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Motivation

A toric degeneration of a variety X is flat family π : X →
An with generic fibre isomorphic to X and central fibre iso-
morphic to a toric varitey Y. They arise in various ways,
for example, for the full flag varitey F`n = SLn(C)/B in:
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If isomorphic toric degenerations arise from different con-
structions this can be interpretet as a "combinatorial
shadow" of a deeper connection between the theories be-
hind. As a first step it is therefore necessary to compare
the toric degenerations each construction yields.

Tropical Geometry

Using the Plücker embedding Gr(k, n) ↪→ P(
n
k)−1 for

Grassmannians we fix the embedding
F`n ↪→ Gr(1, n)× · · · × Gr(n− 1, n)

↪→ P(
n
1)−1 × · · · × P(

n
n−1)−1.

As a result we obtain an ideal In ⊂ C[pI | I ⊂ {1, . . . , n}]

with V(In) = F`n and In is generated by Plücker rela-
tions, e.g. I3 = 〈p1p23 − p2p13 + p3p12〉.
Definition: Let I ⊂ C[x1, . . . , xn] be an ideal and
f =
∑
aux

u ∈ I. We define with respect to w ∈ Rn

• the initial form of f as
inw(f) =

∑
w·u minimal aux

u,
• the initial ideal of I as inw(I) = 〈inw(f) | f ∈ I〉.

Example: Take I3 ⊂ C[p1, p2, p3, p12, p13, p23] and
w = (0, 0, 1, 0, 0, 0) ∈ R6. Then

inw(p1p23 − p2p13 + p3p12) = p1p23 − p2p13.

Let X = V(I) for I ⊂ C[x1, . . . , xn] and w ∈ Rn arbi-
trary. Then we have a flat family π : X → A1 with
π−1(t) ∼= V(I) for t 6= 0, and π−1(0) ∼= V(inw(I)).

If inw(I) is binomial and prime, then V(inw(I)) is a toric
variety. Hence, the flat family defines a (Gröbner) toric
degeneration of X.
Definition: The tropicalized flag variety is defined as

Trop(F`n) =
{
w ∈ R(

n
1)+···+(

n
n−1) |

inw(In) contains
no monomials

}

Trop(F`n) has the structure of a polyhedral fan: for
w,w ′ in relative interior of a cone C we have

inw(In) = inw ′(In) =: inC(In).
A cone C is called prime, if inC(In) is a prime ideal.
The Sn-action on F`n, for σ ∈ Sn induced by

p{i1,...,ik} 7→ sgn(σ)p{σ(i1),...,σ(ik)},
and the Z2-action induced by pI 7→ p[n]\I extend to
Trop(F`n).

Aim: Find (up to symmetry) all maximal prime cones
C ⊂ Trop(F`n) (i.e. binomial and prime inC(In)).
In [KM16] Kaveh and Manon give a construction of a full
rank valuation νC associated with (maximal) prime cone
C. One of their main results is that the associated graded
alegbra grν(C[F`n]) (obtained from the filtration induced
by νC) is isomorphic to C[pI]/inC(In). They further con-
struct the Newton–Okounkov polytopesNOC that are the
polytopes associated to the normalization of the toric va-
riety V(inC(In)).
Theorem [BLMM17]
For F`4 there are 78 maximal cones in trop(F`4)
grouped in five S4 × Z2-symmetry classes.

Orbit Size Prime F-vector of NOC
1 24 yes (42, 141, 202, 153, 63, 13)
2 12 yes (40, 132, 186, 139, 57, 12)
3 12 yes (42, 141, 202, 153, 63, 13)
4 24 yes (43, 146, 212, 163, 68, 14)
5 6 no Not applicable

Representation Theory

Toric degenerations of flag varieties have been studied in-
tensively in representation theory over the last two decades
(see [FFL16] for an overview). Two examples we want to
focus on are:

1 String polytopes (defined by Littelmann resp.
Berenstein-Zelevinsky, degeneration due to Caldero)

2 FFLV polytope (definition and degeneration due to
Feigin-Fourier-Littelmann, existence conjectured by
Vinberg)

Both can be realized as NO-polytopes (see [Kav15], resp.
[Kir15]). Therefore, we want to compare them to the
NO-polytopes from Trop(F`n).

For F`4 up to isomorphism there are four classes of string
polytopes and one FFLV polytope. In [BLMM17] we com-
pare those polytopes using polymake:

Orbit Combinatorially equivalent polytopes
1 String 2
2 String 1 (Gelfand-Tsetlin)
3 String 3 and FFLV
4 -

Cluster Algebras

Idea: start with set of algebraically independent genera-
tors (seed) for C[SLn/U] and use mutation to sucessively
generate all seeds.
Example: For C[SL4/U] choose as initial seed

s0 = {p2, p3, p23, p1, p12, p123, p4, p34, p234}.

Start replacing pink ones (one at a time) by others us-
ing mutation, e.g.

p13 =
p1p23 + p3p12

p2
.

Then µ2(s0) = {p13, p3, p23, p1, p12, p123, p4, p34, p234}.

In [GHKK14] the authors give a construction of toric de-
genrations that can be applied as follows: for every seed
s in C[SLn/U] the superpotential W|s is a Laurent poly-

nomial in the variables in s. TropicalizingW|s (and inter-
secting with certain hyperplanes Hλ) yields a polytope

Ξs(λ) = {W|trops (x) ≥ 0} ∩Hλ ⊂ R
n2+n
2 ,

that is associated to the toric variety degenerating F`n. A
natural question to ask is whether the GHKK-construction
specializes to string polytopes.
Theorem [BF]
For every string polytope there exists a unique seed s
such that the string polytope is unimodularly equivalent
to the polytope Ξs(λ).

For example, if n = 4, the string polytopes (resp.
FFLV polytope) can be found in the mutation graph of
C[SL4/U] up to unimodular (resp. combinatorial) equiv-
alence as follows:
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