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SCALAR CASE

@ Equivalence between (p,),, orthonormal w. r. t. p >0

(P Pn)y = [ Po(t)Pm(£)dp(®) = dum, 1m0 |
R
and a Jacobi (tridiagonal) operator
b() ai
ai b1 an

L= a b a3
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SCALAR CASE

@ Equivalence between (p,),, orthonormal w. r. t. p >0

(P Pn)y = [ Po(t)Pm(£)dp(®) = dum, 1m0 |
R
and a Jacobi (tridiagonal) operator
b() ai
a b a
L= a b a;

@ Three term recurrence relation

tpn(t) = ant1Pnt1(t) + bapa(t) + anpn-1(t), n>0
dn+1 7& 0 bn eR




e (Bochner, 1929) Characterize (pp), satisfying

a(t)py(t) + 7(t)py(t) + Anpa(t) =0
dego <2, degr=1
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o (Bochner, 1929) Characterize (p,)n satisfying

a(t)py(t) + 7(t)py(t) + Anpa(t) =0
dego <2, degr=1

e Equivalent to the symmetry (i.e. (dp, q) = (p, dq)) of

d = o)+ r(t)', &= %
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o (Bochner, 1929) Characterize (p,)n satisfying

a(t)pn(t) + 7(t)pn(t) + Anpn(t) = 0
dego <2, degr=1

e Equivalent to the symmetry (i.e. (dp, q) = (p, dq)) of

d = o(t)P + r(8)0!, &= %

@ Also equivalent to the Pearson equation:

(op) =1p J




Classical families of
o Hermite: p(t) =e ', teR

Hn(t)" — 2tHp(t) = —2nH,(t)
o Laguerre: p(t) =tYe 5, t>0, a>—1

tL(t)" + (a+ 1 —t)LS(t) = —nLS(t)
o Jacobi: p(t) = t*(1 —t)?, t € (0,1), o, > —1

t(1— )P () + (a+1— (a+ B+ 21)PL(2) =

—n(n+a+B8+1)PF(1)
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@ The theory of orthogonal matrix polynomials (OMP) was introduced
by Krein in 1949.

o Equivalence between (P,),, orthonormal w. r. t. W

(Pn, Pm)w = / P.(t) W(t) P (t) dt = 0pml, n,m>0
JR

and a Jacobi (block tridiagonal) operator

By A
) Ar B A
L= A By As

tP,(t) = Ant1Pni1(t) + BoPu(t) + ArPp—1(t), n>0
det(An+1) #0, B, =B,.

PN G
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MATRIX CASE

@ The theory of orthogonal matrix polynomials (OMP) was introduced
by Krein in 1949.

@ Equivalence between (P,),, orthonormal w. r. t. W

(Pum)W:/Pn(t) W(t)P,’;(t)dtzé,,ml, n,m>0 J
R
and a Jacobi (block tridiagonal) operator
By A
A B A
L= A By, As

tPn(t) = Ant1Pni1(t) + BaPa(t) + ArPy_1(t), n>0
det(An1) #0, B, = B




o (Duran, 1997) Characterize all families of OMP (P;),
satisfying

PnD =P/(t)Fa(t) + Pj(t)F1(t) + Pn(t)Fo = AnPa(t),
degF; < i

n>0
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o (Duran, 1997) Characterize all families of OMP (P,),
satisfying

P,D EP;,/(t)FQ(t) aF P,’.,(t)Fl(t) a4 P,,(t)Fo = /\,,P,,(t), n>0
degF; < i

@ The side where the coefficients are multiplied allows us to find
"interesting” examples.
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o (Duran, 1997) Characterize all families of OMP (P,),
satisfying

P,D EP;,/(t)FQ(t) aF P,’.,(t)Fl(t) a4 P,,(t)Fo = /\,,P,,(t), n>0
degF; < i

@ The side where the coefficients are multiplied allows us to find
"interesting” examples.

e Equivalent to the symmetry (i.e. (PD, Q)w = (P, QD)w) of

D = 0°Fy(t) + 0'Fi(t) + 0'Fo, 0= %
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o (Duran, 1997) Characterize all families of OMP (P,),
satisfying

P,D EP;,/(t)FQ(t) T P;(t)Fl(t) a4 P,,(t)Fo = /\nPn(t)a n>0
degF; < i

@ The side where the coefficients are multiplied allows us to find
"interesting” examples.

e Equivalent to the symmetry (i.e. (PD, Q)w = (P, QD)w) of

D = &*Fo(t) + O'Fu(t) + 0'Fo, 0= %

@ It has not been until very recently (2003) where the first
examples appeared (Durdn-Griinbaum-Pacharoni-Tirao).



GENERATING EXAMPLES
@ Symmetry equations

FW = WF;
2ARW) = AW + WF,
(RW)" — (RW) + FW = WF;

= W(t) = p(t) T(£)T"(t)
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(GENERATING EXAMPLES
@ Symmetry equations

FW = WF;
2ARWY = AW + WF;,
(FW)" = (RW) + R W = WF;

= W(t) = p(t) T()T*(t)

@ Matrix spherical functions associated with
Pn(C) =SU(N + 1)/U(N)
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(GENERATING EXAMPLES
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@ Symmetry equations

FW = WF}
2AFRW) = W + WF},
(RW)" — (W) + FW = WF;

= W(t) = p(t) T()T*(t)

@ Matrix spherical functions associated with
Pn(C) =SU(N + 1)/U(N)

@ Bispectral problem = ad-conditions

P =tP
£ & adk(A) =
PD = AP

)

where D is a differential operator of order k.



NEW PHENOMENA [
Example:

W(t) =t " (

t(1+ a%t)

at
at

1), t>0, a>-1, aeR\{0} J
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NEW PHENOMENA [
Example:

2
W(t) =t " (t(l Jarta ) E'lt) , t>0, a>-1, aeR\{0}

family of OMP.

Several linearly independent second-order differential operators for a fixed
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NEW PHENOMENA [

Example:

2
W(t):to‘e—t(t(l—;a 2 "’1t> £>0, a>-1, acR\{0}

v

Several linearly independent second-order differential operators for a fixed
family of OMP.

v

0 a+1-—t

_ 1—5-,32
D1:62tl+81<a+2 t at )4—80(_032 (1+1oz)a>

a2

25 2 2
D2:62<é 23t2)+81<a+22+t 7(2+a(§ +5))t>+60<1%a _ (Q+o)(2+a’)

a
—t t-a-1 -1

a 22

4



OMP satisfy odd order differential equations

2.2 2
3 (—a‘t (1+a°t)
2 < — &l Bl .
52 —t(2+ a%(a+5)) at(Ra+ 4+ t(1+ a*(a+5))) N
—a(a+2) t(2+ a*(a+2))
) <t2((1+2)(1+82) az((\+1)((\ 2)+t(1 222 (1+ a° (a+2))
(
_ &
50 <1j:(1 5 (

200 + 2 —t > N
1+a)(a®a—1)
—(1+a) >
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NEW PHENOMENA II

OMP satisfy odd order differential equations.

242 2 2
3 (—a*t? at?(1+ a°t)
D=0 ( —at a’t? +
P —t(2+ a*(a+5)) at(Ra+4+t(1+ a*(a+5))) n
—a(a +2) t(2+ a*(a+2))
5t t—2(a+2)(1+32) a%(a+1)(at2)+t(1+2a°(1+a%(at2)) N
—% 20 +2 — t
g (1+a —l1+a)(a?a-1)
1 —(1+ )
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NEW PHENOMENA III

For a fixed second-order differential operator D, there can be more than
one family of linearly independent (monic) OMP (P, ), v > 0, having
them as eigenfunctions
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NEW PHENOMENA III

For a fixed second-order differential operator D, there can be more than
one family of linearly independent (monic) OMP (P, ), v > 0, having
them as eigenfunctions

W, = too—t <t(1 —:t‘g?t) it) 4oy (Q:EZ i 32 a(al—l— 1)) 5(t)
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NEW PHENOMENA III

For a fixed second-order differential operator D, there can be more than
one family of linearly independent (monic) OMP (P, ), v > 0, having
them as eigenfunctions

W, =t (t(l ;"2” it> + (azgz i 32 a(a1+ 1)) 5(t)

0 —ait ¢ _(+2(at3))e 241 _ (1+a%)(a+1)
D= 82 61 a 80 a2 a
<0 ~t >+ <§ et )T\ 0 0

V.
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NEW PHENOMENA III

For a fixed second-order differential operator D, there can be more than
one family of linearly independent (monic) OMP (P, ), v > 0, having
them as eigenfunctions

W, = too—t <t(1 —:ta2t) it) 4oy (azgz i 32 a(al—l— 1)) 5(t)

0 —at? ¢ _(ta(at3)e 241 _ (1+a%)(atl)
D= 82 al a 80 a2 a
<0 ~t >+ <§ et )T\ 0 0

PpyD =T P,y J

V.
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APPLICATIONS

QUANTUM MECHANICS

[Duran and Griinbaum, 2006] P A M Dirac meets M G Krein:

matrix orthogonal polynomials and Dirac s equation, J. Phys. A:
Math. Gen. (2006).




Scalar case Matrix case Applications
0000

APPLICATIONS

[Duran and Griinbaum, 2006] P A M Dirac meets M G Krein:
matrix orthogonal polynomials and Dirac s equation, J. Phys. A:

Math. Gen. (2006).

TIME-AND-BAND LIMITING

[Durdn and Griinbaum, 2005] A survey on orthogonal matrix
polynomials satisfying second order differential equations, J.
Comput. Appl. Math. (2005).
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APPLICATIONS

QUANTUM MECHANICS

[Duran and Griinbaum, 2006] P A M Dirac meets M G Krein:
matrix orthogonal polynomials and Dirac s equation, J. Phys. A:
Math. Gen. (2006).

TIME-AND-BAND LIMITING

[Durdn and Griinbaum, 2005] A survey on orthogonal matrix
polynomials satisfying second order differential equations, J.
Comput. Appl. Math. (2005).

QUASI—BIRTH—AND—DEATH PROCESSES

[Griinbaum and de la Iglesia, 2007] Matrix valued orthogonal
polynomials arising from group representation theory and a family
of quasi-birth-and-death processes, (2007).

[Griinbaum, 2007] Random walks and orthogonal polynomials:
some challenges, arXiv: math.PR/0703375v1, (2007).
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