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GOAL OF THE TALK

For a given measure v, a couple of real numbers A # p, and my, my >0
nonnegative integers, consider the discrete Sobolev bilinear form

(b, = / p()q(x)dv(x) + T () MTP (q) T + T22(p) NTZ2(q)" J

where M and N are m; X my and mp X my matrices respectively, and
T(p) = (PN, P'(N), -, P D). Call m = my + .
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nonnegative integers, consider the discrete Sobolev bilinear form

(b, = / p()q(x)dv(x) + T () MTP (q) T + T22(p) NTZ2(q)" J

where M and N are m; X my and mp X my matrices respectively, and
T(p) = (PN, P'(N), -, P D). Call m = my + .
We will focus in two cases:

@ Laguerre-Sobolev: m;y = m;m; =0,A=0and fora > m—1

dv(x) = pa—m(x) = x*""e ¥dx, x>0
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where M and N are m; X my and mp X my matrices respectively, and
T (p) = (p()\), PN, p<k*1>(x)). Call m= my + ms.
We will focus in two cases:
@ Laguerre-Sobolev: m;y = m;m; =0,A=0and fora > m—1
dv(x) = pa—m(x) = x*""e ¥dx, x>0
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dv(X) = pa—my.pm(x) = (1 = x)* ™1 +x)""™Mdx, —-1<x<1
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nonnegative integers, consider the discrete Sobolev bilinear form

(b, = / p()q(x)dv(x) + T () MTP (q) T + T22(p) NTZ2(q)"

where M and N are m; X my and mp X my matrices respectively, and
T (p) = (p()\), PN, p<k*1>(x)). Call m= my + ms.
We will focus in two cases:
@ Laguerre-Sobolev: m;y = m;m; =0,A=0and fora > m—1
dv(x) = pa—m(x) = x*""e ¥dx, x>0
@ Jacobi-Sobolev: A= -1, u=1landfora>m —1,8>m —1
dv(X) = pa—my.pm(x) = (1 = x)* ™1 +x)""™Mdx, —-1<x<1

@ Give an expression of the (left) OP (gn)n» as a linear combination of m+ 1
consecutive Laguerre (LS), or Jacobi (P#), polynomials.
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(b, = / p()q(x)dv(x) + T () MTP (q) T + T22(p) NTZ2(q)"

where M and N are m; X my and mp X my matrices respectively, and
T (p) = (p()\), PN, p<k*1>(x)). Call m= my + ms.
We will focus in two cases:
@ Laguerre-Sobolev: m;y = m;m; =0,A=0and fora > m—1
dv(x) = pa—m(x) = x*""e ¥dx, x>0
@ Jacobi-Sobolev: A= -1, u=1landfora>m —1,8>m —1
dv(X) = pa—my.pm(x) = (1 = x)* ™1 +x)""™Mdx, —-1<x<1

@ Give an expression of the (left) OP (gn)n» as a linear combination of m+ 1
consecutive Laguerre (LS), or Jacobi (P#), polynomials.

@ Find a higher-order differential operator Dy such that Dg(gn) = Angh,
where Dq is a polynomial combination of D, or D, g.




@ m=0= M =0= pq(x). Laguerre OP's = D,(L7) = nLy".
@ m=1=M=M €R = pa—1(x) + Modo.

OP’s.
@ Griinbaum-Haine-Horozov, 1999: jiq—m(x) + 3.5 Mi6§” In this case
w [ My i iri<m—1
0, if

i+j>m—1

They proved that the corresponding OP’s are using iterations
of the process.

@ m=2and M

. R. Koekoek (1991) and later Koekoek's-Bavinck
(1998) proved that if & > 2 is a nonnegative integer

2c0 + 4,

if Mo =0, M
order diff. op. = ' o=0,M >0,
4o+ 2,
lliev (2013) studied the case of M

if Mo, My > 0;
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@ m=0= M=0= pa.(x). Laguerre OP's = D, (L) = nLj,.

@ m=1=M=M €R= pa_1(x) + Modo. Krall-Laguerre OP’s.
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@ m=0= M =0= p.(x). Laguerre OP's = D, (Ly) = nL;.
o m=1=M=M € R= pa-1(x) + Modo. Krall-Laguerre OP’s.
o H. L. Krall, 1939 (o« = 1). Fourth-order differential operator.
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o L. L. Littlejohn, 1984 (o = 2,3). Sixth and eighth-order
differential operator.
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@ m=0= M =0= p.(x). Laguerre OP's = D, (Ly) = nL;.
@ m=1= M= M € R= pa_1(x)+ Modo. Krall-Laguerre OP’s.

o H. L. Krall, 1939 (o« = 1). Fourth-order differential operator.

o L. L. Littlejohn, 1984 (o = 2,3). Sixth and eighth-order
differential operator.

o Koekoek's, 1991 (a > 1). (2« + 2)-order differential operator.
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@ m=0= M =0= p.(x). Laguerre OP's = D, (Ly) = nL;.

o m=1=M=M € R= pa-1(x) + Modo. Krall-Laguerre OP’s.
o H. L. Krall, 1939 (o« = 1). Fourth-order differential operator.
o L. L. Littlejohn, 1984 (o = 2,3). Sixth and eighth-order

differential operator.
o Koekoek's, 1991 (a > 1). (2« + 2)-order differential operator.

@ Griinbaum-Haine-Horozov, 1999: fia_m(x) + 374" M;(Séi) In this case
M — Miij, If I—|—J§m—1
0, if i+j>m-—1

They proved that the corresponding OP'’s are bispectral using iterations
of the Darboux process.
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@ m=0= M=0= p.(x). Laguerre OP's = D, (L) = nLj.
@ m=1= M= M € R= pa_1(x)+ Modo. Krall-Laguerre OP’s.

o H. L. Krall, 1939 (o« = 1). Fourth-order differential operator.

o L. L. Littlejohn, 1984 (o = 2,3). Sixth and eighth-order
differential operator.

o Koekoek's, 1991 (a > 1). (2« + 2)-order differential operator.

@ Griinbaum-Haine-Horozov, 1999: fia_m(x) + 374" M;(Séi) In this case
M — Miij, If I—|—J§m—1
0, if i+j>m-—1
They proved that the corresponding OP'’s are bispectral using iterations
of the Darboux process.
@ m =2 and M diagonal. R. Koekoek (1991) and later Koekoek's-Bavinck
(1998) proved that if & > 2 is a nonnegative integer
2c0 4 4, if Mo:O,M1 >0,

order diff. op. = .
4da+2, if Mo, My > 0;

lliev (2013) studied the case of M symmetric.



® M,N =0= p, 5(x). Jacobi OP's = D, 5(P5"") = n(n + a + B+ 1)Pg""
@ m=mp=1=M=MN=N cR.

ta—18-1(x) + Md_1 + N&;

@ Bavinck (2003) studied the case when

M — M, if i:_j:ml‘ N = N, if I':-j:mg
0, otherwise ' 0, otherwise
283 + 2my, it M>0,N=0and 8> my,
order = ¢ 2a + 2mo, if M=0,N>0and a> my,

if M>0,N>0and a>my, B> m.

a0+ 26 4+ 2m1 +2my — 2,
@ Griinbaum-Haine-Yakimov-lliev, again using iterations of th[%
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® M,N =0= p, 5(x). Jacobi OP's = D, 5(P5"") = n(n + a + B+ 1)Pg""
@ m=m=1=M=M,N=N cR. Koornwinder measures:

ta—1,8—1(x) + Mé_1 + Né;
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@ M,N =0= g, p5(x). Jacobi OP's = D, 3(P5?) = n(n+ a + 8 + 1)Pg"
@ m=mm=1=M=M,N=N €R. Koornwinder measures:
Ma—1,8—1(x) + Mé_1 + Né&;

e H. L. Krall (1939). Two examples fourth-order: a« = 3 =1 and M = N and
B=1and N =0.
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@ M,N =0= g, p5(x). Jacobi OP's = D, 3(P5?) = n(n+ a + 8 + 1)Pg"
@ m=mm=1=M=M,N=N €R. Koornwinder measures:
Ma—1,8—1(x) + Mé_1 + Né&;
e H. L. Krall (1939). Two examples fourth-order: o« = 8 =1and M = N and

B=1and N =0.
o L. L. Littlejohn, 1982: o = 8 = 1. Sixth-order.
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e H. L. Krall (1939). Two examples fourth-order: a« = 3 =1 and M = N and
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28+ 2, if M>0,N=0and 5 >1,
order diff. op. = ¢ 2a + 2, if M=0,N>0and o > 1,
2 +28+4+2, ifM>0,N>0and o, > 1.
@ Bavinck (2003) studied the case when
M — M, if i:.j:m17 N — N, if i:.j:m2
0, otherwise 0, otherwise
28 +2my, if M>0,N=0and 8> m,

order = ¢ 2a + 2my, if M=0,N>0and a > my,
2a04+2B8+2mp +2my —2, ifM>0,N>0and o> mp, 3> my.
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@ Bavinck (2003) studied the case when

M — M, if i:.j:m17 N — N, if i:.j:m2
0, otherwise 0, otherwise

2B +2m, if M>0,N=0and 3> m,
order = ¢ 2a + 2my, if M=0,N>0and a > my,
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@ Griinbaum-Haine-Yakimov-lliev, again using iterations of the Darboux process.
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Theorem (Duran-Mdl, 2014)
Let M = (MU),, o beany m x m matrix and o # m—1,m — 2,... Consider
o) = [ PL)aleIna- () + TE(5) MTE ) 1)
0

and the functions (j =1,2,...m)

)= G e 0GP S e |
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ORTHOGONALITY
Theorem (Duran-Mdl, 2014)
Let M = (MU),, o beany m x m matrix and o # m—1,m — 2,... Consider
o) = [ PL)aleIna- () + TE(5) MTE ) 1)
0

and the functions (j =1,2,...m)

o Ta—m+)) | a+1+x) Mi—vi
Rix) = ==y O+ Dy (=D =E Z S i),
Then the family (gn)» defined by the Casorati determinant
L) Lia(x) - Liom(x)
Ri(n) Ri(n—1) - Ri(n—m)
an(x) = . . . . , n>0
Rm(n) Rm(n—1) -+ Rp(n—m)

is (left) orthogonal with respect to (1) if and only if
Q(n) = det(Ri(n— j)){jes #0, n>0
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DIFFERENTIAL OPERATOR

Theorem (Duran-Mdl, 2014)

Let Y1, Ya2,..., Ym be m arbitrary polynomials and assume that
Q(n) = det(Yi(n — )1 # 0,0 > 0

Now consider the sequence of polynomials (gn)» defined by
L) Lhia(x) - Liom(X)

Yi(n) Yi(n—=1) - Yi(n—m)

an(x) = n>0

I

Yo(n) Ym(n—1) - Yi(n—m)
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DIFFERENTIAL OPERATOR

Theorem (Duran-Mdl, 2014)
Let Y1, Ya2,..., Ym be m arbitrary polynomials and assume that
Q(n) = det(Yi(n— )21 #0,n >0

Now consider the sequence of polynomials (gn)» defined by

Discrete Jacobi-Sobolev
0000000

Ly(x)  Lia(x) - Lim(x)
Yi(n) Yi(n—=1) - Yi(n—m)
q”(X) = . . . ) n 2 0
Ym(n) Ym(n—=1) -+ Yu(n—m)
Then there exists a differential operator Dg of the form
- d
Dy = P(Da) + ; Mi(Der) 5= Ya(De)

such that Dq(gn) = P(n)g» where P(x) — P(x — 1) = Q(x) and the
polynomials My(x),h =1,..., m are defined by

m

Mh(x)=Z(—1)"+"det(YI(X+f—f)){ £n
r i

j=t
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BISPECTRALITY

In other to combine the previous two results we have to force that

MNMa—m+))

V) = Ri() = S Gk
) I'oz+1—$—xm1 1, )
_]_I J i _ 1’_
+0-1) M) 2 a+:+1 i+1)

are polynomials in x for j = 1,2 ..., m.
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BISPECTRALITY

In other to combine the previous two results we have to force that

MNMa—m+))

Yi(x) = Rj(x) = —(x+ 1)m_
’ ’ (m—j)! /
. Ma+1+x) : 1, .
- ! M;— — 1);
+0 ) M1+ x) pare a—|—l+l i+1)
are polynomials in x for j = 1,2 ..., m.

This holds only when « is a nonnegative integer with o > m.
In that case the functions R(x) are polynomials given by

(a—m+j—1)!

Rib) ==y

(x4 Dm-j

m— 1

(./*1 X+1QZ a+1 1’ *I-+].),'

i=
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BISPECTRALITY

In other to combine the previous two results we have to force that

MNMa—m+))

Yi(x) = Rj(x) = (X + 1)
’ ’ (m—j)! /
. Ma+1+x) : 1, .
- ! M;— — 1);
+0 ) M1+ x) pare a—|—l+l i+1)
are polynomials in x for j = 1,2 ..., m.

This holds only when « is a nonnegative integer with o > m.
In that case the functions R(x) are polynomials given by

R =R e Dy
m— 1 7
+(G—-1)! x+1az 11’ (x —i+1);

a—i—l

i=

Then the polynomials (g,), defined by the Casorati determinant using
the previous polynomials are bispectral.
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ORDER OF THE DIFFERENTIAL OPERATOR

The order of the differential operator D, is given by twice the degree of
the polynomial P defined by P(x) — P(x — 1) = Q(x) where

Q(x) = det(Ri(x = J))ij=1
Therefore this order should be 2(deg Q(x) + 1).
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The order of the differential operator D, is given by twice the degree of
the polynomial P defined by P(x) — P(x — 1) = Q(x) where

Q(x) = det(Ri(x = J))ij=1
Therefore this order should be 2(deg Q(x) + 1).

This degree depends on the polynomials R;(x) and therefore on the
matrix M. There can be two cases:
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ORDER OF THE DIFFERENTIAL OPERATOR

The order of the differential operator D, is given by twice the degree of
the polynomial P defined by P(x) — P(x — 1) = Q(x) where

Q(x) = det(Ri(x = J))ij=1
Therefore this order should be 2(deg Q(x) + 1).

This degree depends on the polynomials R;(x) and therefore on the
matrix M. There can be two cases:

o If degR; # deg R; for i # j. Then (Duran-Mdl, 2014)

deg Q(x) = ZdegR (x) — ( )
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ORDER OF THE DIFFERENTIAL OPERATOR

The order of the differential operator D, is given by twice the degree of
the polynomial P defined by P(x) — P(x — 1) = Q(x) where

Q(x) = det(Ri(x = J))ij=1
Therefore this order should be 2(deg Q(x) + 1).

This degree depends on the polynomials R;(x) and therefore on the
matrix M. There can be two cases:

o If degR; # deg R; for i # j. Then (Duran-Mdl, 2014)

deg Q(x) = ZdegR (x) — ( ) ’

@ Otherwise (Duran-Mdl, 2014)

j=t j=1




Write M by columns M = [c1|ca] -+« |¢m] -
Define the numbers ny, ny, ..., Nnm by

v+ m-—1, ifc, #0,
n =
0, if cm =0;

and for j=2,..., m,

o ",+m*_j if ¢m j-1¢<cm A2y s Cm >,
: 0, ifcmfj-l€<Cm7j-2-,-~-~cm>-

Consider now M the matrix whose columns are ¢;, i € {J:nm—ji1 # 0}

and write fi, ..., f,, for the of M.
We define the numbers my, m,, ..., my,_1 by
m—j, i 6E< fiit,.t, fn >,
m; =
: O*, |f6€< G+l?"'7fn7>-

m m—1

m(m—1)

~y-wr(M) = an + Z m——
j=1

i—1
5 2Q
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How TO OBTAIN y-wr(M)?

Write M by columns M = [ci|ca| - -+ |cm] -
Define the numbers ny, ny, ..., ny, by

P y+m—1, ifc,#0,
"o, if e = 0;

and for j=2,...,m,

e v+ m—j, if cm—ji1 €< Cm—ji2,- -, Cm >,
lj = .
0, if Cm—j+1 €< Cm—jt2,---,Cm >
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lj = .
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and write fi, ..., fp, for the rows of M.
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How TO OBTAIN y-wr(M)?

Write M by columns M = [ci|ca| - -+ |cm] -
Define the numbers ny, ny, ..., ny, by
y+m—1, ifc,#0,
m = .
0, if ¢y =0;

and for j=2,...,m,

e v+ m—j, if cm—ji1 €< Cm—ji2,- -, Cm >,
J .
0, if Cm—j+1 €< Cm—jt2,---,Cm >

Consider now M the matrix whose columns are ¢, i€{j:nmji1#0}
and write fi, ..., fp, for the rows of M.
We define the numbers my, my, ..., my,_1 by

me— m—j, ifﬂ€<fj‘+17...,fm>,
7o, if £ @< Fiityenn, fm >,
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How TO OBTAIN y-wr(M)?

Write M by columns M = [ci|ca| - -+ |cm] -
Define the numbers ny, ny, ..., ny, by

P y+m—1, ifc,#0,
"o, if cm = 0;
and for j=2,...,m,
e v+ m—j, if cm—ji1 €< Cm—ji2,- -, Cm >,
! 0, if Cm—j+1 €< Cm—jt2,---,Cm >

Consider now M the matrix whose columns are G, i €{j:nm_ji1 # 0}
and write fi, . .., f, for the rows of M.
We define the numbers my, my, ..., my,_1 by
me— m—j, ifﬁ€<fj‘+17...,fm>,
7o, iff-§Z<fj-+17.. fin >.

'ywr an—i-ZmJ m(m—l) J
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EXAMPLES

@ Griinbaum-Haine-Horozov: Let M be the matrix associated with the
functional

m—1
Ha-m(x) + > M}
i=0
Then degR; = a+ m — j and deg R; # degR; for i # j. Therefore

degQ(x) =am = ord(Dg) =2(am+ 1) J
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EXAMPLES

@ Griinbaum-Haine-Horozov: Let M be the matrix associated with the
functional

m—1
Ha-m(x) + > M}
i=0
Then degR; = a+ m — j and deg R; # degR; for i # j. Therefore

degQ(x) =am = ord(Dg) =2(am+ 1) J

@ Laguerre-Sobolev: Let M be the diagonal M = diag(Mo, ..., Mn_1),
Mpm—1 # 0. Therefore

i—1, M;_
dEgRj: CY—|—J ’ J 1#07
m—J, Mj71:0.
and degR; #degR; fori#j. If s=#{j:1<j<m,M; #0}
deg Q(x) =sa+ (m—s)(m+1)—2 Z J

1<j<m,M;_1=0

= ord(Dg) = 2(deg Q(x) + 1)
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ANOTHER EXAMPLE

1 1 0
M=11 1 0 = degRi=degRo=a+1l,degRs=a+2
0 01

In this case we have to use the definition of a-wr(M) to find deg Q(x).



Introduction Discrete Laguerre-Sobolev Discrete Jacobi-Sobolev
ooo 000000e 0000000

ANOTHER EXAMPLE

1 1 0
M=11 1 0 = degRi=degRo=a+1l,degRs=a+2
0 01

In this case we have to use the definition of a-wr(M) to find deg Q(x).

Therefore

m=a+2,m=a+1,n=0 m=2m=0, = aow(M)=2a+2
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ANOTHER EXAMPLE
1 1 0
M=11 1 0 = degRi=degRo=a+1l,degRs=a+2
0 0 1

In this case we have to use the definition of a-wr(M) to find deg Q(x).

Therefore
m=a+2,m=a+1,n=0 m=2m=0, = aow(M)=2a+2
For oo = 3, Ri(x), R2(x), Ra(x) are given by

B (x+1)(x+ 2)(x2 — x —24)

b= 24
Ra(x) = _(x+ D +;<4 — 14x — 48)

x+D(x*+x3+x2—9x+30
Ri = LA )
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ANOTHER EXAMPLE

1 1 0
M=11 1 0 = degRi=degRo=a+1l,degRs=a+2
0 01

In this case we have to use the definition of a-wr(M) to find deg Q(x).

Therefore
m=a+2,m=a+1,n=0 m=2m=0, = aow(M)=2a+2
For oo = 3, Ri(x), R2(x), Ra(x) are given by

B (x+1)(x+ 2)(x2 — x —24)

) 24
3, .2 _ _
Ra(x) C(x+1)(x +x" — 14x — 48)
24
4, 3., 2
Rs(x) (x+4)(x* + x6:)r x° —9x + 30)

degQ(x) = a-wr(M) =8 = ord(Dy) =18 J
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ORTHOGONALITY

Theorem (Duran-Mdl, 2015)

Let M = (M;)["\2, "and N = (Ng)Z ! be any m; x my and my x my matrices,

respectively. For aFm—1m—2,...and B # m —1,m —2,..., consider
1

(4r0) = [ PIG0 et m () + T (5) M () + T () N ()
—1

Let m = my 4+ m2 > 1. Then the family (g»)n defined by the Casorati
determinant

PEAG) PRI PR
’Rl(n) Rl(n— 1) Rl(n— )

an(x) = : : 3 : » nz0
Ron(n)  R(n—1) -+ Rum(n—m)

is (left) orthogonal with respect to (1) if and only if
Q(n) = det(Ri(n — j))js £0, n>0

Now the functions R, depend on the matrices M and N, so there will be m;
functions R, associated with M and m; functions R, associated with N.
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ORTHOGONALITY
In order to define the functions R, let us introduce the notation
ab Mx+a+1M(x+b+1)
= R
Ged) = Farer)rxrdv1) “DedE
Then, for I =1,..., m1, we have
2a+57m1+/r(5 —my + /) S
R/(n) = (—1)"(!771 — /), gO (11+[3 m1+l( )
. 2m2 my—1 [I+myAmy (J _ 1)!(jr22)Mi,j71 géla;fg/( )
&\ & TR it
and for | =m1 +1,..., m, we have
2a+ﬁ m+/|—a_m+/ m
Ri(n) = Z M D gots o)

mpy—1 IAmy (J — ]_)' (,rilj) Nf,j—l gf;fgi(n)

+,Z:O: D, TOmtoiT | Fat it 1)

J=l—m

where A is the minimum between two numbers.
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DIFFERENTIAL OPERATOR

Theorem (Duran-Mdl, 2015)

Let (P,‘,"ﬁ),, de Jacobi polynomials and denote D, s the Jacobi second-order
differential operator satisfying

Da.s (P?’ﬁ) =0,P7", On=n(n+a+pB+1)
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DIFFERENTIAL OPERATOR

Theorem (Duran-Mdl, 2015)

Let (P,(,"ﬁ),, de Jacobi polynomials and denote D, s the Jacobi second-order
differential operator satisfying

Da.s (P?’ﬁ) =0,P7", On=n(n+a+pB+1)

Define the two D-operators for the Jacobi polynomials

%5“/ +(1-x02, and D=

Dy = —
! dx
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DIFFERENTIAL OPERATOR

Theorem (Duran-Mdl, 2015)

Let (P,‘,"B),, de Jacobi polynomials and denote D, s the Jacobi second-order
differential operator satisfying

Das (P?’ﬁ) =0,P7", On=n(n+a+pB+1)

Define the two D-operators for the Jacobi polynomials

a+pf+1 d a+pB+1
Di=——"— 14+ (1—-x)— D, = I+ (1 —
1 5 +( X)dx’ and 2 5 +(1+x)

Define additionally the sequences

b (n+a—i+1);

ni — - , h=1,...,

S =l tat B i+i) m

ggyl_:(—l)(n+5—/+1)i hem+1,....m

(n+ta+B—i+1)’
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DIFFERENTIAL OPERATOR

Theorem (Duran-Mdl, 2015)

Let (P,‘,"B),, de Jacobi polynomials and denote D, s the Jacobi second-order
differential operator satisfying

Das (P?’ﬁ) =0,P7", On=n(n+a+pB+1)

Define the two D-operators for the Jacobi polynomials

a+pf+1 d a+pB+1
Di=——"— 14+ (1—-x)— D, = I+ (1 —
1 5 +( X)dx’ and 2 5 +(1+x)

Define additionally the sequences

b (n+a—i+1);

ni — - , h=1,...,

S =l tat B i+i) m

ggyl_:(—l)(n+5—/+1)i hem+1,....m

(n+ta+B—i+1)’
Let Yi, Ya,..., Ym be m arbitrary polynomials and assume that the m x m
(quasi) Casorati determinant Q(n) satisfies

m

Q(n) = det (&1 Yi(0n))_ #0

lj=1



Introduction Discrete Laguerre-Sobolev Discrete Jacobi-Sobolev
000 0000000 0000000

DIFFERENTIAL OPERATOR

Theorem (continuation)
Now consider the sequence of polynomials (gn)» defined by
PEFG) =PRI (FL)TRPI()
&nmY1(0n)  En1mo1Yi(0n1) - Y1(0n-m)
qn(x) = . . . .

fmmym(gn) ng—l,m—IYm(Hﬂfl) Ym((gnfm)
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DIFFERENTIAL OPERATOR

Theorem (continuation)
Now consider the sequence of polynomials (gn)» defined by

PRoGo  PRAC) e (FL)TRPR ()
EmY1(0n)  &h1m1Yi(0n1) - Y1(On—m)
an(x) = : : - :
gr’:zm Ym(gn) glr';n—l,m—l Ym(gnfl) e Ym((gnfm)

Then there exists a differential operator Dg s of the form

1 my . m .
Dq,s = 5Ps(Das) + D M(Dac)D1 Ya(Dap) + D Mh(Da,ﬂ)/D2Yh(Da,B)}

h=1 h=m;+1

such that Dy s(gn) = Angn where Mh are certain polynomials,
An — An—1 = S(n)Q(n)
where S(n) is certain rational function and

Ps(6,) — Ps(0,-1) = S(n)Q(n) + S(n + m)Q(n + m)
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BISPECTRALITY

In other to combine the previous two results we have to choose o and 5 nonnegative
integers with & > my and 8 > m;. Then, the polynomials Y;(6,) are given by

20+B=m+Ir(g — my + 1)

i(0r) = e i (00)
o mlz—l I+mpy Amy G —1)! (J /) M; i1 u5+l(9")
pard = (=2)iti~ rg+i+1)
2a+ﬁ*m+lr(a —m4+ /) o
iton) = 5-1(00)
my—1 IAm a—pB
N 22 2 U =DH) N1\ US7 (0n)
i=0  \j=l—-m ( Dzl (et i)
where

J
D) =[]la=A+)B+rx—i+1)—0,]

i=1
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BISPECTRALITY

In other to combine the previous two results we have to choose o and 5 nonnegative
integers with & > my and 8 > m;. Then, the polynomials Y;(6,) are given by

20+B=m+Ir(g — my + 1)

i(0r) = e i (00)
o mlz—l I+mpy Amy G —1)! (J /)M,'J_l u5+l(9")
pr = (=2)iti~ rg+i+1)
2a+ﬁ*m+lr(a —m4+ /) o
Y’(en) = (m _ I)I mfl(en)
my—1 Inm: a—F
N 22 2 U =DH) N1\ US7 (0n)
=0 \j=I—-m ( Dzl (et i)
where

J
D) =[]la=A+)B+rx—i+1)—0,]
i=1
If M and N are not related (in some sense) then the minimal order of the differential

operator is given by
2(B-wr(M) + a-wr(N) + 1)
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EXAMPLES

@ Griinbaum-Haine-Horozov: Let M and N be the matrices associated with
the functional

m;—1 my—1

Mcxfmzyﬁfml(x)ﬂ‘ Z Mi(gg)l + Z N,'(Sif)

i=0 i=0
with Mm;—1, Nm,—1 # 0 and M; # N;. Then deg Y; = 8+ my — [ for
I=1,....,m anddegY,=a+m—/for | =m +1,..., m. Therefore

ord(Dg) = 2(amy + Bmy + 1) J
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EXAMPLES

@ Griinbaum-Haine-Horozov: Let M and N be the matrices associated with
the functional
m;—1 ) my—1 )
N'a*mzyﬁfml(x)"_ Z Mf‘s(—,)l + Z Nf‘sgl)
i=0 i=0
with Mm;—1, Nm,—1 # 0 and M; # N;. Then deg Y; = 8+ my — [ for
I=1,....,m anddegY,=a+m—/for | =m +1,..., m. Therefore

ord(Dg) = 2(amy + Bmy + 1) J

@ Jacobi-Sobolev: Let M and N be the diagonal matrices
M = diag(l\/lo, ey Mm1_1), Mm1_1 7£ O, N = diag(No, ey Nm2_1),
Nmy—1#0and M; £ N;. If s=#{j :1 <j < m, M, # 0} and
t=#{j:1<j < m,N;#0} then

ord(Dq) = 2(ta + 5B+ (my—s)(m+1)+ (my—t)(m2+ 1)

-2 > j-2 > j+1

1<j<my,M;_1=0 1<j<my,N;_1=0




m=2m=1a=1,8=2and

M= (i 1), N=2= degYi=degY>=3,deg¥3=1
For M we have
m=3,m=0 m=1m=0, = [-w(M)=3
while for N we have
m=1 m=0 = aw(N)=1
The polynomials Yi(x), Y2(x), Y3(x) are given by
(x —3)(x® +2x — 72)

e = - 12

32
Ya(x) = — X X 630X + 120
Ys(x) = 32-—8x

ord(Dq) = 2(B-wr(M) + a-wr(N) + 1) = 10
. o wae
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ANOTHER EXAMPLE
m=2m=1a=1,8=2and

M = (1 1), N=2= degYi=degY>=3,degY3=1
For M we have

I11=3,f72:07 my :1,m2:0, = ﬂ—WI’(M)=3
while for N we have

m=1 m=0, = awr(N)=1
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ANOTHER EXAMPLE

m=2m=1a=1,8=2and

M:(i 1), N=2= degYi=degY>=3,degY3=1

For M we have
m=3m=0, m=1m=0, = BwM)=3
while for N we have
m=1 m=0, = awr(N)=1
The polynomials Yi(x), Y2(x), Y3(x) are given by
_(x=3)(x* +2x—12)

Yi(x) 12
32
Ya(x) = — X X 630)( + 120

Y3 (X) = 32 — 8x
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ANOTHER EXAMPLE

m=2m=1a=1,8=2and

M:(i 1), N=2= degYi=degY>=3,degY3=1

For M we have
m=3m=0, m=1m=0, = BwM)=3
while for N we have
m=1 m=0, = awr(N)=1
The polynomials Yi(x), Y2(x), Y3(x) are given by
_(x=3)(x* +2x—12)

Yi(x) 12
32

Ya(x) = — X X 630)( + 120

Y3 (X) = 32 — 8x

ord(Dg) = 2(B-wr(M) + a-wr(N) + 1) = 10 |
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