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Scalar case

Equivalence between (pn)n, orthonormal w. r. t. ρ > 0

(pn, pm)ρ =

∫
R

pn(t)pm(t)dρ(t) = δnm, n,m ≥ 0

and a Jacobi (tridiagonal) operator

L =


b0 a1

a1 b1 a2

a2 b2 a3

. . .
. . .

. . .


Three term recurrence relation

tpn(t) = an+1pn+1(t) + bnpn(t) + anpn−1(t), n ≥ 0

an+1 6= 0 bn ∈ R
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(Bochner, 1929) Characterize (pn)n satisfying

σ(t)p′′n(t) + τ(t)p′n(t) + λnpn(t) = 0

degσ ≤ 2, degτ = 1

Equivalent to the symmetry (i.e. (dp, q) = (p, dq)) of

d = σ(t)∂2 + τ(t)∂1, ∂ =
d

dt

Also equivalent to the Pearson equation:

(σρ)′ = τρ
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Classical families of

Hermite: ρ(t) = e−t2
, t ∈ R

Hn(t)
′′ − 2tHn(t)

′ = −2nHn(t)

Laguerre: ρ(t) = tαe−t , t > 0, α > −1

tLα
n (t)′′ + (α + 1− t)Lα

n (t)′ = −nLα
n (t)

Jacobi: ρ(t) = tα(1− t)β, t ∈ (0, 1), α, β > −1

t(1− t)P
(α,β)
n (t)′′ + (α + 1− (α + β + 2)t)P

(α,β)
n (t)′ =

−n(n + α + β + 1)P
(α,β)
n (t)



Scalar case Matrix case Applications

Matrix case

The theory of orthogonal matrix polynomials (OMP) was introduced
by Krĕın in 1949.

Equivalence between (Pn)n, orthonormal w. r. t. W

(Pn,Pm)W =

∫
R

Pn(t) W (t)P∗
m(t) dt = δnmI , n,m ≥ 0

and a Jacobi (block tridiagonal) operator

L =


B0 A1

A∗
1 B1 A2

A∗
2 B2 A3

. . .
. . .

. . .



tPn(t) = An+1Pn+1(t) + BnPn(t) + A∗
nPn−1(t), n ≥ 0

det(An+1) 6= 0, Bn = B∗
n .



Scalar case Matrix case Applications

Matrix case

The theory of orthogonal matrix polynomials (OMP) was introduced
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(Durán, 1997) Characterize all families of OMP (Pn)n
satisfying

PnD ≡P ′′
n (t)F2(t) + P ′

n(t)F1(t) + Pn(t)F0 = ΛnPn(t), n ≥ 0

degFi ≤ i

The side where the coefficients are multiplied allows us to find
”interesting” examples.

Equivalent to the symmetry (i.e. (PD,Q)W = (P,QD)W ) of

D = ∂2F2(t) + ∂1F1(t) + ∂1F0, ∂ =
d

dt

It has not been until very recently (2003) where the first
examples appeared (Durán-Grünbaum-Pacharoni-Tirao).
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Generating examples

Symmetry equations

F2W = WF ∗
2

2(F2W )′ = F1W + WF ∗
1 ,

(F2W )′′ − (F1W )′ + F0W = WF ∗
0

⇒ W (t) = ρ(t)T (t)T ∗(t)

Matrix spherical functions associated with
PN(C) = SU(N + 1)/U(N)

Bispectral problem ⇒ ad-conditions{
LP = tP

PD = ΛP
⇔ adk+1

L (Λ) = 0,

where D is a differential operator of order k.
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New phenomena I

Example:

W (t) = tαe−t

(
t(1 + a2t) at

at 1

)
, t > 0, α > −1, a ∈ R \ {0}

Several linearly independent second-order differential operators for a fixed
family of OMP.

D1 = ∂2tI + ∂1

(
α + 2− t at

0 α + 1− t

)
+ ∂0

(
− 1+a2

a2 (1 + α)a
0 − 1

a2

)

D2 = ∂2

(
t −2at2

0 −t

)
+ ∂1

(
α + 2 + t − (2+a2(2α+5))t

a
2
a

−t − α − 1

)
+ ∂0

(
1+a2

a2 − (1+α)(2+a2)
a

0 − 1
a2

)
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New phenomena II

OMP satisfy odd order differential equations.

D =∂3

(
−a2t2 at2(1 + a2t)
−at a2t2

)
+

∂2

(
−t(2 + a2(α + 5)) at(2α + 4 + t(1 + a2(α + 5)))

−a(α + 2) t(2 + a2(α + 2))

)
+

∂1

(
t − 2(α + 2)(1 + a2) a2(α+1)(α+2)+t(1+2a2(1+a2(α+2))

a
− 1

a 2α + 2− t

)
+

∂0

(
1 + α − 1

a (1 + α)(a2α− 1)
1
a −(1 + α)

)
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New phenomena III

For a fixed second-order differential operator D, there can be more than
one family of linearly independent (monic) OMP (Pn,γ)n, γ > 0, having
them as eigenfunctions

Wγ = tαe−t

(
t(1 + a2t) at

at 1

)
+ γ

(
a2(α + 1)2 a(α + 1)
a(α + 1) 1

)
δ(t)

D = ∂2

(
0 −at2

0 −t

)
+∂1

(
t − (1+a2(α+3))t

a
1
a −(α + 1)

)
+∂0

(
a2+1
a2 − (1+a2)(α+1)

a
0 0

)

Pn,γD = ΓnPn,γ
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Applications

Quantum mechanics

[Durán and Grünbaum, 2006] P A M Dirac meets M G Krein:
matrix orthogonal polynomials and Dirac´s equation, J. Phys. A:
Math. Gen. (2006).

Time-and-band limiting

[Durán and Grünbaum, 2005] A survey on orthogonal matrix
polynomials satisfying second order differential equations, J.
Comput. Appl. Math. (2005).

Quasi-birth-and-death processes

[Grünbaum and de la Iglesia, 2007] Matrix valued orthogonal
polynomials arising from group representation theory and a family
of quasi-birth-and-death processes, (2007).
[Grünbaum, 2007] Random walks and orthogonal polynomials:
some challenges, arXiv: math.PR/0703375v1, (2007).
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