8 = 0 and vy ([0, oo[) < co. O

We now provide the proof of Lemma 7. The arguments are directly those used for the fractal
dimensions of random cutout set.

Proof of Lemma 7. Combining Theorem 5.1 and Corollary 7.6 of [3], we get that for every
t>0,

[l o) ds

dim(ZN10,7]) =1 — liminf ~*——— a.s.
u—0 IOg(l/l/l)

and

1
) d
dim(Z N[0, ]) =1 — limsup M a.s.
u—0  log(l/u)
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We get the statement by substitution # = vs. The second statement concerning the largest zero is
a direct application of Corollary 7.4 of [3]. ([

5. Regularly varying branching-immigrating mechanisms

In this section, we shall focus on specific mechanisms ¥ and & such that the function ratio
R(x) = $g ; is regularly varying at co. The index of R, called in the sequel, p may be interpreted
as representing the strength of the immigration over the reproduction. For sake of conciseness, we
only work with a critical branching mechanism W. A remarkable phenomenon occurs when p =
—1. In such case, other quantities are involved. Surprisingly the quantities r := liminf;_, oo SR(s)
and 7 :=limsup,_, ., sR(s) play a crucial role.

We recall that a positive measurable function f defined on some neighbourhood of oo (resp., 0)

is said to be regularly varying at oo (resp., 0) with index p if for all ¢ > 0,

flex)/f(x) — c” when x — oo (resp., 0).

5.1. Polarity of zero and Hausdorff dimension of the zero set

We first recall the definition of the upper and lower indices at infinity of a Laplace exponent (we
refer the reader to the seminal work of Blumenthal and Getoor [6] and to Duquesne and Le Gall’s
work [12], page 557).

log(W (A
Ind(¥) = sup{a > 0; lim W)L~ = oo} =liminf log(W(1))
Ao r—oe  log(d)

— log (W (A
Ind(¥) = inf{er > 0; lim W(A)A~ =0} = limsup logWt)
A—00 arsoo  10g(d)
This definition holds also for the Laplace exponent of a subordinator ®, replace only W by ®
above.
Theorem 9. Assume that R is regularly varying at +00 with index p.

(G) If p > —1, then 0 is polar.
@ii) If p < —1, then 0 is not polar and the zero set is heavy.
(iii) If p = —1. Define the quantities

. P (s)
:=limsup s
§—00 W(s)

|

and

. D(s)
:=liminf s .
§—00 \I—’(S)

I~

Both quantities belong to [0, co].
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(@) If 7 <Ind(W) — 1, then 0 is not polar. Moreover if r > 0, then the zero set is light.
®) If r > Ind(¥) — 1, then 0 is polar.

Proof. Assume that p > —1, therefore z — f; R(u)du is regularly varying with index p + 1
and by Karamata’s theorem (see, e.g., Proposition 1.5.8 of [5]) we have

Zz
For all z > 0, / Ru)du=C +z"t(2) 4)
0

with C a constant and / a slowly varying function. By Corollary 6, we have to study the following

integral
o0 Z 1
I::/ ex </ R(u)du)—dz.
s P\ V@)

() If p > —1, since [ is slowly varying, we have z**1/2](z) —._, o 400, moreover ob-
serving that W(z) = O(z?), we have clearly that Z = oo.

(i) If p < —1, by Proposition 1.5.10 of [5], we have feoo R(u)du < o0, then Z < oo and fur-
thermore by statement (ii)(b) of Theorem 1, the zero set has a positive Lebesgue measure.

(iii) In the case p = —1, the map R is regularly varying with index —1. We mention that
integrals of such regularly varying functions yields to de Haan functions (see Chapter 3
of [5]).

(a) Let e > 0. For s large enough, R(s) < g + £. Therefore for large enough z,

Z R q 1 ZF-i—s
exp(fe ) S)m Yo

Moreover, W(z) > C'z2dMW)—¢ and thus

exp /Z R(s)ds —1 < V7 Ind(W)+2e
0 W(z)

As ¢ is arbitrarily small, if 7 — Ind(¥) < —1 then
0o —
/ J-Ind(9)+2e g _ oo
0

This implies that O is not polar. Assume r > 0 for s large enough, R(s) > r/2s, we

have clearly [, R(s)ds = oc.
(b) For s large enough, sR(s) >r — SEId then exp(feZ R(s) ds)ﬁ > C% By the
same reasoning, we have W(z) < C/ZMdW+e and we get

b4 1 _
R d - C// L—Ind(\ll)—Ze_
exp(/ﬁ (s) s) _\I/(z) >C"z
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If r — Ind(W) > —1, since ¢ is arbitrarily small, then f £ Ind(¥)-2¢ dz = o0 and
IT=o00.
If r — Ind(W) = —1, the direct computation
oo 9—23
/ Z—l—23 dZ -
0 2¢e
yields the lower bound Z > C” 9 Lettlng ¢ going to 0, we get Z = co. ]

Proposition 10. Assume that ¥ < Ind(V) — 1 then for all t > 0,

T . dm(ZN[0.1)<1— ——
Ind(¥) — 1 Ind(¥) — 1

and

r

<dim(ZN[0,1]) < ~ =T

Ind(\Il) -1~
Before tackling the proof, we need a lemma.

Lemma 11 (Duquesne Le Gall, Lemma 5.6 of [12]). The following equalities hold

. log(vy) 1

liminf

1—0 log(l/t) Ind(¥) — 1
and

. log(v,) 1
lim sup = .
im0 log(1/t)  Ind(¥) — 1

Proof. Duquesne and Le Gall established

. (U[) 1
limin f <
t—0 log(l/t) Ind(¥) — 1

and

. log(vy) 1
lim sup < .
t—o log(1/¢) — Ind(W¥) — 1

The other inequalities are also true. We provide here a proof. Denote 7 := Ind(W), there exists
& > 0 arbitrarily small such that

q*("“)\ll(q) — 0.
q~>OO
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For all C > 0, for large enough ¢ we have — > ,CH. Recall that > 1, therefore for small
) q"

1
V(g
enough 7, we have

* d * d C e
/ _q:,zc/ 9 _ pln—e.
vy W(Q) vy qu_E 77+5_1

1 +e—1
log<?) < log<nT) + (m—1+¢)log(v).

This yields

‘We then have

1 1
liminf 250~ .
t—0 log(l/t) " n—1+¢

As ¢ is arbitrarily small, the result follows and the first equality in the statement is established.

We study now the second equality. Denote y := Ind(W). Let ' > y. There exists a sequence
(4, n > 1) such that u, —, 000 and ¥V (2u,) < 2V/u,’1’ . For u €]0, 2u,], we have by con-
vexity % < %’z") and therefore W(u) < 2}’/_114143,/ -1 when u €]0, 2u,]. Define the function
F(a)= [ % we have

a V)’
> d 2un g ey
F(u,,):/ " >f L1 H0g2).
u Un

ST R TR

Then
liming 280/ F @) < lim log(1/F (un)) <yl
a—oo  log(a) n—oo  log(un)

As on page 592 of [12], observe that by definition of v;:

(1- log(v,) >‘1 log(1/F (@)
im sup =liminf ———
1—0 log(1/1) a—co  log(a)
We deduce that
1 1
lim sup 0g(vr) Z = )
i—~o log(1/1) =y’ —1

by letting ¥’ go to y, we obtain the wished inequality. (]

Proof of Proposition 10. Let ¢ > 0, by assumption, we have for C large enough

sup sR(s) <7 +e¢ and inf sR(s)>r—e.
se[C,o00[ s€[C,o0[

Therefore,

O (u)
W (u)

(r — &)[log(v;) — log(C)] < /C t du < (7 + &)[log(v,) — log(C)].
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By using the previous lemma and Lemma 7, we plainly get

r+e

1 L—°¢
Ind(¥) — 1

Ind(¥) —1°

<dim(Zn[0,1]) <1 -

As ¢ is arbitrarily small, we get the statement. Same arguments hold for the lower box-counting
dimension. ]

5.2. Recurrence and regular variation at 0+

To study the recurrence of zero, we need information on the behaviour of the map R in the
neighbourhood of 0+ (see statement (iii) in Corollary 6). In the same vein as our previous result
on polarity, a natural assumption is to consider the map R with regular variation at 0+.

In order to state the following result, we need to introduce the lower and upper indices of a
Laplace exponent at 0+:

e o)
ind(¥) = sop{e 2 0; lim W ()2 = 0} = limiaf =72,
log(¥ ()

ind(W) = inf{a > 0; lim (M)A~ = oo} =limsu
A—0 a0 log(A)

Theorem 12. Assume that the map R is regularly varying at +00 with index p and at 0+ with
indexx. If p<—1orp=—1andr <Ind(¥V) — 1 (then 0 is not polar) and

(1) if k < —1 then O is transient,
(ii) if k > —1 then O is recurrent,
(iii) if k = —1. Define the quantities

=l

:=limsup xR(x)
x—0

and

=

;= liminf xR(x).
x—0

Both quantities belong to [0, co].

(a) Ifk — g(\y) < —1, then 0 is recurrent.

(b) If Kk —ind(¥) > —1, then O is transient.

Proof. We assume that 0 is not polar, then we have to study the following integral

4 % dx
j::/o exp[—/x R(u)du] o
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Assume that R is regularly varying at O with index « € R, then by an easy adaptation of Propo-
sitions 1.5.8 and 1.5.10 of [5] to the setting of regular variation at 0+, we get

6

x—0J

= 00, ifk <—1,
< 00, if € > —1.

More precisely, if k < —1, we have fxe R(u)du = x**T1(x) with [ a slowly varying function at
0+.

e Assume x < —1. Let ¢ > 0, we have for small enough x, ¥(x) > CxMdW)+e  We ghall
prove that the map

exp(—x*t1(x))

X = —
xind(¥)+e

is bounded in the neighbourhood of 0. This will imply that 7 is finite. Taking the logarithm,
we have

_ k41
1()g(exp( ¥ H(x)

xind(W)+e

) = —x”‘l(x)(l + (ind() + a;)L bg(x)).

I(x) xK+1

On the one hand, x**!/(x) —,_.¢ +00, on the other hand the map x 1‘;%;))‘) is slowly
varying at 0+, and thus using Potter’s bound (see, e.g., Theorem 1.5.6(iii) in [5]), we have
x~UHDIED s )0, Finally,

et — 1 logoc)) -
X l(x)(l—i—(md(\l")—i—e)l(x) pore ):6 00

and the map is bounded. We deduce that 7 < oo and then O is transient.

e If k > —1, provided that fo " % = 00, we have J = oo and 0 is recurrent.

e We deal now with the case k = —1. We prove first the recurrence criterion (a). Let ¢ > 0,
for u small enough, we have

Ry <5 +% and W) <cud®—e
u u

We deduce that

0
l eXp(—/ R(u)du) > CxFind(W)+2e
W (x) .

If ¥ — ind(W) < —1, since ¢ is arbitrarily small, we have 7 = oo.
If ¥ —ind(¥) = —1, then

0 926
/ x 2 gy = —,
0 2¢e
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and J > CQZ—Z; and letting ¢ going to 0, we obtain J = oo. Therefore, 0 is recurrent. We
prove now statemengb). Assume k — ind(W) > —1. We have for u small enough u R(u) >
k —¢&and W (u) > u™MW)+e Therefore,

1
W (x)

0 kol
exp(—/ Ru) du) < Cylcind(W)—2¢
X

Since ¢ is arbitrarily small, we can choose one such that x —ind(¥) —2¢ > —1. This implies
J < oo and the transience follows. O

Remark 5.1. 1f k > —1, then f0+ R(u) du < oo and by Theorem 3, the CBI has a stationary law.
We study in the sequel the specific case of stable and gamma mechanisms.

5.2.1. Stable and gamma mechanisms

Consider (¥, @) of the form W(g) = dq® and ®(q) = d’q’6 with @ € (1,2], B € (0,1] and
d,d’ € (0,00). The CBI process (Y;,t > 0) associated is said to be stable. Obviously, we have
Ind(¥) = «, Ind(®) = B. The map R is regularly varying at 0+ and at +oo with index p =k =
B — a. We can thus apply the previous results in Theorem 9 and Theorem 12.

e If 8> o — 1, then O is polar,
e if B <& — 1, then O is transient and the zero set is heavy,
o if B=a —1,wehave r :=lim,_, o xR(x) = % and k = —1. Two cases may occur.
- If % > o — 1, then O is polar,
— if % < a — 1, then 0 is recurrent and by Proposition 10
1 d

dlmH(Zm[O,t]) =1- ﬁg

Notice that in this stable framework, we cannot have p < —1 and ¥ > —1.

Proposition 13. Let (Y;,t > 0) denote a stable critical CBI started at 0 with parameters o,
satisfying B =a — 1.

Z={t>0;Y; =0} ={oy,t =0}

with (o, t > 0) a stable subordinator with index y =1 — —%.

Proof. In order to get that the subordinator (o;,¢ > 0) is a y-stable one, we shall use self-
similarity result. The self-similarity of (¥;,# > 0) follows by inspection (see also [30]). Namely,
we have

Eo[e "] = exp<— /Ot ®(vy(9)) ds>
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with vs(q) = gq[1 + d(a — 1)g*~'s]71/©@=D_ An easy computation yields that the processes
(kY;,t > 0) and (Y;e-1,, t > 0) have the same law. We deduce that the regenerative set Z is self-

similar meaning that for any k > 0, kZ 'Y 2 The only regenerative sets satisfying this property
are the closure of the range of stable subordinator (see, e.g., Section 3.1.1 of [3]). Proposition 10
provides the Hausdorff dimension of the set and therefore the index of stability (see Theorem 5.1
of [3]). (]

Consider the immigration mechanism ®(g) = %Nq—mo%ﬁ)- The subordinator with

Laplace exponent @ is called Lamperti stable subordinator (see, e.g., [8]). The map & is regularly
varying at +o0o with index 8 and at 0+ with index 1. Assume that the reproduction mechanism
W is ¢-stable, as previously we can apply Theorems 9 and 12. We easily get

e if 8> a — 1, then O is polar,

e if B <a — 1, then O is recurrent and the zero set is heavy,

o if B=a — 1, wehave r :=limy_, oo SR(s) = m and k =1 —a > —1. Two cases may
occur.
—ifd < —L_then 0is polar,

I'(x)

—ifd > ﬁ then 0 is not polar, and we easily verify that O is recurrent:

if @ =2 then xk =k =1, and 0 is recurrent,

ifae € (1,2) then «k =k =0, and 0O is recurrent.

Finally, by Proposition 10 we get

1

di ZN[0,t])=1— ——.
img (Z2N1[0,1]) T@)d
Last, consider now the case of a Gamma immigration mechanism and a stable branching one.
Leta>0,b>0and o € (1,2],d > 0.

o
®(x) = alog(l +x/b) Z_/ (1—e™)au""e " du,
0

W(x) =dx*.

We can observe that @ is slowly varying at oo and regularly varying at 04 with index 1. Thus
R:ix+— % is regularly varying at O with index k = 1 — « and at +oco with index p = —a.

Applying Theorems 9 and 12, we obtain that the zero set is heavy and further:

e if ¢ € (1,2), then k > —1 and O is recurrent,
e ifa=2,thenk =—1land k =k = ba_d' Therefore, O is recurrent if % < d, otherwise 0 is
transient.
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6. Ornstein—Uhlenbeck processes

We recall here basics on Markov processes of Ornstein—Uhlenbeck type. Contrary to CBI pro-
cesses, these processes in general take values in R. Consider x e R, y € R4, and (A, >0) a
one-dimensional Lévy process with characteristic function given by n such that

E[eizA‘] = exp(t1(2)),

o2 :
n(z) = —712 +ibz + /R(elzx — 1 —izxljjy<ny)v(dx),

where 0 > 0,b € R and fR(|x|2 A Dv(dx) < oo. A process (X;, t > 0) is said to be an OU type
process if it satisfies the following equation

t
thx—)// XSdS+At.
0

Generalized Ornstein—Uhlenbeck processes valued in R belong actually to the class of CBI
processes. When A is subordinator with Lévy measure v and drift d, the Ornstein—Uhlenbeck is
a CBI with W (z) = yz and ®(z) =dz + fooo(l — e “)v(dx). In this case, Grey’s condition is
not fulfilled and clearly the state O is polar. Most of the Ornstein—Uhlenbeck processes are not
CBI processes (we refer, e.g., to the discussion about their stationary laws in Proposition 4.7 in
Keller-Ressel and Mijatovi¢ [24]). However, there is an interesting class of OU processes whose
zero sets are random cutout sets: Ornstein—Uhlenbeck processes whose driving Lévy process is
self-similar of index «. A Lévy process A is self-similar of index « if for any c, ¢ > O there is
equality in law between A, and ¢!/% A,. Note that it excludes the asymmetric Cauchy process
(o = 1) which is not strictly stable. The corresponding characteristic function 7 is rather involved
and we refer the reader to page 11 of Kyprianou [25].

Theorem 14. Let (X;,t > 0) be an Ornstein—Uhlenbeck process started at O driven by a self-
similar Lévy process of index a. If « € (0, 1], then the zero set of X equals {0} almost surely. If
o € (1,2], then the zero set of X is a random cutout set whose cutting measure has density with
respect to Lebesgue measure given by

2> (1 B/ (5 —1)%,
where f=1—1/a.

Proof. Consider the process

X —Ce V' Avia -
X, =Ce V" Agyia, where C (ay)l/“’

Because A is self-similar, it follows that X is stationary. Using integration by parts, it follows
that

d}zt = Ceiyt dAeyroc — 7/)2[ dr.
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Then, we can use Kallenberg’s results on time-changes of stable stochastic integrals found in [22]
(cf. equation (1.4)) to infer first the existence of a Lévy process A with the same law as A such
that for ¢ > 0:

d [ R
Aeayt — A] = Ae“V’—l = Afot(eVS/C)“ds = E A € dAs

Then, by associativity of the stochastic integral, we see that
t ~
/ Ce V5 dAerse = Ay.
0

(A similar argument extends when integrating from s to ¢.) Hence, X is a stationary version of
the Ornstein—Uhlenbeck process driven by A.

On the other hand, the zero set of X is then the logarithm of the zero set of A. The latter is
a self-similar regenerative set and therefore a random cutout set. Actually, the zero set of A is
empty if o € (0, 1] (cf. [2], page 63) while if « € (1, 2] then it has the law of the (closure) of the
image of a B-stable subordinator with 8 =1 — 1/« (see [7] and [19]).

Let
E= Z 8t xi)
iel

be a Poisson point process with intensity df ® . where p(dx) = (1 — 8)x~2dx. Then the zero
set of A has the law of a random cutout set based on E and so the zero set of X is the random
cutout set (on R) obtained by removing the intervals

(si» 8 +zi) = (log(#;). log(t; + x7)).
Namely, we have
Z={teR: X, =0} =R—JIsi.5i +zl.
iel
The intensity of the point process
E= Za(Si,Zi)
ieZ

is the image of the measure dt ® u(dx) by (¢, x) — (s,z) = (log(t),log(t + x)). A notable
cancellation occurs and it is found to be equal to (1 — g)e*/(e* — 2dsdz. Using the identity
established between the cutting measures of random cutouts on (—o0, 00) and random cutouts

on (0, 0o) (cf. Theorem 2 of [17]) we see that the zero set of the «-stable Ornstein—Uhlenbeck
process (started at zero) is a random cutout set whose cutting measure has density

(1 — B)e?/(e* — 1) dz. 0
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The cutting measure with density (1 — g)e*/(e* — 1)2 was studied in detail in Example 8
of [17]. There, the authors show that the associated subordinators have zero drift and Lévy mea-
sure v given by

(x, 00) <
V(x,00) = ———.
e — DI
Note that the density of v can also be written as
Ce* CleB/2x

V@) = T8 T (e 22

Hence, in the special case of the Ornstein—Uhlenbeck process associated to Brownian motion, we
recover the results of [33] (which go back to [21]). However, we also deduce that in the general
stable case, the zero set is the image of the Lamperti stable subordinators introduced in [10] and
studied in general in [8].

Corollary 15. If a € (1, 2], the random set Z = {t > 0, X; = 0} is infinitely divisible. Moreover,
Z is almost surely not bounded (0 is recurrent) and we have for all t > 0

dimy (ZN10,11) = 1/a.

Proof. We only have to give a proof for the Hausdorff dimension. The Laplace exponent of the

Lamperti stable subordinator involved in Theorem 14 is x(y) = % (see equation (27)

in [17]). Therefore dimy (Z N[0, ¢]) =Ind(k) =1 — B = 1 /a. 0
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