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OXLV PRQWHMDQR DQG HIUHQ PRUDOHV

Devwudfw1 E| lqwurgxflqj wkh frqfhsw ri srodulw| lq frqyh{ vhwv/ zh duh deoh/

lq d qdwxudo zd|/ wr jhqhudol}h vhyhudo fodvvlf fkdudfwhul}dwlrqv ri hoolsvrlgv/

vkrzlqj wkdw doo ri wkhp ghshqg xsrq dqg duh uhodwhg wr wkh frqfhsw ri sur0

mhfwlyh fhqwhu ri v|pphwu|1 Xvlqj wkhvh lghdv/ zh duh dovr deoh wr ghyhors qhz

fkdudfwhul}dwlrqv ri hoolsvrlgv dqg wr sursrvh qhz sureohpv1

41 Lqwurgxfwlrq

Wkh fodvvlfdo dqg jhrphwulfdoo| hohphqwdu| fkdudfwhul}dwlrqv ri hoolsvrlgv/ vwxg0

lhg e| Exvhpdq lq ^8`/ duh ixqgdphqwdo wrrov lq wkh surriv ri d qxpehu ri srzhuixo

dqg lqwhuhvwlqj jhrphwulfdo uhvxowv/ vxfk dv wkh Idovh Fhqwuh Wkhruhp ^4`/ ^47`> Jux0

ehu*v Wkhruhp derxw fdxvwlfv dqg hoolsvrlgv ^45`/ ^6`> Krelqjhu0Exuwrq0Odupdq*v

Wkhruhp ^;`/ ^5`/ dqg pdq| rwkhu lpsruwdqw jhrphwulf uhvxowv +vhh iru h{dpsoh ^9`/

^:`/ ^<`/ ^43`/ ^44`/ ^48` dqg ^49`,1

Dv zh vkdoo vhh odwhu/ iurp gl�huhqw srlqwv ri ylhz/ wkhvh fodvvlfdo fkdudfwhul}d0

wlrqv duh irupxodwhg lq d uhvwulfwhg pdqqhu1 Vr/ wkh sxusrvh ri wklv sdshu lv wr

sodfh wkhp lq wkh jhqhudo vhwwlqj ri �srodulw| lq frqyh{ vhwv�1 Wklv zloo doorz xv wr

h{whqg qdwxudoo| wkhvh fodvvlfdo fkdudfwhul}dwlrqv dqg wr vkrz wkdw doo ri wkhp duh

uhodwhg dqg kdyh dv d edvlf qrwlrq wkh frqfhsw ri surmhfwlyh fhqwuh ri v|pphwu|1

Xqghu wklv qhz srlqw ri ylhz/ qdwxudo jhqhudol}dwlrqv dqg yduldwlrqv ri lqwhuhvwlqj

uhvxowv/ qhz surriv dqg frqmhfwxuhv zloo dulvh qdwxudoo|1

51 Srohv dqg Sroduv lq Frqyh{ Vhwv

Iurp qrz rq/ N zloo eh d vprrwk/ frpsdfw/ vwulfwo| frqyh{ erg| lq hxfolghdq

q0vsdfh Hq> q � 5= Zh frpsohwh Hq wr wkh q0glphqvlrqdo surmhfwlyh vsdfh S q

e| dgglqj wkh k|shusodqh dw lq�qlw|1 Li 
 5 S q � N/ wkhq wkh xqlrq ri doo olqhv

wkurxjk 
 wkdw lqwhuvhfw N zloo eh ghqrwhg e| F
+N,= Li � lv d k|shusodqh ri S q

dqg 
 5 Sq � +N ^ �,> wkhq wkh surmhfwlrq ri N iurp 
 lqwr �> lv gh�qhg e|=

S
+�>N, @ F
+N, _�= Ilqdoo|/ li � � Sq �N lv d n0sodqh/ 3 � n � q � 5> wkh
vkdgrz erxqgdu| ri N zlwk uhvshfw �> VC+N>�,> lv wkh wrsrorjlfdo +q�n�5,0vskhuh
frqwdlqhg lq CN> gh�qhg e|=

VC+N>�, @ iK _N 2 K lv d vxssruwlqj k|shusodqh ri N wkurxjk �j @
i� _N 2 � lv d vxssruwlqj +n .4,0sodqh ri N wkurxjk �j=

Ohw R 5 Sq � CN= Zh vd| wkdw R lv d sroh ri N li wkhuh lv d k|shusodqh K ri

Sq zlwk wkh surshuw| wkdw iru hyhu| olqh O wkurxjk R vxfk wkdw CN _O @ iD>Ej/

zh kdyh wkdw wkh furvv vhfwlrq ri D>E>R dqg wkh lqwhuvhfwlrq ri O dqg K lv plqxv

rqh1 Wkdw lv=

^D>E>R>O _K` @ �4=
4
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Li wklv lv vr/ zh vd| wkdw K lv d srodu k|shusodqh ri N dqg dovr wkdw K lv wkh

srodu ri wkh sroh R1

Li R 5 lqwN lv d sroh ri N/ wkhq zh vd| wkdw R lv d surmhfwlyh fhqwhu ri v|pphwu|

ri N ehfdxvh/ lq wklv fdvh/ wkh srodu ri N lv d k|shusodqh K wkdw grhv qrw lqwhuvhfw

N dqg li � lv d surmhfwlyh lvrprusklvp wkdw vhqgv K wr wkh k|shusodqh dw lq�qlw|/

wkhq � +N, lv d frpsdfw fhqwudoo| v|pphwulf frqyh{ erg| zlwk fhqwhu � +R,1 Lq

idfw/ R 5 lqwN lv d sroh ri N/ ru d surmhfwlyh fhqwhu ri v|pphwu| ri N li dqg rqo|

li wkhuh lv d surmhfwlyh lvrprusklvp � = Sq $ Sq zlwk wkh surshuw| wkdw � +N, lv
d frpsdfw/ fhqwudoo| v|pphwulf/ frqyh{ erg| zlwk fhqwhu � +R, =

Li R 5 Sq � N lv d sroh ri N/ wkhq lwv srodu K zloo eh fdoohg d surmhfwlyh

k|shusodqh ri v|pphwu| ri N1 Lq wklv fdvh/ K _ CN 9@ !/ lq idfw/ lw lv qrw gl!fxow

wr vhh wkdw

K _ CN @ VC+N>R,=+4,

Li � lv d surmhfwlyh lvrprusklvp wkdw vhqgv � +N, lqwr d frpsdfw frqyh{ erg|

dqg � +R, lqwr d srlqw dw lq�qlw|/ wkhq � +K, lv d k|shusodqh ri v|pphwu| ri N1

Lq idfw/ d k|shusodqh K lv d surmhfwlyh k|shusodqh ri v|pphwu| ri N li dqg rqo| li

wkhuh lv d surmhfwlyh lvrprusklvp � = S q $ S q zlwk wkh surshuw| wkdw � +K, lv d

k|shusodqh ri v|pphwulf ri wkh frpsdfw frqyh{ erg| � +N, =
Ohw H � Hq � Sq eh dq hoolsvrlg1 Wkhq hyhu| srlqw R 5 Sq � CH lv d sroh ri H

dqg hyhu| qrq0wdqjhqw k|shusodqh ri H lv d srodu ri H1

Ohw R 5 S q � CN dqg ohw D 5 CN= Zh vd| wkdw E 5 CN lv d R0dqwlsrgh ri

D li wkh olqh O wkurxjk R dqg D lv vxfk wkdw O _ CN @ iD>Ej1 Vxssrvh qrz

wkdw R 5 Sq � CN lv d sroh ri N zlwk srodu k|shusodqh K dqg ohw D>E eh wzr

gl�huhqw R0dqwlsrghv ri N1 Wkhq/ wkh vxssruwlqj k|shusodqhv ri N wkurxjk D dqg

E lqwhuvhfw lq d +q05,0sodqh frqwdlqhg lq K1 Lq idfw=

i�@� � K �N lv d +q� 5,0sodqhj @+5,

iKD _KE 2 KD dqg KE duh vxssruwlqj k|shusodqhv ri N dw R0dqwlsrgh srlqwv D

dqg E ri CNj=

Wkh frqyhuvh lv hvvhqwldoo| wuxh +vhh ^8>4914:`,/ wkdw lv=

Wkhruhp 5141 Ohw K eh d k|shusodqh ri Sq zlwk K _N @ != Vxssrvh wkdw R 5

lqwN lv vxfk wkdw wkh vxssruwlqj k|shusodqhv ri N wkurxjk R0dqwlsrgdo srlqwv lq0

whuvhfw lq d +q05,0sodqh frqwdlqhg lq K/ wkhq R lv d sroh ru surmhfwlyh fhqwhu ri

v|pphwu| ri N zlwk srodu k|shusodqh K1

Li R 5 S q �N/ wkhq d vlplodu uhvxow lv qrw wuxh1 Frxqwhuh{dpsohv fdq hdvlo| eh

frqvwuxfwhg1 Lq wklv gluhfwlrq zh kdyh wkh iroorzlqj vwudljkwiruzdug uhvxow=

Ohppd 5151 Ohw X eh dq rshq vhw ri Vq�4dqg ohw i> j = Vq�4 $ U. eh wzr vprrwk

ixqfwlrqv1 Ohw Yi @ ii+x,x 5 Uq@x 5 Xj dqg Yj @ ij+x,x 5 Uq@x 5 Xj1 Wkhq/

wkhuh lv d frqvwdqw n vxfk wkdw i @ nj li dqg rqo| li iru hyhu| x 5 X wkh wdqjhqw

k|shusodqhv ri Yi dw i+x,x dqg wkh wdqjhqw k|shusodqh ri Yj dw j+x,x duh sdudooho

+lqwhuvhfw lq d +q05,0sodqh frqwdlqhg lq wkh k|shusodqh dw lq�qlw|,1

Ohw N � S q eh vxfk wkdw �+N, � Hq
� Sq lv d vwulfwo| frqyh{ erg| iru vrph

surmhfwlyh lvrprusklvp � = Sq
$ S q= Ohw R 5 Sq

� CN dqg ohw K � S q eh d

k|shusodqh1 Zh vd| wkdw R lv d sroh ri N zlwk srodu k|shusodqh K li �+R, lv d

sroh ri �+N, zlwk srodu k|shusodqh �+K,=
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Ohw F
 � S q eh d frqyh{ frqh zlwk dsh{ wkh srlqw 
 5 S q= Ohw K eh d

k|shusodqh dqg O d olqh ri Sq wkurxjk 
=Zh vd| wkdw O lv d sroh ri F
 zlwk srodu

k|shusodqh K li jlyhq d k|shusodqh � wkdw grhv qrw sdvv wkurxjk 
> wkh srlqw O_�

lv d sroh ri F
 _ � zlwk srodu k|shusodqh K _ �= Qrwh wkdw rxu gh�qlwlrq grhv

qrw ghshqg rq wkh fkrlfh ri �= Qrwh dovr wkdw li zh lghqwli| wkh vhw ri olqhv ri S q

wkurxjk 
 zlwk S q�4 dqg dovr F
 dqg K zlwk wkh vhw ri olqhv wkurxjk 
 frqwdlqhg

lq F
 dqg K> uhvshfwlyho|/ rxu gh�qlwlrqv ri srohv dqg sroduv ri F
 frlqflgh1

Wkhruhp 5161 Fkdudfwhul}dwlrq ri Srohv dqg Sroduv1 Ohw N � Hq eh d

frqyh{ erg|/ R 5 Sq �CN dqg ohw K � Sq eh d k|shusodqh1 Wkh srlqw R lv d sroh

ri N zlwk srodu k|shusodqh K li dqg rqo| li iru hyhu| 
 5 K �N wkh olqh wkurxjk


 dqg R lv d sroh ri F
+N, zlwk srodu k|shusodqh K=

Surri1 Vxssrvh �uvw R lv d sroh ri N zlwk srodu K1 Ohw 
 5 K � N dqg ohw
� eh d k|shusodqh wkdw grhvq*w frqwdlq 
= Zh vkdoo suryh wkdw �
+�>R, lv d

sroh ri �
+�>N, zlwk srodu k|shusodqh � _K1 Ohw c
3

� � eh dq| olqh wkurxjk

R
3

@ �
+�>R, dqg vxssrvh wkdw c
3

_ C�
+�>N, @ iD
3

>E
3

j> dqg c
3

_K @ T
3

= Zh

pxvw suryh wkdw ^D
3

>E
3

>R
3

> T
3

` @ �4= Ohw D>E 5 CN eh vxfk wkdw �
+�> D, @

D
3

dqg �
+�>E, @ E
3

dqg ohw � eh wkh sodqh jhqhudwhg e| 
 dqg c
3

= Khqfh/

i
>T
3

> R
3

>D
3

>E
3

>D>E>Rj � �> ixuwkhupruh/ R lv d sroh ri N_� zlwk fruuhvsrqg0

lqj srodu wkh olqh �_K wkdw sdvvhv wkurxjk 
 dqg T
3

= Vlqfh wkh vxssruwlqj olqhv ri
N _� dw D dqg E phhw dw 
/ wkhq e| +5,/ D dqg E duh R0dqwlsrghv dqg wkhuhiruh
wkhuh lv d olqh c � � vxfk wkdw iD>E>Rj � c= Wkhuhiruh/ ^D>E>R> c_K` @ �4= Frq0

vhtxhqwo|/ vlqfh �
+c
3

> D, @ D
3

> �
+c
3

>E, @ E3
> �
+c

3

>R, @ R

3

> dqg �
+c
3

> c_K, @

T

3

> wkhq ^D
3

>E

3

>R
3

>T

3

` @ �4=
Iru wkh frqyhuvh/ ohw c eh d olqh wkurxjk R dqg vxssrvh c_CN @ iD>Ej=Zh vkdoo

suryh wkdw ^D>E>R> c _K` @ �4= Ohw KD dqg KE eh wkh vxssruwlqj k|shusodqhv

ri N dw D dqg E> uhvshfwlyho| dqg ohw 
 5 KD _KE _K 9@ != Ixuwkhupruh/ ohw �
eh d k|shusodqh wkurxjk c wkdw grhv qrw frqwdlq 
= Wkhq/ R lv d sroh ri �
+�>N,
zlwk srodu k|shusodqh K _ �= Vlqfh D>E 5 C�
+�>N,> wkhq ^D>E>R> c_K` @ �4=
Wklv frqfoxghv wkh surri ri wkh wkhruhp1

Uhpdun 5141 Wkh deryh wkhruhp lv wkh gxdo yhuvlrq ri wkh iroorzlqj wulyldo idfw=

Wkh srlqw R lv d sroh ri N zlwk srodu k|shusodqh K li dqg rqo| li iru hyhu| k|shu0

sodqh � wkurxjk R wkdw lqwhuvhfwv wkh lqwhulru ri N> wkh srlqw R lv d sroh ri � _N
zlwk srodu k|shusodqh � _K=

61 Srodulw| dqg Fkdudfwhul}dwlrq ri Hoolsvrlgv

D fodvvlf fkdudfwhul}dwlrq ri hoolsvrlgv ^8>49146` vwdwhv wkdw li N lv d frqyh{ erg|

zlwk wkh surshuw| wkdw iru hyhu| gluhfwlrq g> wkh plggoh srlqw ri doo fkrugv ri N>

sdudooho wr g> olhv lq d k|shusodqh ri S q/ wkhq N lv dq hoolsvrlg1

Iurp rxu srlqw ri ylhz/ wklv zhoo nqrzq fkdudfwhul}dwlrq fdq eh uhvwdwhg dv
iroorzv=

Wkhruhp 6141 Ohw N � Hq eh d frqyh{ erg| dqg ohw K eh d k|shusodqh ri S q

vxfk wkdw K _N @ !1 Li hyhu| srlqw ri K lv d sroh ri N/ wkhq N lv dq hoolsvrlg1

Hvvhqwldoo| wkh vdph lghdv dv lq wkh fodvvlf surri ri wkh deryh wkhruhp pd| eh
xvhg wr suryh wkh iroorzlqj vruw ri gxdo wkhruhp=
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Wkhruhp 6151 Ohw N � Hq eh d frqyh{ erg| dqg ohw S 5 lqwN eh d srlqw1 Li hyhu|

k|shusodqh wkurxjk S lv d srodu k|shusodqh ri N/ wkhq N lv dq hoolsvrlg1

Rxu qh{w sxusrvh lv wr suryh dq dqdorjrxv fkdudfwhul}dwlrq ri hoolsvrlgv iru k|0
shusodqhv K wkdw lqwhuvhfw wkh lqwhulru ri N= Uhodwhg uhvxowv pd| eh irxqg lq ^46`
dqg Wkhruhp 5 ri ^5`1

Wkhruhp 6161 Ohw N � Hq eh d frqyh{ erg| dqg ohw K eh d k|shusodqh ri S q

vxfk wkdw K_ lqwN 9@ != Wkhq/ hdfk rqh ri wkh iroorzlqj frqglwlrqv lpsolhv wkdw N

lv dq hoolsvrlg=

d, Hyhu| srlqw ri K_ lqwN lv d sroh ri N=

e, Hyhu| srlqw ri K �N lv d sroh ri N=

Surri1 E| Uhpdun 514 dqg Exuwrq*v Wkhruhp ^9`/ lw lv hqrxjk wr suryh wkh wkhruhp
iru q@51
Surri ri d,1 Ohw N � H5 eh d frpsdfw frqyh{ �jxuh dqg ohw O eh d olqh zlwk wkh
surshuw| wkdw O_ lqwN 9@ ! dqg iru hyhu| srlqw R 5 O_ lqwN/ R lv d sroh ri N=
Ohw iD>Ej @ O _ CN dqg OD> OE wkh vxssruwlqj olqhv ri N wkurxjk D dqg E/

uhvshfwlyho|1 Ohw iSj @ OD _ OE 5 S q=
Zh vkdoo vwduw surylqj wkdw wkh sroduv ri wkh srohv lq O_ lqwN doo sdvv wkurxjk

S 1 Wklv lv vr ehfdxvh li R 5 O_ lqwN/ wkhq D>E duh R0dqwlsrgdo srlqwv dqg khqfh/

e| +5,/ OD _ OE @ iSj lv frqwdlqhg lq wkh srodu ri wkh sroh R1

Qh{w/ qrwh wkdw S pxvw eh d sroh ri N zlwk fruuhvsrqglqj srodu O/ ehfdxvh iru

hyhu| olqh c wkdw lqwhuvhfwv lqwN dqg lv vxfk wkdw c _ CN @ i[>\ j/ zh kdyh wkdw

^[>\ > c _ O>S ` @ �41 Ohw c _ O @ iRj > O[ dqg O\ wkh vxssruwlqj olqhv ri N

wkurxjk [ dqg \ / uhvshfwlyho|/ dqg OR wkh srodu ri wkh sroh R= Wkhq/ e| +5,/ vlqfh

S lv d sroh ri N zlwk srodu O dqg vlqfh [ dqg \ duh S 0dqwlsrgdo srlqwv/ zh kdyh

wkdw O[ _O\ � O1 Ixuwkhupruh/ R lv d sroh ri N zlwk srodu OR dqg vlqfh [ dqg

\ duh dovr R0dqwlsrgdo srlqwv/ zh kdyh wkdw O[ _O\ @ O _ OR=
Ohw qrz H eh dq hoolsvh zlwk wkh surshuw| wkdw iD>Ej � CH dqg wkh vxssruwlqj

olqhv ri H wkurxjk D dqg E duh/ uhvshfwlyho|/ OD dqg OE = Qrwh �uvw wkdw wkh srodu

ri H zlwk uhvshfw wr wkh sroh S lv O= Ixuwkhupruh/ qrwh wkdw R 5 O_ lqwN lv d sroh

ri H zlwk srodu OR> ehfdxvh ^D>E>R>O _ OR` @ �4= Wkxv/ li i[4> \4j @ c _ CH
dqg O[4

/ O\4 duh wkh vxssruwlqj olqhv ri H wkurxjk [4 dqg \4/ uhvshfwlyho|/ wkhq/

O[4
_ O\4 @ O _ OR @ O[ _ O\ 1 Frqvhtxhqwo|/ e| Ohppd 515/ vhqglqj O wr wkh

olqh dw lq�qlw|/ zh kdyh wkdw N lv d surmhfwlyh lpdjh ri wkh hoolsvh H / zklfk lpsolhv

wkdw N lv dq hoolsvh1

Surri ri e,1 Ohw N � H5
eh d frpsdfw frqyh{ �jxuh dqg ohw O eh d olqh zlwk wkh

surshuw| wkdw O_ lqwN 9@ ! dqg iru hyhu| srlqw R 5 O�N/ R lv d sroh ri N= Zh

vkdoo iroorz wkh surri ri d,1 Ohw iD>Ej @ O_ CN dqg OD> OE wkh vxssruwlqj olqhv

ri N wkurxjk D dqg E/ uhvshfwlyho|1 Ohw iSj @ OD _ OE 5 S q=
Zh vkdoo vwduw surylqj wkdw wkh sroduv ri wkh srohv lq O�N doo sdvv wkurxjk S 1

Wklv lv vr ehfdxvh li R 5 O�N/ wkhq D>E duh R0dqwlsrgdo srlqwv dqg khqfh/ e|

+5,/ OD _ OE @ iSj lv frqwdlqhg lq wkh srodu ri wkh sroh R1

Ohw c eh wkh srodu riN fruuhvsrqglqj wr wkh srohR/ i]j @ O_c> c_CN @ i[>\ j
dqg O[ / O\ wkh vxssruwlqj olqhv ri N wkurxjk [ dqg \ / uhvshfwlyho|1 Khqfh S 5 c
dqg/ e| +4,/ O[ _ O\ @ iRj =

Ohw qrz H eh dq hoolsvh zlwk wkh surshuw| wkdw iD>Ej � CH dqg wkh vxssruwlqj

olqhv ri H wkurxjk D dqg E duh/ uhvshfwlyho|/ OD dqg OE= Wkh srlqw R lv d sroh

ri H / ixuwkhupruh/ e| +5,/ wkh srodu ri H zlwk uhvshfw wkh sroh R sdvv wkurxjk
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S dqg vlqfh ^D>E>R>]` @ �4/ wkh srodu ri H zlwk uhvshfw wkh sroh R lv c1 Ohw

i[4> \4j @ c _ CH dqg ohw O[4
/ O\4 eh wkh vxssruwlqj olqhv ri H wkurxjk [4 dqg

\4/ uhvshfwlyho|1 Khqfh/ e| +4,/ O[4
_ O\4 @ iRj = Frqvhtxhqwo|/ e| Ohppd 515/

vhqglqj O wr wkh olqh dw lq�qlw|/ zh kdyh wkdw N lv d surmhfwlyh lpdjh ri wkh hoolsvh

H/ zklfk lpsolhv wkdw N lv dq hoolsvh1 Wklv frqfoxghv wkh surri ri wkh wkhruhp1

Wkh iroorzlqj vruw ri gxdo wkhruhp fdq eh suryhg xvlqj wkh vdph lghdv1

Wkhruhp 6171 Ohw N � Hq eh d frqyh{ erg| dqg ohw S 5 Sq � N eh d srlqw=

Wkhq/ hdfk rqh ri wkh iroorzlqj frqglwlrqv lpsolhv wkdw N lv dq hoolsvrlg=

d, Hyhu| k|shusodqh wkurxjk S wkdw grhv qrw lqwhuvhfw N lv d srodu1

e, Hyhu| k|shusodqh wkurxjk S wkdw lqwhuvhfwv wkh lqwhulru ri N lv d srodu1

Rxu qh{w sxusrvh lv wr vwdwh d fkdudfwhul}dwlrq lq wkh vslulw ri Krelqjhu0Exuwrq0
Odupdq*v Wkhruhp ^;`1 Wkh surri iroorzv h{dfwo| wkh lghdv lq ^5`/ exw qrz xvlqj

rxu Wkhruhpv 614 dqg 6161 Ehiruh vwdwlqj wkh wkhruhp/ zh uhtxluh vrph gh�qlwlrqv1

D vode lq Hq / lq wkh gluhfwlrq x 5 Vq�4> lv d vhw ri wkh irup i{ 5 Hq 2

� � k{> xl � �j= Wkh vode lv vdlg wr eh ghjhqhudwh li � @ � dqg lq wklv fdvh lw lv
mxvw d k|shusodqh1 Wkh vode lv wudqvyhuvdo wr N li hyhu| k|shusodqh lq wkh vode

lqwhuvhfwv wkh lqwhulru ri N=

Wkhruhp 6181 Ohw N � Hq
eh d frqyh{ erg|/ q � 6> dqg ohw

S
l
> l @ 4> ===> q � 4>

eh d froohfwlrq ri vodev wudqvyhuvdo wr N ^vodev wkdw gr qrw lqwhuvhfw N> uhvshfwlyho|`

lq olqhduo| lqghshqghqw gluhfwlrqv1 Vxssrvh wkdw hyhu| k|shusodqh lq wkhvh vodev lv

d srodu k|shusodqh ri N dqg dw ohdvw rqh ri wkh vodev lv qrq0ghjhqhudwhg1 Wkhq N

lv dq hoolsvrlg1

71 n0Srodulw| dqg Vkdgrz Erxqgdulhv

Ohw � eh d n0sodqh ri S q dqg ohw � eh d +q� n� 4,0sodqh ri S q= 3 � n � q� 4=

Vxssrvh wkdw � _� @ ! dqg � ^� lv qrw frqwdlqhg lq d k|shusodqh ri Sq= Zh vd|

wkdw � lv d srodu n0sodqh ri d frqyh{ erg| N zlwk gxdo srodu wkh +q� n � 4,0sodqh

� li iru hyhu| olqh O wkdw phhwv �>� dqg lqwN> zh kdyh wkdw

^D>E>S>T` @ �4>

zkhuh O_CN @ iD>Ej> O_� @ iSj dqg O_� @ iTj= Li wklv lv vr/ wkhq iru hyhu|

+n.4,0sodqh � wkurxjk �/ �_� frqvlvwv ri d vlqjoh srlqw zklfk lv d sroh ri �_N

zlwk srodu k|shusodqh �=

Qrwh wkdw li � lv d srodu n0sodqh ri d frqyh{ erg| N zlwk gxdo srodu wkh +q�n�4,0

sodqh � dqg � _N @ !> wkhq

� _ CN @ VC+N>�,=

Ohw N � S q eh vxfk wkdw �+N, � Hq
� Sq lv d vwulfwo| frqyh{ erg| iru vrph

surmhfwlyh lvrprusklvp � = Sq
$ Sq= Ohw � � Sq eh d n0sodqh1 Zh vd| wkdw � lv

d srodu n0sodqh ri N li �+�, lv d srodu n0sodqh ri �+N,=

Ohw F
 � Sq eh d frqyh{ frqh zlwk dsh{ wkh srlqw 
 5 Sq= Ohw K eh d n0sodqh

ri S q wkurxjk 
=Zh vd| wkdw K lv d srodu n0sodqh ri F
 li wkhuh lv d +q�n,0sodqh

� wkurxjk 
 vxfk wkdw �_K @ i
j dqg zlwk wkh surshuw| wkdw jlyhq d k|shusodqh

�> wudqvyhuvdo wrK> wkdw grhv qrw sdvv wkurxjk 
> wkhq �_K lv d srodu +n�4,0sodqh

ri F
 _ � @ F
+�>N, zlwk gxdo srodu wkh +q � n � 4,0sodqh � _ �= Qrwh wkdw rxu

gh�qlwlrq grhv qrw ghshqg rq wkh fkrlfh ri �=
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Wkhruhp 7141 Fkdudfwhul}dwlrq ri Srodu n0Sodqhv1 Ohw N � Hq eh d frqyh{

erg| dqg ohw K eh d n0sodqh ri S q= 4 � n � q�4> q � 61 Wkh n0sodqh K lv d srodu

n0sodqh ri N li dqg rqo| li iru hyhu| 
 5 K �N> K lv d srodu n0sodqh ri F
+N,=

Surri1 Vxssrvh �uvw K lv d srodu n0sodqh ri N1 Ohw 
 5 K �N eh dq| srlqw dqg

ohw � eh d k|shusodqh/ wudqvyhuvdo wr K> wkdw grhv qrw frqwdlq 
= Zh vkdoo suryh

wkdw wkh +n�4,0sodqh �_K lv d srodu +n�4,0sodqh ri �
+�>N,= Ohw � eh wkh gxdo

+q�n�4,0srodu sodqh ri N wr K= E| gh�qlwlrq/ iru dq| +n.4,0sodqh � wkurxjk K>

zh kdyh wkdw � _ � frqvlvwv ri d vlqjoh srlqw S= Ixuwkhupruh/ li � lqwhuvhfwv lqwN>

wkhq S lv d sroh ri �_N zlwk srodu K=

Wkh surmhfwlrq �
+�>�, lv d n0sodqh zlwk wkh surshuw| wkdw �
+�>�,_K @K_�=

Ixuwkhupruh/ �
+�>�_N, @ �
+�>�,_�
+�>N,= Vlqfh S lv d sroh ri �_N zlwk

srodu K dqg 
 lv d srlqw ri K � +N ^ �,> wkhq e| Wkhruhp 516/ �
+�> S , lv d sroh

ri �
+�>�_N, @ �
+�>�,_�
+�>N, zlwk srodu �
+�>�,_K @ �_K= Wkxv/ K

lv d srodu n0sodqh ri F
+N, zlwk gxdo wkh +q� n,0sodqh jhqhudwhg e| � dqg 
=

Iru wkh frqyhuvh/ ohw xv suryh �uvw wkh fdvh n @ q�4= Ohw xv wdnh d k|shusodqh �

wudqvyhuvdo wr K> wkdw lv K _� lv d +q�5,0sodqh1 Wkhq/ iru hyhu| 
 5 K� +N^�,>

K _� lv d srodu k|shusodqh ri �
+�>N, zlwk sroh f
 5 �= Zh vkdoo suryh wkdw wkh

olqhv O
 wkurxjk 
 dqg f
 duh frqfxuuhqw lq d srlqw T @5 K ^N= Iru wkdw sxusrvh/

lw lv hdv| wr vhh wkdw lw lv hqrxjk wr vkrz wkdw iru hyhu| olqh O � K �N> wkhuh lv

d sodqh � wkurxjk O wkdw frqwdlqv
V

5O

O
= Wr vhh wklv/ ohw 
3 @ O _ � dqg ohw

xv frqvlghu � wkh vhw ri doo vxssruwlqj 50sodqhv ri N wkurxjk O1 Wkhq i� _ � 2

� 5 �j @ ic � � 2 c lv d vxssruwlqj olqh ri �S +�>N, wkurxjk 
3j> zkhuh S lv dq|

srlqw ri O= Wkxv/ F
3
+�S +�>N,, lv lqghshqghqw ri wkh srlqw S 5 O= E| k|srwkhvlv

K _ � lv d srodu k|shusodqh ri �S +�>N, zlwk sroh fS > khqfh e| Wkhruhp 516/

K _ � lv d srodu k|shusodqh ri wkh frqh F
3
+�S +�>N,, zlwk sroh wkh olqh wkurxjk

fS dqg 
3= Wkhuhiruh ifS 2 S 5 Oj lv frqwdlqhg lq d olqh wkdw sdvvhv wkurxjk


3= Frqvhtxhqwo|/ hyhu| olqh O � K �N>
V

5O

O
= lv frqwdlqhg lq d 50sodqh dqg

wkhuhiruh wkh olqhv O
 wkurxjk 
 dqg f
 duh frqfxuuhqw lq d srlqw T @5 K^N= Qrwh

wkdw vlqfh iru hyhu| 
 5 K� +N^�,> K _� lv d srodu k|shusodqh ri �
+�>N, zlwk
sroh f
 @ �
+�> T,> wkhq e| Wkhruhp 516/ K lv d srodu k|shusodqh ri N zlwk sroh

T=

Vxssrvh qrz n ? q � 4= Iru hyhu| +n . 4,0sodqh � wkurxjk K wkdw lqwhuvhfwv

lqwN dqg hyhu| 
 5 K �N> K lv d srodu n0sodqh ri F
+N, exw dovr ri F
+N _�,=
E| wkh surri ri wklv wkhruhp iru wkh fdvh n @ q � 4> K lv d srodu k|shusodqh ri

N_� zlwk sroh f� 5 �= Wkh surri zloo eh frpsohwh li zh vkrz wkdw wkh vhw � ri doo

srlqwv f�> iru doo +n.4,0sodqhv � wkurxjk K wkdw lqwhuvhfw lqwN/ lv frqwdlqhg lq d

+q�n�4,0sodqh/ exw wklv lv vr ehfdxvh �
+�>�, lv frqwdlqhg lq d +q�n�4,0sodqh/
iru hyhu| 
 5 K �N= Wklv �qlvkhv wkh surri ri wkh wkhruhp1

Uhpdun 7141 Iru � sdudooho wr K dqg n @ q�4> wkh k|srwkhvlv ri Wkhruhp 714 lv

wkh k|srwkhvlv ri wkh fodvvlfdo Krelqjhu*v Frqmhfwxuh ^;`1

Wkh iroorzlqj fkdudfwhul}dwlrqv ri hoolsvrlgv duh jhqhudol}dwlrqv ri rxu suhylrxv

uhvxowv1

Wkhruhp 7151 Ohw N � Hq.4 eh d frqyh{ erg| dqg ohw K � S q.4 eh d qrq0

vxssruwlqj k|shusodqh ri N1 Ohw 3 � n � q � 4= Li hyhu| n0sodqh � � K �N lv d

srodu n0sodqh ri N> wkhq N lv dq hoolsvrlg1
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Surri1 Wkh surri ri wkh wkhruhp iroorzv e| lqgxfwlrq rq n= Wkhruhp 617 e, wdnhv

fduh ri wkh fdvh n @ 3= Li n A 3> ohw 
 5 K�N eh dq| srlqw dqg ohw � eh d k|shusodqh

wkdw grhv qrw frqwdlq 
= E| Wkhruhp 714/ hyhu| +n�4,0sodqh O � +�_K,��
+�>N,

lv d srodu +n�4,0sodqh ri �
+�>N,> zklfk lpsolhv e| lqgxfwlrq wkdw �
+�>N, lv dq

hoolsvrlg dqg dovr wkdw wkh frqh F
+N, lv dq hoolswlf frqh1 Wkh wkhruhp iroorzv qrz

e| wkh gxdo yhuvlrq ri Exuwrq*v Wkhruhp ^9` wkdw vwdwhv wkdw li wkhuh lv d k|shusodqh

K zlwk wkh surshuw| wkdw iru hyhu| srlqw 
 5 K �N/ wkh frqh F
+N, lv dq hoolswlf

frqh wkhq N lv dq hoolsvrlg1

Dv d frqvhtxhqfh ri wkh deryh uhvxowv zh kdyh wkh iroorzlqj lpsruwdqw fkdudf0

whul}dwlrq ri hoolsvrlgv lq whupv ri sodqdu vkdgrz erxqgdulhv1

Wkhruhp 7161 Ohw N � Hq eh d frqyh{ erg| dqg ohw K � S qeh d qrq0vxssruwlqj

k|shusodqh ri N/ q � 6= Ohw 3 � n � q� 61 Wkh erg| N lv dq hoolsvrlg li dqg rqo|

li iru hyhu| n0sodqh � � K �N/ wkh vkdgrz erxqgdu| VC+N>�, lv frqwdlqhg lq d

+q� n � 4,0sodqh1

Surri1 Iru hyhu| n0sodqh � � K �N/ ohw K+�, eh wkh +q� n� 4,0sodqh frqwdlqlqj
VC+N>�,1 Iru hyhu| +n.4,0sodqh O � K �N> VC+N>O, @ VC+N>�4,_VC+N>�5,>
zkhuh �4 dqg �5 duh wzr n0sodqhv wkdw jhqhudwh O= Wkhuhiruh VC+N>O, @ +K++�4,_
K+�5,, _ CN> zkhuh K++�4, _K+�5, lv d olqhdu sodqh ri Sq zkrvh glphqvlrq lv

q� n� 5 ehfdxvh VC+N>O, kdv glphqvlrq q� n� 6= Wkxv/ iru hyhu| +n.4,0sodqh
O �K�N ohw K+O, eh wkh +q�n�5,0sodqh frqwdlqlqj VC+N>O,= Qrwh wkdw � � O

li dqg rqo| li K+O, � K+�,= Ixuwkhupruh/ li � lv d +q�n�4,0sodqh wkurxjk K+O,>
wkhq lw lv hdv| wr vhh wkdw wkhuh lv d n0sodqh � � O vxfk wkdw K+�, @ �= Zh vkdoo

suryh wkdw hyhu| +n .4,0sodqh O � K �N lv d srodu +n .4,0sodqh ri N zlwk gxdo

srodu +q� n � 5,0sodqh K+O,= Iru wkdw sxusrvh/ lw zloo eh hqrxjk wr suryh wkdw li

� lv d +n.5,0sodqh wkurxjk O wkdw phhwv lqw+N,> wkhq R @ K+O, _� lv d sroh ri

�_N zlwk srodu O= Wr vhh wklv odvw/ lw lv hqrxjk/ e| Wkhruhp 514/ wr suryh wkdw li

D dqg E duh R0dqwlsrghv lq � _N dqg OD>OE duh wkh vxssruwlqj +n . 4,0sodqhv
ri �_N � � dw D dqg E/ uhvshfwlyho|/ wkhq OD _OE � O= Wklv lv vr ehfdxvh li �
lv wkh +q� n� 4,0sodqh wkurxjk K+O, frqwdlqlqj D dqg E> wkhq wkhuh lv d n0sodqh

� � O vxfk wkdw K+�, @ �= Wkdw lv/ CN _ � @ VC+N>�, dqg wkhuhiruh/ OD lv wkh

+n.4,0sodqh jhqhudwhg e| � dqg D> OE lv wkh +n.4,0sodqh jhqhudwhg e| � dqg E

dqg wkhq OD _OE @ �= Frqvhtxhqwo|/ e| Wkhruhp 714/ N lv dq hoolsvrlg1

Uhpdun 7151 Wkhruhp 715/ zkhq K _N @ ! dqg n @ 3> lv d fodvvlf fkdudfwhul}d0

wlrq ri hoolsvrlgv +vhh iru h{dpsoh ^49` dqg ^8>49147`,1 Lw lv lqwhuhvwlqj wr qrwh wkdw

Wkhruhp 715/ iru n @ 3/ frqfhuqlqj sodqdu vkdgrz erxqgdulhv/ lv hdvlo| suryhg wr

eh htxlydohqw wr Wkhruhp 714/ zkhq n @ 4= Qrwh dovr wkdw Wkhruhp 714/ iru n @ 3>
lv htxlydohqw wr wkh fodvvlf fkdudfwhul}dwlrq ri hoolsvrlgv frqfhuqlqj plggoh srlqwv

ri fkrugv ^8>49146`1

Wkhruhp 7171 Ohw N � Hq eh frqyh{ erg| dqg ohw S 5 Sq�CN= Ohw 4 � n � q�4=
Li hyhu| n0sodqh � wkurxjk S wkdw lqwhuvhfwv wkh lqwhulru ri N lv d srodu n0sodqh ri

N> wkhq N lv dq hoolsvrlg1

Surri1 Wkh surri lv e| lqgxfwlrq rq q � 4 � n1 Wkhruhp 617 e, wdnhv fduh ri wkh

fdvh q� 4� n @ 3= Vxssrvh qrz wkdw n ? q� 4= Ohw � eh d k|shusodqh wkurxjk S

wkdw lqwhuvhfwv wkh lqwhulru ri N= Iru hyhu| n0sodqh � � � wkurxjk S wkdw lqwhuvhfwv

wkh lqwhulru ri N> zh kdyh wkdw � lv d srodu n0sodqh ri �_N= E| lqgxfwlrq/ �_N

lv dq hoolsvrlg dqg khqfh/ e| Exuwrq*v Wkhruhp ^9`/ N lv dq hoolsvrlg1
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Wkhruhp 7181 Ohw N � Hq eh d frqyh{ erg| dqg ohw S 5 Sq � CN> q � 61 Ohw

4 � n � q� 5= Wkh erg| N lv dq hoolsvrlg li dqg rqo| li iru hyhu| +n . 4,0sodqh �
wkurxjk S / wkhuh lv d +q� n � 5,0sodqh � vxfk wkdw VC+N>�, @ �1

Surri1 Iru hyhu| +n.4,0sodqh � wkurxjk S / ohw K+�, eh wkh +q�n�5,0sodqh vxfk
wkdw VC+N>K+�,, @ �_ CN1 Iru hyhu| n0sodqh O wkurxjk S> ohw �4 dqg �5 eh wzr

+n.4,0sodqhv vxfk wkdw �4 _�5 @ O dqg ohw K+O, eh wkh olqhdu sodqh jhqhudwhg e|

K+�4, dqg K+�5,= Wkxv VC+N>K+O,, @ VC+N>K+�4,,_ VC+N>K+�5,,= Wkhuhiruh
VC+N>K+O,, @ +�4 _ �5, _ CN @ O _ CN= Qrwh wkdw K+O, lv d olqhdu sodqh ri

Sq zkrvh glphqvlrq lv +q � n � 4, ehfdxvh VC+N>K+O,, kdv glphqvlrq n � 4=
Wkxv/ iru hyhu| n0sodqh O wkurxjk S ohw K+O, eh wkh +q � n � 4,0sodqh vxfk wkdw

VC+N>K+O,, @ O= Lw lv hdv| wr vhh qrz wkdw iK+�, 2 � lv d +n.4,0sodqh � wkurxjk

Oj @ i� 2 � lv d +q � n � 5,0sodqh frqwdlqhg lq K+O,j= H{dfwo|/ dv lq wkh surri

ri Wkhruhp 715/ wklv lpsolhv wkdw hyhu| n0sodqh O wkurxjk S lv d srodu sodqh zlwk

gxdo srodu sodqh wkh +q � n � 4,0sodqh K+O,= Frqvhtxhqwo|/ e| Wkhruhp 716/ N lv

dq hoolsvrlg1

81 Wkh Idovh Sodqh ri V|pphwu|> D Frqmhfwxuh1

Ohw N � Hq
eh d frqyh{ erg| dqg ohw K � Hq

eh d k|shusodqh wkdw lqwhuvhfwv

wkh lqwhulru ri N= Zh vd| wkdw K lv d k|shusodqh ri v|pphwu| ri N li K lv d srodu

k|shusodqh ri N zkrvh sroh lv d srlqw dw lq�qlw|1 Qrwh wkdw/ li wklv lv wkh fdvh/ wkhq

wkhuh lv d gluhfwlrq zlwk wkh surshuw| wkdw wkh plggoh srlqw ri doo fkrugv ri N lq

wklv gluhfwlrq olhv lq K=

Frqmhfwxuh 8141 Ohw N � Hq eh d frqyh{ erg| dqg ohw K � Hq eh d k|shusodqh/

q � 6= Vxssrvh wkdw iru hyhu| k|shusodqh � wkdw lqwhuvhfwv wkh lqwhulru ri N dqg lv

ruwkrjrqdo wr K> zh kdyh wkdw �_N kdv d +q� 5,0k|shusodqh ri v|pphwu| sdudooho

wr K= Wkhq/ hlwkhu N kdv d k|shusodqh ri v|pphwu| sdudooho wr K> lq wkh gluhfwlrq

ruwkrjrqdo wr K ru N lv dq hoolsvrlg1
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