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Introduction Orthogonality Differential operator Examples

Goal of the talk

Let µα(x) be the Laguerre weight

µα(x) = xαe−x , x > 0, α > −1

For m ≥ 1, let M = (Mij)
m−1
i ,j=0 be any m ×m matrix.

We will consider the discrete Laguerre-Sobolev bilinear form

〈p, q〉 =

∫ ∞
0

p(x)q(x)µα−m(x)dx + P(0) MQ(0)T

P(0) =
(
p(0), p′(0), . . . , p(m−1)(0)

)
and α 6= m − 1,m − 2, . . .

Give an expression of the (left) OP (qn)n as a linear
combination of m + 1 consecutive Laguerre polynomials (Lαn )n.

Find a higher-order differential operator Dq such that
Dq(qn) = λnqn, where Dq is a polynomial combination of Dα.
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Introduction Orthogonality Differential operator Examples

Some history
m = 0⇒M = 0⇒ µα(x).

Laguerre OP’s (Lαn )n (Laguerre, 1879). They are
eigenfunctions of the second-order differential operator

Dα = −x
(

d

dx

)2

− (α + 1− x)
d

dx
, Dα(Lαn ) = nLαn , n ≥ 0

m = 1⇒M = M0 ∈ R⇒ µα−1(x) + M0δ0.

Krall-Laguerre OP’s.

H. L. Krall, 1939 (α = 1). Fourth-order differential operator.

L. L. Littlejohn, 1984 (α = 2, 3). Sixth and eighth-order
differential operator.

Koekoek’s, 1991 (α ∈ N). (2α + 2)-order differential operator.



Introduction Orthogonality Differential operator Examples

Some history
m = 0⇒M = 0⇒ µα(x).

Laguerre OP’s (Lαn )n (Laguerre, 1879). They are
eigenfunctions of the second-order differential operator

Dα = −x
(

d

dx

)2

− (α + 1− x)
d

dx
, Dα(Lαn ) = nLαn , n ≥ 0

m = 1⇒M = M0 ∈ R⇒ µα−1(x) + M0δ0.

Krall-Laguerre OP’s.

H. L. Krall, 1939 (α = 1). Fourth-order differential operator.

L. L. Littlejohn, 1984 (α = 2, 3). Sixth and eighth-order
differential operator.

Koekoek’s, 1991 (α ∈ N). (2α + 2)-order differential operator.



Introduction Orthogonality Differential operator Examples

Some history
m = 0⇒M = 0⇒ µα(x).

Laguerre OP’s (Lαn )n (Laguerre, 1879). They are
eigenfunctions of the second-order differential operator

Dα = −x
(

d

dx

)2

− (α + 1− x)
d

dx
, Dα(Lαn ) = nLαn , n ≥ 0

m = 1⇒M = M0 ∈ R⇒ µα−1(x) + M0δ0.

Krall-Laguerre OP’s.

H. L. Krall, 1939 (α = 1). Fourth-order differential operator.

L. L. Littlejohn, 1984 (α = 2, 3). Sixth and eighth-order
differential operator.

Koekoek’s, 1991 (α ∈ N). (2α + 2)-order differential operator.



Introduction Orthogonality Differential operator Examples

Some history
m = 0⇒M = 0⇒ µα(x).

Laguerre OP’s (Lαn )n (Laguerre, 1879). They are
eigenfunctions of the second-order differential operator

Dα = −x
(

d

dx

)2

− (α + 1− x)
d

dx
, Dα(Lαn ) = nLαn , n ≥ 0

m = 1⇒M = M0 ∈ R⇒ µα−1(x) + M0δ0.

Krall-Laguerre OP’s.

H. L. Krall, 1939 (α = 1). Fourth-order differential operator.

L. L. Littlejohn, 1984 (α = 2, 3). Sixth and eighth-order
differential operator.

Koekoek’s, 1991 (α ∈ N). (2α + 2)-order differential operator.



Introduction Orthogonality Differential operator Examples

Some history
m = 0⇒M = 0⇒ µα(x).

Laguerre OP’s (Lαn )n (Laguerre, 1879). They are
eigenfunctions of the second-order differential operator

Dα = −x
(

d

dx

)2

− (α + 1− x)
d

dx
, Dα(Lαn ) = nLαn , n ≥ 0

m = 1⇒M = M0 ∈ R⇒ µα−1(x) + M0δ0.

Krall-Laguerre OP’s.

H. L. Krall, 1939 (α = 1). Fourth-order differential operator.

L. L. Littlejohn, 1984 (α = 2, 3). Sixth and eighth-order
differential operator.

Koekoek’s, 1991 (α ∈ N). (2α + 2)-order differential operator.



Introduction Orthogonality Differential operator Examples

Some history

A natural extension of the Krall-Laguerre OP’s is to consider
the moment functional (Grünbaum-Haine-Horozov, 1999)

µα−m +
m−1∑
i=0

Miδ
(i)
0

This case represents our bilinear form with M the symmetric
matrix (Mm−1 6= 0)

M =


M0 M1 · · · Mm−2 Mm−1

M1 M2 · · · Mm−1 0
...

... . . . ...
...

Mm−2 Mm−1 · · · 0 0
Mm−1 0 · · · 0 0


They proved that the corresponding OP’s (qn)n are

bispectral using iterations of the Darboux process.
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Some history

m = 2 and M is the 2× 2 diagonal matrix

M =

(
M0 0
0 M1

)
These are the Laguerre-Sobolev OP’s.

R. Koekoek (1991) and later Koekoek’s-Bavinck (1998)
proved that if α ≥ 2 is a nonnegative integer

order diff. op. =

{
2α + 8, if M0 = 0,M1 > 0,

4α + 10, if M0,M1 > 0;

m = 2 and M is the 2× 2 symmetric matrix (Iliev, 2013)

M =

(
M0 M1

M1 M2

)
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Orthogonality

Theorem (Durán-MdI, 2014)

Let M = (Mij)
m−1
i,j=0 be any m ×m matrix and α 6= m − 1,m − 2, . . . Consider

〈p, q〉 =

∫ ∞
0

p(x)q(x)µα−m(x)dx + P(0) MQ(0) (1)

and the functions (j = 1, 2, . . .m)

Rj(x) =
Γ(α−m + j)

(m − j)!
(x+1)m−j +(j−1)!

Γ(α + 1 + x)

Γ(1 + x)

m−1∑
i=0

(−1)iMj−1,i

Γ(α + i + 1)
(x−i+1)i

Then the family (qn)n defined by the Casorati determinant

qn(x) =

∣∣∣∣∣∣∣∣∣
Lαn (x) Lαn−1(x) · · · Lαn−m(x)
R1(n) R1(n − 1) · · · R1(n −m)

...
...

. . .
...

Rm(n) Rm(n − 1) · · · Rm(n −m)

∣∣∣∣∣∣∣∣∣ , n ≥ 0

is (left) orthogonal with respect to (1) if and only if

Ω(n) = det(Ri (n − j))mi,j=1 6= 0, n ≥ 0
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Differential operator

Theorem (Durán-MdI, 2014)

Let Y1,Y2, . . . ,Ym be m arbitrary polynomials and assume that

Ω(n) = det(Yi (n − j))mi,j=1 6= 0, n ≥ 0

Now consider the sequence of polynomials (qn)n defined by

qn(x) =

∣∣∣∣∣∣∣∣∣
Lαn (x) Lαn−1(x) · · · Lαn−m(x)
Y1(n) Y1(n − 1) · · · Y1(n −m)

...
...

. . .
...

Ym(n) Ym(n − 1) · · · Ym(n −m)

∣∣∣∣∣∣∣∣∣ , n ≥ 0

Then there exists a differential operator Dq of the form

Dq = P(Dα) +
m∑

h=1

Mh(Dα)
d

dx
Yh(Dα)

such that Dq(qn) = P(n)qn where P(x)− P(x − 1) = Ω(x) and the
polynomials Mh(x), h = 1, . . . ,m are defined by

Mh(x) =
m∑
j=1

(−1)h+j det (Yl(x + j − r)){ l 6= h
r 6= j

}
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Bispectrality

In other to combine the previous two results we have to force that

Yj(x) = Rj(x) =
Γ(α−m + j)

(m − j)!
(x + 1)m−j

+ (j − 1)!
Γ(α + 1 + x)

Γ(1 + x)

m−1∑
i=0

(−1)iMj−1,i

Γ(α + i + 1)
(x − i + 1)i

are polynomials in x for j = 1, 2, . . . ,m.

This holds only when α is a nonnegative integer with α ≥ m.
In that case the functions Rl(x) are polynomials given by

Rj(x) =
(α−m + j − 1)!

(m − j)!
(x + 1)m−j

+ (j − 1)!(x + 1)α

m−1∑
i=0

(−1)iMj−1,i

(α + i)!
(x − i + 1)i

Then the polynomials (qn)n defined by the Casorati determinant using
the previous polynomials are bispectral.
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Order of the differential operator

The order of the differential operator Dq is given by twice the degree of
the polynomial P defined by P(x)− P(x − 1) = Ω(x) where

Ω(x) = det(Ri (x − j))mi,j=1

Therefore this order should be 2(deg Ω(x) + 1).

This degree depends on the polynomials Ri (x) and therefore on the
matrix M. There can be two cases:

If degRi 6= degRj for i 6= j . Then (Durán-MdI, 2014)

deg Ω(x) =
m∑
j=1

degRj(x)− m(m − 1)

2

Otherwise (Durán-MdI, 2014)

deg Ω(x) = α-wr(M) =
m∑
j=1

nj +
m−1∑
j=1

mj −
m(m − 1)

2
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How to obtain α-wr(M)?

Write M by columns M = [c1|c2| · · · |cm] .
Define the numbers n1, n2, . . . , nm by

n1 =

{
α + m − 1, if cm 6= 0,

0, if cm = 0;

and for j = 2, . . . ,m,

nj =

{
α + m − j , if cm−j+1 6∈< cm−j+2, . . . , cm >,

0, if cm−j+1 ∈< cm−j+2, . . . , cm >.

Consider now M̃ the matrix whose columns are ci , i ∈ {j : nm−j+1 6= 0}
and write f1, . . . , fm, for the rows of M̃.

We define the numbers m1,m2, . . . ,mm−1 by

mj =

{
m − j , if fj ∈< fj+1, . . . , fm >,

0, if fj 6∈< fj+1, . . . , fm >.
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Example 1(Grünbaum-Haine-Horozov)

Let M be the symmetric matrix (Mm−1 6= 0)

M =


M0 M1 · · · Mm−2 Mm−1

M1 M2 · · · Mm−1 0
...

... . . . ...
...

Mm−2 Mm−1 · · · 0 0
Mm−1 0 · · · 0 0


(qn)n are orthogonal with respect to µα−m +

∑m−1
i=0 Miδ

(i)
0 .

The polynomials Rj(x) are in this case

Rj(x) =
(α−m + j − 1)!

(m − j)!
(x+1)m−j+(j−1)!(x+1)α

m−j∑
i=0

(−1)iMj+i−1

(α + i)!
(x−i+1)i

Therefore degRj = α + m − j and degRi 6= degRj for i 6= j , since α ≥ m.

deg Ω(x) = αm ⇒ ord(Dq) = 2(αm + 1)
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Example 2 (Laguerre-Sobolev)

Let M be the diagonal M = diag(M0, . . . ,Mm−1), Mm−1 6= 0.

The polynomials Rj(x) are in this case

Rj(x) =
(α−m + j − 1)!

(m − j)!
(x+1)m−j +

(−1)j−1Mj−1

(j)α
(x+1)α(x−j+2)j−1

Therefore

degRj =

{
α + j − 1, Mj−1 6= 0,

m − j , Mj−1 = 0.

and degRi 6= degRj for i 6= j . If s = #{j : 1 ≤ j ≤ m,Mj 6= 0}

deg Ω(x) = sα + (m − s)(m + 1)− 2
∑

1≤j≤m,Mj−1=0

j
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Introduction Orthogonality Differential operator Examples

Example 3

M =

1 1 0
1 1 0
0 0 1

 ⇒ degR1 = degR2 = α + 1, degR3 = α + 2

In this case we have to use the definition of α-wr(M) to find deg Ω(x).

Therefore

n1 = α + 2, n2 = α + 1, n3 = 0, m1 = 2,m2 = 0, ⇒ α-wr(M) = 2α + 2

For α = 3, R1(x),R2(x),R3(x) are given by

R1(x) = − (x + 1)(x + 2)(x2 − x − 24)

24

R2(x) = − (x + 1)(x3 + x2 − 14x − 48)

24

R3(x) =
(x + 4)(x4 + x3 + x2 − 9x + 30)

60

deg Ω(x) = α-wr(M) = 8 ⇒ ord(Dq) = 18
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