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The Riemann-Hilbert problem for orthogonal matrix polynomials

Hilbert's 21st problem

Riemann: The problem that an analytic function could be completely
defined by its singularities and monodromy properties.
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The Riemann-Hilbert problem for orthogonal matrix polynomials

Hilbert's 21st problem

Riemann: The problem that an analytic function could be completely
defined by its singularities and monodromy properties.
Hilbert: A N x N linear system of differential equations

dV(x)
dx

= A(x)V(x)

is called Fuchsian if A(x) is a rational function with simple poles.
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dV(x)
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is called Fuchsian if A(x) is a rational function with simple poles.
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Hilbert's 21st problem

Riemann: The problem that an analytic function could be completely
defined by its singularities and monodromy properties.
Hilbert: A N x N linear system of differential equations

dV(x)
dx

= A(x)V(x)

is called Fuchsian if A(x) is a rational function with simple poles.
If S is the punctured (at the poles) Riemann sphere C U {co} then

W My (S) — GL(N,C)

gives a representation, called monodromy group.

Question: Does always exist a Fuchsian system with given poles and a
given monodromy group?
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Some history

J. Plemelj (1909) published a solution relating the problem into the

context of analytic factorization of matrix-valued functions and methods of
singular integral equations.
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The Riemann-Hilbert problem for orthogonal matrix polynomials

Some history

J. Plemelj (1909) published a solution relating the problem into the

context of analytic factorization of matrix-valued functions and methods of
singular integral equations.

A. Bolibruch (1989) gave a counterexample of size N = 3. For N = 2
Plemelj's claim is true (Dekkers, 1978).
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Some history

J. Plemelj (1909) published a solution relating the problem into the
context of analytic factorization of matrix-valued functions and methods of
singular integral equations.

A. Bolibruch (1989) gave a counterexample of size N = 3. For N = 2
Plemelj's claim is true (Dekkers, 1978).

There is now a modern version (D-module and derived category), the
Riemann-Hilbert correspondence.

The Riemann-Hilbert method consists of reconstructing an analytic
function from jump conditions or the analytic factorization of a given
matrix-valued function defined on a curve. This is what we will call
Riemann-Hilbert problems (RHP).
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Some history

J. Plemelj (1909) published a solution relating the problem into the
context of analytic factorization of matrix-valued functions and methods of
singular integral equations.

A. Bolibruch (1989) gave a counterexample of size N = 3. For N = 2
Plemelj's claim is true (Dekkers, 1978).

There is now a modern version (D-module and derived category), the
Riemann-Hilbert correspondence.

The Riemann-Hilbert method consists of reconstructing an analytic
function from jump conditions or the analytic factorization of a given
matrix-valued function defined on a curve. This is what we will call
Riemann-Hilbert problems (RHP).

Applications: Integrable systems, Orthogonal polynomials and Random
matrices, Combinatorial probability.
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Riemann-Hilbert factorization problem

Let G : X — GL(N,C) be a matrix-valued function. The RHP determined
by (X, G) consists of finding an N x N matrix-valued function Y(z) s.t.
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The Riemann-Hilbert problem for orthogonal matrix polynomials

Riemann-Hilbert factorization problem

Let G : X — GL(N,C) be a matrix-valued function. The RHP determined
by (X, G) consists of finding an N x N matrix-valued function Y(z) s.t.

Q Y(z) is analyticin C\ X
Q Yi(z)=Y_(z)G(z) when z € &
Y:I:(Z) = limz’—>z,:|:5ide Y(Z)
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Riemann-Hilbert factorization problem

Let G : X — GL(N,C) be a matrix-valued function. The RHP determined
by (X, G) consists of finding an N x N matrix-valued function Y(z) s.t.

Q Y(z) is analyticin C\ X

Q Yi(z)=Y_(z)G(z) when z € &
Yi(2) =1lim,_, tside Y(2)

Q@ Y(z)=lasz—

Manuel Dominguez de la Iglesia The RH problem for OMP



What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Scalar and additive RHP (N = 1)

Let w: R — R be a L}(R) and Hdlder continous function. The
Riemann-Hilbert problem determined by (R, w) consists of finding a
function f : C — C such that

Manuel Dominguez de la Iglesia The RH problem for OMP



What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Scalar and additive RHP (N = 1)

Let w: R — R be a L}(R) and Hdlder continous function. The
Riemann-Hilbert problem determined by (R, w) consists of finding a
function f : C — C such that

Q f(z) is analyticin C\ R

Manuel Dominguez de la Iglesia The RH problem for OMP



What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Scalar and additive RHP (N = 1)

Let w: R — R be a L}(R) and Hdlder continous function. The
Riemann-Hilbert problem determined by (R, w) consists of finding a
function f : C — C such that

Q f(z) is analyticin C\ R
Q 1 (x) =r1_(x)+ w(x) when x € R
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Scalar and additive RHP (N = 1)

Let w: R — R be a L}(R) and Hdlder continous function. The
Riemann-Hilbert problem determined by (R, w) consists of finding a
function f : C — C such that

Q f(z) is analyticin C\ R
Q 1 (x) =r1_(x)+ w(x) when x € R
Q f(z)=0(1/z) as z —

The unique solution of the RH problem above is the Stieltjes or Cauchy
transform of w, i.e.

f(2) = C)) = 5 [ 22

21 Jpt — 2z
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

RHP for orthogonal polynomials (N = 2)

Let du be a positive Borel measure.

We will assume dpu(x) = w(x)dx, w > 0 and x'w, X' € LL(R).
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RHP for orthogonal polynomials (N = 2)

Let du be a positive Borel measure.
We will assume dpu(x) = w(x)dx, w > 0 and x'w, X' € LL(R).
We can then construct a family of orthonormal polynomials (p,), s.t.

(PP = [ po(X)pm()ox) = Sy 1o 20

pn(X) = Vn(xn + ‘9n,n—1Xni1 + e ) = ’Ynﬁn(x)
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RHP for orthogonal polynomials (N = 2)

Let du be a positive Borel measure.
We will assume dpu(x) = w(x)dx, w > 0 and x'w, X' € LL(R).
We can then construct a family of orthonormal polynomials (p,), s.t.
(Prs ) = [ Pa(0Pm(xJol0)bx = nm, 1, 2 0
R
pn(X) = 'Yn(Xn + an,n—lxni1 I ooc ) = ’Ynﬁn(x)

We try to find a 2 x 2 matrix-valued function Y : C — C?*2 such that
©Q Y’ is analyticin C\ R

@ Yi(x) = Y7(x) (1 w9

0 1>whenx€R
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

RHP for orthogonal polynomials (N = 2)

Let du be a positive Borel measure.
We will assume dpu(x) = w(x)dx, w > 0 and x'w, X' € LL(R).
We can then construct a family of orthonormal polynomials (p,), s.t.

(PP = [ po(X)pm()ox) = Sy 1o 20

pn(X) = Vn(xn + 3n,n—1Xni1 + e ) = ’Ynﬁn(x)

We try to find a 2 x 2 matrix-valued function Y : C — C?*2 such that
©Q Y’ is analyticin C\ R

emwzwa“M

0 1>whenx€R

n

Q Y(z) = (I +0(1/2) (ZO Z°n> a5 7 — o
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Solution of the RHP for orthogonal polynomials

Fokas-Its-Kitaev (1990): For n > 1 the unique solution of the RHP above
is given by

Y”(z):( Pn(2) C(pnw)(2) >

Cn/,anfl(z) Ch C(ﬁnflw)(z)

where ¢, = —2miv2_;.
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Solution of the RHP for orthogonal polynomials

Fokas-Its-Kitaev (1990): For n > 1 the unique solution of the RHP above
is given by

Yn(z)_< P(z)  CE)) )

N Cn/,anfl(z) Cnc(ﬁnflw)(z)
where ¢, = —27rify,2771.

The existence and unicity is a consequence of the Morera's theorem,
Liouville's theorem, the additive RHP and detY"(z) = 1.
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Solution of the RHP for orthogonal polynomials

Fokas-Its-Kitaev (1990): For n > 1 the unique solution of the RHP above
is given by

nry Pn(2) C(pnw)(2)
Y(z) = (Cnﬁnl(z) c,,C(ﬁnlw)(Z)>

where ¢, = —27rify,2771.

The existence and unicity is a consequence of the Morera's theorem,
Liouville's theorem, the additive RHP and detY"(z) = 1.

The Liouville-Ostrogradski formula

qn(Z)pnfl(Z) - pn(z)qnfl(z) = ’Yn/’Ynfl
where gy(z) = [ Mw(t)dt is a consequence of Y"(Y")~1 = 1.

t—z
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Example: Hermite polynomials

The solution Y"(z) of the RHP
©Q Y isanalyticin C\R
—x?
Q Y'(x) = Y"(x) (é e1 > when x € R

n

Q Y"(z) = (I + O(1/2)) (ZO 29n> 28 7 — 00
is given by

n(z) = hn(Z) C(h”eitz)(z)
ok <Cnhn1(z) ch(hnle_t2)(Z)>

where (h,), is the family of monic Hermite polynomials.
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation

If we call R = Y™1(Y")~1 and denoting

ro-oe 3t 2)-o009)

we have that
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation

If we call R = Y™1(Y")~1 and denoting

n B 1/d, e, 5 z"
Y"(z) = <I+Z (fn gn> + On(1/z )> <0 ,
we have that
O Ris analyticin C\ R
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation
If we call R = Y™1(Y")~1 and denoting
n _ 1 dn €n 2 z" 0
Y"(z) = (I—i—; (fn gn> + On(1/z )> <0 Z_”>’ zZ — 0
we have that

O Ris analyticin C\ R
Q Ri(x) =R_(x) forall xeR
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation

If we call R = Y™1(Y")~1 and denoting

n . 1 dn €n 2 zn
Y(Z)_<I+;<fn gn>—|—(’),,(1/z)><0 Z
we have that

O Ris analyticin C\ R
Q Ri(x) =R_(x) forall xeR

Q R(z2) = <Z+d£:rll_dn —0€n> as z — 0
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation

If we call R = Y™1(Y")~1 and denoting

Y(z) = (/ +§ (‘; 2) —|—(’),,(1/z2)> (ZO z(_)”> . z—oo

we have that
O Ris analyticin C\ R
Q Ri(x) =R_(x) forall xeR

Q R(z)= <Z+d£:rll_dn —0€n> as z — 00

Therefore

Yn+1(z) _ z+ dn+1 —dp, —e, Yn(Z)
fn+1 0
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation |l

If we put
ap =dp — n+1, and ﬁn = enfn

entry (1,1) gives the three-term recurrence formula

Zhn(z) = hn+1(z) + anhn(z) + ﬁnhnfl(z)
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation |l

If we put
op =dp — dn+17 and (B, = eyf,

entry (1,1) gives the three-term recurrence formula

Zhn(z) = hn+1(z) + anhn(z) + ﬁnhnfl(z)

The entry (2,1) gives
fn =Ch = *27”.'%2171
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation |l

If we put
op =dp — dn—l—l’ and (B, = eyf,

entry (1,1) gives the three-term recurrence formula

Zhn(Z) = hn+1(Z) + anhn(z) + ﬂnhnfl(z)

The entry (2,1) gives
fn =Ch = *27”.%%71

From the explicit expression of o, and (3, we have

-1
dn = apn-1, and Chi1 = €n
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation |l

If we put
op =dp — dn—l—l’ and (B, = eyf,

entry (1,1) gives the three-term recurrence formula

Zhn(Z) = hn+1(Z) + anhn(z) + ﬂnhnfl(z)

The entry (2,1) gives
fn =Ch = *27”.7571

From the explicit expression of o, and (3, we have

-1
dn = apn-1, and Chi1 = €n

Also we have the following
fnJrlen:]- dn+gn:0
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A differential equation

Consider the transformation

e7/2 0

@)=y,
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A differential equation

Consider the transformation

Xn(z) _ Y”(Z) <6_22/2 0 )

0 622/2

We observe that X" is invertible and that

—><2/2 0 —x? —x2/2
n n € n 1 e 0
X (x) = Y(x) < 0 ex2/2> = Y2(x) (0 el ) < 0 ex2/2>

_yn efx2/2 0 ex2/2 0 1 efx2 efx2/2 0

- —(X) 0 ex2/2 0 efx2/2 0 1 0 ex2/2
(11

= X2(x) (0 1>
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A differential equation

Consider the transformation

—z%/2 0
n o n €
X"(2) = ¥"(2) ( . /)
We observe that X" is invertible and that
—x2/2 0 —x? —x*/2
n __\yn e _ wvn 1 e e 0
X{(x) = Y](x) < 0 ex2/2> =Y"(x) (0 1 ) < 0 eX2/2>

_yn efx2/2 0 ex2/2 0 1 efx2 efx2/2 0

- —(X) 0 ex2/2 0 efx2/2 0 1 0 ex2/2
(11

= X2(x) (0 1>

That means that X" has a constant jump.
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Consider R = £X"(X")~!. We have that
@ Risanalyticin C\R
Q Ri(x)=R_(x)forall xeR

o= (3 2 (7 o) (@ )G D 2

as Z — o0

Therefore

9 xn(z) = ( o 2C"A11> X"(2)

dz —2¢n z

40> «AFPr « E» « > = v) Q>



What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A differential equation Il

Consider R = Z£X"(X")~1. We have that
@ Ris analyticin C\R
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A differential equation Il

Consider R = Z£X"(X")~1. We have that

@ Ris analyticin C\R
Q Ri(x)=R_(x)forall xeR

as Zz — &0
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A differential equation Il

Consider R = Z£X"(X")~1. We have that
@ Ris analyticin C\R
Q Ri(x)=R_(x)forall xeR

o= (7 )+ (7 2) (0 9)-(

as Zz — &0

Therefore

don\_ [ -z 2cnjr11 n
EX (2) = (—2cn i X"(2)

€n
&n
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

The Lax pair and compatibility conditions

X" satisfies the following Lax pair

—1 -1
nl N _ (2= —Coi1) yn ol _( -z 2c1) yn
xin) = (370 TG X, x-S 2 X
—_————
En(2) Fn(2)
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

The Lax pair and compatibility conditions

X" satisfies the following Lax pair

—1 -1
nl N _ (2= —Coi1) yn ol _( -z 2c1) yn
xin) = (370 TG X, x-S 2 X
—_————
En(2) Fn(2)

Combining them we get

E (2) + En(2)Fa(2) = Fay1(2)En(2)
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

The Lax pair and compatibility conditions

X" satisfies the following Lax pair

—1 -1
nl N _ (2= —Coi1) yn ol _( -z 2c1) yn
xin) = (370 TG X, x-S 2 X
—_————
En(2) Fn(2)

Combining them we get
E,',(z) + En(2)Fa(2) = Fry1(2)En(2)
In this case we get (using 8, = ¢,/cnt1)

n

1
an, =0, 6n+176n:§¢6n:§
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

The ladder operators and second order differential equation

_ -1
From entries (1,1) and (2,1) of %X”(Z) = (_;: 2C;+1> X"(z) we get the

ladder operators

h,(z) = nh,—1(2), h,_1(2) — 2zh,—1(2) = —2h,(2) J
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

The ladder operators and second order differential equation

_ -1
From entries (1,1) and (2,1) of %X”(Z) = (_;: 2C;+1> X"(z) we get the
ladder operators
H2) = nho1(2),  Hys(2) — 22hy-1(2) = —2he(2) ]

Combining them we get the second order differential equation

h)(z) — 2zh;(z) + 2nh,(z) = 0 )
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

The ladder operators and second order differential equation

_ -1
From entries (1,1) and (2,1) of %X”(z) = (_;: 2C;+1> X"(z) we get the
ladder operators
H2) = nho1(2),  Hys(2) — 22hy-1(2) = —2he(2) ]

Combining them we get the second order differential equation

h)(z) — 2zh;(z) + 2nh,(z) = 0 )

Conclusion: advantages

@ Algebraic properties: three term recurrence relation, ladder operators,
second order differential equation
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

The ladder operators and second order differential equation

_ -1
From entries (1,1) and (2,1) of %X”(z) = (_;: 2C;+1> X"(z) we get the

ladder operators
Hy(2) = nbo-s(z), Ky y(2) = 22hy1(2) = —2he(2) J
Combining them we get the second order differential equation

h)(z) — 2zh;(z) + 2nh,(z) = 0 )

Conclusion: advantages

@ Algebraic properties: three term recurrence relation, ladder operators,
second order differential equation

© Uniform asymptotics: steepest descent analysis for RHP (Deift-Zhou,1993).
The idea is to transform Y into another RHP R" where
R"(z) =14+ O(1/z) as z — oo and R (z) = R_(2)(I + O(1/n)). Therefore
R"(z) = 1+ O(1/n) as n — oo uniformly for all z € C.

w
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Orthogonal matrix polynomials

The theory of orthogonal matrix polynomials (OMP) was introduced by Krein in
1949.
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Orthogonal matrix polynomials

The theory of orthogonal matrix polynomials (OMP) was introduced by Krein in
1949.

A N x N matrix polynomial on the real line is

P(x) = Apx"+ Apix" 14 Ay, xER A e CVXN
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Orthogonal matrix polynomials
The theory of orthogonal matrix polynomials (OMP) was introduced by Krein in
1949.

A N x N matrix polynomial on the real line is
P(x) = Anx"+ Ap1x" 4+ Ay, xeR A eCVV

Let W be a N x N a matrix of measures or weight matrix.

We will assume dW(x) = W(x)dx and [ x"W(x)dx [ x™W'(x)dx exist.
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Orthogonal matrix polynomials

The theory of orthogonal matrix polynomials (OMP) was introduced by Krein in
1949.

A N x N matrix polynomial on the real line is

P(x) = Anx"+ Ap1x" 4+ Ay, xeR A eCVV
Let W be a N x N a matrix of measures or weight matrix.
We will assume dW(x) = W(x)dx and [ x"W(x)dx [ x™W'(x)dx exist.
We can construct a family of OMP with respect to the inner product

(P,Qw = /RP(X)W(X)Q*(x)dx e CNxN

such that

(Pn, Pm)w :/ Pa(x)W(x)Pr(x)dx = dp.ml, n,m>0
R

Po(X) = Yn(x" + apn1x"1 4 -+ ) = 7aPa(x)
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Solution of the RHP for OMP

Y C — C2N*2N gych that
©Q Y7 is analyticin C\ R
9 YI(x)=Y"(x) <(I) WI(X)> when x € R

z"|

Q Y(z) = (/+0(1/z))< . an/> e
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Solution of the RHP for OMP

Y C — C2N*2N gych that
©Q Y7 is analyticin C\ R
9 YI(x)=Y"(x) <(I) WI(X)> when x € R

Q Y(z) = (I +0(1/2) (ZS’ Z9n,> e

For n > 1 the unique solution of the RH problem above is given by

o [ Pl CBW)E)
Y'(z) = <CnPn1(z) cnC(Pp-1 W)(Z)>
F(1)

where C(F)(z) = 5= [p 72dt and ¢y = —27i7}_1Vn-1.
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Again, we have that detY"(z) = 1, so we find a solution of the inverse

C(WP;_1)(2)cn —C(WP;)(2)

m—1 __ ¢
Y= @ P
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Again, we have that detY"(z) = 1, so we find a solution of the inverse

m-1_ [ CWP;_1)(2)en —C(WP;)(2)
e ‘( B P) )

@ The Liouville-Ostrogradski formula (Durdn, 1996)

Qn(2)P_1(2) = Pa(2)Qp_1(2) = v

Manuel Dominguez de la Iglesia The RH problem for OMP



What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

Again, we have that detY"(z) = 1, so we find a solution of the inverse

m-1_ [ CWP;_1)(2)en —C(WP;)(2)
e ‘( B P) )

@ The Liouville-Ostrogradski formula (Durdn, 1996)

Qn(2)P_1(2) = Pa(2)Qp_1(2) = v

@ The Hermitian property (Durdn, 1996)

Qn(2)P(2) = Pa(2)Qn(2)
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Let us consider

W(x) = e XM xeR
for any A € CNXN.
The solution Y"(z) of the RHP
@ Y7 is analyticin C\ R

/ e—xzeAxeA*x
Q@ YI(x)=Y"(x) (0 | ) when x € R

Q Y"(z)=(1+0(1/2)) (Zgl zO”l> as z — 00
is given by

Yi(z) =

Pa(2) C(Ppe® eAeh)(2)
cnPn_1(z) cnC(Pp 17t efte?t)(2)

where (:B,,)n is the family of monic polynomials with respect to, .. -
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A special case
Let us consider ,
W(x)=e*eMe"*, xcR

for any A € CNxN,
The solution Y"(z) of the RHP
©Q Y’ is analyticin C\ R

—x2 Ax JA*x
@ Vit =i (¢

0 | )wheanR

Q Y'(z)=(1+0(1/2)) <Z;/ zO”I> as z — 00
is given by

wn [ Paz)  C(PrefetteAt)(2)
Y'(z) = (Cn/,sn—l(z) Cnc(ﬁn_letzeAteA*t)(z)>

where (/?’n),7 is the family of monic polynomials with respect to W.

Manuel Dominguez de la Iglesia The RH problem for OMP
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation

If we call R = Y™1(Y")~1 and denoting

1 n]
v = (14 2vr o) (%) 2w

we have that
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation

If we call R = Y™1(Y")~1 and denoting

1 n]
v = (14 2vr o) (%) 2w

we have that
O Ris analyticin C\ R
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation

If we call R = Y™1(Y")~1 and denoting

1 n]
v = (14 2vr o) (%) 2w

we have that

O Ris analyticin C\ R
Q Ri(x) =R_(x) forall xeR
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation

If we call R = Y™1(Y")~1 and denoting

n B 1., 5 z"| 0
v = (14 2vr o) (%) 2w
we have that
O Ris analyticin C\ R
Q Ri(x) =R_(x) forall xeR

z n+1 o n o n
Q R(z)= ( /+(Ytyln)+]11)2l(yl)ll (?)12> as z — 00
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation

If we call R = Y™1(Y")~1 and denoting

n B 1., 5 z"| 0
v = (14 2vr o) (%) 2w
we have that
O Ris analyticin C\ R
Q Ri(x) =R_(x) forall xeR

Q R(z)= (Z/ " (YlnH)]ll - (M) (3;117)12> as z — 00

(7)o
Therefore
n+1 . n . n
Y™l(z) = <ZI + (Yl(Yl”)Jrlll) (Y1) (\;1 )12) Y"(2)
21
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation |l

If we put
Gn = (Yln)ll - (Y1n+1)11’ Bn = (Yln)lz(yln)zl

block entry (1, 1) gives the three-term recurrence formula

2Pp(2) = Poy1(2) + anPn(2) + BaPa_1(2)
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation |l

If we put
Gn = (Yln)ll - (Y1n+1)11’ Bn = (Yln)lz(yln)zl

block entry (1, 1) gives the three-term recurrence formula

2Pp(2) = Poy1(2) + anPn(2) + BaPa_1(2)

The block entry (2,1) gives

Cn = (Yln)zl
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation |l

If we put
Gn = (Yln)n - (Y1n+1)11’ Bn = (Yln)12(yln)21

block entry (1, 1) gives the three-term recurrence formula

zf’n(z)::’?’,prl( )+Oén n( )+ﬁn n— 1( )

The block entry (2,1) gives
&= (Y1),
From the explicit expression of a, and (3, we have

(Y1n+1)11 = apn-1, and Cn+1 = (Yn 1)12
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A recurrence relation |l

If we put
Gn = (Yln)n - (Y1n+1)11’ Bn = (Yln)12(yln)21

block entry (1, 1) gives the three-term recurrence formula

zf’n(z)::’?’,prl( )+Oén n( )+ﬁn n— 1( )

The block entry (2,1) gives
Cn = (Yln)21
From the explicit expression of a, and (3, we have
(Y1n+1)11 = apn-1, and Cn+1 = (Y7~ 1)12
Also we have the following

(7 (D)2 = (D)7 = 1 () + ()3 =0
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A differential equation

Consider the transformation

—22/2 Az 0
n n e e
X&) =y (70 20
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A differential equation

Consider the transformation
. i e—zz/QeAz 0
XA=Y"D(° [ e

We observe that X" is invertible and that
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A differential equation

Consider the transformation

—22/2 eAz

0

e

X"(z) = Y"(z) (

We observe that X" is invertible and that

That means that X" has a constant jump.

0
e22/2€7A*z

Manuel Dominguez de la Iglesia The RH problem for OMP
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A differential equation Il

Consider R = Z£X"(X")~1. We have that
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A differential equation Il

Consider R = Z£X"(X")~1. We have that
@ Ris analyticin C\R
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A differential equation Il

Consider R = Z£X"(X")~1. We have that
@ Ris analyticin C\R
Q Ri(x)=R_(x)forall xeR
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A differential equation Il

Consider R = Z£X"(X")~1. We have that
@ Ris analyticin C\R
Q Ri(x)=R_(x)forall xeR
o

(—zZ+A 0 (=1 0 1 0\ .,
R(z)_< 0 z/—A*)+Yl<o /><o /)Yl
o —d+A 2(YD),
T2y, 2 - A
as zZz — O
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

A differential equation Il

Consider R = Z£X"(X")~1. We have that
@ Ris analyticin C\R
Q Ri(x)=R_(x)forall xeR
o

(—zZ+A 0 (=1 0 1 0\ .,
R(z)_< 0 z/—A*)+Y1<0 /><o /)Yl
o —d+A 2(YD),
T2y, 2 - A
as zZz — O

Therefore

d oy (—2Zl+A 2c} n
EX (2) = ( -2¢, ozl - A* X"(2)
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

The Lax pair and compatibility conditions

X" satisfies the following Lax pair

-1

n zl —ap, —c, "
X ""1(2) = ( -~ O+1) X (Z)7

En(z)

Manuel Dominguez de la Iglesia
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

The Lax pair and compatibility conditions

X" satisfies the following Lax pair

-1

" 2l —a, —c N d ., —zl+A  2c; ! N
Xz = (T 0 TG xee, Sxee) = (Tt ) xe)

En(z) Fn(2)

Combining them we get

E (2) + En(2)Fa(2) = Fri1(2)En(2)
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

The Lax pair and compatibility conditions

X" satisfies the following Lax pair

-1

" 2l —a, —c N d ., —zl+A  2c; ! N
Xz = (T 0 TG xee, Sxee) = (Tt ) xe)

E,(z) Fa(2)
Combining them we get
E(2) + En(2)Fn(2) = Fai1(2)En(2)
In this case we get (using 5, = c,,cn_+ll)
Compatibility conditions
2(Bns1 — Bn) = Aan — anA+ 1

1
a, = E(A + C,«,__:]_A*Cn+l)
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

The ladder operators and second order differential equation

From block entries (1,1) and (2,1) of

dymy_ (—Z+A 2c5 Y on
=X"(z) = ( Toe, A X"(z) we get the ladder operators

Ladder operators
P!(2) + Pa(2)A — AP,(2) = 2B,Pn_1(2)
—P(2) +2(z — an)Pa(2) + AP(2) — Pn(2)A = 2Pp41(2)
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What is a Riemann-Hilbert problem?
The Riemann-Hilbert problem for orthogonal matrix polynomials

The ladder operators and second order differential equation

From block entries (1,1) and (2,1) of

dymy_ (—Z+A 2c5 Y on
=X"(z) = ( Toe, A X"(z) we get the ladder operators

Ladder operators
Po(2) + Po(2)A — APy(z) = 28,Pn-1(2)
_P(2) + 2(2 — an)Pa(2) + APw(2) — Po(2)A = 2P111(2)
Combining them we get the second order differential equation

Second order differential equation
Pr(2) + 2P)(2)(A = 21) + Po(2) A’ — APy (2) + 43, n( ) =
)A

— 22(Pa(2)A — AP (2)) + 2(an — A)(Ph(2) + Pa(2)A = AP,(2))

Manuel Dominguez de la Iglesia The RH problem for OMP



	What is a Riemann-Hilbert problem?
	The Riemann-Hilbert problem for orthogonal matrix polynomials

