0-TORSION AND COMPACT ORBITS OF ANOSOV
ACTIONS ON COMPLEX 3-MANIFOLDS

EUGENIO GARNICA VIGIL AND HECTOR SANCHEZ MORGADO*

ABSTRACT. In analogy with work of Fried and Laederich we study
the relation between 0-torsion of a compact complex 3-manifold M
and the compact orbits of an Anosov holomorphic action on M.

1. INTRODUCTION

In 1968 Milnor [8] pointed out the remarkable similarity between
the algebraic formalism of the Reidemeister torsion in topology and
zeta functions a la Weil in dynamical systems theory. This theme
has been thoroughly investigated by David Fried who devised for any
smooth flow and any flat bundle over the underlying manifold a certain
zeta function counting the periodic orbits of a flow with appropriate
multiplicities. He was able to show for a variety of flows [1] that the zeta
function associated to any acyclic flat bundle is actually meromorphic
on a neighborhood of [0,00), regular at 0, and that its value at 0
coincides with the Reidemeister torsion with coefficients in the given
flat bundle and thus is a topological invariant. Because of the analogy
with the Lefschetz fixed point formula, Fried used the term “flow with
the Lefschetz property” in reference to such a flow. In particular, Fried
proved that the geodesic flow of a closed manifold of constant negative
curvature has the Lefschetz property [2] and we extended those results
to transitive Anosov flows on 3-manifolds [10].

In analogy with their definition of analytic torsion on a Riemannian
manifold, Ray and Singer define the O-torsion for complex manifolds.
Fried proved that the known connections between torsion and the dy-
namical features of closed orbits continue to hold in the holomorphic
category [3]. He posed also a question about such connections for
actions of a noncompact Lie group other than R. Laederich [6] has
investigated the case of complex manifolds which fibrate over the torus
having a one dimensional holomorphic foliation transverse to the fibers.
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He found a formula relating O-torsion to “theta” functions associated
to the compact orbits of the foliation.

In this paper we find a formula (6) relating 0-torsion of a compact
complex 3-manifold M to special values of zeta functions (3), (5) de-
fined with the compact orbits of an Anosov holomorphic action on M.

2. MAIN RESULT

2.1. Holomorphic Anosov actions. For (M,]| - ||) a Hermitian 3-
manifold, we follow Ghys [5] and call a holomorphic action ¢ : C* x
M — M, (x,T) — ¢(T)(x), Anosov if there exist invariant subbundles
E" E?® of the real tangent bundle Tgx M and constants ¢ > 0, a > 0,
such that

1. TekM = E° & E* ® T¢p, where T'¢ is the bundle tangent to the

orbits of the action.

2. For all T € C*, v* € E*, v* € E* one has

Jdo(T)(w)]| < 7| ||
[do(T) (v")[| < | T|*||v"]].

In all of this paper G will denote the Lie group SL(2,C).

The first examples of Anosov actions are holomorphic suspensions.
Suppose A € G preserves a lattice A C C? and let A be the corre-
sponding diffeomorphism of C/A. For w € C — S* consider the dif-
feomorphism A, of C/A x C* given by A,(z,S) = (A(z),wS), and
the properly discontinous and free action of Z on C/A x C* given by
(k, (x,8)) — AF(x,S). If the spectrum of A is disjoint from S*, the
action of C* given on the quotient manifold M by (T, [z, S]) +— [z, ST
is Anosov.

A second kind of examples of holomorphic Anosov actions comes
from the choice of a cocompact discrete subgroup I' of G with no elliptic
elements. Let M =T"\ G, then the holomorphic C* action ¢(T")(I'g) =
Fg(g qu) is Anosov. One proves this fact in exactly the same way as
for the corresponding well known examples in the real domain.

Ghys modifies the last examples by the following construction. Let
u: I' — C* be a representation and consider the action of I' on GG given

by (v, g) — yg(ug’) u(yo)*l ). This action commutes with the C* action

by right translations by (g T(ll ) If the action of I' is free, proper and
totally discontinous one considers the quotient manifold M with the
C* action which becomes Anosov.

Ghys proved that any holomorphic Anosov action on a compact com-
plex 3-manifold is up to finite covers holomorphically conjugate to one
of the examples described above.
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Let I" be a discrete subgroup of G and M =T'\ G with the Anosov
action as above. The orbit of I'g is compact iff there are v € T' — {I},
A € C* — {1} such that

(1) 9 g = (3 Aql) = (exp(ig 0 exp(—gﬂ— z))

Since the elements of I' — {I} are hyperbolic, Vv € T' — {I} there are
a unique A\, € C* with [\,| > 1, and g € G such that (1) holds. If there
is another h € G such that h=1yh = (/\07 /\91 ), then g = h(5 21).

Let G, be the centralizer of v, then
g G ={(5%):SeC}.

Therefore the orbit of I'g is O, = {I'zg : © € G,} and so it is confor-
mally equivalent to I';, \ G, where I'y, = I' N G.,. Moreover

I, = {g (/\8” )\(_]n) gltine Z}
’YO

for v, € I' prime, and O,, = O,. Writing A\, = exp(l,, + i6,,) we
have that I',, \ G,, = Iy \ G, is conformally equivalent to the torus
(L, +10,,)Z + 2miZ \ C. Note that for k = (9 ') we have

1 A 0
(gk) 170 19k = ( 80 )\1) .

Yo

Thus, the cyclic group I'y defines two compact orbits 0., and (’)%71.
If 'y, Iy define the same compact orbit, then there is § € I' such
that 07/0~ € I",. Thus, if [I'] denotes the set of I-conjugacy classes of
elements of I", the compact orbits of the Anosov action are parametrized
by the classes [vy] € [I'] for prime v € Iy =" — {I}.

For p: I — U(m) a representation and &z > 0, we define

(2)  Zi(z)= ] II II det( —p(m)em® a2 a2 etm),

[v] prime j,k=1r==+2
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Za) =TI T dettt - ptr)ay ke toeyess

[7] prime j,k=1

ZB(Z) _ H H det([ _ p(’y)/\,;Qj_k+15\;2r+1€_l'yz)
(3) [~] prime j,k,r=1

Zo(z)= [ T det(Z = p()A;¥ AT Fetve)n=
[v] prime j,k=1
_Zal2)Z5(2)°

ZP(Z) Zc(z)

2.2. O-torsion. For a closed Hermitian complex k-manifold M and a
representation p : w1 (M) — U(m) we define O-torsion.

First we recall how one defines the determinant of a positive elliptic
differential operator D on M. D~ is a trace class operator for Rs large
and the Dirichlet series (p(s) = Tr D~° = >, A™* has a meromorphic
continuation to C, regular at s = 0. One defines det D = exp(—(},(0)).

Next we introduce the d-Laplacian associated to p (see [3]). Consider
the C™ valued differential forms w on the universal cover M of M
that are p equivariant. That is, if ¢ € 7 (M) acts on M as a deck
transformation then the components wy, ... ,w,, of w satisfy

gwi=>_ plg)ijw;-
j=1

The space Q(p) of such twisted forms has a decomposition

W)= P o

0<p,q<k

where the summands fit into a double cochain complex because the
derivatives 9 and O preserve the equivariance property. Since p is uni-
tary, using the Riemannian measure on M and the Hodge star operator
one defines an inner product on twisted forms. Taking the adjoint 0* of
0 one forms the 0-Laplacian A = 90*+0*0 on twisted forms. Recalling
the bigrading we write A = @ AP, AP9: QP — (P4,
0<p,q,<k

The Hodge theorem states that ker AP+ is isomorphic to the Dolbeaut
group HP4(€2). When all these groups are zero we call the representa-
tion acyclic. In such a case D = AP4 is a positive elliptic operator. In
complex differential geometry one computes det D via the trace of the
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heat kernel Tre~'? as follows. The Mellin transform of e~ (X > 0) is
Me™ = / 5 le Mt = )\_8/ ¥ e dr = NI (s).
0 0

Summing over A € spec D, gives
MTre ™ =T(s)¢p(s)

For an acyclic representation p, Ray and Singer [9] defined the O-
torsion 7, €]0, co[ by

(4) 7'13 = exXp % (ﬁM(Z(_l)qur etAp,q)>

The purpose of this paper is to prove the following

s=0

THEOREM. Let I' be a cocompact discrete subgroup of G and let
M =T\ G with the Anosov action as in 2.1. Let p : T' — U(m)
be an acyclic representation. Let Z,,Z, be as in (2) and (3), and
let ng = Z.,/Z,. Then log Z, is analytic for Rz > —1 and n, has a
meromorphic continuation to C whose poles are simple, are located on
iR, and except for the zero pole, have integer residues. If r, denotes
the residue of n, at zero and c € C*,

Tp

(5) ((7) = c exp / “(na(s) — 2)ds

S

defines an entire function whose only zeros ocurr at the nonzero poles
of Na. Choosing ¢ such that (,(1) = Z,(1) we have

<exp(§m UOZ(M)WB)) ()

(6) o= 1z, 07

Remarks:

1. The analogous result for the holomorphic suspension examples in
2.1 is a particular case of the theorem of Laederich [6].

2. We have been unable to deal with the modified examples of Ghys.

3. We identified the zeta function Z, given by the product (2), which
is not convergent for ®z = 0, and we found that it was studied by
Scott [11].

4. We chose to decompose the function Z, in order to have nice
product expansions (3).
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3. THE O-LAPLACIAN

Let K =SU(2,C) (maximal compact subgroup of G) and g =sl(2, C)
(Lie algebra of ). Consider the following R-basis of g

Ey = ?(—01 6), By = 1%(0 08), Bs = 1%/((1) %),

_ 0 % _ i 0

Fi=75(%6) o= 5(00), o= 55(0 )

g has a natural Hermitian product (x,y) = Tr(xg") and the above
basis is orthonormal for the metric R(,). Note that E;, F», F3 is a
basis of su(2, C).

Thought as a real Lie algebra, its complexification gc has a basis
{X17X27X37X17X27X3} Where

1 — 1
Xi = 5(Bx —JFy), Xy = 5(Ex+IF), JP=-L
Writing [X, X;] = 3=, Cl: X}, we have Cl]] =0,C%, = Ci, = C2, = V2.
Each element X € g deﬁnes a left invariant vector field on the com-
plex manifold G such that

X(F)(9) =y

for f : G — C. The elements of g¢ define sections of the complexified
tangent bundle 7-G. Note that

fgexp(sX))

TE0) = i o (g expl(sF).

Let wy, Wy, be the duals of the vector fields X}, X;. Then
wi(Ep) = 0k, wi(F1) = 0k, We(Er) = O, W(F]) = — 16

Any element 7 of AP(G) can be written

n= Z Nrgwr AWy
1,7

where [ = (i1,... ,0p), 01 < -+ <ip, J = (J1,--- 1 Jg)y 1 < -+ < g

wlzwil/\---/\wip, w[:wil/\"'/\wip.

All of the above vector fields define vector fields on M = I'\ G. Define
1, ;] Z cr Wk

Let n = fw; AW, € AP9(M) then
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—1)p27j(f)w[ /\wj /\EJ

7
(7) + (- pHwaI/\wl/\wj ([XZ,X])/\WJ

I<j

One computes the adjoint

pHZX fwr A (X))o,

8
(8) wal A @, @] A U X)X )@,

1<j
and so the d-Laplacian
(9)
A?? = Z —Xk(ka)wI A\ wJ + Z[Xl, Xj](f)&)[ A\ wj AN L(Xl)wj

gl

_ Z ZZ WOl fwr NG Ny A U(X)u(X;)@,

m<n [<j

+) (Xi(Hwr AD; A UKL X)@s + Xo(fwr A @5, @] A u(X)@)

+ 3 fwr A B, Do) A (X, X))

m<n

= fwr A @ Do) AD; A UK )UK, X))@

mnj

Thus, we have the following

Proposition.

(10) n=fur = An=(=> X;Xif)ws
K

Writing wr A (f1w1 + fola + f3@3) = wr @ (f1, f2, f3)F, we have
(11) AP wr @ (fi, for f3)' —

— 3, X X, + 20 —V/2JFy V2 F, fi
wr® —V/2JF — > Xp X+ 20 \/5121 fa
V2] Fy —V2E, =Y Xe Xk +20) \f3

Writing wi A (f10s AWs + fos AWy + fsr AD) = wr @ (f1, fa, f3),
we have
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(12) AP :wr @ (fi, fa, f3)' —

— 3, X X, + 21 V2JE; —V/2JE, fi
wr® V2JE; — > XX+ 20 \/5511 fa
—V2]F, —V2E, =Y Xe Xk +20) \f3

(13)
n=fw AN ATy ATz = APy = (=) " Xy Xy f)wr AWy ATy AWs.
k

4. THE TRACE FORMULA FOR THE HEAT KERNEL

Consider an acyclic representation p : I' — U(m). Let 7, be the
induced unitary representation of G on

13(Gip) = {f: G — T /M P <oo, flrg) = p()F(@)}

7, decomposes as 7, = 3. __an,(w)w and n, < oo for w € G, where

weqd
G stands for set of all equivalence classes of irreducible unitary repre-
sentations of G. Let ¢ be in the Harish-Chandra’s L' Schwarz space

N

Ci(G). For (T,,V,) € w € G, the operator T,,(p) = [, ¢(z)T.
on V,, is trace class and ©,,(¢) = TrT,(¢) is the character of w. AP?
extends to
(14) LX) = AP(g) @ L*(G; p) = D np(w) A (g) @ V.
we@

Denote by DP? the correspondmg operator on AP(g) ® L*(G). The

heat operator e *P”" has kernel h;"? in End(AP4(g)) ® C1(G). Thus

the Schwarz kernel for e~*A"" is

WpPA(Ta, Ty) = > b (x " yy) @ p(y).
vyer
Setting @y = > (—1)7¢Tr hy"?, one has the trace formula

3

Z )aqTr e 147" Z ny(w)©

q=0 wed

Z vy)vol (I \ G) / O (v yx)di.

el a\G

(15)

The last integrals can be expressed in terms of the characters of the
representations in the principal series which we now define (see [4]).
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For k € Z,v € R, let Hy, = L*(C). For g = (2}%), we define an
operator Ty ,(g) in Hy, as follows

Teo(9)f(2) = bz + dI"" 72 (b2 + d) " f (b . fz) |

Let O, be the character of T ,.
Every element v € I'y is conjugate to a matrix

Ay 00 [exp(if, + 1) 0
0 ') 0 exp(—16, — L)

with [, > 0 and one has

(16)
For v = I we have the Plancherel formula
(a7) A = 5 ki |t e

To give the action of g on Hy,, let A= (—k—-2+iv)/2, B=(k—2+
w)/2, X = (y %) and f € Hy,, then

Xf(z) =[A(wz —u) + B(wz —u)|f(2)
18 0 0

(18 +a—£(2u2+y—wz2)+8—];(2uz+y—wz2).
Consider the Casimir elements Q¢ = E + F2 + F? — E? — F} — F2,
Qg = —Ef — F§ — F§. Note that —43". X;X; = —Q¢ +2Qk. From
(18), Qaf = ((A* + B?) = 2(A+ B))f = ((k* = v*)/2 = 2)f = Ao f-

The irreducible representations of K are given by (V,,7,), n € NU
{0}, where V,, is the space of homogeneous polynomials of degree n in
two variables and 7,(g)P((z1, 22)") = P(g7 (21, 20)").

For X = (_“m _wu) and P, = 2F207% we have

XP, = —kwP,_; + (TL — 2]€)qu + (TL — k)@P;H_l.
Then 2Qx P = (n* + 2n)P.
One easily finds that the multiplicity of 7, in T} ,| K is

1 if n—kis even and n > |k|

[T T o| K] = {

0 otherwise.
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When this multipicity is 1, Q¢ — 2Qk|V,, is multiplication by i, =
/\k,v — n(n + 2)

w|K = Z [T+ TL| K (70, V).

nezZt

From (10) and (13), we have that for ¢ =0, 3

B 1
Ap,q“/w — ]p7q ® Z(—QG + 2QK)|VOJ7

and thus
Ok (Tr h;PT) = (3> Z (n+ 1) exp(tig.vn/4).
b n=|k|
n—k even
Let
n—2k+1) 0 2(n — k)
D(k,n) = 0 —n+2(k—-1) 2k
k+1 n—k—1 0

Its eigenvalues are A = —2,n, —n—2. Let E(k,n, \) be the A-eigenspace
of D(k,n) and

(ag—1 + bgt1) Py ag
Vi) =43 (@ —bs) P | | b | € E(kn,\) ¢
k Ck}% Cr
—(ap—1 + bpg1) Py ag
Wa(N) = | (a1 —bep) P | = | br | € E(k,n,A)
k Ckpk Ck

A (g) @ Vi = Vi(=2) @ Viu(n) @ Viu(—n — 2),
A2(g) ® V,, = W,(=2) & Wy(n) & Wy(—n — 2).
From (11) and (12) we see that

_ 1
AP AP (0) @ Va(N) = I @ 3(=S2 + 20) + (A4 DIVa(N),

_ 1
02| A0 (g) © Wa(N) = 1P @ 7(=06 +20) + (A+ DI ().
Thus, for ¢ = 1,2 we have

Oko(Tr A7) = (3) Z (n 4 1) exp(tig.on/4) (1 + e 12 4 ety

n=|k|
n—k even
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Therefore, the characters are given by

(19) Oko(el) = (3) Y. 0+ 1) exp(tpron/4) (e + e —2)
n=|k|
n—keven
_ (2)6t()\k7v+1)/4 Z (n + 1)(e—t(n+3)2/4 + e—t(n—1)2/4 . 26—t(n+1)2/4)
n=|k|
n—keven

02 _ 2 _ _9)2
= (f;)e P/ ((1 — |k|)e tIFHD/8 (1 4 |k|)etIRI=2%/8),

The function @7 : (0,00) — R defined by

ilt) = (375';77)/2 |;1(3 + k) exp(—tk?/8)((k + 2)*t7/2 + 4¢75/%))

is exponentially small at co. By Plancherel formula (17) we have
20) ) = )+ 24(2m) () ),
Defining ®? : (0,00) — R by
PP (t) = 4(2)\/§exp(—213/t) i (3 + k) exp(—tk?/8)2 cos((k + 2)0,,
lk|=1
we get

@) Y [ el et

k=—o00

= OP(t) 4 24(3) 008(297)\/§exp(—21ﬂ2{/t).

5. ZETA FUNCTIONS

This section is concerned with the analyticity of the zeta functions
that appear in THEOREM. Recall their definition given by (2), (3).

For each v € Iy there are ~, prime and n, € N, such that v = ~,".
I, \ G, is conformally equivalent to (I, + i6,,)Z + 2miZ \ C and so
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vol (', \ G,) = 27l /n.,. Let

2 cos(26,) =, i VISR
. :|)\ - /\_¥|2 _ Z (6 20, +e 20W>/\72]+1/\72k+17
7 v G.k=1
; :2)\;1(3 cos(260,)(1 — AJ") — isin(26,))
! Ay = ATHP(L = AT ’
A3 (4 —3\7h) > ‘
Ay =—" T = D B+
(- A72)(1 - As1)? ~ g
B _ A 72T _ i \~20 -+ Y =241
TN, — ATR(L—AST) = g v ’
AZATBA - 2) > .
C,=—1"1 1 =Y (k=3)A %A%
v (1 _ )\;2)(1 _ )\:{1)2 ];1 v v
Then
(22) by=A,+6B,—-C, and
by 4+ by = Ay = A2 ) (B + k)e Hh2cos((k + 2)6,).
|k|=1

For 8 =a, A, B,C we have
1 —lyz
Zo(z) =exp(= D —Tep(y)Be 7).

[ye[To]

For Rz >0 and f =a,b, A, B,C let

_Z58) _ Tr p(7) e
?76(2)_26(2>_h§0] 5ol (T \ G5)Bhe ™%,

By the definition of Z, and (22),

!

(23) 7” =1na+6np — nc = M-
p

Let Ny be the number of [y] in [I'] with [, < T. Margulis [7] has proved
that Tlim log Np/ T = 2.

For 6 = A, B, C, llim log |3,]/1, = —3 and so the series log Z3(%)
converges uniformly in each set Rz > —14 4, § > 0. By (23)

/000 np(x)dr = —log Z,(0).
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Since llim log |a,|/ 1, = —2, the series n,(z) converges uniformly in
¥

each set ®z > § > 0. Scott [11] has shown that 7,(z) has a meromor-
phic continuation to C with only simple poles at zero and the points
+iv # 0 such that n,(Ts,) # 0, having residue n,(Ts,) + n,(Ts—,) at
these points, and satisfying the functional equation

(24) Na(i2) + na(—iz) + p(z) =0

where p(r) = mvol (M)(4 + r?)/(27)3. Let r, be the residue of n, at
zero and define v,(2) = n,(2) — r,/2. Thus, for any c € C*

(,(2) = cexp /OZ V,(s)ds

is a well defined entire function whose only zeros ocurr at the points z =
+iv # 0 such that n,(T%,) # 0, and are of order n,(1s,,) + n,(1s, ).

6. PROOF OF FORMULA (6)
Let

F(t) =24(2m) 772 (3 ) mvol (M) (t /2 +t75/?)
o(t) =(2) Z 6 cos(26,,)Tr p(y)vol (I \ G,) \/;exp(—Zli/t)

2 _\Y—1]2
el Ay = A

o = Y- Horein e

[v]€[lo]

Then ¢ is exponentially small at 0, and so is G by Poisson summation
formula. By (15), (16), (20), (21) we have

H(t) — mvol (M)(b];(t) — X(OJ]F(t) = X(l,oo)F(t) + g(t) + G(t)

the left hand side is exponentially small at oo while the right hand
side is exponentially small at 0f. We define an entire function h(s)
by taking the Mellin transform of both sides. For Rs > 3/2, (t71/2 +
t73/%)X(0,1) has Mellin transform (s — 1)~ + (s — £)~1. For Rs < 1/2,

(=12 +t7%/%)x(1,00) has Mellin transform —(s—3)~" — (s — 2)~'. Both

have meromorphic continuation to C. Therefore

h(s) +24(2m) 77 (3 )mvol (M) (3 _11/2 T3 —13/2)

gives a meromorphic continuation of both M H (s) —mvol (M)M®4(s)
and Mg(s)+ MG(s). Thus

(25) MH(s) =mvol (M)M®7(s) + Mg(s) + MG(s).
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We have
MPh(s) = (;’;)88—17#8—5(%1“(2—s)g(4—25)+12r(1—s)<(2—23)),
(26) M®Y(0) = (5)19/807°.

For Rs < 0 we use the substitution

s—1 e8]
(27) 7 = r(? ) / (w(x + 2[k)) e~ (22 + 2| k) da,

switch the order of integration in the Mellin transform, integrate term
by term using

0 1
/ e @HD/8 (90 4 1)~ 2B/ — gl @Ik,

0 V27t

and let s T 0 to get

(28)  MG(0) = (3) / () + @)z = — (3) log| Z,(0)

For ¢(t) we have

8° >
M — 3 —2s ]
g(s) 3<p)F(1—s)/0 r P, (z)dx
Since
oo 1 1 00
/ %, (2)dr = / x_Zsl/}p(l‘)dI—i-/ TpCL’_2S_1d:E—}-/ %, (z)d,
0 0 0 1
we have

i < /0 " %0 (2)ds + %) ~ log (ZE;?) log Zu(1) = —log &,(0).

Thus
% <1\1{?§)’8))820 = —3(3) <log ¢p(0) + % (%)SZ()

—-3(3) <log ¢,(0) + %log8> .

(29)

From the definition (4), equations (25), (26), (28) and (29) give (6).
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