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Introduction Orthogonality Differential operator Examples

GOAL OF THE TALK
Let pq(x) be the Laguerre weight
pa(x) =x%"*, x>0, a>-1

Form>1,let M= (I\/l,-j)zi;%J be any m x m matrix.
We will consider the discrete Laguerre-Sobolev bilinear form

(prq) = /O "~ p(x)q()Haem(x)dx + B(0) MQ(0) T J

P(0) = (p(0), p'(0),...,pmV(0)) and a £ m—1,m—2,...
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@ Give an expression of the (left) OP (gn), as a linear
combination of m+ 1 consecutive Laguerre polynomials (L%),.
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GOAL OF THE TALK
Let pq(x) be the Laguerre weight
pa(x) =x%"*, x>0, a>-1

Form>1,let M= (I\/l,-j)z;% be any m x m matrix.
We will consider the discrete Laguerre-Sobolev bilinear form

(P ) = /0 " p()a(x)ia-m(x)dx + BO)MQ(0)

P(0) = (p(0), p'(0),...,pmV(0)) and a £ m—1,m—2,...

@ Give an expression of the (left) OP (gn), as a linear
combination of m+ 1 consecutive Laguerre polynomials (L%),.

e Find a higher-order differential operator D, such that
D4(qn) = Angn, where Dy is a polynomial combination of D,.
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SOME HISTORY
e m=0=M=0= p,(x).

Laguerre OP’s (L), (Laguerre, 1879). They are
eigenfunctions of the second-order differential operator

d\? d o .
D)y = =53 o —(oz—i—l—x)&, Dy(Ly)=nL,, n>0
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SOME HISTORY
e m=0=M=0= p,(x).

Laguerre OP’s (L), (Laguerre, 1879). They are
eigenfunctions of the second-order differential operator

d\* d o o
D)y = =53 o —(oz—i—l—x)a, Dy(Ly)=nL,, n>0

° m:1:>M:M0€R$,ua,1(X)—I—M050.
Krall-Laguerre OP’s.
o H. L. Krall, 1939 (o« = 1). Fourth-order differential operator.

o L. L. Littlejohn, 1984 (« = 2,3). Sixth and eighth-order
differential operator.

o Koekoek's, 1991 (a € N). (2« + 2)-order differential operator.



Introduction Orthogonality Differential operator Examples

SOME HISTORY

@ A natural extension of the Krall-Laguerre OP’s is to consider
the moment functional (Griinbaum-Haine-Horozov, 1999)

m—1

Pa—m + Z MI(S(()I)
i=0
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SOME HISTORY

@ A natural extension of the Krall-Laguerre OP’s is to consider

the moment functional (Griinbaum-Haine-Horozov, 1999)

m—1
Pa—m + Z MI(S(()I)
i=0
This case represents our bilinear form with M the symmetric
matrix (Mpy,_1 # 0)

Mo M Mmn—2 Mmn_1
My M, Mpm_1 0
M= : : . : :
Mp_o Mp_1 - 0 0
Mp_1 0 e 0 0

They proved that the corresponding OP's (g,), are
bispectral using iterations of the Darboux process.

Examples
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e m=2 and M is the 2 x 2 diagonal matrix

(Mg 0
M‘(o MJ

These are the Laguerre-Sobolev OP'’s.

R. Koekoek (1991) and later Koekoek’'s-Bavinck (1998)

proved that if & > 2 is a nonnegative integer

order diff. op. = {

2a¢+8, if Mp =0,M; >0,
4o + 10, if My, My > 0;

Examples
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SOME HISTORY

e m=2 and M is the 2 x 2 diagonal matrix

(Mg 0
M‘(o MJ

These are the Laguerre-Sobolev OP'’s.

R. Koekoek (1991) and later Koekoek’'s-Bavinck (1998)

proved that if & > 2 is a nonnegative integer

order diff. op. = {

e m=2 and M is the 2 x 2 symmetric matrix (lliev, 2013)

(Mo My
M= (b i)

2a¢+8, if Mp =0,M; >0,
4o + 10, if My, My > 0;

Examples
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ORTHOGONALITY
Theorem (Duran-Mdl, 2014)
Let M = (M,J),J o be any m x m matrix and o # m—1,m — 2,... Consider
(p.a) = | p(0a0)na-nl(x)dx -+ BO)MQ(0) 1)
0

and the functions (j =1,2,...m)

m—

Rj(X):M(x+l)m_J+(J 1)! Hat1+x) Z M;- 1’ i+1),-J

(m—j)! M1+ x) a+l+
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ORTHOGONALITY
Theorem (Duran-Mdl, 2014)
Let M = (M,J),J o be any m x m matrix and o # m—1,m — 2,... Consider
(p.a) = | p(0a0)na-nl(x)dx -+ BO)MQ(0) 1)
0
and the functions (j =1,2,...m)

() e m ) a+1+x S M;— 1: )
Ri(x) = =gy G Dt U= D=y Z a+ oy i)
Then the family (gn)» defined by the Casorati determinant

Li(x)  Lia() - Lom(X)
Ri(n) Ri(n—1) - Ri(n—m)

qn(X) = . . . . , n=>0
Rm(n) Rm(n—1) -+ Rp(n—m)

is (left) orthogonal with respect to (1) if and only if
Q(n) = det(Ri(n— j)){jes #0, n>0
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DIFFERENTIAL OPERATOR

Theorem (Duran-Mdl, 2014)

Let Y1, Ya2,..., Ym be m arbitrary polynomials and assume that
Q(n) = det(Yi(n — )1 # 0,0 > 0

Now consider the sequence of polynomials (gn)» defined by
L) Lhia(x) - Liom(X)

Yi(n) Yi(n—=1) - Yi(n—m)

an(x) = n>0

I

Yo(n) Ym(n—1) - Yi(n—m)
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DIFFERENTIAL OPERATOR

Theorem (Duran-Mdl, 2014)
Let Y1, Ya2,..., Ym be m arbitrary polynomials and assume that
Q(n) = det(Yi(n— )21 #0,n >0

Now consider the sequence of polynomials (gn)» defined by

Ly(x)  Lia(x) - Lim(x)
Yi(n) Yi(n—=1) - Yi(n—m)
q”(X) = . : - ) n 2 0
Ym(n) Ym(n—=1) -+ Yu(n—m)
Then there exists a differential operator Dg of the form
- d
Dy = P(Da)+;Mh(Da)avh(Da) l

such that Dq(gn) = P(n)g» where P(x) — P(x — 1) = Q(x) and the
polynomials My(x),h =1,..., m are defined by

m

Mh(x)=Z(—1)"+"det(YI(X+f—f)){ £n
r i

j=t
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BISPECTRALITY

In other to combine the previous two results we have to force that

MNMa—m+))
Yi(x) = R;(x) :W(X + Dm—j
) Ma+1+x) = 1, )
—1 Micti —jy1)
+(J ) 1—|—x pare a—|—l+l T )

are polynomials in x for j = 1,2 ..., m.
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BISPECTRALITY

In other to combine the previous two results we have to force that

MNMa—m+))
Yi(x) =Rj(x) =———5—(x+ 1) m—
J() J() (m—_j)l ( ) J
. Ma+1+x) : 1, .
-1 M;— — 1),
+0 ) M1+ x) pare a—|—l+l i+1)
are polynomials in x for j = 1,2 ..., m.

This holds only when « is a nonnegative integer with o > m.
In that case the functions R(x) are polynomials given by

(a—m+j—1)!

Rib) ==y

(x4 Dm-j

m— 1

(./*1 X+1OLZ a+1 1’ *I-+].),'

i=
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BISPECTRALITY

In other to combine the previous two results we have to force that

MNMa—m+))

Yi(x) = Rj(x) = (X + 1)
’ ’ (m—j)! /
. Ma+1+x) : 1, .
- ! M;— — 1);
+0 ) M1+ x) pare a—|—l+l i+1)
are polynomials in x for j = 1,2 ..., m.

This holds only when « is a nonnegative integer with o > m.
In that case the functions R(x) are polynomials given by

R =R e Dy
m— 1 7
+(G—-1)! x+1az 11’ (x —i+1);

a—i—l

i=

Then the polynomials (g,), defined by the Casorati determinant using
the previous polynomials are bispectral.
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ORDER OF THE DIFFERENTIAL OPERATOR

The order of the differential operator D, is given by twice the degree of
the polynomial P defined by P(x) — P(x — 1) = Q(x) where

Q(x) = det(Ri(x = J))ij=1
Therefore this order should be 2(deg Q(x) + 1).
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matrix M. There can be two cases:
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ORDER OF THE DIFFERENTIAL OPERATOR

The order of the differential operator D, is given by twice the degree of
the polynomial P defined by P(x) — P(x — 1) = Q(x) where

Q(x) = det(Ri(x = J))ij=1
Therefore this order should be 2(deg Q(x) + 1).

This degree depends on the polynomials R;(x) and therefore on the
matrix M. There can be two cases:

o If degR; # deg R; for i # j. Then (Duran-Mdl, 2014)

deg Q(x) = ZdegR (x) — ( ) ’

@ Otherwise (Duran-Mdl, 2014)

deg Q(x) = a-wr(M) = Z nj + Z mj — M ’




Write M by columns M = [c1|ca| - - - |cm] -
Define the numbers nq, n>

and for j =2

and write f;

We define the numbers my, mo

m:

J

fm, for the

_fm—,
=10,

, Nm by

of M.

Consider now M the matrix whose columns are ¢;, i € {j

if Ij e< lj’+1,
if f; €< fi11

{a+m1, if cm #0,
m = 0

if cm =0;

Nm—j+1 7 0}

«O0>» «Fr «Z» «

it
-

DA
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How TO OBTAIN a-wr(M)?

Write M by columns M = [c1]c| -« - |cm] -
Define the numbers ny, ny, ..., ny, by

e a+m-—1, ifc,#0,
' o, if ¢y = 0;

and for j=2,...,m,

a—!—m—j, if Cm—j+1 ¢< Cm—j+25+++3Cm >,
0, if Cm—jy1 €< Cm—j42,.--5Cm >.
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How TO OBTAIN a-wr(M)?

Write M by columns M = [c1]c| -« - |cm] -
Define the numbers ny, ny, ..., ny, by

e a+m-—1, ifc,#0,
' o, if ¢y = 0;

and for j=2,...,m,

a+m—j, if cmojr1 €< Cm—jt2,--.,Cm >,
0, if Cm—j+1 €< Cm—jt2,--+5Cm >

Consider now M the matrix whose columns are ¢;, i € {j : nm_j11 # 0}
and write f1, ..., fy, for the rows of M.

We define the numbers my, m,, ..., my,_1 by

e m—j, iffie<tiy,. .. .fm>,
! 0, if £ < fiin,. .o o >

Examples
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EXAMPLE 1(GRUNBAUM-HAINE-HOROZOV)

Let M be the symmetric matrix (Mm_1 # 0)

Mo Ml te Mm72 Mrnfl
M, My - Mpno 0
M = : ; s : :
Mpn—2 Mmo1 - 0 0
M1 0 e 0 0

(gn)n are orthogonal with respect to pra—m + Z,'.';Bl M;(Séi).
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EXAMPLE 1(GRUNBAUM-HAINE-HOROZOV)

Let M be the symmetric matrix (Mm_1 # 0)

Mo Ml te Mm72 Mrnfl
M, My - Mpno 0
M = : ; s : :
Mpn—2 Mmo1 - 0 0
M1 0 e 0 0

(gn)n are orthogonal with respect to pla—m + > iy M 6

The polynomials R;(x) are in this case

(a=m+j—1)!

Rilx) = (m—j)!

m—j ;
x+1D) m_j+G =1 (x+1)a ( ”’ L(x—i41);
J
i=0
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EXAMPLE 1(GRUNBAUM-HAINE-HOROZOV)

Let M be the symmetric matrix (Mm_1 # 0)

Mo Ml R Mm72 Mrnfl
M My, - My 0
M=1 S : :
Mp—o Mp_1 --- 0 0
Mpm_1 0 e 0 0

(gn)n are orthogonal with respect to pla—m + > iy M 6

The polynomials R;(x) are in this case

Rj(x) = %O@rl) G- (x+1 ai( 1+: (i),

Therefore degR; = a+ m — j and deg R; # deg R for i # j, since a« > m.

degQ(x) =am = ord(Dg) =2(am+ 1) J




The polynomials R;(x) are in this case

Ri(x) = (ufmJU.'—l)!

(m—j)!

—1y1M;_
(X+1)m7j+( ) j—1

(_j)(}

-1, M, _ 0,
degRj{” +J j 1#
m—J,

M;_y = 0.
and deg R # degR; for i # j. If s=#{j: 1 <j < m,M; #0}

Therefore

deg Q(x) =sa+ (m—s)(m+1)—2

D

J
1<j<m,M;_1=0

«O» «Fr « =>»

« =

Let M be the diagonal M = diag(My, ..., My_1), My_1 # 0.

(x+1)a(x—j+2)j-1

DA
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EXAMPLE 2 (LAGUERRE-SOBOLEV)

Let M be the diagonal M = diag(My, ..., My_1), My_1 # 0.

The polynomials R;(x) are in this case

a—m+j—1)

1Vl M.
Rj(X):( (m—J)I ( 1)J ,wjil

(x+1)m—j+ 0a

(x+1)a(x—j+2)j
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EXAMPLE 2 (LAGUERRE-SOBOLEV)

Let M be the diagonal M = diag(My, ..., My_1), My_1 # 0.

The polynomials R;(x) are in this case

(—m+j—1)l
(m =)

(1Y "M

Ry = 0a

(x+1)m—j+ (x+1)a(x—j+2);-1

Therefore

i—1, M_ 0
degRj—{a+J. 0 M2 20,
m—J, Mj_1:0.

and deg R #degR; for i # j. If s=#{j:1<j < m,M;#0}

degQ(x) =sa+(m—s)(m+1)—2 Z J J

1<j<m,M; =0




1 1 0
M=[1 1 0 = degRi=degRro=a+1,degRs=a+2
0 01

In this case we have to use the definition of a-wr(M) to find deg Q(x).
Therefore

m=a+2,m=a+1,n=0 m=2m=0, = aw(M)=2a+2

For , Ri(x), Ra(x), R3(x) are given by
2 . —
Ri(x) (x + D) (x +2)(x* — x — 24)
24
3, 2 B
Ra(x) (x+ 1)(x° + x 14x — 48)
24
Ra(x) (x +4)(x* + x> + x> — 9x + 30)
60

deg Q(x) = a-wr(M) =8 = ord(Dg) = 18

«O» «F»r «

i
it
it
)
¥l
i)



Differential operator Examples

Introduction Orthogonality
EXAMPLE 3
1 10
M=[1 1 0 = degRi=degRo=a+1l,degRs=a+2
0 0 1

In this case we have to use the definition of a-wr(M) to find deg Q(x).

Therefore

m=a+2,m=a+1n=0 m=2m=0, = aw(M)=2a+2
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EXAMPLE 3
1 1 0
M=[1 1 0 = degRi=degRo=a+1l,degRs=a+2
0 01

In this case we have to use the definition of a-wr(M) to find deg Q(x).

Therefore
m=a+2,m=a+1n=0 m=2m=0, = aw(M)=2a+2
For oo = 3, Ri(x), R2(x), Ra(x) are given by

B (x+1)(x+ 2)(x2 — x —24)

Ral) 24
3 2 _
Ra(x) C(x+1)(x +x7 — 14x — 48)
24
Ra(x) (x +4)(x* + x® + x> — 9x + 30)

60
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EXAMPLE 3
1

M=1[1

0

In this case we have to use the definition of a-wr(M) to find deg Q(x).

Therefore

Orthogonality Differential operator

(R

0
0 = degRi=degRo=a+1l,degRs=a+2
1

Examples

m=a+2,m=a+1n=0 m=2m=0, = aw(M)=2a+2

For oo = 3, Ri(x), R2(x), Ra(x) are given by

B (x+1)(x+ 2)(x2 — x —24)

a9 24
3, .2 _ _
Ra(x) C(x+1)(x +x7 — 14x — 48)
24
4, 3., 2
Rs(x) (x+4)(x" + x6:)r x° —9x + 30)

deg Q(x) = a-wr(M) =8 = ord(Dg) =18
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